symmetry

Article

Remarks on Approximate Solutions to Difference Equations
in Various Spaces

Janusz Brzdek

check for
updates

Citation: Brzdek, J. Remarks on
Approximate Solutions to Difference
Equations in Various Spaces.
Symmetry 2023, 15, 1829.
https://doi.org/10.3390/
sym15101829

Academic Editor: Serkan Araci

Received: 31 August 2023
Revised: 19 September 2023
Accepted: 21 September 2023
Published: 26 September 2023

© 2023 by the author.
Licensee MDPI, Basel, Switzerland.

Copyright:

This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Faculty of Applied Mathematics, AGH University of Science and Technology, Mickiewicza 30,
30-059 Cracow, Poland; brzdek@agh.edu.pl

Abstract: Quite often (e.g., using numerical methods), we are only able to find approximate solutions
of some equations, and it is necessary to know the size of the difference between such approximate
solutions and the mappings that satisfy the equation exactly. This issue is the main subject of the
theory of Ulam stability, and it is related to other areas of research such as, e.g., shadowing, opti-
mization, and approximation theory. In this expository paper, we present several selected outcomes
on Ulam stability of difference equations, show possible extensions of them and indicate further
directions for research. We also present and discuss some simple methods that allow improvement of
several already known results concerning Ulam stability of some difference equations in normed or
metric spaces and extend them to b-metric and 2-normed spaces. Our results show that the noticeable
symmetry exists between the outcomes of this type in normed and metric spaces and those obtained
by us for other spaces. In particular, we extend the result of Pélya and Szego concerning the stability
of equation xy4m = X + X for m,n € T, where T means either the set of integers Z or the set of
positive integers N. We also consider the stability of equation x4 p +a1%,4p—1+ - +apxp + by =0
(with a fixed positive integer p) and of two more general difference equations.

Keywords: Ulam stability; difference equation; 2-norm; b-metric; Banach space

1. Introduction

This is an expository paper presenting some selected results concerning Ulam stability
of difference equations, showing (with proof) some extensions of them and indicating
directions of further possible investigations. To avoid misunderstanding, let us mention
here that it is not a survey (or review) paper, and therefore numerous other outcomes on
Ulam stability of difference equations are not mentioned here.

Let us remind that the Ulam stability theory deals with the following problem that con-
cerns solutions to various equations (e.g., difference, differential, integral, functional, etc.)
and naturally arises in many areas of scientific investigations: How much an approximate
solution to an equation differs from the exact solutions of it?

This inquiry has been inspired by a question raised by Stanistaw Ulam in 1940 (con-
cerning the functional equation of group homomorphism) and the first answer to it given
(for Banach spaces) by D.H. Hyers in [1]. However, there is an earlier result of this type
concerning real sequences that was formulated by Gy. P6lya and G. Szego in [2]. It can be
stated in the following way.

Theorem 1. Assume that (r,),cn is a real sequence fulfilling inequality

sup |rpam —tn —rm| < 1.
n,meN

Then,
sup |r, —wn| <1
neN
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for some real number w.

Moreover,

. n
w = lim —.
n—o N

After Hyers’ paper [1], some further stability results were formulated by Bourgin [3,4]
and Aoki [5] (for some other generalization of the result of Hyers, we refer to [6]). The
result of Aoki is included in Theorem 2 (when s € [0,1)), given below.

More information on this subject can be found in [7] (see also [8,9]). For various
examples of the Ulam stability outcomes, we refer to, e.g., [10-18]. Problems of such type
are quite natural and are related to the subjects studied in the theories of optimization,
approximation and shadowing (cf. [19]).

The next theorem can be regarded quite representative for the theory of stability of
Ulam type (see, e.g., [20] or Theorem 1 in [21]).

Theorem 2. Assume that W is a Banach space, V is a normed space, and Vy := V \ {0}. Let
n > 0and s # 1 be real numbers, and h: V. — W satisfy inequality

1h(z +w) = h(z) = h()[| < 7(z]° + w]*),  VzweW. 1)

Then, there is a unique mapping g : V. — W that is additive and fulfils inequality

u S
Ii(u) — g(w)l| < |117—”z”1| Vi € Vo, ®

Let us remind that g : V — W is additive provided
g(z+w)=g(z)+g(w), VzwelV. ®)

If s = 1, then a result analogous to Theorem 2 is not valid (see [14]). Next, the
constant in (2) is the best possible for s > 0 (see, e.g., [8]), but for s < 0, this is not the
case, because then each mapping i : V — W satisfying condition (1) must be additive even
without completeness of space W (see, e.g., [20,21]). Namely, the following complement to
Theorem 2 is true (see Theorem 3.1 in [20]).

Theorem 3. Assume that V and W are normed spaces, Y C V \ {0} is a nonempty set, and v > 0
and s < 0 are fixed real numbers. Next, assume that

—Yi={-y:yeyY}=Y @)
and there is an integer ng > 0 with
nzey, VzeY,neN,n> nyg.
Then, each mapping h: Y — W satisfying inequality
1h(z +w) = h(z) = (@) || <y(|2[]° +[[w]P),  VzweY,z+weY
must be additiveon Y, i.e.,
h(z +w) = h(z) + h(w), VzzweY,z+weY. 5)

In the case Y = V '\ {0}, this outcome can also be easily deduced from Theorem 5
in [22] (concerning a more general monomial functional equation).

The next theorem (see Theorem 3.4 in [20]) complements Theorem 3 and generalizes
Theorem 2.
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Theorem 4. Assume that W is a Banach space, V is a normed space, Y C V '\ {0} is a nonempty
set,y > 0ands > 0,s # 1. Let one of the subsequent two conditions be valid.

(i) s<land2Y:={2y:yeY}CY.
(i) s>1landY C2Y.
Then, for each g: Y — W with

I8(z+2) = g(2) =g@)| < (Il +]ol*),  VzveY,z+veY,

there exists exactly one mapping T: Y — W that is additive on Y and fulfils inequality

i
I - T < —peyy =, we.

The subsequent stability result concerning the Cauchy Equation (3) (but without
assumption (4)) was obtained in [23].

Theorem 5. Assume that W is a Banach space, V is a normed space, Y C V' \ {0} is a nonempty
set, v > 0,5 < 0, and there is an integer ng > 0 with

kyey, Yy €Y, ke Nk > nyp.
Let g : Y — W be a mapping such that
gz +0) —g(z) =g@)[ < v(llzI° +[[ol*),  VzoeY,z+veY.

Then, there is exactly one mapping T : Y — W, which is additive on Y and fulfils the
subsequent inequality:
lg(u) = TQ)|| < vllul]®,  VueY.

Of course, instead of (1), some other inequalities, of the form
18(z +0) —&(z) = g(v)| < P(z0),
can be considered and, for instance, condition
18(z +0) —g(z) —g()[| < ZllzlIP[o]|7,  Vz,0e V\{0}

was studied in [24,25] with fixed p,g € Rand ¢ > 0.
Also, from Theorem 9 in [26] (see the proof of it) the next two more precise results can
be derived.

Theorem 6. Let V be a normed space and d : V> — R be such that

dlu+t,u+t)—d(u,u)—d(tt)
=d(2u,2t) —2d(u,t), Yu,te V.

Let Y # @beasubsetof V\ {0},2Y C Y, x,v,s € R, s <1, x <v,and ¢: Y — R satisfy

Xzl +10lP) < ¢(z+2) = ¢(2) — ¢(v) — d(z,0) (6)
<v(|z||® + l|o|l°), VzoveY,z+veY.

Then, there exists exactly one mapping @: Y — R with

P(z+0v) =D(z) +P(v) +d(z,0), Vz,oeY,z+v €Y, (7)
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X

WHZHS <P(z) —p(z) <

v
{1 l|z]|°, VzeY.

Theorem 7. Let V, d and ), v be as in Theorem 6 and s > 1. Let Y C V \ {0} be nonempty,
Y C 2Y,and ¢: Y — R satisfy (6). Then, there exists exactly one mapping ®: Y — R such
that (7) is fulfilled and

X s v s
o qlEl € 9(2) - @(2) < S llzlF, VzeY,

Clearly, in a similar way, the stability of many other equations can be studied. Further
information on this subject, references and examples can be found in [7,8]. In particular,
some authors (see, e.g., [27-32]) studied the stability of various particular cases of the
following quite general functional equation

Zng(ZCijZ]‘) :d(Zl,...,Zn) (8)
i=1 j=1

for mappings g from a module M over a commutative ring IP into a Banach space B over
the field K € {R, C}, where mapping d : M" — B is given and satisfies some additional
assumptions, Cy,...,Cy € K\ {0}, and cj€Pfori=12,...,mj=1,2,...,n Clearly,
functional Equation (3) is a special case of Equation (8). Information on various other
particular cases of (8) can be found, e.g., in [7,8,33-36].

Plainly, the closeness of two mappings and the notion of an approximate solution
can be understood in many ways (see, e.g., [35—40]). Therefore, Ulam stability can also be
considered with respect to some nonstandard ways of measuring distance. For instance, in
recent years, Ulam stability in 2-normed spaces has been investigated in numerous papers
(see, e.g., [35,41-48]), and in survey paper [21] a discussion of such results and further
references can be found. Also, Ulam stability with respect to quasi-norms and b-metrics
has been studied (see [37]).

This paper shows that it is possible to easily obtain many quite general stability results
for difference equations with respect to b-metrics and 2-norms by deriving them from some
already known outcomes proved for normed spaces. In this way; it is demonstrated that
a significant symmetry exists between such results in classical normed and metric spaces
and those obtained by us for other spaces.

2. Auxiliary Results

In this section, several examples of results on Ulam stability obtained for difference
equations are presented. They are used in the next sections.

Let N, Ny, Z, R and C denote, as usual, the sets of positive integers, nonnegative
integers, integers, reals and complex numbers, respectively (also in all the next sections).
Let T € {Ny, Z}, K be either the field of reals R or the field of complex numbers C, X be a
nontrivial normed space over K, S:={a € C: |a| =1}, p e N, ay,...,a, € K, (by) et be
asequence in X, and ry, ..., 7, € C denote all the roots of equation

P )
rp — Z airpfl =0. (9)
i=1

The next theorem can be easily derived from [11] (for some related results, see also [38,49,50])
and concerns the Ulam stability of difference equation

Xntp = @ Xpyp-1+t ...+ ApXn + by, Vn cT. (10)
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Theorem 8. Let X be a Banach space, 6 > 0and ry,...,rp € C\'S. Let (yu)ner be a sequence of
elements of space X with

lYn+p — @1Ynip-1— - —apyn — bul| <6, VneT. (11)
Then, there exists a sequence (X )net in X satisfying (10) and the subsequent condition

)
— x|l < ! el N
||yn 71”— |1_|r1||~..-'\1_|”}7|| -

Moreover, the next three statements hold.

(a)  (xn)ner is unique if and only if the following condition is satisfied:
T=7 or |rg|>1 Vke{l,...,p} (13)
(b) If (13) is valid, then (x,) et is the only sequence in X fulfilling Equation (10) and such that

sup ||xn, — yu| < 0.
neT

(c) If (13) is not satisfied, then the cardinality of the family of all sequences (xn)net in X that
fulfill Equation (10) and Inequality (12) is the same as the cardinality of space X.

The next theorem also follows from [11] and concerns difference Equation (10), but
depicts the situations when the stability does not occur (we have non-stability).

Theorem 9. Suppose that thereis j € {1,..., p} with [r;| = 1. Then, for each 6 > 0, there is a
sequence (Yn)neT Of elements of X such that (11) holds and

sup [[yn — xn| = oo
neT

for each sequence (xy)yeT in X that is a solution to difference Equation (10).
Moreover, if r1,...,1, € K or there exists a sequence (xn)uct in X that is bounded and
satisfies (10), then there exists such sequence (Y )ner that is unbounded.

This section is concluded with two results from Theorems 2.1 and 2.3 in [51]. It is
assumed that (M, p) is a complete metric space, J € {N,Z}, p € N, and T,: MP — M for
n € J. The subsequent two theorems concern stability of difference equations

Unt+p = T (v, g1, - -, Mner,l), vnel, (14)

Uy = Tn(un+1/un+2/ e /ul’ler)/ Vn S J/ (15)

for sequences (i, )ney € MY (MY denotes the family of all sequences (i ),cj in M).
Stability of particular cases of difference Equations (14) and (15) was studied earlier
in [49,50].

Theorem 10. Let 5, € R (positive reals) and ©,, : RE. — Ry for n € J be such that

o(Tu(), Tu(@)) < On(p(y1,wi),...,0Yp, wp)), (16)
Vy: (yl""'yl’)rw: (wll---rwp) € Mp,}’l I~ J,

Q;(b;,..., b, b:
sup i(b 5 ‘l+p ) < dsup (5—1', V(byn)ney € RY,
ie] p+i ie] “1
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with some ¢ € (0,1). Let (z) ey € MY satisfy inequality
0Zntps Tn(Zn, Zus1s - Zntp-1)) < Ontp, vn € J.
Then, there exists a sequence (un) ey € MY satisfying Equation (14) and such that

sup 0(Zn, tn) < 1

< : (17)
o o 1-98

Furthermore, if J = Z, then such sequence (uy)ncy € MY is unique.

Theorem 11. Let ¢ € (0,1) and 6, € Ry, O, : R’i — Ry for n € J be such that (16) holds and
b;

O;(biy1,-..,b;
z( i+1 z+p) < ﬁsup - V(bn>neJ c RGE_-
o i) Oi

sup
ie]

Let (zn)ney € MY satisfy inequality
0(zn, Tn(zni1, Znt2, - - .,zn+p)) <6, Vn e J.

Then, there is exactly one sequence (i )ney € MY fulfilling difference Equation (15) and
Inequality (17).

3. Auxiliary Information

In this section, some auxiliary information on 2-norms, b-metrics and quasi-norms is
provided, which is necessary in the further parts of this paper.

3.1. 2-Normed Spaces

Assume that V is a linear space over a field K € {R,C} and the dimension of V is
greater than one. Let us start with the following definition (cf. [52-54]).

Definition 1. Mapping ||, || : V?> — Ry is a 2-norm if, for all v1,v3,v3 € V and B € K, the
subsequent conditions are fulfilled:

(a) ||v1,v2|| = 0if and only if vectors vy and vy are linearly dependent;

(b) o1, 02| = [[v2, v1]l;
(c) v, 02+ 3] < [log, 02| + [lo1, 03 l;
(d) ||Bv1, vzl = [Bll[v1, v2-

Further, let ||+, || : V> — R be a 2-norm. Then, pair (V, |-, -||) is called a 2-normed

space. Next, sequence (v, ),en in V is a 2-Cauchy sequence if
lim (v — vy, wi]| =0, i=1,2
mn— oo

for some linearly independent vectors wy, w, € V. Sequence (vy,),cn in V is 2-convergent
if there is v € V such that lim, . ||v, — v, w|| = 0 for each w € V; such vector v must
be unique. It is called here a limit of (v,),cn and denoted by limy, e v,. The 2-norm
I, ]| (and also the 2-normed space (V, ||+, -||)) is complete if all 2-Cauchy sequences are

2-convergent.
Let (-, -) be a real inner product in V. Then, a 2-norm in V can be defined by formula

lu,w] =/ lul2lw]2 - (ew)?,  Vu,we V. (18)
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In the case where (V, (-, -)) is a Hilbert space, from Proposition 2.3 in [55], it results
that the 2-norm defined by (18) is complete. In R?, with the usual inner product given by
((v1,02), (w1, wy)) = V1w + Vowy, the 2-norm given by (18) has the following form:

|(v1,02), (w1, w2) || := |v1w2 — vawy], V(v1,02), (wy, ws) € R2.

Finally, let ||-,|l1 : VXV = Ry and ||-,-||2 : V x V — R be 2-norms. Fix 1,2 €
(0,00). Then, the next two expressions also define 2-norms:

(A) max {1 Il Ball" - ll2};
®) Bl -l + B2l -l2-

3.2. b-Metrics

If M is a nonempty set, then mapping d: M x M — R, is said to be a b—metric (in
M) if there is a real constant y > 1 such that, for all u,z, w € M, the next three conditions
are valid:
(@) d(u,z) =0ifand only if u = z;
(b) d(u,z)=d(z,u);
(© d(u,z) < p(du,w)+d(w,z)).
If conditions (a)—(c) are fulfilled, then (M, d, u) is called a b-metric space.
b—metric spaces also have been called quasi-metric spaces (e.g., in [56]). Actually, this
name better corresponds to the notion of quasi-norms (cf. the comments after Theorem 12),
but the name b-metric seems to be less ambiguous, because there are also other meanings
of the term quasi-metric (see, e.g, [57,58]); for example, in [57], it is a mapping d fulfilling
only conditions (a) and (c) for y = 1 (without condition (b)).
The notion of b-metric has been introduced in [59] with y = 2 and later used in [60]
foru > 1.
Let us also recall that, if (M, d, u) is a b-metric space, then
e sequence (uy),eny € MY is convergent to an element u € M if limy oo d(1, 1) = 0O
(then, we say that u is a limit of the sequence and denote it by x = lim; o u,; such
limit must be unique);
e sequence (ip)peN € MV is Cauchy if limy 00 d(Um, un) = 0;

e (M,d,p)is said to be complete if all Cauchy sequences in M are convergent to some
elements of M.

Remark 1. Let s € (1,00) and p be a metric in a set M # @. Since forall a,b € Ry, (a +b)° <
2571(a® + b%), the following is also true

p(x,y)° < (p(x,2) +p(z,y))" <25 Hp(x,2)° + p(z,y)°)

forall x,y,z € M. This means that (M, ds,2°71) is a b-metric space, with ds(z, w) = p(z,w)?
forall z,w € M.

Next,ifn € N, c1,...,cp € (0,00) and dq, ..., dy are b-metrics in a set M # @, then it is
easy to check that d and dy also are b-metrics in M, where

n
d(x,y) = Zcidi(x,y), do(x,y) = n}axn cidi(x,vy), Vx,y € M.

= i=1,..,
The following result from [61] (Proposition , p. 4308) is also needed.

Theorem 12. Assume that (M, d, u) is a b-metric space and

n
Dy(z,w) = inf{ Zdé(ui, Uii1) i Up, e in €M, nEN, Uy =z, Uy = w}
i=1
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or every z,w € M, where ¢ := lo 2and d%(z,w) = (d(z,w ¢ orall z,w € M. Then, D, is
f Y gZy d
a metric on M with

idg(z,w) < Dy(z,w) < dg(z,w), Vz,w € M. (19)
Moreover, if d is a metric, then Dy = d.

Let Y be a real or a complex vector space. Mapping || - || : Y — Ry is a quasi-norm if
there exists y € [1,00) such that, for every z,w € Y and every scalar f3,

(al) |lw|| = 0if and only if w = 0;

(b1) [|pw|| = [B] ||w];
) lz+wl < p(llzll + wl).

(Y, || - ||, p) is said to be a quasi-normed space if (al)—(c1) are valid.

Note thatif (Y, || - ||, 1) is a quasi-normed space, then (Y, d, i) is a b-metric space, with
mapping d : Y2 — R given by d(z,w) := ||z — w|| forz,w € Y.

In a similar way as in Remark 1, we can obtain the following two examples (cf. Examples 1.1
and 1.2 in [62]).

Example 1. Let Y be a Banach space and p € (0,1). Let
0p(¥) = {(n)neny € YN 2 Y [lua|? < o0}
n=1

and define || - ||, : £,(Y) — Ry by
) 1/p
lullp s= (X lall?) ™, = (n)neny € (V).
n=1

Then, (¢,(Y), || I, 2(1_”)/’9) is a quasi-normed space.

Example 2. Letp € (0,1),
1
Ly[0,1] := {y :[0,1] — R : y is continuous and / ly(t)|Pdt < 1},
0

and || - ||, : Ly[0,1] — R be given by

[E4l (/1 | (t)|Pdt)1/P Vx € Lp[0,1]

x||p = x , x € ,1].
P 0 4

Then, (Lp[0,1], | - ||, 207P)/P) is a quasi-normed space.

According to the Aoki-Rolewicz Theorem (see, e.g., Theorem 1 in [63]), every quasi-
norm is equivalent to a p-norm. However, there exist p-norms that are not equivalent to
any norm (see, e.g., Examples 1 and 2 in [63]). Let us reiterate here that mapping || - || from
a real or complex linear space Y into R is a p-norm (with a real p > 0) if conditions (al)
and (b1) are fulfilled and the following inequality is valid:

(1) |lz+w||? < ||z||P + ||w]||? for every z,w € Y.

4. Extensions of Theorem 1

Write Zg := Z \ {0}. If in Theorems 3-5 V = Rand Y € {N, Z;} are taken, then the
following extensions of Theorem 1 are obtained.
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Theorem 13. Let W be a normed space, T € {N,Z}, Ty := T \ {0}, and v > 0 and s < 1 be real
numbers. Let (xy)neT be a sequence in W with

| Xnpm — X0 — X || < (|1 + |m|®), Vn,m € Tp. (20)

Then, the subsequent three statements are true.

(i) Ifs<0and T =Z, then
Xp = nxq, VneT. (21)

(ii)) If W is complete, s < 0 and T = N, then there exists exactly one zg € W with

|xn — nzol|| <y n®, VneT. (22)
Moreover,
1
zo = lim — x,,. (23)
n—oo n

(iii) If W is complete and s > 0, then there is exactly one zo € W with
< _7lnf

(|20 — nzol| < 1_o 1’

Vn € Tp. (24)
Moreover, (23) holds.

Proof. First, assume thats < 0 and T = Z. Then, by Theorem 3 with V =R, Y = T and
h(n) =x,forneT,

Xptm = Xn + Xm, Vn,m € To,n+m # 0. (25)

By induction, it is easy to show that, in view of (25),

Xy = nxq, Vn e N. (26)
Further,
Xn = Xnd+m—m = Xn4+m T+ X—m = Xp + Xm + X_p, Vn,m € N,
whence
X_m = —Xm, Vm €N,

and consequently (in view of (26)),
Xp = nxq, vn € Ty. (27)
Finally, from (20) and (27), obtain
llxoll = l|x0 — xn — x| <2 1]}, Vn e Ty,

which (with n — o) yields xy = 0. This completes the proof of (21).
Now, assume that W is complete, s < 0 and T = N. Then, by Theorem 5 with V =R,
Y = T and h(n) = x,, for n € T, there is sequence (Y )ner in W with

Yat+m = Yn + Ym, Vn,m e N, (28)

and
|xn — ynl| < n’, Vn e T.
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Clearly, (28) implies that y,, = ny; for n € N, whence
lxn —nyq|| < n, VneT. (29)

Further, from (29), obtain
1
H;xn —y1H <ynsl, VneT,

which, with n — oo, yields

y1 = lim 1 Xy (30)

n—oo n

Thus, statement (ii) is proven (with zp = y1).
It is still necessary to consider the case where W is complete and s > 0. Similarly as
above, by Theorem 4 (with V = R, Y = T and h(n) = x, for n € T), there is sequence

(Yn)ner in W with
Yntm = Yn + Ym, Vn,m € To,n+m # 0, (31)
and .
1260 =yl < % Vn € To. (32)

In the same way as above (in the case of (25)), it can be shown that (31) implies
yn = nyp forn € T. Hence

nS
[ = % Vn € T.

Now, as before, it can be shown that (30) holds. This ends the proof of statement
(iii). O
Note that Theorem 1 results from Theorem 13 (with s = 0).

Remark 2. Let T =Z, v # 0and s > 0 (in Theorem 13). Let wy € W be such that ||wo|| = . If
xy = wo for n € Ty and xo = 3wy, then inequality (20) is fulfilled. This simple example shows
that, in the case T = Z and s > 0, the inequality in (24) does not need to hold for n = 0.

Remark 3. It seems to be interesting whether an outcome similar to Theorem 13 can also be obtained
fors > 1.

Remark 4. Estimations (22) and (24) are optimal in the general situation. To notice this, in the
case of (22), it is enough to take x, = n*wq for n € N, with any fixed wy € W such that ||wy|| = .
Then, we have equality in (22) with zy = 0. Moreover, for every n,m € N,

| Xn+m — Xn — Xm| = 'Y(”S +m® — (”+m)s) < 'Y(”s +ms)’

which means that (20) holds.
In the case of (24), x, = sign(n)|n|*wy can be taken for n € T (sign means the signum
function that returns the sign of a real number) with any fixed wyg € W such that

i
[[woll = 1_ps 1

Then, (24) becomes equality with zg = 0. Moreover, Theorem 2.10 in [8] shows that (20)
is fulfilled.

From Theorem 6, the subsequent finer outcome for real sequences can also be obtained.
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Theorem 14. Let T € {N,Z}, Ty := T\ {0}, x,v,s € R, x <v,s < 1,andd : T> — R be

such that there is a real sequence (Y )neT With
Yn+m :yn+ym+d(n,m), Vn,m S TO.
Let (xy)ner be a real sequence satisfying inequality

x([nl* +m[*) < xpm — xn — X — d(n,m)
<v(|n|*+|m|*), Vn,m € Tp.

Then, there exists exactly one zy € R such that

xlnf v [nf

1_2sil_yn+nzo—xn§m, VnGTo.
Moreover,
. Xn —
zp = lim =2 yn.
n—oo n

Proof. Write u,, := x, — y, for n € T. Then, by (33) and (34),

X(|n|s + |m|5) S Upim — Un — U
<v(|n|*+|m|*), Vn,m € Tp.

(33)

(34)

(35)

(36)

Therefore, by Theorem 6 (with d(n, m) = 0), there exists a real sequence (w;,),er such

that
Wytm = Wy + Wiy, Vn,m € Ty,
and

Ej S
T

< m, Vn c TO.

(37)

(38)

Since (37) implies that w;, = nw, for n € T (see the proof of Theorem 13), from (38),

the following can be obtained:

X |nf® v [n|®
T 1 Snwl—unﬁlizs_l, Vn € Tp,
whence
X |nf* v |n|®
1_os—1 Syn_’_nwl_xnﬁ1725_1, Vn € Ty,
and
X nft 1 v |nt
1 _ 51 <wp — Eun < 1_os-1’ Vn € Tp.

The last inequality (with n — co) means that

1
wy = lim —uy.
n—oco 1

Clearly, (40) is (35) (with zy = wy). O

(39)

(40)
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5. Stability in 2-Normed Spaces

In this section, some of the theorems presented in the previous sections are extended
to the case of 2-normed spaces. In what follows, W always stands for a 2-normed space
with the 2-norm denoted by ||, -||.

The following simple lemma is needed.

Lemma 1. Letk,| € Nand z,w € W. Assume that z and w are linearly independent and write

1 1
s = Fllx 2l + Ellxwll, Ve W. (41)
Then, || - ||x; is a norm in W. Moreover, if the 2-norm in W is complete, then norm || - ||x | is
complete.
Proof. Itis easy to check that || - || ; is a norm in W. Therefore, assume that 2-norm ||, - || is
complete. Let (xy),en be a Cauchy sequence in W with respect to norm || - ||;;. Then
Lim ||x, — x,ul] =0
m,n— 00

for u € {z,w}. Consequently, (x,),cN is a 2-Cauchy sequence. Hence, there exists xo € W
with
lim ||x, — xo,u|| =0, Yu e W.
n—oo
This means that
lim {|x, — xo[,; = 0.
Thus, || - || is complete. [

Let us start with an analogue of Theorem 13. In this section, Y is a subset of W that
contains at least two linearly independent vectors.

Theorem 15. Let T € {N,Z}, Tp := T \ {0}, s < 1 be a fixed real number and T : Y — R.. Let
(xXn)neT be a sequence in W satisfying inequality

|Xntm — Xn — X, || < T(u)(|n)* + |m|*), Vn,m € To,u €Y. (42)

Then, the following three statements are valid:
(i) Ifs <Oand T = Z, then (21) holds.

(ii) If the 2-norm in W is complete, s < 0 and T = N, then there exists exactly one zg € W
such that
lxn — nzo, u|| < T(u) n®, VneT,uey. (43)

Moreover, if Y = W, then (with respect to the 2-norm in W)

.1
zZp = nh_r)rc}o - Xy (44)

(iii) If the 2-norm in W is complete and s > 0, then there exists exactly one zg € W such that

lx — nzo, ul| < VneTpucy.

1—25-17
Moreover, in the case Y = W, (44) holds (with respect to the 2-norm in W).
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Proof. Fix k,I € N and linearly independent z,w € Y. Let || - ||x; be a norm in W defined
by (41). Then, by (42),
1 1

e = 30 = Xulles < (77(2) + 20@) ) (Inf + ml),  Vn,m € Ty,

Therefore, in the case s < 0 and T = Z, by Theorem 13 with

(21) holds.

Now, assume that the 2-norm in W is complete. Then, in view of Lemma 1, norm
Il - llx; is complete. Let s < 0 and T = N. Then, by Theorem 13, there exists exactly one
zx; € W such that

lxp —nzillk) <vyn’,  VneT. (45)

> ki = ||x|lkj+1 for every k,I € Nand x € W.
Therefore, the uniqueness of z;; means that zg := zy; = zj41; = 241 foreach k,I € N.
Hence, first with k — oo and [ = 1 and next with k = 1 and [ — oo, from (45), obtain

Note that [x]l; > [[x]1 and [x

|xn — nzo, ul| < T(u)n®, VneT,uc {z,w}.

This completes the proof of (43).
Suppose that vy € W is such that

|xn — novg, u|| < T(u)n®, VneT,uey.
Then,
lnvg — nzo, ul| < ||xn —nzo, ul| + ||xp — nvo, ul| <2I(u) n’, VneT,uey,
and consequently
llvo — zo, ul|| < 2T (u) sl VneT,ucy,

which with n — oo yields zg = vg. This shows that z is the unique vector in W satisfying (43).
Further, (43) yields

1
Hﬁ Xy —zo,uH <T(u) 1, VvneT,uey,

whence with n — oo, in the case Y = W, (44) is obtained (with respect to the 2-norm in W).
The proof of (iii) is analogous. O

The following partial analogue of Theorem 8 was proven in [64].

Theorem 16. Let ||-,-|| be completeand T € {N,Z}. Letp e N, yu: Y — R,
P
Co:=]]|1—1rl| #0
i=1

and (by)net, (Yn)net be sequences in W with

|Yn+p +a1Ynsp—1+ ...+ apyn + by, z|| < p(z), VneT, zeY.
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Assume that T = Z or (13) is valid. Then, there is exactly one sequence (X, )yer in W such
that (10) is fulfilled and

lyn — xn, z|| < Caly(z), VvneT, zeY.

It would be very desirable to obtain a fuller analogue of Theorem 8 for 2-normed
spaces and an analogue of Theorem 9 (at least of the first part of it concerning the lack
of stability).

The subsequent extension of Theorem 10 is also true.

Theorem 17. Let p € N, ||-, -|| be complete and 9 € (0,1). Let Ty: WP — W, e, € (0,00) and
®,, € Ry for n € Z be such that

D;(a;+...+a;1,1 a:
sup i@ - itp-1) < dsup %, V(an)nez € R_%,
icZ p+i icz €i

1T (@) — Tu(@), ull < Pu(llyr —wi,ull +... 4+ lyp —wp, ul), (46)
VY=, Yp), W= (wy,..., wp) EWP,nEZucy.

Let &: Y — Ry and (zn)nez € W7 satisfy inequality
zn+p = Tu(zn, -+ Zngp—1),ull < G(U)entp, VneZucy. (47)

Then, there is sequence (iy ) ez, € W% such that (14) holds and

sup 120 = tn, ] < 40 , Yuey. (48)
nel €n 1-9

Proof. Let z,w € Y be linearly independent and fix k,I € N. Define norm || - |[x; in W
by (41). According to Lemma 1, the norm is complete. Therefore, by (47),

¢(z) | ¢(w)

Uzntp = Tn G Znsts - Znep-1)) ks < <T + T)enﬂ, ‘= 0buip  Vnez
Further,

ITn () — Tu(w)

k1 < Pu(llyr —wallxr + -+ [lyp — wpllrs),
VY= (Y1, yp), W= (wy,..., wp) € W,n € Z

Hence, by Theorem 10 (with M = W, @y (ay, ..., ap) = ®y(a; +...+ap) and p(x,y) =
lx — yl|x1), there exists exactly one (uy(k,1)),cz € W% such that (14) holds (with u, =
un(k,1)) and

sup 1z — un(k, 1)l < 1

< . (49)
nez On 1-9

Note that ||x||x; > ||x||k+1; and ||x|x; > ||x|lk141 for every k,] € Nand x € W.
Therefore, the uniqueness of (1, (k,1)),cz means that

(un)nez = (un(k, 1)) ney = (un(k+1,1))ney = (un(k, 1+ 1))nez

for each k,I € N.
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Hence, first with k — oo and [ = 1 and next with k = 1 and I — oo, from (49), obtain

sup ||Zn - un/u” S g(l/l) , Yu € {Z,ZU}»
nez En t=v

This completes the proof of (48). O

In a very similar way, the following analogue of Theorem 11 can be obtained.

Theorem 18. Let p € N, ||-, || be complete, 8 € (0,1) and J € {N,Z}. Let T,,: WP — W,
€n € (0,00) and ®, € Ry for n € J be such that (46) holds with Z replaced by J and

b;(a;1+...+a; ;
sup (@i l+p) < ¢sup &, Y(an)uey € R“L
ieJ €i ic] €i

Let ¢ : Y — Ry and (z,) ey € WY satisfy inequality
lzn = Tn(Zng1, - - Znap), ul| < E(u)en, VnelJuey.
Then, there is sequence (un) ey € WY satisfying difference Equation (15) such that

lzw — un, 0l _ &(0)

e N YoeY.

sup
nejJ

6. Stability in b-Metric Spaces

In this section, simplified analogues of Theorems 10 and 11 for b-metric spaces are presented.
In what follows, p € N, (M,d, u) is a complete b-metric space, § := log 2 2 and

dé(x,y) = (d(x,y))': for x,y € M. Next, a mapping ¥ : R}, — R is nondecreasing if

Y1, ..., yp) <¥(z1,...,2p)

forevery yi,...,¥p,21,...,2p € Ry withy; <z;fori=1,...,p.
Let us start with a partial analogue of Theorem 10.

Theorem 19. Let J € {N,Z}, x € (0,1) and ¥, : R, — Ry for n € J be nondecreasing. Let
€n € (0,00) and T,: MP — M for n € J be such that

_ — 1 1
A(Ta(7), Ta(®@)) < ¥u (551,01, 385 (p0p) ) (50)
VY= (Y1, Yp), W= (wi,..., wp) € MP,n €],

Y; a.g,...,a.‘: _ )
sup (@ =P ) < xsup ﬂ, Y(an)ney GRJL

icl] Ep+i ic] €i

Let (zn)ney € MY satisfy inequality
d(Zner/ Ty (Zn/ VATEE PR /Zn+p—1)) < €n+ps Vn € l. (51)

Then, there is sequence (iy) ey € MY such that (14) holds and

sup dS(zn, uy) < 4
nejJ €n§ -1 _XC
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Proof. In view of Theorem 12, there exists metric D; in M such that
1Y) < Dilry) <di(xy),  VryeM. 52)

Since d is complete, inequalities (52) imply that metric D is also complete.
Note that, by (50),

Dy(Tu (), Tu(@)) < d%(Tu(y), Tu(w))
‘i’f(%dg(]/hwﬂf y %dg(]/p/ wp))
<yt (Dd(yl/wl)r‘ -, Da(yp, wp))

foreveryy = (y1,...,Yp), W = (wy,...,wp) € MP and n € J. Next, (51) and (52) yield

Dd(zn+p/ Tu(Zn, Znt 1, - - - an+p—1)) < dé(zn+p/ Tn(Zn, Zn 1, - - '/Zn—i-p—l))

< e,f +pr Vn e J.
Now, observe that the assumptions of Theorem 10 are fulfilled with ¢ = )(5 ,0n = eg ,

p = D;and ©, = ¥}. Consequently, there is sequence (uy),cy € MY such that (14)

holds and
Dy(zp, uy) < 1

sup

nej On Tl
whence c
sup a (Znéun) < 1_4 7
nelJ €, X
O

In an analogous way, the following (complementary to Theorem 19) partial extension
of Theorem 11 can be obtained.

Theorem 20. Let J € {N,Z}, x € (0,1) and ¥, : R, — R be nondecreasing for n € J. Let
Tw: MP — Mand €, € (0,00) for n € J be such that (50) holds and

T(ac ,...,El-é j
sup AL aux < xsup a*l,/ V(“H)HEJERJ‘]F'

ic] €i ie] €i

Let (zn)ney € MY satisfy inequality
A(zn, Tn(zns1,Zut2, -+ Znvp)) < €n,  Vn €

Then, there is sequence (un) ey € MY satisfying difference Equation (15) such that

¢
sup a (Znéun) < 1 ! 7
nel €y —X

7. Conclusions

An equation is Ulam stable if each mapping, fulfilling the equation approximately, is
somehow close to an exact solution of the equation.

Since the notions of approximate solutions and the closeness of two mappings may be
understood in different ways (depending on a situation that we study), it makes sense to
consider Ulam stability in various spaces.
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In this paper, we showed ways to obtain some general Ulam stability outcomes for
difference equations with respect to the norms, 2-norms and b-metrics. In particular, we
demonstrated in this way that some symmetries occur between such outcomes in classical
normed spaces, 2-normed spaces and b-metric spaces.

We also mentioned some issues that can be studied further. Moreover, it would be
interesting to improve and complement the results presented here, but also investigate sim-
ilar outcomes for other equations (including differential, functional and integral equations).
In connection with this last issue, we would like to draw the attention of interested readers
to the methods presented in [64] and to the outcomes in publications [10,27-32] (that were
proven mainly in the case of normed spaces).

Finally, it also would be interesting to extend the methods presented here to the n-
normed and quasi-normed spaces. For the necessary information on Ulam stability in
n-normed spaces, we refer the readers to [21,65-69].
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