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Abstract: This paper delves into the enhancement of asymptotic and oscillatory behaviors in solutions
to even-order neutral differential equations with multiple delays. The main objective is to establish
improved inequalities to advance the understanding of oscillation theory for these equations. The
paper’s approach is centered on improving the understanding of the intricate relationship between
solutions and their corresponding functions. This is achieved by harnessing the modified monotonic
properties of positive solutions, which provide valuable insights into oscillation behavior. Further-
more, leveraging the symmetry between positive and negative solutions, we derived criteria that
ensure oscillation for all solutions, with a specific emphasis on excluding only positive solutions. To
illustrate the significance of our findings, we provide an illustrative example.
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1. Introduction

The central focus of this research revolves around a comprehensive examination of the
oscillatory characteristics exhibited by the solutions to an even-order quasilinear differential
equation (DE), denoted as

(o ()" +Zq1

=x(0) +p()x(n(£)). In this paper, we assume that

))_O > Ay, 1)

where y(/)

(H;) n > 4, « is the ratio of two positive odd integers;
(Hy) r,9,0; € C'([fy,0)), and q(¢) € C([lo,®0));

(H3) y(£) < £, 0i(£) < £,0/(¢) > 0,and limy_,, y(£) = limy_,, 03(¢) = oo;
(Hy) r(¢) >0,7'(¢) > 0,0 <p(¢) < poandq(¢) > 0;
(Hs) 719(¢p) < oo, where

© 1
700 (f) = /g 7

7 (6) ::/e T 1(s)ds, i=1,2,...,n

A function x € C([€y,0)), where ¢, > {, is said to be a solution of Equation (1)
which has the property r(y("~1)* € C'[¢,, ), and it satisfies Equation (1) for all

—2.
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X € [€y, ). We consider only those solutions x of Equation (1), which exist on some
half-line [¢,, o) and satisfy the condition

sup{|x(¢)|: £ > L} >0, forall L > ¢,.

A solution to Equation (1) is termed oscillatory if it does not tend towards either
eventual positivity or eventual negativity. Otherwise, it is classified as non-oscillatory.
Equation (1) is considered oscillatory when all of its solutions exhibit oscillatory
behavior.

A neutral DE is a specialized type of DE in which the rate of change of a function
depends not only on its current state but also on past values, introducing a time delay.
These equations find significant relevance in various fields such as biology, physics, and
engineering, where systems exhibit delayed responses. Neutral DEs provide a crucial math-
ematical framework for modeling dynamic systems with memory and are instrumental in
analyzing real-world phenomena with time-delay effects. Understanding their solutions
and behavior is vital for accurately describing and predicting the dynamics of such systems,
making them indispensable in scientific and engineering applications, see [1-5].

Oscillation solutions, which refer to the periodic behavior of solutions oscillating
around a specific function or value, are commonly observed in physical systems, like
mechanical systems, electrical circuits, and biological oscillators. The oscillation theorem is
an essential result in the theory of DEs that describes the oscillatory nature of solutions. Its
wide-ranging applications span various fields, such as physics, engineering, and economics.
The implications of this theorem have a broad range of applications, spanning diverse
fields. These include its relevance in analyzing oscillatory systems, like pendulums and
vibrating strings, as well as its utility in examining population dynamics and the spread
of infectious diseases. Furthermore, the oscillation theorem bears notable importance in
the domains of control theory and signal processing. Here, it assumes a pivotal role in
evaluating the stability and performance of feedback systems, as demonstrated in [6-8].

Even-order quasilinear DEs represent a significant class of mathematical models
that find wide-ranging applications in science and engineering. These equations, often
characterized by terms involving the function and its derivatives of the same order, offer
a versatile framework for studying complex phenomena. Their utility extends to various
fields, including physics, biology, and control theory. Specifically, they are employed
to analyze dynamic systems with even-order dynamics, such as mechanical systems,
electrical circuits, and heat transfer problems. This versatility makes the study of even-
order quasilinear DEs a vital endeavor, as it provides essential insights into the behavior of
numerous real-world systems.

In the field of mathematical research, there has been a notable surge in interest in
the investigation of delay DEs in unconventional contexts. This keen academic interest
is apparent in the body of work such as [9-11]. Similarly, refs. [12-15], have directed
their efforts toward understanding neutral DEs. Furthermore, Moaaz et al. extended
this analytical exploration to encompass even-order equations in their publications, such
as [16,17].

Many investigations have explored the complex topic of oscillations in even-order neu-
tral DEs. These investigations have proposed diverse methodologies aimed at establishing
criteria for identifying oscillatory behavior in these equations. It is worth highlighting that
this topic has received extensive attention, particularly in the canonical scenario denoted

by the integral expression:
© 1
———ds = oo, 2
f, st @

as evidenced by the comprehensive body of prior scholarly works, including references
such as [18-20].

We will now discuss several essential findings from previous research papers that
have significantly advanced the study of even-order differential equations.
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Koplatadze [21], Wei [22], and Koplatadze et al. [23] investigated the oscillation
criterion of equation

X'(0) +q()x(o(€)) =0,0> fo,

and obtained sufficient conditions for it to be oscillatory. Similarly, Bai [24] and Karpuz
et al. [25] discussed the oscillation criterion for the equation

A7 (0 +a(Ox(e(0) =0, £ > £y,

and derived sufficient conditions for all solutions to be oscillatory. Additionally, Bacu-
likova [26] conducted an investigation into the monotonic properties of non-oscillatory
solutions concerning the linear equation:

(r(OX' (0) +q(O)x(n(e)) = 0.

This investigation considered both delay and advanced scenarios. Furthermore, Ramos
etal. [27] introduced a novel oscillation criterion for solutions to the fourth-order quasilinear
neutral DE:

(O ")) +aOrt () =0,

subject to a non-canonical condition:

® 1
———ds < o0.
/eo Ala(s) =%

Furthermore, the research conducted by Han et al. [28], and Li et al. [29] involved
an investigation into the asymptotic properties of positive solutions pertaining to the
even-order neutral DE, defined as:

(-0 G0) + pOx(r(0) ") + g(O)x((0)) =0

Lastly, the study carried out by Xing et al. [30] explored various oscillation theorems
for the equation:

(O (0 + pOxEON")") +a(0x*(0(6) = 0,

subject Condition (2).
Li and Rogovchenko [31] explored the asymptotic behavior of solutions to higher-order
quasilinear neutral DEs, represented as follows

(HO (e®) +p@x0) ")) + g(0xP(0(0)) =0,

with a particular focus on both even- and odd-order equations featuring diverse argument
patterns, including alternating delayed and advanced characteristics.

The exploration of asymptotic and oscillatory properties in neutral DEs (NDEs) relies
on the intricate relationship between the solution ) and its corresponding function y. In
the typical context of second-order equations, the standard association is often defined as:

x(€) > (1=p(6))y(£).
This expression is widely utilized. Conversely, in the case of positive, decreasing solutions
within non-canonical settings, the relevant relationship takes the following form:

x(e) > (1-p(0 ™25 )y(0).

This relationship has been demonstrated in previous studies, such as [32,33].
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Moaaz et al. [34] developed new inequalities that improve the understanding of the
asymptotic and oscillatory behaviors of solutions for fourth-order neutral DEs of the form

(r(0) (2" (0))) +q(O)x(e(£)) =0,

specifically in the noncanonical case.

Lemma 1 ([34]). If x represents an eventually positive solution of Equation (1), then eventually

we have ( - )
K 2r y 027 (f)
1] AN [2r+1]
x<£>>§0(l_0p(o w))) [p(nm» y(n2 @), ()

forany x > 0.

In this study, our primary objective is to build upon earlier work [34], which applied
a similar approach to fourth-order equations. Our research is primarily motivated by
the desire to extend this methodology, pushing the boundaries of our understanding
by encompassing higher-order equations in our current investigation. This expansion
marks a significant advancement in the scope of our research, opening up new avenues for
exploration and discovery in the field.

2. Auxiliary Results

In this section, we will introduce several essential lemmas that serve as the founda-
tional building blocks for establishing our main results. To streamline our notation, we will
define the following expressions:

Ul (¢) = U(¢) and U (¢) = U(UH (6)), forj=1,2,...,x,

o) :=min{c;(¥), i=1,2,...,v},
o(f) :=max{c;(¢), i=1,2,...,0v},

& 1 o0\ "
plu,m'—rio(np(v““”)wa‘1]< f > |

1=0
K 2r Ttn— el (€)>
. " 1 el
pallin) = L (l_0p<nl (f))) L’(Um @) 2 (01(0)) ]I

r=0

K r o [2r+1] kyi [27]
pa(4x) := Z(Z_OP@[I](@)) [p( 1 o z(l) + (f))] T, 2k<: (5)),

=0\l y21(0)  ma2(v1(0))

and

Qa(0) = Y ai OB (cr(0), ).

Lemma 2 ([35]). Letw € C"([fy, ), (0,00)),w) (&) > 0fori =1,2,...,mandw™+)(£) <0,
eventually. Then,
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for every e € (0,1).

Lemma 3 ([36]). Let f € C"([{y,00),RT). Assume that ") (¢) has a fixed sign and is not
identically zero on [£y, ) and that there exists {1 > £y, such that f"=1(£) ™) (£) < 0 for all
O > L. Iflimy_,o, f(€) # 0, then, for every € € (0,1), there exists {5 € [{1,c0), such that

fle) =

7

el

(m— 1
for £ € [£5,00).

Lemma 4 ([37]). Assuming x > 0 is a solution of Equation (1), we have that r(y(”’l))lx isa
decreasing function, and y fulfills one of the subsequent scenarios:

(Cy) y(r) >0forr=0,1,n—1and y(”) <0;
(C2) y") > 0forr=0,1,n—2and y""= < 0;
C3) (=1)'y") > 0forr=0,1,2,...,n—1,

(C3) (-1)'y

eventually.

Notation 1. The symbol Q); is defined as the collection of all solutions that eventually become
positivity, with their respective functions satisfying condition (C;) fori = 1,2, 3.
3. Properties of Asymptotic and Monotonic Behaviors

We establish asymptotic and monotonic properties for the solutions of the neutral DE
(1), in this section.

3.1. Category ()
Lemma 5. Assume that x € ;. Then, eventually,

(Y11) ¥ = 75475

(Y1,2) Y> (,, 2),5" “2y(=2) forall e € (0,1);
(Y1) y™ —rl/ay(n=1);

(Y1) y"=2)/ 7y is increasing;

(Y15) x = p1(6x)y;

(Y1) ( ( ))“)/ < —y*(0)Q.

Proof. (Y1) By employing Lemma 2 with the substitutions m = n —2 and w =y, the
resulting inequality is
/

-2
(Y12) By employing Lemma 3 with the substitutions m = n —1 and f = vy, the
resulting inequality is

€ _ —
y > (n _02)! n 2y(n 2),

foralleg € (0,1).

(Y13) Because r/#

y(”’l) is decreasing, we deduce that

y"=2(0)

Y]

o0 1
_ 1/« (n—1)
/E r%(s)y (s) 74 (s) ds

_rl/zx

v

ﬁoy(nil).



Symmetry 2023, 15, 1956

6 of 26

(Y1,4) From (Y7 3), we obtain

(n-2)\’ 1
y _ o1/ (n=1) | (n-2)
( TTo ) _rl/anz( "oy +y" )20'

(Y1,5) From Lemma 1, Equation (3) holds. After considering the properties of solutions
in the class (),, it can be deduced that y(n[zr]> > y(U[ZrH]) fori = 1,2,.... Therefore,
Equation (3) can betransformed into

> E({107) iy 1 07

By utilizing (Y7,1), we obtain

N §<ﬁp(o[’])> L)(;[Zr])—ll (rﬂzﬂ>(”‘2)/€y
p

(Y1,6) When combined with (Y; 5), Equation (1) can be expressed as follows:

(r(Y(”*l))a), = —éqﬁ(“(m)

2 qip1 (03 x)y" (07)
i=1

=y (0)Q

IN

IN

O

Lemma 6. Assuming that x € Q) and there exist 6 > 0 and {1 > £y, such that

LA (0)(6"20) Qi) = (-2, @

we can deduce the following for £ > {y:

(Y21) hm[_my n— 2)(() =0;

(Yan) y=2/ 7k is decreasing;

(Yz,3) hmf%ooy(n “2(0) /7t (0) = 0;

(Y24) v (n—2) /7r 0 is increasing; for £ > £y, where By = edl/% e (0,1) and a < 1.

Proof. (Y1) : Since x € ), we can conclude that (Y7 1)—(Y16) in Lemma 5 are satisfied
for all £ > ¢, with ¢ being large enough. When considering y!"~2) as a positive and
decreasing function, it can be deduced that lim;_, 4, y(”_z) (¢) = c1 > 0. Our claim is that
c1 = 0. To support this claim, suppose that ¢; # 0. Consequently, there exists a point where



Symmetry 2023, 15, 1956

7 of 26

y("=2) > ¢; > 0 eventually. Utilizing this information along with (Y1), we derive the

following inequality
€
(n—2)!

€C1 n—2
> .
- (n— 2)!£

£n72y(n72)

y =

Consequently, from (Y7 ), we can deduce that

(o))

IN

—y ()

s - < (ne_mz)!gnz) Q

n—2\%
O

IN

which with Equation (4) gives

aN ! 1
r( (”_1)) ) < —acted——
( y 1 rl/an(1)+vé
< —acfBl———.
10 rl/zxn(l)Jrlx

After integrating the preceding inequality from /; to /, the result is as follows

(O 00) < ey () aetpy [ s

tr r1/%(s) 1y (s)

L4 1 1
= Focy (ngw B nW))' ©

Since 71, *(¢) — oo as { — oo, there is a {3 > {5, such that 71,"({) — m;*(l2) >
o7y * (£) for all pgy € (0,1). Hence, Equation (5) becomes

1
(n—1) _ 1/a
Y S Cl‘uo ﬁorl/anol

for all £ > /3. Integrating the last inequality from /3 to ¢, we find

¢ 1
(n—2) < (-2 o 1/a /
Y (E) — Y (£3) Cl]’lO :BO 05 71/“(5)7'[0(5)(15

N (€3)

— —o0asf — oo,
mo(¢)

<y (43) —c1pg/*Boln

which is a contradiction. Then, ¢c; = 0.
(Y2,2) From (4), (Y1) and (Y7,4), we obtain

(o)) < e (o)

After integrating the previous inequality from ¢; to ¢, and considering the condition
(n=1) 0, we obtain the following result

y
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Because y("~2)(£) — 0 as £ — oo thereis a £, > ¢1, such that

o

r(fl)(y(nfl)(gl)y + ng[iil) (y(n—Z) (g)) <o,

for £ > ¢,. Therefore, we have
X ‘B‘X o\ &
() = 6 )

alternatively,
rl/vcy(nfl)no + ‘Boy(n72) <0.

Thus,

!/
<y(n_2)> _ eyt + By

Bo 1/a - 1+Bo -
s ri/em,

(Y23) Given that y("~2) / ng % represents a positive and decreasing function,

lim y("~2) () /7B (£) = ¢, > 0.
{—o00

(6)

Our claim asserts that c; = 0. To support this claim, assume the contrary, where

¢o # 0. In such a scenario, it follows that y(”_z) / ng > >0 eventually. Let us introduce

the function
(n—-2)

y 1/«

+ o (n=1)

Bo
Ty

y

w =
Considering the expression (Y 3), it is observed that w > 0 and

!/
y(n71)+n0<r1/ay(n71)) _y(nfl)

y(n72) + 7'[07’1/“}7(”71>

/
w
71.(/)30 (g) rl/:xn—(l)+ﬁ0
(rl/ucy(nfl)), (n-2) (n—1)
= Bo—1 + Bo Y 148 +ﬁ0y B
)’ rl/aggy T m°
aN /! 1—a
)Y ()
o 7.[0/50—1
y(”fz) y(n71>

+Po + Bo
rl/a néﬂg 0 ng 0
Using (Y12), (Y1,6), and Equation (4), we obtain

o

() < st (200

From Equation (6), we know that
(n=2)

1/ay,(n-1) « _ y
r y = IBO o ’

and )
1-a (n-2)\ "

1/a,(n—1) y
(T y ) > (ﬁo —- > :

@)

®)
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Using (7) and (8), we obtain

1—w
& 1 « (n=2)
r o« __Po (n—2) y
vo= ngolrl/an(1)+”‘(y (@) (ﬁo 7o

y(1172) (n—1)

y
1+Bo +Po Bo °

+Bo
/e, e

Since y("~1) < 0, ¢(¢) < ¢, we obtain y"~2) (¢(£)) > y("~2)(¢), and then

, Bo 1 2\ oy o
< —_Po - (yn-
o= 7'[50_1 1’1/”‘77%+a (y ) Po o)

(n—2) (n—1)
y y
+‘BO1’1/’X7T(1]+ﬂO + IBO ngo
(n—2) (n—2) (n—1)
y y y
<
< 5orl/ané+ﬁ0 +ﬁ°rl/ang+ﬁ° +Bo 7
(n—=1)
= ﬁoy Bo °
Ty

Using the fact that y("~2) / ng 0 > 5, and Equation (6), we have
(n—1) 1 _ﬁ (n—2)
I o< y < oy
W= ,E’O 7‘[50 = ﬁO 7{50 < Tl/aﬂ'o

- 2 2
oYY B —of
- n_gg rl/txn—o - rl/txn—o

< 0.

The function w tends toward a constant non-negative value due to its consistent positive
and decreasing nature. After integrating the preceding inequality from /3 to oo, the result is
as follows

. l3)
_ < _g2 7o (43
w(ta) = —poez fim In = "7
or equivalently
. 7T0 53
w(l3) > B3cy ﬂh_)r?oln no((é)) — o0,

which is a contradiction, and we obtain ¢, = 0.
(Y2,4) Now, we have

/
(rl/ocy(ml)ﬂ0 + y(nfz))

= (Mg ) g -y 4y
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which with (7) and (8), we obtain
/
(rl/ucy(nfl)n,o_'_y(an))
1—w
1 « (n-2)
_pr A (n=2) y
< ‘Borl/an—(l)+0¢ (y (0')) (ﬁO o > 7T
1—a
1 o (n-2)
_p (n=2) y_ -
< B (" 77) (ﬁo - )
—Bo__(n-2)
< Y- =),
When we integrate the previous inequality from £ to co, we arrive at
o0 1
Ay D) (Y (0) — v (2 () < — / L (9
O DOl ~y IO < o [ sy )
or equivalently
00 1
Ve gy =1 (Y 70 (0 n-2)(p) > / (n-2) (5\g
POV DO+ = o [ sy s
(n—2) 0o
y" o) / 1
> d
= PTRm b e
> poy" D ().
That is,
1’1/“}7("_1)7&) + (1 — ‘Bo)y(n_z) > 0.
Thus,
!
y(n—z) _ norl/ay(n—l) + (1 _‘Bo)y(n—Z) 0. )
n(l)—ﬁo r1/ang—ﬁo =
O

If the condition By < 1/2holds, we have the opportunity to improve the characteristics
stated in Lemma 6. This improvement is demonstrated in the subsequent lemma.

Lemma 7. Assuming that x € Q) and Condition (4) is satisfied. If the following limit is satisfied:

lim o (o (£))

—A<oo, 10
% T(0) < (19

and there exists an increasing sequence {ﬁj}}n:l defined as follows:

ABi-1
(1 _ ‘B];])l/a,

where « < 1, Bg = €8Y*, Byy_1 < 1/2and B, € € (0,1), then eventually,

Bi == Bo

(Y31) y(1=2)/ ng"’ is decreasing;
(Yz2) limy oy =2)(¢) /73" (¢) = 0.
Proof. (Y31) Since x € (), we can conclude that (Y11)—(Y15) in Lemma 5 are satisfied

for all £ > {1, with {1 being large enough. Furthermore, from Lemma 6, we have that
(Y2,1)=(Y24) hold.
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Now, assume that 8y < 1/2, and
ABo
(1-Bo)"/*

Next, we will prove (Y31) and (Y3) at m = 1. Following the proof in Lemma 6, we
obtain the inequality:

B1:= Bo

(")) < bt s (Y2 0) ")

1/a
r 7'[0

By integrating the final inequality from /; to ¢, and employing (Y22) and condition
(10), we can derivethe following expression

IA
<
—~
(Y
—_
~—
'\</_\
N
|
—_
—~
(Y
—_
~—

IA
<
—~
~

—_
~—
=
=
|
—_
—~
~
—_
~—

Y
'\</—\
i
»
=
N———
2
Q.
195)

o M ¢ 1 «Bo
~ o /zl Wﬂo ((s) 5 (s)

sy /e iy TP (6) 7P (0(s))
o rt/e(s) ngﬁo (s)
—1—a+apy

|
|
|
o ()
|
|

IA
<
—~
Y
—_
~—
k</\
=
—_
—~
)
—_
~—

IN
<
—
)
o
~—
\<A
T
=
—
)
~—

IA
<
—
~
aN
~—
~/~ ~~ /'\z\ ~~ ~/~ ~~
)
|
—
—
~
—_
S~—

< () (y" V()

Using the fact that y("~2) (¢) /ngo (¢) — 0 as ¢ — oo, we have that

r (n—1) & o 1 y(nz)(€)>"‘
() (" () + B ng(lﬁo)(£1)< ) <0.

Therefore,

<o)

rl/txy(nfl)no _._ﬁly(n72) <0,

or equivalently

and then

y(nfz) /_ norl/ay(nfl) _~_ﬁly(n72) <0
ngl o rl/ané+ﬁ1 -

By employing the method previously utilized, we can demonstrate that

(n-2)
lim Y20

L,
(=0 ﬂgl (0)
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and ,
(n-2)
<y1,s> 2 0.
T 1
Moreover, if Bx_1 < Bx < 1/2, then we can establish that
/oy Dy 4+ By =2 <0, (11)
and 5
y"2(0)

m ‘B
l—00 7T0k (f)

fork =2,3,...,m. This, in turn, concludes the proof of the Lemma. [
Theorem 1. Assuming that condition (4) is satisfied. If

po>1/2, (12)
then Q) = @. Here, By is defined according to Lemma 6.

Proof. Assume that x € (), leads to a contradiction. According to Lemma 6, the functions
y(n=2)/ 7'[5 0 and y(*=2)/ 71(1)_5 0 are decreasing and increasing for ¢ > {1, respectively. As a
result, we can conclude that

Bo <1/2.

This conclusion contradicts the initial assumption. Hence, the proof is considered
complete. O

Theorem 2. Let us assume that conditions (4) and (10) are satisfied. Suppose there exists a positive
integer value m, such that the following inequality holds

« a—1 _ _ [
lim inf (j@ (s (o(5)) (0 2(5)) Qi (5)ts > P =P Z2AT g5

then Oy = @, where w < 1.

Proof. Let us assume the opposite scenario, where x € (). According to the information
provided in Lemma 7, it follows that both (Y37 ) and (Y3,) hold.
We can now establish the function in the following manner

w= rl/txy(nfl)n,o + y(n72).

From (Y7 3), we can deduce that w > 0 when ¢ > /. Furthermore, according to (Y3 1),
we can conclude that
rl/ay(n—l) o < _ﬁmy(n—Z)‘

Next, based on the definition of w, we can derive that

w(Z) _ rl/zxy(nfl)n,o_i_ﬁmy(nfz) _IBmy(an) _._y(n72)
(1= Bm)y" . (14)

IN
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By employing Lemma 5, we can determine that (Y7 1)-(Y; 5) hold. From (Y;,) and
(Y1), we obtain

w = (rl/“y("—1)>l7ro
1 e ay / e 1—u
< LO)) ()
1 v _ 1—a
< —a<Z:1‘7ip'i‘(01;7<)>y"‘(0)(rl/“y(” 1)) o
=
1—«a
1o y 2
< ley (o) <ﬁm P TTo
1 i « (n=2) o
< *&/3% Qi 1oy (‘7)<yﬂ0 )
1—«a
1 1—u € n—2 ‘ n—2 ® Y(n_z)
= b Ql”‘)((n—z)!a )(y( @) o0 '

Using (Y14) in Lemma 5, we note that y"~2) (¢) /7ty (£) is increasing, then

(n—2) (n—2)
y" o) Y

= 7

o(0) o
(y(n—Z) () ) . _ (Y(n—z) ) 1*“.
mo(0) N e

N O 7o n-2\"% (n-2)
WS zx((n—Z)!)“an(lf“(a) <U 2) y" )

and

Therefore,

From Equation (14), we obtain the following

1 e Bl o 0

a((n—2))%1 = Bm) (o)

Therefore, w represents a constructive solution to the differential inequality (15). Nev-
ertheless, according to the findings presented in Theorem 2.1.1 from [8], condition (13)
ensures the oscillatory nature of Equation (15). Consequently, this contradiction serves as
conclusive evidence for proving the theorem. [

w' +

(¢2) Qiw(o) <0. (15)

3.2. Category ()3

Lemma 8. Suppose that x € Q3. Under this assumption, the following conditions hold for
sufficiently large values of £ :

(Y41) The expression y/ 1, _o is monotonically increasing;

(Yap) Foralli=0,1,2,...,n — 2, we have (—1)i+1y(”’i’2) < /ey,
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24
Proof. (Y41) Suppose that x € Q3. From Equation ( 1), we have r(y“"”) is decreasing,
and, hence,

_ © 1 © 1 _
7’1/“(5)}’(” 1)(()/ st > /g rl/a(s)rl/a(s)y(n U(S)ds

l
= lim y" 2 (0) -y 2)(0). (16)

{—0c0

Given that y("~2) represents a positive and decreasing function, it exhibits conver-
gence toward a non-negative constant, as £ — co. Consequently, the Equation (16) can be
represented as

_y(n72) < rl/txy(nfl) o,

which implies that

y(n—z) /: r1/a7_[0y(n71) _i_y(nfz) -0

which leads to

00 (1-2) (n-2)

This implies

() g,

701 71'% B

Additionally, we iterate the aforementioned procedure (n — 4) times to yield
/ !
(Y) <o,
Tth—3

_ [y y'(6)
—y(¢) _/é 7_[’173(5)7rn_3(s)ds < ) T—2(¥).

Now

This implies

Ttn—2 0 B

(Y41) Assume that x € Q3. Then, we obtain
oo ,1/a (n—1)
1/a n—1 r (S)Y (S) _(n=2)
r (f)y( )(E)no(f) > /E A/aGs) ds > —y (0),

or equivalently
y(n72) > _rl/txy(nfl)n,o'

After integrating the final inequality from ¢ to oo, the result is expressed as

_y(n—S)(g) > _/;O rl/a(s)y(n—1)<s)7-[0(s)ds
> —rl/x(p)y=D)(p) /;O mo(s)ds

— Oy () (s),

v

or equivalently
y(n—S) < Tl/ay(n_l)ﬂl.
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After integrating the final inequality from ¢ to oo, the result is expressed as

—y" ()

IN

/;o rl/“(s)y(”*l)(s)nﬁl (s)ds

A0y [ ms)ds
< A0y (@) m(0),

IN

or equivalently
y(1174) > _rl/txy(nfl)

7.
Through iterative integration of the preceding inequality from ¢ to oo, we deduce that
g g p g meq y
(_1)i+1y(n7i72) < rl/ocy(nfl)n.i,

fori =0,1,2,...,n — 2. The lemma’s proof is now complete. [

Lemma 9. If x € Q)3, then eventually
(Ys51) x > pa(l,x)y;

aN /! -
(Ys2) (r(y" 1)) <-Quy"(@).

Proof. (Ys57) From Lemma 1, we have Equation (3) holds. From (Y4 1), we conclude that

. [2r+1]
)< ),

which, with Equation (3), gives
« /or Ty o U[2r+1])
U L e 7]
> . (17)
* §<l_op<” >> L(Um) s |70
Since y is decreasing, then Equation (17) becomes
« /o nn72<0[2r+1])
1 LI
* E)(!—op@ )Mp(nm) mia () |

= pa(l,x)y(f).

(Ys52) Equation (1) with (Y5 1) becomes

(")) = Loart@
< —iqipﬁm,mw(m
< —yH(0)Qy.

Therefore, the Lemma'’s proof has been successfully concluded. O

Lemma 10. Assume that x € Q3. If

00 1 u 1/a
/[ ( Qz(s)ds) du = oo, (18)

o \r(u) Je
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and there exists a ko € (0,1), such that

Ll (0 (0Qu(l) > K (19)
Then
(Y6,1) limg_)oo y(é) = O;
(Yep2) y(£)/m,2 (£ )zs decreaszng,

(Ye3) hmeaoo}’( )/ 5(0) = 0;
Proof. (Y41) Assume that y € 3. Since y is positive and decreasing, we have that

limy o, y(¢) = c3 > 0. Assume the contrary, that c3 > 0. Then thereisa ¢, > ¢, withy > ¢3
for £ > ¢5. Then from (Y57), we obtain

()

Integrating this inequality twice from ¢, to £, we obtain

IN

-y (0)Q2
< —5Qs.

(O(00) = rlea) (4 (62)" < ¢t [ Qaferas

Using case (C3), we have y("~1) < 0 for £ > /. Then, r(¢;) (y(”_l) (62))IX < 0, and so

n— €3 ¢
¥ 1)(4)§_rl/a(€) /52 Qa(s)ds

and then

¢ 1 1/a
y(n—Z) () < y(an) (6p) — C3/g ( W /e Qz( )ds) du — —ccas  — oo.

This contradicts the positivity of y("~2). Therefore, c3 = 0.
(Ye2) Integrating (Ys2) from ¢; to ¢, and using Equation (19), we obtain

O 0) < )y ) -y ) [ Qs
< @) (@) -y [ @)
< ey (e)' ya(g)/;aozigégds
< o) s

which, with (Y1), gives

or equivalently

rl/txy(n—l) < —ko ny ) (20)



Symmetry 2023, 15, 1956 17 of 26

Thus, from (Y4,) ati = n — 3, we have

/

Y S _kO y s
TTh—3 TTh—2
or equivalently
Tu—2y' +kom,—3y <O0. (21)

Consequently,

ko ko+1

!/
(y)zﬂnzy+koﬂn3y<0
nn—Z 7'[” 2

(Ye¢3) Since y/ nﬁ{z is both positive and decreasing, we can conclude that
limy o, y(¢)/ nﬁ[z(ﬁ) = ¢4 > 0. Now, let’s assume the opposite, that is, ¢4 > 0. In this case,
there exists a £, > ¢1 withy/ nﬁo_z > ¢4 for £ > /5. Next, we define:

y + rl/zxy(nfl)

Q= X
0
T2

TTp—2

Then, from (Y47), ¢ > 0 for ¢ > /5. Differentiating ¢ and (Y4,), we find

o) = ni"flz(e)[ () (10 = Oy DO a(6)+ (02D 0) aa(6))
hom S (Omaa(€) (y(0) + /Oy D (Omaa()) |
< it (M OF0) B0 +hams O30+ 4Oy 2 (0)
< i L+ (06 0)) (oy o) 0

Using (Ys2), we find

1 _ 1—u
¢ < ko+1|: Qy"(@ )( ey l)) -2
T2

+komty—3y + konn_3rl/"‘y(”*1) nn_z] .
Since a <1, y(”’l) <0, and

rl/txy(n—l) < —ko y

= 7

also

_ /e (n—1) > y
r y _kOT[

which implies that
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Then

/ 1 -1 o y e 2
¢ = | @ (o Tth—2

n—o L TTh—2
+k07tn,3y + koﬂ'n,y’l/lxy(n_l) ﬂnfz}
| _ktl)ilx +1
S it | Ty
n—2 L

+ko7‘[n,3y + koﬂn,g,rl/ay(n_l) T(nfz} .

Using Equation (19), we obtain

1

/g < -
70 = me
1

5 ()

[—koﬂnfs(f)}’(f) +kortu—3(£)y(£) + koﬂn73(£)71/“(f)y(”71)(é)ﬂnfz(g)]

kortu_3(£)r'/*(£)y "D (0). (22)

Using the fact that y/ nﬁ‘iz > ¢4 with (20), we obtain

rl/lxy(”_l) < —kOL < —k0C47Tﬁ0__21. (23)
TTh—2

Combining (22) and (23), we obtain

TUy—
=3 .

/ 2
¢ < —kjea
TTy—2

By integrating the preceding inequality from /, to ¢, we obtain

A
0) > Reyin 22) | o aci oo,
q)( 2)— 0¢4 ﬂn—z(f)

a contradiction, and so, ¢4 = 0. Consequently, the lemma’s proof is now complete. [J

Lemma 11. Let’s suppose that x(¢) € Q3 and (18) and (19) are satisfied for a certain value of
ko € (0,1). If, for every i from 1 to m — 1, it holds that k;_q < k; < 1, then
(Y71.m)y/ nﬁ’iz is decreasing;

(Yro,m) limy oo y(£) /77, (£) = 0;

where
At
ki=ko——r,j=1,2,...,m, (24)
j
(1—ki1)""
o @(0))
TTy—2\0
———2L > Ay, forall £ > {4, 25
o) =M f 1 (25)

for some Ay > 1.

Proof. (Y71, ) : Assume that x € Q3. Then, from Theorem 10, we obtain that (Y4 1)—(Ys3)
hold. By applying the induction, we establish the validity of (Y71)-(Y73,0) based on
Lemma 11. Now, let us assume that (Y71 ,,—1)—(Y7,3,m—1) are true. When we integrate (Y5)
from /5 to £, we obtain the following expression:

0y V)" < 1) (yV(e)) - /Z ¥ ((s))Qa(s)ds. (26)
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Using (Y71,,—1), we obtain

~ K1 /~
y(@) = m5 (@)
7-[7172

Then Equation (26) becomes

(0" I®) < ) (y V)"
- [t ) oue)as

T (s)

The fact that y/ 7'(’2"1’21 is a decreasing function, in conjunction with this, yields

14

(0 V@)" < re)(yr V)

nzMé—l(g)A ) (S) 7_[513112_1(5) QZ(S) S.

Hence, from (19) and (25), we obtain
4
o

r(0) (y" ()
o l
() (¥ 0 (62)) —Ai‘k’”]% [ (s

IN

IN

n—2 n—2

(

() it E0 [ 5%
(
(

T
1 ”a—z 1(6) n—2 ( ) 71'” 2
- @ “(0) 1 y*(6)
= () (YD ()" 4 ke Y —
S : ) mnzk_mz’l (0) ;‘(};"*H)(e ) "k o (0)

this, coupled with the observation that lim ., y(¢)/ nﬁ'ﬁ’zl () =0, yields

r(y" V)" < -k, 2

or equivalently

Pyl < g, (27)

Hence, based on (Y4,) ati = n — 3, we can deduce that

/

y S *km y ’
TTh—3 TTp—2
or equivalently
7Tn—2y/ + km”n—?yy <0. (28)

Consequently,

!/
y \ _ 1 /
(nkm ) - nﬁ@;l (ﬂnizy + km 7-[”73Y> S O
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Using the same approach employed in demonstrating (Y¢2) as shown in Lemma 10, can
ascertain that limy ., y(¢)/ nﬁ’iz (¢) = 0. This conclusion marks the end of the proof. [

Lemma 12. Assuming that x(¢) € Qs, and conditions (18), and (19) are satisfied for some
ko€ (0,1).Ifki 1 <k;j<1foralli=1,2,...,m—1, then

X > p2(4x)y.

Proof. Similar to the argument presented in the proof of Lemma 9, we obtain the Equa-
tion (17). Considering (Y7 1 ,), we deduce that

km [27]
N Rea()
Y<U[2 ]) > TY/
which with (17) yields
x> L(TTe(")) |- 2 (0P ) ] s ()
S\ p() w2 (y) L Y
— By
O

Theorem 3. Let’s assume that conditions (18) and (19) hold, and that there exists a positive integer

m such that , .
a-1(1 _
lim inf Tu—2(s) T8~ 3(7°(s))Qa(s)ds > M. (29)

{—c0 U'(Z) e

Under these conditions, we can conclude that Q3 = &, where x < 1.

Proof. Let us assume the opposite, i.e., x € Q3. According to Lemma 11, both (Y71 ,,) and
(Y72,m) are satisfied.
Now, we can define the function as follows

w = rl/lxy(nfl)

T2 +V.

Based on (Y4) ati = n — 2, we find that w > 0 for £ > /,. Additionally, using (27),
we obtain
rl/txy(n—l) Ty < *kmy

Hence, from the definition of w, we can deduce that

w = rl/ay(nfl)nniz_i_kmy(nfz) _kmy(n72) +y(n73)
< (1 —kp)y" 2. (30)

Thus,
/
w = (rl/rxy(nfl)) Ty — rl/ocy(nfl)n,n_s _’_y/.

From (Y4p) ati = n — 3, we find
!/
w < (rl/"‘y(”_l)) T2

)Y ()
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Using (Ys5,) and (Y47) ati = n — 2, we deduce that
v < ;1Q a(bv_) (rl/lX (nfl))l_lxn_
> X oy y n—2
1 B y 1—a
< Tsz”‘(a) (—km 7fn2> Tth—2
K (Y )
- . WO (ﬂnz) -2
Using (Y41) in Lemma 8, we observe that y(¢)/7t,,_»(¥) is increasing, then
y(@(0) _ _y(0)
Tt—2((£)) ~ 7'(,1,2(5)’
and . .
~ —u —u
( y(@) ) < ( y ) '
Ty —2(0) AN V)
Therefore,
K o a (Y@
/ < m o
v o< SEero(Zig) e
—l-a L= _
= T2 (0)2Qy(0),
which, from Equation (30), gives
1 klﬂx
w 4 — () 7,2 Quu(7) < 0. (31)

al—k, "2

Therefore, the positive solution w to the differential inequality can be deduced from
Equation (31). Notably, according to the findings in Theorem 2.1.1 in [8], the condition
expressed in Equation (29) ensures that Equation (31). This logical contradiction serves as
conclusive evidence for proving the Theorem. [

Theorem 4. Under the assumption that Equations (18) and (19) are satisfied, we consider a positive
integer m, such that

lim inf ! nn,z(s)nﬁ:é(ﬁ(s))éﬂs)ds> w. (32)

{—c0 0'(()

If the above inequality holds, then Q)3 = &.
Proof. To demonstrate this, we utilize the relationship

X > p2(6x)y,

with respect to Equation (1), employing the identical proof technique used in the previous
theorem. [J

3.3. Category ()
We know that
y =x+px(),
and
x=y—px() =y—py).
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Since y’ > 0, then

x=({1-py
Lemma 13. If
o (o s)” (n—1)n"
then O = @.

Proof. If we consider the contrary scenario where x € (), it becomes clear from the
information provided by (Cy), that

lim y(¢) # 0.
{—o0
Therefore, it can be deduced from Lemma 3 that, for any € € (0,1),

€ O.n—l

y(o) > Wm(;’(a)y(ﬂ—l)(@) (34)

eventually. Using Equation (34) in Equation (1), we see that

(4

<r<7<("_1))a)/ = —;qix“(tfi)

< - ;%‘(1 —p(e:) y* (o)
< —y"(0)Qo
< oS 5s) (@6 E)).

Consider the function 6 = r (y(”_l))lx. By observing the last inequality, it becomes

clear that 6(¢) serves as a positive solution to the delay differential inequality, expressed as:

e (U"‘l)“

(CES i

Therefore, the positive solution 0 to the differential inequality can be deduced from
Equation (35). Notably, according to the findings in Theorem 2.1.1 in [8], the condition
expressed in Equation (33) ensures that Equation (35) this logical contradiction serves as
conclusive evidence for proving the Theorem. [

o' +

o) 6(c) <0. (35)

4. Criteria for Oscillation

This section extends the groundwork laid in the preceding sections to introduce fresh
criteria for confirming the oscillatory nature of all solutions within Equation (1). To be more
precise, we have pinpointed particular conditions that conclusively exclude the existence of
positive solutions in all three scenarios, denoted as (C;), (Cy), and (C3). By amalgamating
these conditions, as expounded in the subsequent theorems, we can establish robust criteria
for ascertaining oscillation.

Theorem 5. Assume that Equations (12), (29) and (33) hold. Then Equation (1) is oscillatory.
Theorem 6. Assume that Equations (13), (29) and (33) hold. Then Equation (1) is oscillatory.

Theorem 7. Assume that Equations (12), (32) and (33) hold. Then Equation (1) is oscillatory.
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Theorem 8. Assume that Equations (13), (32) and (33) hold. Then Equation (1) is oscillatory.

Example 1. Consider the NDE

(£ (0 + pox(m)™)") + Lot 1 (@it) =0, £> 1, (36)
i=1

where 0 < pg < 1,199, 0; € (0,1),i =1,2,...,v,and qo > 0. By comparing Equation (1) and
Equation (36), we see that n = 4, r(£) = €4, g;(£) = qol*~1, p(£) = po, v(£) = vot, o;(£) = ;.
1t is easy to find that

1 1 1
mo(¢) = 303 m(f) = 602 m(f) = 60’

() :==min{o;¢, i =1,2,...,v} = 0p¢,
c(f) :=max{c{, i=1,2,...,0} = 0p¥,
Ao ml) _ 1 mEe) 1

71’0(5) - (TS” 7'[2(£) - 50’
K
p1(6;x) = (1—po) Y py'v*”/¢,
r=0
1 17 &
K;K N 2r+1[
pe(ti) = [ =5, e
~ 1T 178 50 1
Pattin) = | o o | VR
Po o = 0 Uérkm

z)‘101*P0 2r, Ar/
5= S Zpr re

1/«
vqo(1 2 or, 4
‘BO_€< 21x31x+1 “ZP' r/€> ’

Bi
1 1
ﬁwzﬁo<> j=12m,

(1—ﬁ]‘7])1/“ (78

1/a
11 1 17 &
k=220 L4 2r+1 ,
0 <a6"‘ qo{po UOL;)PO >

k]',]
k]—k[)ll/’x(,}) ,j:1,2,...,m.
(1—kja) 7"\ 0

Condition Equation (12) leads to

2—a+l3a+1
T B (1 po) Lo PEVY 7 7
while condition Equation (13) results in
a6v<ag*3/3“*1(1 — Bum) 1
qdo > E (38)

o(1—po)* (Tr_opgv¥/€) " Ink
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Condition Equation (29) gives

N a6 T8 k(1 — k) 1 (39)
g0 o -
o[ = %] (Eop ) g ©
while condition Equation (32) yields
w60y ke (1 -k 1
qo > = ”’2( : " . (40)
1 1 i r+1_1 1
v [% 1)0:| ( r=0 pO UéVkm > h’l a0
Lastly, condition Equation (33) produces
056" 1
q0 > 0—06117' (41)
(1 —po)“In 7 ©

To determine the oscillation of Equation (36), we can apply various theorems.

Theorems 5-8 provide conditions for the oscillatory behavior of Equation (36). Theorem 5
asserts that the satisfaction of Equations (37), (39) and (41) leads to oscillations in Equation (36).
Similarly, Theorem 6 indicates that the fulfillment of Equations (38), (39) and (41) results in
oscillations in Equation (36). In the same vein, Theorem 7 establishes that if Equations (37), (40)
and (41) are met, then Equation (36) exhibits oscillatory behavior. Lastly, Theorem 8 demonstrates
that oscillations in Equation (36) occur when Equations (38), (40) and (41) are satisfied.

5. Conclusions

In this study, we delved into the investigation of the oscillatory behavior and mono-
tonic properties of even-order quasilinear neutral differential equations. Our main focus
was on a specific type of such equations. Through our research, we were able to establish
improved relationships that connect the solution and its corresponding function for two out
of the three categories of positive solutions in the equation under study. By leveraging these
newly derived relationships, we were able to develop criteria to ascertain that categories
), and )3 contained no positive solutions. A significant contribution of this work was the
introduction of novel criteria to assess the oscillation of Equation (1). These criteria provide
a valuable tool for analyzing the oscillatory nature of the equation. Looking ahead, it would
be intriguing to extend our findings to explore the behavior of non-linear odd-order neutral
DEs, opening up exciting possibilities for future research directions.
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