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Abstract: Bernoulli and Euler numbers and polynomials are well known and find applications in
various areas of mathematics, such as number theory, combinatorial mathematics, series expansions,
and the theory of special functions. Using fractional exponential functions, we extend the classical
Bernoulli and Euler numbers and polynomials to introduce their fractional-index-based types. This
reveals a symmetry in relation to the classical numbers and polynomials. We demonstrate some
examples of these generalized mathematical entities, which we derive using the computer algebra
system Mathematica©.
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1. Introduction

The study of fractional derivatives and their applications has been a topic of interest
for many scholars. Their importance has only increased as they are used in various scientific
fields. In the book written by S. Samko, A.A. Kilbas, and O. Marichev [1], the authors examine
and compare different definition types of fractional differentiation. They also showcase the
applications of fractional calculus in ordinary and partial differential equations. Other resources
that one can refer to are the book by A.A. Kilbas, H.M. Srivastava, and J.J. Trujillo [2], the works
by Gorenflo and Mainardi [3], and the article by Mainardi et al. [4].

Recently, an elementary approach based on Euler’s classical definition has been con-
sidered in [5,6]. The interested reader could find a similar technique in the articles by
M. Ortigueira et al. [7–9], articles that were recently sent to us by the author, after the
publication of our paper on symmetry [6]. These works are interesting since they clarify
old and new definitions of the fractional derivative and find applications in the framework
of the Laplace transform.

Our method falls under Caputo’s [10] and utilizes power series with a fractional expo-
nent. Using this method, it is possible to extend classical polynomials and the associated
special numbers to the case of fractional indices. As known from theory, Euler and Bernoulli
numbers appear in the Taylor series expansions of trigonometric and hyperbolic functions.
They also occur in combinatorics as well as in the computation of special functions, such as
the Riemann zeta function.

Fractional Bernoulli numbers and polynomials have recently been considered by E.
Woldeyohannes [11], starting from the following generating functions:
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1. For the fractional numbers Bα,k, where α is a fractional number,

x2αe−x2

αγ(α, x2)
=

∞

∑
k=0

Bα,k
xk

k!
,

2. For the fractional polynomials Bα,k(z),

x2αexz−x2

αγ(α, x2)
=

∞

∑
k=0

Bα,k(z)
xk

k!
,

where γ(a, x) =
∫ x

0 e−ttα−1 dt denotes the lower incomplete gamma function.
Our purpose in this paper is to introduce fractional Bernoulli numbers and polyno-

mials by using a completely different approach. In fact, in a recent article [6], we have
introduced a fractional version of the exponential function by posing

Expα(t) = 1 +
tα

Γ(α + 1)
+

t2α

Γ(2α + 1)
+ · · ·+ tnα

Γ(nα + 1)
+ . . . , (1)

and we use this function, expanded in fractional powers, in the generating function of the
fractional form of the Bernoulli numbers and polynomials [12]. Note that the fractional
exponential function above is a true exponential with respect to the operator Dα

x since it
satisfies the following eigenvalue properties:

Dα
t Expα(xt) = xα Expα(xt) ,

and

Dα
xExpα(xt) = tα Expα(xt) .

We have previously demonstrated potential applications of this function in various
frameworks, such as fractional extensions of population dynamics problems, fractional
Laplace transforms [13], and fractional Hermite polynomials [14].

It is important to note that the pseudo-exponential functions introduced in [15],
which are generalized forms of exponential functions, are connected to the Mittag-Leffler
function [16] and do not satisfy the eigenvalue property of the classical exponential, as
explained in [13].

The fractional exponential function in (1) can be used to establish a special symmetry
in number theory. For any value of α between 0 and 1, it is possible to generate a set
of fractional index Bernoulli or Euler numbers and polynomials that correspond to the
classical mathematical entities. These new sets of numbers are real numbers that depend
on fractional indices. They are obtained by replacing the ordinary exponential function
with the fractional exponential function in the generating function that defines the set of
numbers or polynomials. This approach appears to be more natural than the one considered
in [11].

It is worth noting that it is crucial to construct special functions that satisfy the eigen-
value property mentioned above with respect to suitable differential operators. This allows
for the generalization of families of special numbers or polynomials using the same method
employed in this article.

We have previously studied another type of function known as Laguerre-type ex-
ponentials. These functions have associated Laguerre-type special functions that create
symmetry in the space of analytic functions. The operator DxD = D + x D2 introduces a
linear differential isomorphism that acts on the space of analytic functions of the variable x,
creating a parallel structure within this space. This allows us to easily derive differentiation
properties. Iterations of the Laguerre derivative can also create parallelism, leading to an
endless cycle of construction within the space of analytic functions. This cyclic construction
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repeats the same structure at a higher level of differentiation order, showcasing the great
cycles that can occur within mathematical theories. If one is interested in learning more,
they can refer to the articles mentioned [17,18].

In Section 2, we review the generating function of Appell-type polynomials. In
Section 3 and its relevant subsections, we introduce fractional indices Bernoulli numbers
and fractional Bernoulli polynomials for a parameter α with a value between 0 and 1.
We pay particular attention to the case where α = 1/2. We use the computer algebra
system Mathematica© to derive several tables that show the convergence of these fractional
entities to their corresponding classical ones as α approaches 1. In Section 4, we provide
the same results and tables for fractional indices Euler numbers and fractional Euler
polynomials. Our aim is to demonstrate, in a future article, the properties of classical
numbers and polynomials that also apply to their fractional versions. While we could
also study other forms of numbers and polynomials, such as Genocchi numbers and
polynomials or Apostol-type polynomials, we limit ourselves to the Bernoulli and Euler
cases to avoid overwhelming our readers.

Remark 1. Note that what we call fractional Bernoulli and Euler polynomials are actually functions,
not polynomials in the strict sense, but since they are combinations of monomials with fractional
powers, it seems more appropriate for us to retain the name polynomials as shorthand for fractional
power polynomials.

2. Recalling the Fractional Appell-Type Polynomials

In this section, we consider first the fractional Appell polynomials depending on a
fractional parameter α, with 0 < α < 1, since the Bernoulli and Euler ones are a particular
case of this more general class.

Using the Euler definition of fractional derivative

Dαxm :=
dαxm

dxα
=

Γ(m + 1)
Γ(m + 1− α)

tm−α, (m ≥ [α]) ,

it is possible to define the fractional case of Appell polynomials. These are functions ex-
pressed by the combination of monomials with fractional powers, defined by the generating
function that is obtained by substituting the fractional exponential of order α in place of the
ordinary exponential in the corresponding classical generating function.

Definition 1. The fractional Appell-type polynomials of order α are defined by the following
generating function:

Gα(x, t) = A(t)Expα(xt) =
∞

∑
n=0

Rnα(x)
tnα

Γ(nα + 1)
.

In [13], the lowering operator for fractional Appell polynomials has been introduced
in the particular case when α = 1/2, but the same result can be obtained for any fractional
α, with 0 < α < 1.

The following sections consider specific examples of this important family of polynomials,
starting with the Bernoulli and Euler cases, based on their associated number sets.

3. Fractional Index Bernoulli Numbers and Polynomials

We introduce the following definitions:

1. For the fractional index numbers Bα,k, where α is a fractional number,

xα

Expα(x)− 1
=

∞

∑
k=0

Bα,k
xkα

Γ(kα + 1)
, (2)

2. For the fractional index polynomials Bα,k(z),
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xαExpα(x z)
Expα(x)− 1

=
∞

∑
k=0

Bα,k(z)
xkα

Γ(kα + 1)
. (3)

3.1. Fractional Index Bernoulli Numbers

Introducing the definition (2) and posing, for convenience,

δc
k,0 = 1− δk,0 ,

where δk,0 is the Kronocher delta, so that δc
k,0 = 0, if k = 0, and δc

k,0 = 1, if k 6= 0, we find

xα =
∞

∑
n=0

δc
k,0 xnα

Γ(nα + 1)

∞

∑
k=0

Bα,k
xnα

Γ(nα + 1)

xα =
∞

∑
n=1

n

∑
k=1

xnα Bα,n−k

Γ(kα + 1) Γ((n− k)α + 1)
. (4)

Equation (4) results in a triangular system of algebraic equations. Therefore, we can
state the following theorem:

Theorem 1. The Bernoulli numbers with fractional indices Bα,k can be sequentially computed by
solving the triangular system

Bα,0 = Γ(α + 1) ,

n

∑
k=1

Bα,n−k

Γ(kα + 1) Γ((n− k)α + 1)
= 0 , ∀n ≥ 1 .

(5)

3.2. The Fractional Index Bernoulli Numbers for α = 1/2

In order to fix the attention and give numerical examples, we consider the case when
α = 1/2.

Equation (4) writes

x1/2 =
∞

∑
n=1

n

∑
k=1

xn/2 B1/2,n−k

Γ(k/2 + 1) Γ((n− k)/2 + 1)
;

that is,

x1/2 =
x1/2B1/2,0

Γ(3/2)
+

2

∑
k=1

x B1/2,(2−k)/2

Γ(k/2 + 1) Γ((2− k)/2 + 1)
+

3

∑
k=1

x3/2 B1/2,(3−k)/2

Γ(k/2 + 1) Γ((3− k)/2 + 1)
+

4

∑
k=1

x2 B1/2,(4−k)/2

Γ(k/2 + 1) Γ((4− k)/2 + 1)
+ · · · .

The system above gives

B1/2,0 = Γ(3/2) =
√

π/2 ' 0.8862269 · · ·

B1/2,1/2 = −[Γ(3/2)]3 =
1
8

π
√

π ' −0.6960413 · · ·

B1/2,1 = [Γ(3/2)]3 − 2
3 Γ(3/2) ' 0.1052233 · · ·

A more extended table is reported in Figure 1.
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Figure 1. Sequence of the Bernoulli numbers B1/2,k for 0 ≤ k ≤ 10.

The Bernoulli numbers Bα,k with fractional indices α = 0.2, 0.4, 0.6, 0.8 for 0 ≤ k ≤ 10
are reported in Figure 2.

Figure 2. Sequence of the Bernoulli numbers Bα,k with fractional indices α = 0.2, 0.4, 0.6, 0.8 for
0 ≤ k ≤ 10.
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The convergence of the Bernoulli numbers Bα,k to the classical Bk is shown in the table
contained in Figure 3.

Figure 3. Convergence of the fractional index Bernoulli numbers Bα,k to the classical ones Bk.

3.3. Fractional Index Fractional Bernoulli Polynomials

Starting from (3), we find

∞

∑
n=0

x(n+1)α znα

Γ(nα + 1)
=

∞

∑
k=1

xkα

Γ(kα + 1)

∞

∑
k=0

Bα,k(z)
xkα

Γ(kα + 1)
,

∞

∑
n=0

x(n+1)α znα

Γ(nα + 1)
=

∞

∑
k=0

x(k+1)α

Γ((k + 1)α + 1)

∞

∑
k=0

Bα,k(z)
xkα

Γ(kα + 1)
,

∞

∑
n=0

x(n+1)α znα

Γ(nα + 1)
=

∞

∑
n=0

n

∑
k=0

x(n+1)α Bα,n−k(z)
Γ((k + 1)α + 1)Γ((n− k)α + 1)

,

so that, upon comparing coefficients of the same order, we obtain a triangular system.
Therefore, we can state the following theorem:

Theorem 2. The fractional index fractional Bernoulli polynomials Bα,n(z) can be sequentially
constructed by solving the triangular system

Bα,0(z) = Γ(α + 1) ,

n

∑
k=0

Bα,n−k(z) Γ(nα + 1)
Γ((k + 1)α + 1) Γ((n− k)α + 1)

= znα , ∀n ≥ 1 ,
(6)
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The first few fractional index fractional Bernoulli polynomials are reported hereafter:

Bα,0(z) = Γ(α + 1) ,

Bα,1(z) = Γ(α + 1)zα − Γ(α+1)3

Γ(2α+1) ,

Bα,2(z) = Γ(α + 1)
(

Γ(α+1)2

Γ(2α+1) −
Γ(α+1)Γ(2α+1)

Γ(3α+1) + (zα − 1)zα
)

,

Bα,3(z) = Γ(α + 1)
(
− Γ(α+1)3Γ(3α+1)

Γ(2α+1)3 + 2Γ(α+1)2

Γ(2α+1)

+ Γ(α + 1)Γ(3α + 1)
(
− 1

Γ(4α+1) −
(zα−1)zα

Γ(2α+1)2

)
+
(
z2α − 1

)
zα
)

,

Bα,4(z) = Γ(α + 1)
(
− 3Γ(α+1)3Γ(4α+1)

Γ(2α+1)2Γ(3α+1) +
Γ(α+1)4Γ(4α+1)

Γ(2α+1)4 Γ(α + 1)2
(

Γ(4α+1)
Γ(3α+1)2 + 2

Γ(2α+1) +
Γ(4α+1)(zα−1)zα

Γ(2α+1)3

)
+
(
z3α − 1

)
zα + Γ(α + 1)Γ(4α + 1)

(
− 1

Γ(5α+1) −
(z2α+zα−2)zα

Γ(2α+1)Γ(3α+1)

))
.

In the particular case when α = 1/2, we find the first ten fractional Bernoulli polyno-
mials as reported in Figure 4.

Figure 4. Sequence of the fractional Bernoulli polynomials B1/2,k(z) for 0 ≤ k ≤ 10.
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Remark 2. Note that if α = 1, the fractional exponential Expα(t) reduces to the ordinary expo-
nential function exp(t), and the fractional Bernoulli numbers and polynomials yield the ordinary
classical ones.

4. Fractional Index Euler Numbers and Polynomials

We introduce the following definitions:

1. For the fractional index Euler numbers Eα,k,

2 Expα(x)
Expα(2x) + 1

=
∞

∑
k=0

Eα,k
xkα

Γ(kα + 1)
, (7)

2. For the fractional index Euler polynomials Eα,k(z),

2 Expα(x z)
Expα(2x) + 1

=
∞

∑
k=0

Eα,k(z)
xkα

Γ(kα + 1)
. (8)

4.1. Fractional Index Euler Numbers

We start from the fractional index Euler numbers exponential function (7) so that

2 Expα(x) = [Expα(2x) + 1]
∞

∑
k=0

Eα,k
xkα

Γ(kα + 1)
,

2
∞

∑
n=0

xnα

Γ(nα + 1)
=

∞

∑
k=0

Eα,k xkα

Γ(kα + 1)
+

∞

∑
k=0

2kα xkα

Γ(kα + 1)

∞

∑
k=0

Eα,k xkα

Γ(kα + 1)
,

2
∞

∑
n=0

xnα

Γ(nα + 1)
=

∞

∑
n=0

Eα,n xnα

Γ(nα + 1)
+

∞

∑
n=0

n

∑
k=0

2kα Eα,n−k xnα

Γ(kα + 1) Γ((n− k)α + 1)
. (9)

Then, by equating coefficients of the same order, we obtain

2
Γ(nα + 1)

=
Eα,n

Γ(nα + 1)
+

n

∑
k=0

2kα Eα,n−k

Γ(kα + 1) Γ((n− k)α + 1)
,

which results in a triangular system of algebraic equations. Therefore, we can state the
following theorem:

Theorem 3. The Euler numbers with fractional indices Eα,k can be sequentially computed by
solving the triangular system

Eα,0 = 1 ,

Eα,n +
n

∑
k=0

2kα Γ(nα + 1) Eα,n−k

Γ(kα + 1) Γ((n− k)α + 1)
= 2 .

(10)

We find, in particular,

Eα,0 = 1 ,
Eα,1 = 1− 2α−1 ,

Eα,2 = 1− 22α−1 +
(22α−2 − 2α−1)Γ(2α + 1)

[Γ(α + 1)]2
,

and so on.
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4.2. The Fractional Index Euler Numbers for α = 1/2

In this particular case where α = 1/2, the above system writes

E1/2,n +
n

∑
k=0

2k/2 Γ(n/2 + 1) E1/2,n−k

Γ(k/2 + 1) Γ((n− k)/2 + 1)
− 2 = 0 ,

The first few entries are
E1/2,0 = 1

E1/2,1/2 = 1− 1√
2
' 0.2928932 · · ·

E1/2,1 =
2− 2

√
2

π
' −0.2636965 · · ·

A more extended sequence is reported in Figure 5.

Figure 5. Sequence of the Euler numbers E1/2,k for 0 ≤ k ≤ 8.

The Euler numbers Eα,k with fractional indices for α = 0.2, 0.4, 0.6, 0.8, and with
0 ≤ k ≤ 10, are shown in Figure 6.

Figure 6. Sequence of the Euler numbers Eα,k with fractional indices α = 0.2, 0.4, 0.6, 0.8 for 0 ≤ k ≤ 10.
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The convergence of the Euler numbers Eα,k to the classical Ek is shown in the table
contained in Figure 7.

Figure 7. Convergence of the fractional index Euler numbers Eα,k to the classical ones Ek.

4.3. Fractional Index Fractional Euler Polynomials

Using the generating function in (8), we find

2
∞

∑
n=0

xnαznα

Γ(nα + 1)
=

∞

∑
k=0

Eα,k(z) xkα

Γ(kα + 1)
+

∞

∑
k=0

2kα xkα

Γ(kα + 1)

∞

∑
k=0

Eα,k(z) xkα

Γ(kα + 1)
,

2
∞

∑
n=0

xnαznα

Γ(nα + 1)
=

∞

∑
n=0

Eα,n(z) xnα

Γ(nα + 1)
+

∞

∑
n=0

n

∑
k=0

2(n−k)α xnα Eα,k(z)
Γ((n− k)α + 1) Γ(kα + 1)

.

Then, by equating coefficients of the same order, we find

2 znα

Γ(nα + 1)
=

Eα,n(z)
Γ(nα + 1)

+
n

∑
k=0

2(n−k)α Eα,k(z)
Γ((n− k)α + 1) Γ(kα + 1)

, (11)

which results in a triangular system of algebraic equations. Therefore, we can state the
following theorem:

Theorem 4. The fractional index fractional Euler polynomials Eα,n(z) can be sequentially con-
structed by solving the triangular system

Eα,0(z) = 1 ,

1
2

[
Eα,n(z) +

n

∑
k=0

2(n−k)αΓ(nα + 1) Eα,k(z)
Γ((n− k)α + 1) Γ(kα + 1)

]
= znα .

(12)
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The first few fractional index fractional Euler polynomials are reported hereafter:

Eα,0(z) = 1 ,

Eα,1(z) = zα − 2α−1 ,

Eα,2(z) = −22α−1 + z2α + 2α−2Γ(2α+1)(2α−2zα)
Γ(α+1)2 ,

Eα,3(z) = −23α−1 + z3α +
2α−3Γ(3α+1)

(
4Γ(α+1)2(4α−zα(2α+zα))

Γ(2α+1) −2α(2α−2zα)

)
Γ(α+1)3 ,

Eα,4(z) = −24α−1 + z4α + 2α−4Γ(4α + 1)
(

2α+2(4α−2z2α)
Γ(2α+1)2 + 4α(2α−2zα)

Γ(α+1)4 +
2α+1(2zα(2α+1+zα)−3 4α)

Γ(α+1)2Γ(2α+1)

+
8(8α−zα(4α+z2α))

Γ(α+1)Γ(3α+1)

)
.

In the particular case when α = 1/2, we find the first ten fractional Euler polynomials,
which are reported in Figure 8.

Figure 8. Sequence of the fractional Euler polynomials E1/2,k(z) for 0 ≤ k ≤ 10.
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Remark 3. Note that if α = 1, the fractional exponential Expα(t) reduces to the ordinary ex-
ponential function exp(t), and the fractional Euler numbers and polynomials yield the ordinary
classical ones.

5. Conclusions

We have demonstrated the use of the fractional exponential, which was recently
investigated in [13], to create fractional-index-based versions of the traditional Bernoulli
and Euler numbers, as well as fractional Bernoulli and Euler polynomials.

With the assistance of the computer algebra system Mathematica, we have derived
several tables featuring these new special numbers and fractional polynomials for certain
values of the parameter α between 0 and 1. We have highlighted the case where α equals
1/2. The relevant tables demonstrate how these entities converge to the classical numbers
as α approaches 1. We have limited ourselves to simpler cases for the sake of brevity, but
many further extensions are possible.

In forthcoming articles, we will show properties of the classical numbers and polyno-
mials that still remain valid for the fractional counterparts introduced in this research study.
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