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Abstract: In the Lagrangian approach, the transport processes in the ocean and atmosphere are
studied by tracking water or air parcels, each of which may carry different tracers. In the ocean, they
are salt, nutrients, heat, and particulate matter, such as plankters, oil, radionuclides, and microplastics.
In the atmosphere, the tracers are water vapor, ozone, and various chemicals. The observation and
simulation reveal highly complex patterns of advection of tracers in turbulent-like geophysical flows.
Transport barriers are material surfaces across which the transport is minimal. They can be classified
into elliptic, parabolic, and hyperbolic barriers. Different diagnostics in detecting transport barriers
and the analysis of their role in the dynamics of oceanic and atmospheric flows are reviewed. We
discuss the mathematical tools, borrowed from dynamical systems theory, for detecting transport
barriers in simple kinematic and dynamic models of vortical and jet-like flows. We show how the
ideas and methods, developed for simple model flows, can be successfully applied for studying the
role of barriers in oceanic and atmospheric flows. Special attention is placed on the significance of
transport barriers in important practical issues: anthropogenic and natural pollution, advection of
plankton, cross-shelf exchange, and propagation of upwelling fronts in coastal zones.

Keywords: elliptic; parabolic; hyperbolic transport barriers; Lagrangian diagnostics; geophysical
flows; transport barriers in ecological issues

1. Introduction

Transport in fluid flows involves the advection of water (or air) parcels along with their
conserved properties due to the fluid’s bulk motion. Barriers to transport provide valuable
information about the flow. Transport barriers (TBs) can be defined as material surfaces
with zero transverse flux. This definition is formally correct but its usefulness in analyzing
transport problems in fluid flows is questionable because the normal flux across any material
surface is zero. Ideas and methods of the theory of dynamical systems have been successfully
applied to investigate transport in hydrodynamic flows and geophysical flows. The key phase
space barriers in steady and time-periodic flows are periodic, quasiperiodic, homoclinic, and
heteroclinic trajectories because trajectories cannot cross each other (e.g., [1–4]). In aperiodic
flows, material lines are unsteady, making the definition of TBs with zero transverse
flux meaningless.

Real geophysical flows are aperiodic and defined on finite space and time grids. The
identification of TBs in such flows is a challenge. A few heuristic diagnostics have been
proposed to identify TBs in geophysical flows. These diagnostics may be Eulerian or
Lagrangian. The first ones are based on the direct observation of the currents. In the
Lagrangian approach, one tracks the behavior of fluid elements. The finite-time and finite-
size Lyapunov exponents (FTLE and FSLE, respectively) are the most common Lagrangian
diagnostics used in extracting TBs. Since FTLE and FSLE are relatively easy to compute,
they were quickly adopted as proxies of locations of material TBs (see, e.g., [5–7] and
many others).

Transport barriers can be operationally defined as exceptional material lines or surfaces
that deform less than their neighbors [8]. These definitions generalize the concept of
Lagrangian coherent structures (LCSs) [9,10] from hyperbolic material lines (surfaces) [11]
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to elliptic and parabolic ones. It is applicable to all barriers in two-dimensional (2D) and
three-dimensional (3D) flows, including stable and unstable manifolds of fixed points,
KAM curves, and steady shear jets in time-periodic flows. Transport barriers, hidden in the
flow, organize a flow and define the motion of advected tracers. This is especially important
in observing the dispersal of various tracers in the ocean and atmosphere.

We review different diagnostics in detecting elliptic, parabolic, and hyperbolic trans-
port barriers (ETB, PTB, and HTB, respectively), and analyze their role in the dynamics of
oceanic and atmospheric flows and some important practical issues. The formation and
destruction of ETBs are considered in the second section based on the simple kinematic
model with a fixed-point vortex embedded in a time-periodic flow. The advances in the
detection of ETBs for real eddies in the ocean and atmosphere, including the recently pro-
posed LCS method for detecting eddy boundaries, are considered in Section 3. In Section 4,
the identification of the central invariant curves (CIC), the destruction of PTBs, and cross-jet
transport (CJT) are discussed using a dynamically consistent model with a meandering jet
flow. Some ideas and methods, developed for simple model flows, have been successfully
applied for studying the role of HTBs in oceanic flows. These issues, which include a brief
description of the numerical procedure for solving advection equations in altimetrically
and numerically generated velocity fields, are discussed in Section 5. Section 6 reviews the
role of TBs in a variety of practical issues: the dispersal of oil spills and radioactive tracers,
the advection of plankton, cross-shelf transport, and the propagation of upwelling fronts in
coastal zones. Recent achievements in the identification of ETBs and HTBs in 3D unsteady
flows are briefly discussed in Section 7. In the Supplementary Materials, we describe the
numerical methods for calculating the maximum Lyapunov exponents.

2. Elliptic Barriers around Vortices and Their Destruction
2.1. Chaotic Advection and Stable and Unstable Manifolds

Methods and tools of the dynamical systems theory have been used in the last 40 years
to investigate transport and mixing processes in fluid flows on different space and time
scales. Passive particles, which do not affect the flow properties, are described by sim-
ple equations

dr
dt

= v(r, t), (1)

where r = (x, y, z) and v = (u, v, w) are the position and velocity vectors at the point
(x, y, z), respectively. Trajectories of the vector Equation (1) lie in the physical space for
advected particles.

It is well known that trajectories of nonlinear deterministic equations can be chaotic
in the sense of the exponential sensitivity of trajectories. Aref [12,13] was the first who
realized that 2D advection equations have a Hamiltonian form. The velocity components
in incompressible planar flows can be expressed in terms of a stream function, allowing us
to represent Equation (1) in the Hamiltonian form

dx
dt

= u(x, y, t) = −∂Ψ
∂y

,
dy
dt

= v(x, y, t) =
∂Ψ
∂x

, (2)

where the stream function Ψ is a Hamiltonian, and particle coordinates (x, y) are canonically
conjugated variables.

Let us write the stream function in the form

Ψ(t) = Ψ0 + ξΨ1(t), (3)

where Ψ0 is its stationary part, Ψ1(t) is a perturbation with a small amplitude ξ and the
period T0. To illustrate the fundamental cause of the onset of chaos in low-dimensional
deterministic dynamical systems, let us consider a periodic flow with the phase portrait
shown in Figure 1a.
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Figure 1. The illustration of the destruction of a transport barrier in a Hamiltonian system under a
small perturbation. (a) The separatrix loop (dashed curve) with the stream function Ψsu is a transport
barrier between two domains in the phase space. Two trajectories of fluid particles “b” and “e” inside
and outside the loop (thin curves) with the stream functions Ψ0(b) and Ψ0(e) are shown. (b) Splitting
of the stable Ws and unstable Wu manifolds associated with the saddle point under perturbation that
breaks down the transport barrier, allowing particles to quit the domain with finite motion. Particle
“b” goes outside from the separatrix loop (the bold curve in panel (a)). (c) The transversal intersection
scheme of the invariant manifolds on the Poincaré section.

Following [14], in Figure 1 we present an illustration of the proof of splitting and the
transversal intersection of stable and unstable manifolds associated with a single saddle
point. Let Ws and Wu denote the intersection of those manifolds with the plane at t = 0.
If Ws and Wu do not intersect with each other under a small perturbation, then there
should be a small gap between them (Figure 1b). Let us consider segment δ0 with one
end lying on Ws and the other end on Wu. Segment δ0 shifts counter-clockwise after
the period of perturbation T0 to become segment δ1 with both ends lying on Ws and
Wu. If so, the initial area D + ∆ reduces to D, contradicting the area conservation law for
Hamiltonian systems. The contradiction can be resolved if stable Ws and unstable manifolds
Wu intersect with each other transversally, as shown in Figure 1c. Taking into account the
numerous hyperbolic points in fluid flows and the associated invariant manifolds for each
point, transversal crossings result in multiple foldings of material lines, leading to chaotic
mixing. The splitting of separatrices has another important consequence; impermeable
barriers break down, providing transport between domains that do not communicate in an
unperturbed flow.

2.2. Simple Model with a Fixed-Point Vortex in a Time-Periodic Flow

To illustrate the destruction of TBs around eddies in the ocean and atmosphere with a
simple example, we consider the kinematic model with a fixed-point vortex in a flow with
steady and time-periodic components. The model was introduced in [15] to simulate the
basic features of transport and mixing at the so-called topographical eddies over seamounts.
The corresponding normalized stream function has a simple form:

Ψ = ln
√

x2 + y2 + x(ε + ξ sin t). (4)

The phase portrait of the unperturbed system is a set with bounded and unbounded
streamlines separated by a separatrix loop, as shown in Figure 1a. Particles moving
along these lines either rotate inside the loop or encompass the vortex along infinite
streamlines outside the loop (Figure 1b). The stable and unstable manifolds of the saddle
point transverse under a perturbation, as schematically shown in Figure 1c.

A detailed analysis of the invariant sets of the kinematic flow was conducted in [7].
The periodic and quasiperiodic orbits around the center of the point vortex form a vortex
core. Other invariant curves form “islands” characterized by regular motion inside the core
and mixing domains outside. Islands of first-order nonlinear resonances are surrounded
by smaller, higher-order resonance islands, forming chains with narrow stochastic layers
in between (see, e.g., [16]). The vortex core is a robust structure. The boundaries of all the
islands are Kolmogorov–Arnold–Moser (KAM) tori, preventing transport across them.

Transport and mixing processes may be very complex even in the simple model flow
considered here. The formation and destruction of TBs have also been studied in more
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complex models with an ellipsoidal vortex [17–19], in dynamical models of the vortical
flow [20], and in models of the flows above submerged obstacles [21,22].

Perturbations, which are unavoidable in real flows, can destroy impenetrable ETBs
around eddies, providing both the extraction of material from the vortex core and the
penetration of tracers from the eddy periphery inside the core. This exchange of material is
a dynamical process that may occur in the form of filaments, intrusions, lobes, and other fea-
tures, which are discussed in the next section pertaining to oceanic and atmospheric flows.

3. Detection of Elliptic Barriers for Eddies
3.1. The Problem of Identifying Eddy Boundaries

Eddies—energetic, swirling, and robust—populate the deep ocean, seas, gulfs, and
bays. They significantly contribute to the transport of water salt, heat, and different tracers,
such as nutrients, biota, and pollutants. By a horizontal scale, they are usually subdivided
into submesoscale eddies with a lateral size of <10–20 km, and mesoscale eddies with larger
sizes. Isolated mesoscale eddies consist of a core and periphery separated by an imperfect
material barrier in between. The core is a coherent water mass that retains its properties
(temperature, salinity, chemical elements, biota, etc.) for some time. The periphery is the
surrounding water rotating around the eddy’s center in the form of streamers.

The majority of mesoscale eddies persist for months and even longer, sometimes reach-
ing a few km downward, and transporting salinity, heat, and momentum over hundreds of
kilometers from their places of origin, with a strong impact on climate, weather, and ecology
(see, e.g., [23–28]. Apart from the eddies with a prominent signature on the ocean surfaces,
intrathermoclinic eddies exist, which are manifested inside the thermocline [29–33]. A
variety of different types of eddies also exist, including specific ones like hetons [33–35],
which are pairs of eddies of opposite polarity, one over another. Quasi-stationary eddies
exist, stagnating in a restricted area for a comparatively long time, and drifting eddies
advected by background currents, wind, and the β-effect. The β-effect drags mesoscale
eddies westward in the northern hemisphere (e.g., [36,37]).

In steady and time-periodic flows, the outermost KAM curve is a material eddy
boundary, i.e., it is an ETB. This result can be extended to 2D time–quasiperiodic flows,
in which KAM curves are closed material lines, deforming quasi-periodically [38]. The
identification of eddy boundaries (ETBs) in aperiodic flows is a long-standing problem.
The majority of material lines in chaotic flows typically stretch at an exponential rate.
Lagrangian TBs are supposed to be exceptional material lines, which exhibit the least local
stretching over time. The boundary of a coherent eddy in such flows retains its general
shape without significant stretching, folding, or filamentation, unlike a typical closed
material line in an unsteady flow. Theoretical vortices have a strong gradient of vorticity at
the core boundary, allowing us to determine the core of a theoretical vortex. Eddies in the
ocean typically do not have a significant jump in vorticity. The vorticity gradually decreases
with distance from the center. According to the classical axiom of continuum mechanics, a
vortex must be invariant under rotations and translations of the coordinate frame [39,40].
However, vorticity, which is the primary diagnostic for identifying structures in fluid
mechanics, varies depending on the frames that rotate and translate relative to each other.
So, observers in different frames may identify distinct flow structures as coherent ones.

Various methods have been used to identify eddies in the ocean. The Eulerian ones are
based on instantaneous snapshots of the velocity field, whereas Lagrangian ones are based
on particle trajectories. The Eulerian methods have been applied to calculate subjective
thresholds, like the Okubo–Weiss parameter, closed contours of sea level anomalies, and
others [41–43]. These methods cannot objectively determine the boundary of the core from
which water cannot escape. The majority of Lagrangian methods, using FTLE, FSLE, and
other Lagrangian diagnostics, are also unable to objectively determine the boundaries of
ocean eddies since they do not have strict mathematical criteria for separating coherent
vortical structures. The Eulerian and Lagrangian methods, in fact, subjectively determine
the boundaries of vortices, and there is no certainty that through this boundary there is
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no exchange of water with the environment. As a rule, they overestimate the size and
lifetime of oceanic eddies [44]. Therefore, the estimates of the heat and salt, transported
by eddies over long distances, can be strongly overestimated, distorting estimates of the
ocean warming.

It was not easy to detect eddies in the deep ocean before the satellite epoch. Dif-
ferent current satellite missions provide us with global data at sea level height, surface
temperature, salinity, and chlorophyll concentrations, with high resolution in space and
time (e.g., [45,46]). This allowed researchers to fulfill the global (e.g., [41,47]) and regional
(e.g., [48–50]) census of eddies using different algorithms for tracking eddies (e.g., [43,51]).
Despite the success of the altimetry-based identification of mesoscale eddies in the ocean,
the questions of finding boundaries of coherent eddies and transport barriers around them
are still open.

3.2. The LCS Method for Detecting Eddy Boundaries and Elliptic Barriers

G. Haller and coauthors [40] proposed a method for detecting the boundaries of
coherent eddies based on the calculation of the Lagrangian-averaged vorticity deviation
(LAVD).

LAVDt0+T
t0

(x0) =
∫ t0+T

t0

|ω[x(s; x0), s]− ω̄(s)| ds, (5)

where ω[x(s; x0), s] is the vorticity of a water parcel at time s along its trajectory, ω(s) is
the instantaneous spatial mean vorticity over the fluid volume, and T is the Lagrangian-
coherence time. The ETBs can be considered as the outermost closed contours of the LAVD.

This method provides the identification of the boundaries of coherently rotating 2D
and 3D structures from Lagrangian trajectory data [40]. At time t0, a study area is populated
by a large number of particles employing a dense mesh with a higher resolution than that
for the velocity field. Their trajectories are integrated forward in time, using surface
geostrophic velocities or the outputs of numerical circulation models, until time t0 + T0,
where T0 is the lifetime of an eddy in days. Data on particle positions and relative vorticity
are recorded. The LAVD is averaged over particle trajectories and maps back to the initial
positions, x0. The LAVD maxima are located at the vortex centers. After finding a local
LAVD maximum, one searches for the largest closed and convex curves around the LAVD
maxima, which are ETBs. This approach has been applied to detect vortex structures in
global [27,52] and regional eddy transport studies [53].

3.3. Atmospheric Flows

Stable stratification in the atmosphere typically suppresses vertical motion. In the
stratospheric flows between 10 and 50 km, trajectories of air parcels are constrained to
remain on the isentropic surfaces with an approximately constant potential temperature
on the timescale on the order of ≈10 days. As a result, transport can be considered quasi-
horizontal. Water vapor, ozone, various chemicals, and potential vorticity are the most
important passive tracers in the atmosphere.

During winter, sharp gradients of potential vorticity on isentropic surfaces inhibit
horizontal air exchange across the boundaries of the Antarctic and Arctic stratospheric
polar vortices [54]. The Antarctic vortex is generally more stable and isolated compared to
the Arctic vortex [55]. A high-latitude zonal jet around the polar vortices plays the role of a
meridional TB. The impermeability of this ETB is important, particularly for the springtime
ozone depletion in the polar stratosphere known as “Antarctic and Arctic ozone holes” (e.g.,
Refs. [56,57] and references therein). Strong mixing occurs outside the polar vortex [54],
where air parcels can travel long distances away from the vortex, forming complex patterns
with stretching and folding. The breaking of the Rossby wave pulls material filaments of
the vortex edge and enhances mixing with the surroundings. Such a process makes the
vortex edge a barrier to horizontal transport.

Tools from dynamical systems and chaos theory have been used to identify transport
barriers on isentropic surfaces in a kinematic model [58] and a numerical circulation model
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of a zonal atmospheric flow [59]. In Refs. [55,60–62], the authors used wind fields based
on observation data to study chaotic mixing. These and other authors (see references in
the cited papers) have applied FTLE, FSLE, and other Lagrangian diagnostics to detect
hyperbolic trajectories and the associated stable and unstable manifolds, as well as identify
TBs. When ETBs break down due to a weakening of the zonal jet, transport pathways
appear between domains with ozone-depleted polar air and ozone-rich mid-latitude air.
This process results in reducing the ozone hole size. Thus, the dynamical system theory
tools provide valuable insights for describing various dynamic processes in the atmosphere.

4. Identification and Destruction of Parabolic Barriers in Zonal Jets
4.1. Model of a Zonal Jet with Rossby Waves

Powerful currents in the ocean and atmosphere are often meandering jet currents that
separate water/air masses with distinct physical, chemical, and biological properties. The
Gulf Stream in the North Atlantic and the Kuroshio in the North Pacific play very important
roles in climates in large regions. Stratospheric jets provide the transport and mixing of
chemical substances, including the ozone. Such flow currents may be considered as jets
perturbed by running waves with different values of length and phase velocities. The Gulf
Stream and the Kuroshio, which are “rivers” of warm water in cold surroundings with a
width of 100 km, seem to provide effective barriers to cross-jet transport (CJT). However,
some ocean floats have been found to cross these jet currents, especially in depth, given
that they are not fully impermeable barriers. The cross-jet transport may have far-going
sequences for climate, weather, ozone layer depletion, and biota.

Transport across jets can be straightforwardly found in numerical circulation models
after computing trajectories of particles launched on one side of the jet and tracking them
on the other side. The kinematic and dynamic models, conserving potential vorticity,
are less realistic and do not pretend to estimate quantitatively CJT in real oceanic and
atmospheric flows. However, they allow us to elaborate methods for the identification of
TBs and to find the mechanisms of their destruction and the onset of CJT in real geophysical
flows. The cross-jet transports have been investigated with kinematic models [63–68] and
dynamic models, conserving potential vorticity [58,68–73]. A few laboratory experiments
with meandering jets have been carried out in rotating tanks [74,75] to simulate zonal
geophysical flows. The stream function of a simple model of a meandering jet, conserving
potential vorticity, is sought in the following form:

Ψ = Ψ0 + Ψint = Ψ0(y) + ∑
j

Φj(y)e
ikj(x−cjt), (6)

where Ψ0 describes a zonal flow, and Ψint is a superposition of running Rossby waves.
After substituting (6) in the potential vorticity equation and its linearization, one obtains
the so-called Rayleigh–Kuo equation [76] with two neutrally stable solutions:

Φj(y) = AjumaxL sech2 y
L

, j = 1, 2, (7)

if the velocity profile is chosen in the form of the Bickley jet

u0(y) = umax sech2 y
L

, (8)

where umax is the maximum velocity, L is the jet width and Aj are wave amplitudes.
Equations (8) and (7) are compatible if the phase velocities satisfy the following condition:

c1,2 =
umax

3
(1± α), α ≡

√
1− β∗, β∗ ≡ 3L2β

2umax
. (9)

The wave numbers and phase velocities satisfy the dispersion relation c1,2 = umaxL2k2
1,2/6.

Two neutrally stable Rossby waves exist if the condition βL2/umax < 2/3 is fulfilled.
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Following Ref. [73], we consider the geometry of the model flow, allowing a compari-
son of numerical results with the laboratory experiments in rotating tanks [74,75], in which
an azimuthal jet at the radius R perturbed by the Rossby-like waves with wave numbers n1
and n2 was produced:

k1,2 =
n1,2

R
, c1,2 =

umaxL2

6R2 n2
1,2. (10)

After the normalization, we obtain the model stream function in the frame of reference
moving with the phase velocity of the first wave:

Ψ(x, y, t) = − tanh y + A1 sech2 y cos(N1x) + A2 sech2 y cos(N2x + ωt) + C2y, (11)

where

ω ≡
2N2(N2

1 − N2
2 )

3(N2
1 + N2

2 )
, C2 ≡

2N2
1

3(N2
1 + N2

2 )
(12)

and the wave numbers are represented as n1 = mN1 and n2 = mN2, where m 6= 1 is the
greatest common divisor and N1/N2 is an irreducible fraction. The stream function (11)
has two main control parameters, N1 and N2, which are defined, in turn, by the following
parameters of the flow: umax, β, L, and R. The corresponding Hamiltonian advection
equations are integrable if A2 = 0.

The phase portrait of the steady flow is shown in Figure 2a in the presence of a single
wave. An eastward jet meanders between two chains of vortices in the moving frame. The
flows on both sides of the jet are westward in this frame. The flow is steady at A2 = 0,
and particles move along streamlines. If A2 > 0, chaos may occur due to a breakdown of
the unperturbed separatrices, acting as PTBs, and the appearance of stochastic layers in
their place.

Figure 2. Poincaré sections of the model flow with two propagating Rossby waves (10) with N1 = 5 and
N2 = 1 in the moving reference frame (A1 = 0.2416, N1 = 5 and N2 = 1). The perturbation amplitude
(a) A2 = 0 (steady flow). (b) A2 = 0.09 (stochastic layers appear on both sides of the jet, but CIC, shown
in bold, provides a barrier to CJT). (c) A2 = 0.095 (CIC is destroyed and replaced by the stochastic layer,
where a local chaotic CJT is observed). (d) A2 = 0.2 (onset of the global chaotic CJT).



Symmetry 2023, 15, 1942 8 of 24

4.2. Chaotic Cross-Jet Transport

In the identification and destruction of PTBs in the kinematic and dynamic models of
meandering jet flows, the important role plays the so-called “central invariant curve” (CIC),
which can be detected if advection equations have the following symmetry:

Ŝ :

{
x′ = π + x,

y′ = −y
(13)

and the time-reversal symmetry

Î0 :

{
x′ = −x,

y′ = y.
(14)

Both the symmetries are involutions, i.e., Ŝ2 = 1 and Î2
0 = 1. By definition, CIC is a

curve that is invariant under operators Ŝ and ĜT0 [72,73].
Since the curves invariant under ĜT0 cannot intersect with each other, CIC is the only

curve with a local extremum on the winding number profile, with an irrational value of
the winding number w (the winding number, w, by definition, is a ratio of perturbation
frequency to natural frequency. Periodic orbits, for example, have rational values of w,
whereas quasiperiodic orbits have irrational values of w). This curve provides a barrier to
global transport, but it should not be thought of as the curve from a family of invariant
curves that breaks down in the last turn under increasing perturbation values. Sometimes
this is not the case. The significance of CIC is that it is a good indicator of the presence of
a PTB.

The central invariant curve is shown in Figure 2b with the stochastic layers on both
sides of the jet where chaotic transport takes place. With the increasing amplitude A2, CIC
begins to break down and is replaced by a stochastic layer (Figure 2c) that is confined
between the invariant curves. Its average width increases with the increasing perturbation
values. The local chaotic CJT arises inside this layer, which becomes global one upon
further increasing of A2 (Figure 2d).

The authors of [72,73] have analyzed two mechanisms involving the breaking of
PTB and the appearance of the chaotic CJT. As the values of amplitudes of the Rossby
wave gradually increase, the stochastic layers on both sides of CIC become wider. At a
certain threshold value, these layers overlap and CIC disappears. This mechanism (e.g., the
breakdown of CIC and the onset of chaotic CJT) may be called an amplitude mechanism. It
is illustrated in Figure 3 and typically provides a global transport.

Alternatively, the breakdown of CIC may occur via a resonance mechanism with
arbitrarily small values of the Rossby wave amplitudes. The CIC rotation number varies
under the variation of amplitude values (see Figure 3). If the rotation number becomes
rational, CIC breaks down with the onset of a local chaotic CJT. The authors of [77] estimated
the CIC rotation number, which is valid at small values of the wave amplitudes:

w ≈ f1

ω
'

N2
1 + 3N2

2
2N2(N2

1 − N2
2 )

. (15)

Setting the right-hand side in this formula to be a rational number, one can find values
of N1 and N2, at which CIC is affected by a relevant resonance. In this case, CJT becomes
possible at relatively small values of the perturbation amplitudes.
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Figure 3. Breakdown of CIC and chaotic CJT at A1 = 0.2418, N1 = 5, and N2 = 1. (a,b) The indicator
point iterations are located along CIC (A2 = 0.067) and along the almost periodic central orbit
(A2 = 0.08703), respectively. (c) CIC is destroyed, and the iterations lay inside the stochastic layer
with a local chaotic CJT (A2 = 0.088). (d) CIC is destroyed, and the iterations are located inside the
stochastic layer with a global chaotic CJT (A2 = 0.2). The insets are zooms of the phase space near
the 7:3 resonance islands.

With the Rossby wavenumbers represented as n1 = mN1 and n2 = mN2, where m 6= 1
is the greatest common divisor of n1 and n2 (i.e., N1/N2 is an irreducible fraction), one
obtains two flow classes [73]: (1) flows with odd values of N1 and N2 and (2) flows with
even–odd pairs of N. The case with even n1 and n2 is equivalent to one of them. In the
first case, advection equations possess symmetry Ŝ (13), allowing one to identify CIC by
calculating iterations of an indicator point [78]. Flows vary, depending on the set of iteration
dimensions: some have a present CIC, while others exhibit a broken CIC and a chaotic CJT
(Figure 3).

The theory created in Refs. [72,73] allows studying CJT with different combinations
of the wave number values n1 and n2 that can be created in laboratory experiments by
adjusting the experimental parameters of the flow. In a typical experiment [74,75,79], a jet
modulated by Rossby-like waves has been created, approximately satisfying the stream
function (11). It was found that a dye, injected on one side, rapidly mixed along the
jet, was not able to cross the jet. In other words, the jet provided a PTB. A single mode
was generated with the wavenumber values in the range between 3 and 8, depending
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on the values of experimental parameters. The experimental results with the 5− 4 and
5− 6 wavenumber pairs have been compared with a numerical simulation with the same
wavenumber pairs. The simulation shows that unrealistically large values of the wave
amplitudes are required in order to destroy PTBs in the flows with even–odd wavenumber
pairs (Figure 4 implies that the experimental conditions were not suitable for destroying
the PTB).

Figure 4. The map of winding numbers vs. the amplitudes of Rossby waves with N1/N2 = 5/1. The
value of w is coded in gray. The area in white corresponds to a CJT regime.

However, the transport barrier could be destroyed in laboratory experiments in ro-
tating tanks by creating a jet current with odd–odd wavenumbers, e.g., 3− 1 or 5− 1 (see
Figure 7 in Ref. [73]). In this case, there may exist resonances that are able to destroy CIC
and provide CJT at comparatively small wave amplitudes. Varying the values of one of the
wave amplitudes in the experiment, the evidence of destruction of the PTB could be found
by observing dye filaments crossing the jet.

5. Hyperbolic Barriers in Geophysical Flows and Their Extraction
5.1. Identification of Hyperbolic Barriers Using Lagrangian Coherent Structures

The elliptic and parabolic TBs, considered above, are invariant manifolds associated
with coherent features, like vortices and jets. The analysis of their destruction in simplified
models was based on a temporal periodicity of perturbation. The majority of geophysical
flows are not periodic in time. Nevertheless, hyperbolic points of a transient nature exist in
quasi-turbulent flows, and their “effective” stable and unstable manifolds can be identified.
Stable and unstable manifolds in steady and (quasi)-time-periodic flows are defined in the
infinite time limit, whereas the effective manifolds in real geophysical flows “live” for a
finite time. They partition a flow in dynamically and topologically distinct domains. In
particular, the unstable effective manifolds are TBs, albeit temporary, which may separate
water/air masses with different characteristics. Tracers cannot cross such barriers by purely
advective processes, whereas there are strong gradients of tracers close to barriers with
enhanced mixing in their vicinity.

The strict mathematical basis of using effective manifolds in aperiodic flows with the
velocity defined for finite-time intervals was developed by G. Haller et al. [9,10,80], who
introduced the concept of the so-called Lagrangian coherent structures (LCSs). Lagrangian
coherent structures are defined as the material surfaces or curves that attract or repel
particles at the highest local rate relative to other material surfaces nearby. Any flow is
composed of a continuum of material surfaces, and the problem is to identify the surfaces
with the strongest stability. Lagrangian coherent structures are those repelling and attracting
structures that dominate in advection.

Lagrangian coherent structures consist of the same fluid elements, which is why they
are Lagrangian. They exist longer and are more robust than adjacent material surfaces,
which is why they are coherent. Figure 5 schematically illustrates how a blob with tracers,
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chosen near a repelling (stable) LCS, is advected toward the associated hyperbolic point
over time. When approaching that point, the blob stretches along the attracting (unstable)
manifold. The Lagrangian coherent structures are frame-invariant, whereas the unsteady
velocity field may depend strongly on the reference frame.

P. Pierrehumbert [58,59] introduced the computation of FTLE in geophysical velocity
fields as a measure of chaotic mixing. G. Haller posited that, in 2D flows, ridges with
locally maximal FTLE values approximate the locations of repelling and attracting LCSs
in forward and backward time, respectively. These ridges can be operationally defined as
local FTLE/FSLE extrema and have been proven to be almost Lagrangian with a small flux
across them [9,10,80].

5.2. Some Remarks on the Simulation of Transport and Mixing Processes in Satellite-Derived
Velocity Fields

The progress in satellite monitoring and development of high-resolution, eddy-resolving
circulation models opened up new possibilities to study the transport and mixing in
geophysical flows. A microwave satellite radar measures the distance to the ocean surface
to obtain anomalies of the sea-surface level, allowing one to infer the velocity field in the
geostrophic approximation where horizontal pressure gradients balance the Coriolis force.
The resulting velocity field is altimetric. Daily geostrophic velocities, such as those from
AVISO/CMEMS http://aviso.altimetry.fr are freely accessible from from 1 January 1993 to
the present time. They are provided at a spatial resolution of, at minimum, 1/4◦ × 1/4◦,
and have a daily time step. These data are commonly used to calculate the advection of
tracers in the ocean.

In the Lagrangian approach, advection equations are integrated for a substantial
number of particles using either the altimetric velocity field or the velocity fields from cir-
culation models and reanalyses provided on a discrete grid. Before solving these equations,
numerical algorithms are necessary. In the 2D scenario, the equation takes a simple form:

λ̇ = u(λ, φ, t), φ̇ = v(λ, φ, t), (16)

where u and v are angular zonal and meridional velocities, which are convenient to use for
solving advection equations on the Earth sphere, φ and λ are the latitude and longitude,
respectively. The following procedure is commonly used [4]:

1. Bicubic interpolation of the velocity components in space, and time interpolation
using third-order Lagrangian polynomials, conducted independently of each other.

2. Substituting the interpolated velocity values in Equation (16), which are integrated
using the fourth order Runge–Kutta method.

3. Calculating the relevant Lagrangian indicators and representing their values on a
geographic map of the study region.

Using the altimetric velocity field with relatively coarse resolution, the simulation
results typically resolve mesoscale features. Moreover, this field is an approximation to the
“real” velocity field in the ocean. It has been theoretically shown [9] that LCSs are robust
to inevitable errors in velocity fields if LCSs are strong and exist for a sufficiently long
time. Although simulated trajectories may diverge exponentially from “true” trajectories
near a repelling LCS, the very LCSs are not expected to be perturbed to the same degree
because numerical errors grow along the LCS. The FTLE/FSLE diagnostics in the altimetric
velocity field are reliable at detecting mesoscale features and even smaller features if the
latter ones evolve due to advection. The developing surface water and ocean topography
(SWOT) mission provides the velocity field at much higher resolutions, down to a few kms,
allowing to catch some submesoscale processes and features.

The Lagrangian simulation results are based not on individual trajectories but on
hundreds of thousands and millions of trajectories. No one can guarantee that he/she is
able to compute “true” chaotic trajectories of individual particles. The shadowing lemma in
the theory of dynamical systems states that, roughly speaking, every numerically computed

http://aviso.altimetry.fr
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trajectory in strongly chaotic systems stays close to a “true” trajectory with a slightly altered
initial position.

5.3. Lyapunov Exponents as Lagrangian Diagnostics

One of the commonly used Lagrangian diagnostics to quantify mixing in geophysical
flows is a maximal Lyapunov exponent. The finite-time Lyapunov exponent can be calcu-
lated by different methods from advection equations. Following Ref. [81], FTLE in a 2D
case is defined as follows (for details, see the Supplementary Materials):

Λ(t, t0) =
ln σ1(t, t0)

t− t0
, (17)

where σ1(t, t0) is the largest singular value of the evolution matrix, specifying how far away
initially close particles diverge from each other over time, and t− t0 is the integration time.

The finite-scale Lyapunov exponent is calculated until the moment of time τ, when
two particles, initially separated by a distance δ0, diverge over a distance δ f [5,6]:

Λs =
ln(δ f /δ0)

τ
. (18)

Both the diagnostics provide similar results.
To identify HTBs in geophysical flows, the spatial distributions of the FTLE (FSLE)

values are computed forward and backward in time. A study area in the ocean or atmo-
sphere is populated with a large number of artificial particles on a grid. The FTLE/FSLE
values are computed using the flow map gradient [80,82] or following Equation (17) [81]
for all close-by grid points during a given period of time or separation distance, depending
on the assigned task. The values of these quantities are graduated by color and plotted on
a geographic map of the study area. In a dynamically active region, one obtains a complex
pattern with ridges, defined as curves with locally maximal Λ values in the transverse di-
rection [82], and “valleys” with minimal FTLE (FSLE) values. Forward-in-time integration
allows one to extract repelling LCSs, which approximate locations of the influential stable
manifolds, whereas backward-in-time integration yields attracting LCSs that approximate
the influential unstable manifolds.

(a) (b) (c)

Figure 5. The illustration of an HTB near the associated hyperbolic point (cross). (a) The blobs with
tracers approach this point along the repelling stable manifold Ws (b) and then are advected away
from it along the attracting unstable manifold Wu. (c) The unstable manifold attracts all nearby fluid
particles, stretches out the blobs to adopt its shape, and acts as an HTB for the tracers.

6. The Role of Barriers in Tracer Transport

Temperature and salinity are physical tracers, which are used to track cross-shelf
transport in bays and gulfs and the upwelling process, in which cold water rises toward
the surface from the depth. From an ecological point of view, the most important anthro-
pogenic tracers are spilled oil and radionuclides and some natural tracers, e.g., harmful
algae. The tracers may be conservative, remaining constant following fluid parcels, and
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reactive, growing, or decaying with time. In this section, we briefly review the signif-
icance of TBs for a variety of practical problems in the transport of different kinds of
pollutants. The Lagrangian diagnostics provide an extremely useful platform for studying
the tracer transport.

6.1. Oil Spill Dispersal

Oil spill incidents with tankers, offshore platforms, and port terminals affect ecosys-
tems, commercial fisheries, tourist infrastructure, and marine aquaculture. Oil spills have
occurred more frequently in recent years (see, e.g., [83]), requiring immediate and effective
responses, which, in turn, require good knowledge of potential transport pathways in the
region where the oil spill occurred. Lagrangian particle-tracking numerical experiments
with the direct integration of equations of motion have been actively applied in recent years
to simulate the dispersion of oil spills in different seas and oceans (e.g., [84–88]).

The hypothetical oil spill from the Kozmino oil terminal is discussed in this section,
following reference [88], where oil drops have been simulated as passive particles, which
have been advected by the currents and the wind. The Kozmino, the main oil port near
Vladivostok, is located at the coast of the Peter the Great Bay (Japan Sea). The biodegra-
dation and evaporation processes have been involved in the regional ocean modeling
system (ROMS) with high horizontal and vertical resolutions and accommodations of real
hydrological and meteorological parameters. The biodegradation and evaporation remove
part of the oil from the spill. The wind regime over the Peter the Great Bay is monsoon-like.
The cold northwesterly, westerly, and northerly winds from the Siberian continent prevail
in the winter. In the summer, southerly, southeasterly, and southwesterly winds blow,
mainly, from the sea.

In the cold season, the typical scenario of the dispersal and deformation of the surface
oil slick is illustrated in Figure 6, with the FTLE field calculated following (17). The green
particles were deployed at 00:00 GMT on 1 January 2009. The location of the strongest HTB
coincided with the location of the prominent FTLE ridge formed by the end of the first day
after deployment (see LF in Figure 6). In time, the oil was gradually distributed along this
HTB (Figure 6b). Due to the strong northwesterly/westerly winds during these days, the
HTB drifted quickly away from the coast, providing a stretch of the oil slick (Figure 6c). By
the beginning of the fourth day, the perimeter of the slick had increased significantly. The
slick was stretched and carried away from the coast, with its head splitting in the directions
of two HTBs (Figure 6d). Thus, in the first scenario, the oil was quickly removed from the
spill site within the initial three days after deployment.

The behavior of the spilled oil is cardinally different in the warm season when winds
blow, mainly from the sea. Figure 7 shows the dispersion and deformation of the oil
slick after the deployment of green particles at 00:00 GMT on 1 June 2009. The strong
HTB, formed by the beginning of 1 June (see LF in Figure 7a), has drifted gradually to the
north, preventing dispersion of the spilled oil to the open sea (Figure 7b–d) because the
oil particles could not cross this near-coastal barrier transversally due to purely advective
processes. Over time, the tracers gravitated toward this HTB, causing the oil slick to stretch
along the coast of Nakhodka Bay (NB in Figure 7) for five days after the deployment.
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Figure 6. The FTLE maps, typical for the cold season, show fast removal of the spilled oil from the
terminal. The oil slick, composed of green particles, which were released at 00:00 GMT on 1 January,
2009, spreads along the HTB. This HTB, acting as a Lagrangian front (LF), is drifting away from the
coast. The Λ values are given in days−1. ? = Kozmino oil port. SB = Strelok Bay; VB = Vostok Bay;
NB = Nakhodka Bay; CL = Cape Likhachev; CP = Cape Povorotny; Pr is the mouth of the Razdolnaya
River. Adapted from [88] with the permission from Springer Nature. The panels (a–d) show the spilled
oil on the 1st, 2nd, 3rd and 4th January, 2009.

Figure 7. The FTLE maps, typical for the warm season, show the trapping of the spilled oil near the
coast after the deployment at 00:00 GMT on 1 June 2009. The HTB, acting as a drifting Lagrangian
front (LF), prevents the spread of the oil slick to the open sea. The panels (a–d) show the spilled oil
on the 1st, 2nd, 3rd and 5th June, 2009. Adapted from [88] with the permission from Springer Nature.

Simulation of the dispersion of oil spills is a complex task. It is governed by different
processes, including currents, temperature, salinity, wind, and waves. Moreover, the
oil undergoes evaporation, emulsification, biodegradation, and other processes acting
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simultaneously, changing its physicochemical properties. The FTLE/FSLE diagnostics have
been used to detect locations of HTBs and analyze their role in the dispersion of oil spills
after catastrophic accidents in the Gulf of Mexico in April 2010 [89,90], in the East China
Sea in 2018, and in the Mediterranean Sea in 2021 [91].

The oil spill accidents require an immediate response that ideally requires information
on the location of transport barriers and potential transport pathways in the area. However,
the transport barriers evolve over time, sometimes in a complicated manner, as illustrated
in Figures 6 and 7. The possibility of anticipating the location of HTBs, even for a short
time, would be very important to forecast the dispersion of oil slicks. The Lagrangian
diagnostics could help with this task because they allow predicting the locations of strong
HTBs on timescales that are inverse to the values of FTLE/FSLE. The point is that it can be
conducted based only on the velocity data without a velocity forecast [89].

The method for predicting the speed of drifting Lagrangian fronts, situated along
HTBs, has been proposed in Ref. [91]. This method uses the theoretical property of zero flux
across TBs. Whenever a TB appears to be transverse to the direction of a smooth velocity
field, imposing local displacement of the barrier by the velocity field component orthogonal
to it is sufficient to maintain a zero flux. The drifting speed of the barrier and associated
Lagrangian front at a given point is calculated as the orthogonal projection of the current
velocity vector. Applying that to all points near the barrier, it is possible to calculate the
future displacement of the barrier for a comparatively short time without the need for
forecast velocity data.

6.2. Radioactive Tracers

The presence of TBs of different kinds strongly affects the dispersion of radioactive
tracers in the ocean. The Lagrangian particle tracking has been actively used to simulate
the propagation of radionuclides in the ocean, especially after the tsunami on 11 March
2011, followed by heavy damage to the Fukushima Nuclear Power Plant (e.g., [92–96]).
In particular, it has been shown that contaminated water has been trapped by mesoscale
eddies during their formation processes near the Fukushima location after the accident [96].
The increased concentration of the 137Cs isotope was in the research vessel cruise [95]
during the summer of 2012, 1.5 years after the accident. It was found in the cores of certain
anticyclonic mesoscale eddies at depths ranging from 100 to 500 m due to the subduction
of surface water. The ETBs around these eddies have prevented the release of the trapped
radionuclides out of the eddy core and facilitated the process of their subduction to greater
depths. We briefly consider the significance of HTBs in the dispersal of radioactive material
following another lesser-known nuclear accident.

The accident with a nuclear submarine reactor occurred at 11:55 h local time on
10 August 1985 in Chazhma Bay (Peter the Great Bay, Japan Sea). This was accompanied by
the radioactive pollution of seawater and air. The potential transport pathways on the sea
surface and at different depths have recently been retrospectively simulated for the first time
only [97] using the Lagrangian approach and the ROMS output data on the velocity field.
Apart from the direct contamination of seawater in Chazhma Bay, radioactive material
was deposited on the sea surface of the neighboring Ussuri Bay from the atmosphere,
approximately half an hour after the explosion [98].

The retrospective ROMS simulation in [97] has shown that three eddies, a cyclone
centered at (42.9◦ N, 131.15◦ E) and two anticyclones (43.1◦ N, 132.2◦ E) and (42.7◦ N,
132.1◦ E), formed after 12 August. Unstable manifolds, associated with the hyperbolic
points between these eddies (see the crosses in Figure 8 at (42.9◦ N, 131.15◦ E), (43.1◦ N,
132.1◦ E), induced a strong deformation of the radioactive plume. To explain the dispersal
of the radioactive tracers, the FTLE field was computed (17). The FTLE map in Figure 8 is
shown at 7:00 h on 14 August at a depth of 10 m. The FTLE was calculated for seven days
prior to that date. The plume stretched strongly along the attractive manifold, approximated
by the colorful ridge shown in this figure. The black ridge, encompassing the cyclonic eddy,
is an ETB that prevents the penetration of contaminated water inside the core of this eddy
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(Figure 8), whereas the colorful Λ-like ridge around this eddy is an HTB associated with
the hyperbolic points mentioned above. The simulated radioactive tracers adhered to the
attractive manifold, which evolved at a much slower pace compared to the velocity field.
This fact allows the forecasting of radioactive tracer dispersion in the model velocity field
after the identification of the influential hyperbolic points, which can be distinguished by
the maximum singular values σ1 of the evolution matrix in Equation (17).

131.8° E 132° E 132.2° E 132.4° E

42.6° N

42.8° N

43° N

43.2° N

0.0 0.2 0.4 0.6 0.8

Figure 8. The FTLE map with imposed velocity field at a depth of 10 m at 7:00 h on 14 August of
1985. The colors show the values of the initial concentration of the radionuclides deposited on the
sea surface, with the bright colors meaning higher concentrations (see Figure 4 in [97]). The upward
(downward) oriented triangles are the centers of the anticyclones (cyclones) on this date, and the
crosses are hyperbolic points. The Λ values are given in days−1.

6.3. Cross-Shelf and Coastal Barriers

The cross-shelf exchange at meso- and submesoscales, specifically the exchange of
nutrients, biota, materials, and heat between the continental shelf and the open ocean (or
sea), is a central issue in coastal physical oceanography [99]. The cross-shelf gradients
of hydrological properties are usually much greater as compared with the alongshore
gradients. The barriers for the lateral transport of passive tracers can also affect the
dispersal of pollutants, as shown in the preceding sections, and have very important
biological consequences. The Lagrangian approach, based on the integration of particle
trajectories and identifying coherent structures, is the most suitable one for analyzing cross-
shelf transport. In the coastal zones, where the satellite altimetry does not work well, it is
preferable to use the velocity fields produced by numerical models of circulation with high
temporal and space resolutions or the coastal radar systems (see, e.g., [100]) that measure
surface currents with horizontal resolutions of 100 m and accuracies of a few cm/s.
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The impact of cross-shelf TBs on anthropological and natural pollution has been
studied in a few gulfs and bays in different seas, from the Lagrangian point of view. The
authors of [101] used radar-derived velocity field data along the southeastern Florida coast
in order to extract LCSs there. They have shown that understanding the location of TBs can
be used to minimize the effect of coastal pollution. A realization of the proposed algorithm
can be applied to reduce the impact of a polluting source in a coastal area under certain
conditions.

The FTLE diagnostic, based on the output of the hybrid-coordinate ocean model
(HYCOM) with the 0.04◦ horizontal resolution, allowed revealing the presence of a cross-
shelf HTB [102] near the boundary of the so-called “forbidden zone” [103] on the western
Florida shelf. This zone has been detected by tracking the drifting floats deployed outside
of it, which did not visit the zone. The presence of the barrier is important for the dispersal
of pollutants and for the dispersion of toxic algae blooms. The Lagrangian simulation has
shown that chaotic mixing dominates over turbulent mixing on time scales of up to two
months [104]. The authors of [105] used FTLE and other Lagrangian indicators to identify
stagnation areas, transport pathways, and TBs in the Peter the Great Bay (Japan Sea). The
Lagrangian diagnostics allowed those authors to distinguish between different modes of
water motion: recirculation, stagnation, and escape from the Bay [105].

The authors of [106] used FTLE and FSLE diagnostics in order to detect TBs in the
Gulf of Trieste in the Mediterranean Sea. These diagnostics were calculated using the
surface velocity field obtained by coastal radars. A comparison between the FTLE and
FSLE diagnostics, used for detecting TBs, led to comparable results, confirming that these
two measures provide similar results. These diagnostics also allowed the authors to find
transport corridors along which the transport of particles is likely to occur. When comparing
the results of LCS location calculations with the numerical trajectories of single passive
particles, it has been shown that LCSs are robust against inaccuracies of the velocity fields.
The average difference between the trajectories of drifters launched in the area and LCSs
was estimated to be approximately 1.5 km, compared with a 7 km difference for numerical
trajectories. Temporary TBs with with a width of 100 m, and a lifespan of a few days, have
been observed in the Gulf of Eilat (Red Sea), based on observations of surface currents
using high-frequency radar and aerial photographs [107].

Algae are small plants that live in both the sea and freshwater. Sometimes, they grow
out of control and produce toxic effects on fish, birds, and other organisms. This phe-
nomenon is called a harmful algal bloom or “red tides”, which can result in the widespread
death of marine life (e.g., [108]). The authors of [104] proposed using simulated LCSs
and associated HTBs to trace potential early locations of the development of algal blooms
before drifting to an area where they could be detected on satellite images. Based on the
results obtained before [102], they hypothesized that the presence of such HTB, inhibiting
cross-shelf transport on the western Florida shelf, supports a considerable increase in
the concentration of nutrients on the shoreside of the TB. This barrier behaves as a trap
for nutrient demarcating “the forbidden zone” (see above), where the most frequent and
abundant harmful algal blooms occur in the Gulf of Mexico. The LCS, constituting the
HTB, was extracted from the surface and subsurface velocity currents produced by a data-
assimilative HYCOM simulation over several years. These findings, as well as the results
of particle-tracking numerical experiments, show that this HTB is a two-dimensional rather
than a one-dimensional feature.

6.4. Transport Barriers in Advection of Plankton

Phytoplankton distribution on satellite images in different seas and oceans (electronic
resource: https://oceancolor.gsfc.nasa.gov/SeaWiFS/) often looks like complicated pat-
terns with swirls, filaments, and lobes. Phytoplankton, consisting of small plants with
chlorophyll pigments, are advected by currents as passive impurities. The chlorophyll
content on the sea surface can be measured from satellites. This allows for a comparison of
the chlorophyll patterns on consecutive satellite images with the simulated movement of

https://oceancolor.gsfc.nasa.gov/SeaWiFS/
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passive particles advected by the altimetric velocity field or by the surface velocity fields
produced by numerical circulation models and reanalyses.

Transport barriers might have an unexpected impact on a long-standing problem in
aquatic biology known as “the paradox of the plankton”: How it is possible for many
phytoplankton species to coexist on limited resources in spite of the competition? In other
words, how does a limited range of resources support an unexpectedly large number of
coexisting plankton species, as revealed in many in situ observations? Starting from the
seminal paper [109], a variety of solutions have been proposed to resolve this paradox
invoking chaotic advection [110] and many other concepts. The coexistence of numerous
phytoplankton species likely results from the simultaneous actions of multiple mechanisms,
among which, there is room for TBs to create separated ecological niches.

Eddies in the ocean can transport water over long distances due to the presence of
ETBs (see Section 3) that prevent water exchange between the eddy core and periphery.
As shown in [111], if an eddy traps a less-fit plankton species during its formation, this
species can survive for several months and be transported by the eddy over a long distance.
The trapped species will come, of course, into contact with species outside, sooner or later,
due to small-scale turbulent water exchange across imperfect ETBs and the finite eddy’s
lifespan. In such cases, the ETBs can temporarily protect less-fit plankton species from
competition with more adaptive ones.

Different phytoplankton species have different pigments. Information about the
phytoplankton community can be extracted from the spectral properties of backscattered
radiation using specific algorithms (see, e.g., [112]). The authors of [113] used the alti-
metric velocity field to simulate the advection of particles representing four species of
phytoplankton, which were identified in the confluence zone of the Brazilian and Malvinas
currents in the South Atlantic using ocean color data. The plankton species were processed
using the algorithm developed in [112] to show that horizontal stirring stretches initial
large-scale surface patches of simulated species into elongated submesoscale filaments,
which are delineated by sharp horizontal gradients forming Lagrangian fronts. Mesoscale
advection organizes phytoplankton communities into a mosaic of ecological niches with
coexisting phytoplankton species separated by transport barriers. Altimetry-based daily
calculations of the locations of these barriers allow tracking changes in the distribution of
these ecological niches.

7. Barriers in 3D Flows

Most studies of TBs in geophysical flows were confined to 2D flows, where they were
characterized as curves. Any material surface in a 3D flow is an invariant manifold and,
hence, cannot be crossed by trajectories in the extended phase space. To detect special material
surfaces, which act as observable TBs, i.e., 2D structures embedded in a 3D volume, different
methods have been elaborated on using simple model flows [80,114–116]. Starting with the
question—what objective property makes TBs observable?—Blazevski and Haller [117]
proposed that a time-evolving material surface is an observed TB if “it imposes locally
extreme deformation on nearby sets of initial conditions”. Studies of TBs in 3D geophysical
flows are rare (see, however, [118–121]).

With growing progress in the accuracy of numerical circulation models and reanalyses,
the extension of the 2D Lagrangian tools to 3D flows is on the agenda.

A few works have studied chaotic transport in 3D atmospheric flows. Tang et al. [118]
used the FTLE diagnostic to extract and distinguish PTBs and HTBs from the 3D atmo-
spheric dataset of a forecasting model for the case of a subtropical jet over Hawaii that
was bounded by two PTBs that contributed to the creation of optical turbulence. This
result was obtained by comparing the location of the barriers with the highest peaks of the
refractive index obtained from balloon measurements. Curbelo et al. [122] studied 3D LCSs
in the Antarctic stratospheric polar vortex using a reanalysis dataset. They analyzed and
visualized these structures using a Lagrangian descriptor function M [123] that was able to
delineate the boundary between the stratosphere and troposphere.
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As for oceanic flows, Bettencourt et al. [119] studied 3D TBs in the Benguela upwelling
system using the FSLE field in a region characterized by strong mixing. They focused on
a cyclonic eddy at the upwelling front, obtained from an ROMS output, with the aim of
knowing if there truly exists a barrier to particle transport at any depth. The boundaries
of the eddy were composed of the intersections of repelling and attracting LCSs, which
facilitated water exchange between the eddy and its surroundings, down to a maximum
depth of 600 m, the depth at which the FSLE field was calculated.

Oxygen minimum zones are the areas where the interplay between physical and
biological processes decreases the oxygen concentration, restricting water with low O2
concentrations from mixing with surrounding waters. These zones are found worldwide
at different depths, depending on local circumstances. One of the most pronounced and
permanent oxygen minimum zones lies in the region off of Peru. The FSLE diagnostic was
applied in [120], using the combination of ROMS and a biogeochemical model, with the aim
of calculating the FSLE maxima and correlations between the average O2 concentration at
different depths. Because the FSLE maxima act as HTBs, large gradients of oxygen should
be observed across them. The authors have revealed the boundaries of the mesoscale eddies
and fronts as ETBs and HTBs that control water interchange and determine the edges of
the Peruvian oxygen minimum zone.

Bettencourt et al. [121] investigated 3D LCSs and the cross-shore transport properties
in the Iberian upwelling system. Computing the FSLE values from a 3D model velocity field,
they extracted the FSLE maxima to study the spatial distribution and temporal evolution of
the TBs evolving around the simulated upwelling filament. The strongest curtain-like LCSs
delineate the boundaries of this structure and match large gradients of temperature and
salinity, providing isolation of water inside the filament.

8. Conclusions

This paper summarizes different studies on transport barriers in the ocean and at-
mosphere from the Lagrangian point of view, which is the most natural one for detecting
such barriers and analyzing their significance in the dispersal of different kinds of tracers.
Elliptic transport barriers exist, mainly at the boundaries of vortex cores, preventing water
(or air) exchange between the core and its surroundings. Parabolic barriers prevent cross-jet
transport in meandering currents. Both types of barriers can be identified in different ways.
Identifying the (partial) destruction of these barriers requires special methods borrowed
from dynamical systems and chaos theories, which have been discussed using simple
analytic models.

Hyperbolic barriers are less evident. They are the most influential repelling and
attracting material lines (or surfaces in 3D cases) with the strongest local stability, which can
be identified in real oceanic and atmospheric flows by calculating the maximal Lyapunov
exponents. The transport barriers are fundamental features controlling the movement of
anthropogenic and natural pollutants, plankton, cross-shelf exchange, and the propagation
of upwelling fronts in coastal zones. Special attention was given to the discussion of the
role of hyperbolic transport barriers in ecological issues.

There is, however, still a lot to understand about the significance of transport barriers.
The majority of studies were carried out with 2D flows, for which the methods to identify
and track these barriers in changing environments are well-elaborated. The investigation
of transport barriers in 3D unsteady flows is currently underway. The application of
Lagrangian methods to study the importance of transport barriers for the feeding and
foraging behavior of pelagic fish, mammals, squid, and seabirds is particularly promising
(as seen in a recent review [124]).

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/sym15101942/s1, Figure S1:Geometric meaning of the singular-
value decomposition of a 2 × 2 matrix.
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