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Abstract: Lipschitz mapping appears inevitably in many branches of mathematics, especially in func-
tional analysis, and leads to the study of new results in metric fixed point theory. Goebel and Sims
(resp. Goebel and Japon-Pineda) introduced a class of the Lipschitz mappings termed as (&, p)-
Liptschitz mappings and studied not only the modified form of the Lipschitz condition, but also
the behavior of a finite number of their iterates. The purpose of this paper is to discuss the various
types of (a, p)-contractions with cyclic representation that extend the results due to Banach, Kannan,
and Chatterjea. Moreover, based on such types of contractions and the property of symmetry, we
obtain some related fixed-point results in the setting of metric spaces. Some examples are studied
to illustrate the validity of our obtained results. As an application of our results, we establish the
existence of the solution to a class of Fredholm integral equations.

Keywords: fixed point; (&, p)-cyclic contraction; (&, p)-Kannan-type contraction; («, p)-Chatterjea-
type contraction

1. Introduction and Preliminaries

Let (9, p) be a metric space and F : M — M be a contraction mapping, that is,
o(Fv, Fw) < 6p(v,w),

for all v, w € M, where 6 € [0,1). The fixed-point theorem, generally known as the Banach
contraction principle, appeared in its explicit form in 1922 in his thesis ([1]). This principle
states that every contraction mapping F on a complete metric space (9, p) has a unique
fixed point. Since then, because of its simplicity and usefulness, it has become a popular tool
for solving the existence of integral and differential equations involved in many branches
of sciences, engineering, and social sciences. Subsequently, a large number of extensions
or generalizations of the Banach contraction principle appeared in the works of Boyd and
Wong [2], Edelstein [3], Matkowski [4], Meir and Keeler [5], Rakotch [6], Reich [7], etc.
For more details related to the recent development of metric fixed point theory and its
possible application, one can refer to Almezel et al. [8], Joshi and Bose [9], and Hammad
and Manuel [10,11].

There are more varieties of modification of the Lipschitz condition based on the
6(six) distances, say p(v, w), p(Fv, Fw), p(v, Fv), p(w, Fw), p(v, Fw), and p(w, Fv) for all
v, w € M. Lipschitz condition is an inequality between two of the distances, namely p(v, w)
and p(Fv, Fw), which implies the behavior of continuity or uniform continuity of the
mapping. Many researchers have proposed and studied other inequalities involving some
or all of the above six distances. However, these conditions do not imply the continuity of
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the mapping under consideration. On the other hand, Kannan- [12] and Chatterjea- [13]
type contractions are also interesting to establish the existence of fixed-point problems. A
mapping F : 9 — M is called a Kannan-type contraction if there exists 6 € [0, %) such that:

p(Fo, Fw) < 0[p(v, Fv) + p(w, Fw)],

for all v, w € M. Additionally, we say that F : It — 91 is a Chatterjea-type contraction if
there exists 6 € [0, 3) such that:

o(Fo, Fw) < 0)p(v, Fw) + p(w, Fo)],

forallv,w € M.

Goebel and Pineda [14], and Goebel and Sims [15] introduced a class mapping called
an («, p)-Lipschitz mapping.

Consider « = (ay,ap,...,4,), where a; € Rwith ' ;a; = 1, a; > 0 for all i and
a1, &, > 0; then, we say that a is a multi-index and the number # is referred to as the length
of the multi-index a.

Definition 1 ([14,15]). Consider (9, p) to be a metric space and C a nonempty subset of M. A
mapping F : C — C is called («, p)-Lipschitzian for the constant 6 > 0 if there exists a multi-index
o« with length n and p € [1,00) such that:

n . .
szipp(]-'lv, Flw) < 0pF (v, w), (1)
i=1

forallv,w € C.

The smallest constant 6 for which (1) holds is called the («, p)-Lipschitz constant
for the mapping F. We shall call F an (a, p)-contraction or (&, p)-nonexpansive if (1) is
satisfied with 6 < 1 or § = 1, respectively. In a similar way, when p = 1, we call F an
a-contraction or a-nonexpansive if (1) is satisfied with § < 1 or, § = 1, respectively. If « is
not explicitly specified when p = 1 in (1), then F is called mean Lipschitzian mapping.

Example 1 ([16]). Let M = [0,00) endow the usual metric. Define a mapping F on M as
Fv =v+a, a> 0 translation function. For p > 1 and a € (0,1), we obtain:

w0 | Fo — FwlP + ax| F2o — FrwlP = |v —w|?,
for all v, w € M. This shows that F is an («, p)-nonexpansive with multi-index « of length n = 2.

For more details about the (&, p) — Lipschitz mapping, one can refer to Goebel and Sims [15],
Goebel and Japon-Pineda [14], and Lukasz [17].

In 2003, Kirk et al. [18] introduced the notion of cyclic mapping and generalized the Banach
contraction principle.

Definition 2 ([18]). Let F : 9t — 90 be an operator on a nonempty set M. Then, M = U, A;
is called a cyclic representation of 9t with respect to F if:

(i) A;,i =1,2,...,mare nonempty subsets and A, 11 = Ay;

(i) F(A1) € A, F(Ap1) © Ap, F(An) C As

Definition 3 ([18]). A mapping F : I — M is called a cyclic contraction if:
(i) U, A; is a cyclic representation of 9 with respect to F;
(ii) there exists 0 € [0, 1) such that:

p(Fov, Fw) < 6p(v, w),
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forallv e A;, w € Ajq, where1 < i < m.

We denote Fix(F) = {w € M: Fw = w} as the set of fixed points of the mapping
Fon M.

Theorem 1 ([18]). Let (90, p) be a complete metric space and Ay, Ay, ..., Am be non-empty
closed subsets of MM such that N = U, A;. Let F : 9 — N be a cyclic contraction; then,
Fix(F) C NI", A, is singleton.

Example 2. Let M = R with usual metric and A; = [0, %], Ay = [—7,0] be subsets of M.
Define F : Ay U Ay — Ay U Ap by Fo = —)sino. Then F(Ay) € Ap and F(Ap) C Ay It
shows that MM = UA;, i = 1,2 s a cyclic representation of I with respect to F. Moreover:

o(Fou, Fw) = %\ —sinv +sinw| < %|U—w\,

forallv € Ay, w € Ay. As such, F satisfies all the conditions of Theorem 1 and, hence,
Fix(]-") = {0} C AN A,

For more results related to cyclic contraction, Kannan- and Chatterjea-type cyclic contrac-
tions in various spaces, one may refer to Aydi and Karapimnar [19], Aydi et al. [20], Chandok [21],
Chandok and Postolache [22], Karapmar and Nashine [23], Petric and Zlatanov [24], and refer-
ences therein.

Let F be a self-mapping on a metric space (9, p). For a given € > 0,79 € M is said to
be an e- fixed point of F on M if p(vy, Fvg) < €. Every fixed point is an e- fixed point, but
the converse is not true. We say that F has the approximate fixed point property (AFPP) if
for all e > 0, F has an e- fixed point. Details can be checked from Berinde [25], Kohlenbach
and Leustean [26], Miandaragh et al. [27], Reich and Zaslavski [28], etc.

Example 3 ([29]). Let us consider M = [0, o0) with a usual metric p and F : O — 9N be given
by Fo=v+ vlﬁVU € M. Setting 0 < € < 1 and taking vy € M such that vy > 1=, we have:

1
Fug,v9) = |Fog—vo| = |——=| <e.
p(Foo,v0) = | Foo —wo| = |~ [ <e
This shows that F has an e-fixed point, but Fix(F) = @.
In this paper, we introduce various types of (&, p)-contraction with cyclic representa-
tion viz., («, p)-cyclic contraction, and (&, p)-Kannan (resp. Chatterjea)-type cyclic contrac-

tion and obtain some related fixed-point results of such types of contractions in the setting
of metric space.

2. Main Results

Let (7, p) be a metric space and A1, Ay, ..., A, be nonempty subsets of M such that
N = U?;l.Ai.

Definition 4. A mapping F : 0 — N is called an («, p)-cyclic Lipschitzian if:

(i) U, A; is a cyclic representation of M with respect to F;
(ii) there exists 8 > 0 for some multi-index a of length n and p € [1,00), satisfying the inequality:

n . .
thipp(}'lv,}"lw) < 0pF (v, w), )
i=1

forallve Aj, we Ajpq, 1 <i<m.
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The smallest constant 6 for which (2) holds is called an («, p)-cyclic Lipschitz constant
for the mapping F. Additionally, the mapping F is called an (&, p)-cyclic contraction
or an (a, p)-cyclic non-expansive accordingly, as @ < 1 or 6 = 1. Moreover, if « is not
explicitly specified when p = 1 in (2), then F is called a mean cyclic contraction or mean
cyclic non-expansive mapping accordingly, as < 1or 6 = 1. If M = A, then (a, p)-
cyclic contraction becomes (a, p)-contraction. Further, if p = 1 in (2), then we call F an
a-cyclic contraction.

Definition 5. A mapping F : t — N is called an («, p)-Kannan-type cyclic contraction if:

(i) U, A; is a cyclic representation of M with respect to F;

(ii) there exists 0 € [0, 1) for some multi-index a of length n and p € [1,00), satisfying the
inequality:

impp(]—"iv, Flw) <6[p? (v, Fo) + pF (w, Fw)], ®)
i=1

forallve Aj, we Ajpq, 1 <i<m.

Definition 6. A mapping F : 0 — N is called an («, p)-Chatterjea-type cyclic contraction if:
(i) U, A; is a cyclic representation of M with respect to F;

(ii) there exists 0 € [0,%) for some multi-index o of length n and p € [1,00), satisfying
the inequality:

i ocipp(]-"iv, Flw) <0[p? (v, Fw) + pP (w, Fov)], 4)
i=1

forallve Aj, we Ajpq, 1 <i < m.

Example 4. Let M = [0, 1] with the usual metric p(v,w) = |v — w|. Consider Ay = [3,1] and

Ay = [1,1] as two closed subsets of M such that M = A; U Ay = [1,1]. Let F : 0 — Nbea

function defined by Fv = HZUZ, forallv € M. It is easy to check that FA, C Ay, FA; C A;.
This shows that M = Ay U Ay is a cyclic representation of M with respect to F.

Additionally, we have: Fy = Wﬂ)r allv € M. Now, forallv € Ay and w € Ay,
we have:

v+ w

1
|.7-"v—]-"w|:§|vz—w2|: [v—w| < |v—w|.

Also, we have:

2 2 Lo o lia 4

|Fov — Frw| < 1]0 —w |+§\v —w*| < |v—w|.

For p > 1, we obtain:

w1 0P (Fv, Fw) + azpP (F?v, F2w) < pP (v, w).
This shows that F is (a, p)-cyclic nonexpansive mapping with multi-index a of length n = 2.
For more examples on («, p)-cyclic contraction and («, p)-Kannan (resp. Chatterjea)-

type cyclic contraction, we refer to Examples 5-7.

Throughout this section, for the sake of simplicity, we present our results for multi-
index « of length n = 2.

Theorem 2. Let (9, p) be a complete metric space and A1, Ay, ..., Ay be non-empty closed
subsets of M such that N = UM, A;. Let F : N — N be an (a, p)-cyclic contraction of multi-
index « of length n = 2 such that 6 < v = min{ay, ap }. Then, Fix(F) C NI | A, is singleton.
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Proof. Let v9 € 9. Then, there exists iy € {1,2,...,m} such that v9 € A;, and
v1 = Fug € Aj41. Similarly, there exists v; € 91 such that v, = Fo; = Flyy € Aiy42-
Thus, we define a sequence {v,} given by v,41 = Fo, = F""lvy € A 4p, foralln > 0.
If there exists ny € N such that v, ;1 = vy, then Fv,, = vy, ie., vy, € Fix(F). Sup-
pose that v, 1 # vy, for all n > 0. Setting s = max{p(vo, Fvg), o(Fvo, F2vg)}, we have
p(vo, Fog) < sand p(Fog, F?vq) < s.

Now, we discuss the following cases.

Case-(i): When 26 < a7 and setting h¥ = % < 1. Taking v = vg and w = Fvp in (2),
we obtain:

a1 0P (Foo, F2vo) < aqpP (Foo, F2vg) + azp? (Fog, Fovg)
< 0pP(vg, Fvg) < 0sP

= oF(Fug, Frup) < D%s” < 357".

It follows that:
o(Fog, F2vg) < hs.

Again, taking v = Fvp and w = F2vy in (2), we obtain:
w0 (F?vo, Flog) < arpP (F2og, F2ug) + anpP (Fuvg, Fiog)
< Qp”(]-"vo,}"zvo) = 0(hs)?

= P (F2vg, Fovg) < z(hs)P = (W%s)P.

Therefore, p(F2vg, F3vg) < h?s. And from (2), we obtain:

alpp(}"%(), ]:400) < rx1pp(]:300,}"4vo) + oczp”(]-"4vo, .7-"500)
< 0pP (F?vy, Fouy) = 0(h2s)P

— P (Fup, Fhog) < (O%)P(;ﬁs)iﬂ < (1)

Therefore, p(F3vq, Ftvg) < h3s.
Additionally, we have:
a1 0P (Ftog, Fvg) < aqpP (Frog, Fovg) + azpf (Fuvg, Fouy)
< 0pP (F3vy, Ftug)
= p(Flog, Foug) < hs.

Similarly, we obtain:
p(F'vy, .7-"”“710) < h"s,forall n € NU{0}.

Therefore, p(F"vg, F**1vy) — 0asn — +o0. We show that {v, } is a Cauchy sequence
in 9. For any ng > 0, such that n > ny and p > 1, we obtain:
o(Fvo, F"Pvg) <p(F"vg, F"*vg) + p(F" oy, F'*20p)
+ oo p(F P Ly, FitPyg)
<H'(A+h+h 4. . +hPY)s

n

1-h

< S.

Taking n — o0, p(F"vg, F"*Pvy) — 0, we obtain {v,} as a Cauchy sequence in
N = U;-nzlAi.
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Case-(ii): When 6 < ap and setting h? = % < 1. Taking v = vp and w = Fop in (2),
we have:
wxp? (F20o, F200) < arpf (Fog, F20p) + azpf (F20o, F0p)
< 0p*(vy, Fvg) = OsP

= oF (Fvo, Foup) < e < Ogr = (hs)P.
&2 v

Therefore, we obtain:
o(F?vy, F2ug) < hs.

Again, taking v = Fypand w = F 200 in (2), we obtain:
oczpp(]-'%o, ]—"400) < lepp(]-'zvo, .7-"300) + azpp(F3vo,]-'4vo)
< 0pP (Fuy, Frvy) = 0s¥
= o(F3vy, Ftvg) < hs.

And:
oczp”(]:4vo,.7:5vo) < oqpp(]-"%o, ]—"4110) + aczp”(f4vo, .7-"500)
< 9p”(]-"2vo, ]-'300)
= p(Frog, FPug) < h?s.
Additionally, we have:

p(]-'5vo, ]-"600) < W2s.
Moreover, we obtain:
0P (Fouvy, F o) < aypP (Fovg, Fovq) + anpP (FOvy, F vp)
< Gpp(f4vo, f5vo)
= p(FCvo, F'vg) < hs.

Further, we obtain:

‘XZPP (f7770; .FSUO) < 0(1pp(./_"600, ]:700) + lepp (.7:700, ./_"8'00)
< Gpp(]-"svo, Fbp)
= o(F vy, Fovy) < hs.
Following the same steps as in above, we obtain:

o(FMvo, F"lug) < Hls,

whenever m =2l or m =2l + 1. Therefore, p(F"vgF"* 1vg) — 0as m — +oo. To show
the sequence {v;} is a Cauchy in 9, the following two subcases arise. Choose non-zero
positive integers m, n withm < n =m +q.
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Subcase-(a): For m = 21 with [,q > 1, then:

p(F"oo, F"*10g) =p(F>!vg, F**10y)
<o(F2og, FAHug) + p(F2H0g, F2420))
+ P(}—ZHZUO, f21+3vo) +P(]:21+3770/ ]_—21—1-400) +..
+ p(FHHA= 200, FAHI1y0) 4 p(F2H 1oy, F2H )
<hls+h's + W *Hs 4 B s
(A4 h+RE R34 )s
1

< 1
<2h a—n

S.

Subcase-(b): Similarly, for m = 21 + 1 with [, > 1, we obtain:

p(]:mvol ]:m+qvo) :P(f21+100,f21+q+1vo)
§p<]:21+100, J:ZZJrZUO) +p(f21+22)0’ ]:21+300)
+ P(f21+37]0,f21+400) +p(]_—21+400, f-21+5.00) +..
4 p(FAFI Ty, F+y)) + p(FH Iy, FUHTHLy))
<h's + W'Hls + W'l 4 nit2s 4 .
<M1+ h+HR+ 1+ )s

1
<!
<2h a—n

S.

Taking I — o0 in all sub-cases, since h < 1, we obtain: p(F"vy, F"vg) — 0. There-
fore, {v,} is a Cauchy sequence in 9. Thus, in all cases, the sequence {v,,} is a Cauchy
sequence in 91. Since M = U", A; is closed in 92, 91 is also complete and there exists a
point z € N such that v, = F"vg — zasn — +oco. Further, as M = U" | A; is a cyclic
representation of 91 with respect to F, the sequence {v, } has an infinite number of terms
in A;, foralli € {1,2,...,m}. It follows that z € N}, A;, so N | A; # @.

We prove that Fix(F) # @. Takingz € A;, Fz € Ajyq fori € {1,2,...,m} and a
subsequence {vy, } of {v,} with v,, € A;_1. From (2), we obtain:

wlpp(vnk+l,]:z) + Dézpp(Unk+2,.F22) =10 (Fop, Fz) + oczpp(}'zvnk,]-"zz)
<6pF(vp,,2).

Taking the limit as n — +co, we obtain:
w107 (z, Fz) + azpP (z, F?z) < 0.

This implies that p(z, Fz) = 0 and p(z, F?z). Therefore, F(z) = z and, hence,
Fix(F) # ©. Now, we prove that Fix(F) is singleton. Let z* € N ;A; be another
element of Fix(F) such that z # z*. Again, from (2), we obtain:

w10V (Fz, Fz*) <aqpP (Fz, Fz*) +D¢2pp(]:zz, F?z*) < 0oF (z,2%)
PP (5,2") S pP(2,2%) < DpP(z,2) = (1— 2)pP(z,2) <0
o1 Y Y

leading to 1 < %, which is a contradiction. Hence, Fix(F) is singleton, being a subset of
nm.A. O
i=1v"
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Example 5. Let M = [0, 1] with the usual metric p(v, w) = |v — w|. Suppose A; = [0,1/2]
and A, = [0,1], then M = A3 U Ay and Ay N Ay = [0,1/2]. Define F : MM — M as
Fo = 1’2”2,f0r all v € M. Then, we obtain F2v = W. Additionally, we obtain
F(A)) C Ay F(Ay) C Ay and, hence, M = UA,;, where i = 1,2 is a cyclic represen-
tation of 9 with respect to F.

Forallv € Ay, w € Ajy setting with p = 2, we obtain:

1
|Fo— Fuw|> = Z|v2—u)2|2 < %|v—w|2
and:
1 1 801
2 T2 LA Ay L T2 Y2 2
| Fov — Fruw| |8(v w)+4(w v7)] _—2048|v w|

Now, setting a1 = ay = %, we obtain:
w102 (Fv, Fw) + axp?(F2o, F2w) < 6p* (v, w),

forallv e A, w € Ay, where 6 = % = 0.4768066406 and v = min{ay, 2} = % = 0.5. This
shows that F is an («,2)-cyclic contraction with multi-index w of length n = 2 such that 6 < .
Thus, all the conditions of Theorem 2 are satisfied and, hence, Fix(F) = {/2 —1} € A1 N Ay
is singleton.

Corollary 1 ([16]). Let (90, p) be a metric space and F : 9 — O be a (w, p)-contraction of the
multi-index o of length n = 2 such that 0 + ay < 1. Then, F has the AFPP. Further, if (O, p) is
a complete metric space, then Fix(F) is singleton.

Proof. Taking « = (&1, a;) as a multi-index of length n = 2, then a; + ap = 1 implies that
ay =1 —ay, since, 6 + a1 < 1, that is to say 131 = 0% < % < 1. Consequently, § < v,
where v = min{aq,ap}. Setting MM = A} = A;, then F(A;) C Ay and F(Ap) C A; .
Therefore, F is a («, p)-cyclic contraction of multi-index « of length n = 2. Thus, all the
conditions of Theorem 2 are satisfied and, hence, Fix(F) is singleton. [

Theorem 3. Let (M, p) be a complete metric space and Ay, Ay, ..., Ay be non-empty closed
subsets of M such that M = U | A;. Let F : M — N be an (w, p)-Kannan-type cyclic
contraction of multi-index « of length n = 2 such that § < vy = %min{al,zxz}. Then,
Fix(F) C NI A is singleton.

Proof. As in the above Theorem 2, we define a sequence, {v,, }, given by v, = Fv, =
Frtlyy € Aiy4n, forall n > 0. Suppose that v,1 # v, foralln > 0.

Now, we show that {p(vy,v,41)} == {p(F"vo, F" 1vg)} is a monotone decreasing se-
quence of positive real numbers.

w10 (Fou, Foui1) + aop? (F2on, Fou11) <6[p" (vn, Fou) + oF (0511, Fop11)]
= 0107 (Vp 41, Ony2) + €20F (Vn g2, 004 3) <O[0F (0, V411) + PP (Vng1, Oni2)]-
Therefore:
2107 (Un11, Ont2) <010” (Vn41, Unt2) + a2p” (Vn+2, Un+3)
<O[0P (04, 0s1) + P (V1 0ns2)]

If p(on, vn+1) < p(Vn+1,Vn+2), then:

20 0
2107 (Vy41,n42) < 2007 (0y41,0p42) =1 < iy

<

RYES
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This is a contradiction and, hence, p(v;11,vy42) < p(vn,vy41) for alln € NU {0}.
Thus, {p(vn, v,11)} = {p(F"vo, F"1vg)} is a monotone decreasing sequence of positive
real numbers. Setting:

s = p(vo, Fvg) > -+ > pP (Fvg, F'" o) > pF (F" oy, F™20g) > - -

Now, as in Theorem 2, it arises the following cases:
Case-(i): When 26 < a7 and setting h? = % < 1. Taking v = vy and w = Fuvg in (3),
we obtain:

ap 07 (Foy, .7-"200) < alpp(}"vo,]—"zvo) + txzpp(}"zvo, .7-"300)
< 0[p (0o, Foo) + pf (Fog, F?vg)] < 205"
20 0

P 2 < TP —
= pP(Fuvo, Fovg) < als /2

7 < 87 = (15)" = p(Foo, Fooy) < s

Again, taking v = Fypgand w = F 210 in (3), we obtain:
p(F2 3 P2 3 p( T3 4
a1pP (Fvo, Fvg) <a1pP (F 0o, F7v) + aop? (F v, Fvo)
<B[p* (Foo, F*vg) + p¥ (F?vo, Fvp)]
<200” (Fvg, F?vg) = 26(hs)?

0 0
2 3 - P< = [
= p(F vy, Fovp) _“1/2(hs) < ,y(hs) h%s.

Additionally, from (3), we obtain:

wpP (F3ug, Frog) <aqpP (F3vg, Frog) 4 azp? (Fiog, Fovg)
<B[p" (F?vg, Fvg) + pP (F3vo, Fvp)]
<2007 (F?vg, Fivg) = 20(h%s)?

= o(F3vy, Ftug) <hs.

Similarly, we obtain:

p(]-'4vo, ]-"500) < his.

In general, we obtain:
o(Fvg, F"lvg) < hs,forall n € NU {0}.

Therefore, p(F"vg, F"1vg) — 0asn — +oo.
Case-(ii): When 20 < a; and setting ¥ = % < 1. Taking v = vg and w = Fovy in (3),
we have:

zxzp”(}"zvo, F3ug) < oqpp(]-'vo,}"zvo) + oczp”(]-"2vo, F3uy)
< 0[pP (v, Fog) + pF (Foo, F2ug)] < 20sP
20 0

= p”(]:zvo,f3vo) < a—zsp = )2

P < O _ (hs)P.
v

Therefore, we obtain:
p(fzvo, F3vo) < hs.
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Again, taking v = Fygand w = F 219 in (3), we obtain:

zxzp”(]—"g’vo, .7-"400) < txlp”(}"zvo, .7-"300) + azpp(ngo,f4vo)
< B[P (Foo, F*vg) + pP (F?vg, Fivg)] < 26sP

= (oo Fhun) < s < 088 = p(Fo, Fhoo) < b
And:
14 4 5 4 3 4 p 4 5
aopP (F* v, Fovg) < aqpf (F vg, F vg) + aopP (F 0o, F v0)
< 0[p (F?vo, Fovg) + pF (F2oy, Frog)] < 2659
= p(]—"4vo, ]-"500) < h2s.
Additionally, we have:

o(Fovg, Fovy) < h?s.
Further, we obtain:
o(FCvo, F7vg) < hs.

Additionally, we obtain:
o(F7vg, Foug) < hs.

In general, we obtain:
p(F™Mvy, F"Hlug) < hls,

whenever m =2l or m =2l + 1. Therefore, p(F™vgF"1vg) — 0as m — +oo.

Following the same steps as in Theorem 2, one can show in all cases that the sequence
{vn} is a Cauchy in 9. Since N = U | A; is closed in M, then N is also complete and there
exists a point z € M such that v, = F"vg — zasn — +oco. Further,as M = U" | A;isa
cyclic representation of 91 with respect to F, the sequence {v, } has an infinite number of
terms in A; foralli € {1,2,...,m}. It follows that z € N ; A;, so N | A; # @.

We prove that Fix(F) # @. Takingz € A;, Fz € Ajyqfori € {1,2,...,m} and a
subsequence {v,, } of {v,} with v, € A, and Fo,, € A, ;1. From (3), we obtain:

w10 (O, Fz) Sa1pP (0ny, F2) + 2 (0n 5, F22)

)
=10 (Fop,, Fz) +a2p”(]-"zvnk,]-"2 )
<0[p” (vn,, Fon,) + pP (2, Fz)]

)
_9[9 (vnk/ Unk+1) (Z, ]:Z)]

Taking the limit as n — +co, we obtain:

oV (z, Fz) Sgpp(z,]:z) < %pp(z,]-'z) = hPpP(z, Fz)
1
= (1—h)p(z, Fz) <0

It follows that (1 — h)p(z, Fz) < 0 and, hence, p(z, Fz) = 0. Therefore, Fix(F) # @.
Finally, we prove that Fix(F) is singleton. Let z* € N/", A; be another element of Fix(F)
such that z # z*. Now, from (3), we obtain:

10" (Fz, Fz*) + aopP (F?z, F?z*)
= (a1 +a2)pP(z,2")

(07 (z, Fz) + pP (2%, Fz")]

<6
<0.

It follows that ay + ap = 0. This is a contradiction and, hence, Fix(F) is singleton. [
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Example 6. Let MM = [0, 1] with the usual metric p(v,w) = |v — w|. Consider A; = [0, 1] and
Ap = [5, 1] be two closed subsets of M such that M = A1 U A, = [0,1] and A1 N Ay = [% %]
Let F : 9 — 9 be a function defined by:

fv_{

Obviously, F (A1) = {3} C Ay = [}, 1] and F(Ay) = [0, &5) U {2} C Ay = [0, 3]. This
shows that MM = Ay U Aj; is a cyclic representation of 9 with respect to F.
Now, for v € [0, 3] and w € (,1], we obtain:

Uil= Q=

, 0
(1-0), 3

1 1 1
[Fo—Fu| = |z —=(1- )‘—’gw‘
and:
1 1
2. g2 |L 1
|Fov — Fruw| 5 5| 0
Forallv € [0, 3] and w € (3,1, taking with p = 1, a; = ap = 3, we obtain:
11 1 11 1w
2. 2.y (|1 _ 1 e I O N e
“1P(F”’fw)+“2p<]:U’fw)_z(’5 5(1- ‘Jr’ D 2‘5“” 5‘2"
Additionally, we have:
6w—1 w Tw—-2 1
T T 5= 1o >O,forallw6(§,1].
Therefore:
5 5 1w
a10(Fv, Fw) + axp(F v, Frw —f‘—‘
<gflo-7el+ |75

;{|v—]-'v| + ’w— = 1—w)H
=0[p(v, Fo) + p(w, Fw)],

forallv € [0,%] and w € (3,1], where § = L. This shows that F is («, 1)-Kannan-type cyclic
contraction of multi-index a of length n = 2 with 6 = % <7y= %min{le,oq} = %, Thus, all the
conditions of Theorem 3 are satisfied and, hence, Fix(F) = {1} C A; N A,.

Corollary 2. Let (90, p) be a complete metric space and F : 9T — Ot be an («, p)-Kannan-type
cyclic contraction of multi-index « of length n = 2 such that § <=y = 3 I min{ay, ap}. Then,
Fix(F) C NI" | A, is singleton.

Theorem 4. Let (9, p) be a complete metric space and Ay, Ay, ..., Ay be non-empty closed sub-
sets of M such that N = U" | A;. Let F : 0t — M be an («, p)-Chatterjea-type cyclic contraction
of multi-index w of length n = 2 such that 0 < v = 2 min{ay, ay}; then, Fix(F) C N, A
is singleton.

Proof. As in Theorem 2, we define a sequence {v,} given by v, 1 = Fov, = F"lyy €
Ajy+n forall n > 0. Suppose that v, 1 # v, for all n > 0. Now, we show that {o(vy, v,41)}
is a monotone decreasing sequence of positive real numbers.

107 (Fop, Foui1) + a2pP (F20n, F2vu11) <0[0F (vn, Fous1) + 0F (0ns1, Fon)]

= a10” (Vn 41, Ont2) + @20” (Vny2,0n13) <O00F (0, Vni2).
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Therefore:
210 (Vn+1, On12) <a10” (Vn 41, Vnt2) + a2pf (On12,Vny3)
SGPP (vn; vn+2)

0
= 0P (Vn11,Vn2) SDTl[P(Un/vnH) +0(0n11,Vny2)]P-

If p(vn, vp11) < P(Vy11, Vn42), then:

X0 0

2P0
PP (Oni,Oni2) < 0P (Ong1, ni2)) 2 1S 2= = oy

<

|

This is a contradiction and, hence, p(v;41,vy42) < p(vn,vy41) for all n € NU {0}.
Thus, {p(vn, v,11)} = {p(F"vo, F"1vg)} is a monotone decreasing sequence of positive
real numbers. Setting:

s = p(vo, Fvg) > -+ > pP (Fvg, F'"lvg) > poF (F" oy, F'™20g) > - -

Now, as in Theorem 2, it the following cases arise.
Case-(i): When 2P0 < aq and setting h¥ = % < 1. Taking v = vg and w = Fyy in (3),
we obtain:

w10 (Fog, F2vg) <a1pP (Fog, F2vg) + azp” (F2vg, F2vo)
<0[p (vo, F2vo) + pP (Fovo, Foo)]

<0lp(vo, Fvo) + p(Foo, F2v0)}?

2P0 6

b < %s” — (hs)P = p(Fuvg, F2u) < hs.

Again, taking v = Fvy and w = F2v; in (3), we obtain:
a10F (F2vg, Fog) <a10P (F2vo, Foug) + aap? (F3vo, Fhvg)
<00 (Foo, F3vg) + p” (F*vo, F209)]
<6lo(Foo, F2v9) + p(Fvo, Fooo)]?

0 0 0
w9 < )P = (12s)F

= P (F?vy, F3uy) <
= o(F2vg, F3vgy) < hs.
Additionally, from (3), we obtain:

oqpp(]-"%o, f400) Soclp”(f3vo, .F4Z70) +oc2pp(]-"4vo, ]:5”00)
<0[p? (Fvo, Ftog) + pP (F3vo, Fovg)]
0 0
p(rFE3 4o) < (K25)P < Z(K25)P = (K3s)P
= of (Fovo, F UO)_al/ZF’(h s) _’Y(h s) (h°s)
= p(]—"3vo, Flog) <h’s.

Similarly, we obtain:

o(Frvg, Fovg) < hs.

In general, we obtain:

o(F vy, F"vg) < W's,forall n € NU {0}.
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Therefore, p(F"vg, F"1vg) — 0 as n — +oo. Continuing the same process as in
Theorem 2, we can show that {v;, } is a Cauchy sequence in 1.

Case-(ii): When 2P0 < &y and setting h? = % < 1. Taking v = vp and w = Fyy in (3),
we have:

azpp(]:zvo,}'%o) Saclpp(]:vo,]:zvo) + IXZPP(]:ZUQ, f3vo)

Se[pp(vo, .7:200) —|—pp(]:?}0, ]:00)]
2P0 0
= pp(}"zvo,]-"?’vo) Sa—zs” = /2

= o(F*vy, F3vg) <hs.

P < O _ (hs)?
v

Again, taking v = Fvy and w = F?0v; in (3), we obtain:

wpP (F3v, Frog) < aypP (F2og, F2ug) + anpP (F3ug, Flog)
< 8[pF (Foo, F2vg) + pP (F209, F20)]

= pp(f3UO/F4UO) S Sp S %SP = p(f3vo,.7-"4vo) S hS.

0
ay /2P
And:

wap” (Frog, Fvg) <arpf (FPvo, FHog) + azp? (Frog, Fovp)
<0[pP (F2vo, Fiog) + pP (Fvy, Fluy)]
<279 (hs)?

(hs)” < & (hs) = (n2s)"

0
= pp(]-“4z;0,]-‘5v0) Saz/ZP

= p(Frvg, Fovg) <hs.

2

Additionally, we have:
p(F°vy, Fovy) < h?s.

Further, we obtain:
o(Fovo, F'vg) < h3s.
Additionally, we obtain:
o(Fvy, FBog) < h3s.
In general, we obtain:
p(F™vg, F" log) < Hls,

whenever m =2l or m =2l + 1. Therefore, p(F"voF" 1vy) — 0as m — +oco. Following
the same steps as in Theorem 2, one can show that the sequence {v,} is a Cauchy in .
Since M = U", A; is closed in 9, then N is also complete and there exists a point z € N
such that v, = F"vg — zasn — +oo. Further, as M = U/" ; A, is a cyclic representation
of N with respect to F, the sequence {v,} has an infinite number of terms in A; for all
i€{1,2,...,m}. It follows that z € N}"; A;, so N, A; # @.
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We prove that Fix(F) # @. Takingz € A;, Fz € Ajq fori € {1,2,...,m} and a
subsequence {vy, } of {v,} with v, € A, and Fo,, € A, ;1. From (3), we obtain:

w10F (g, ,, Fz) <aq10” (0ny,,, Fz) _._“21010(0”“2,}"22)
:alp P(Fon, Fz) + arpl (F2ou,, Fz)

<0[o” (vn,, Fz) + pF (2, Fou,)]

=0[p" (v, Fz) + p" (2, 0y 41)].

Taking the limit as # — +o0, we obtain:

oV (z, Fz) Saﬁpp(z,}"z) < %p”(z,]—"z) = hPpP(z, Fz)
1
= (1—h)p(z, Fz) <0

It follows that p(z, Fz) = 0 and, hence, Fix(F) # @. Now, we prove that Fix(F) is
singleton. Let z* € N!" ;| A; be another element of Fix(F) such that z # z*. Again, from (3),
we obtain:

w07 (z,2%) = mpP (Fz, Fz*) <aqpP (Fz, Fz*) + anpP (F?z, F?z*)
<O[p” (z, Fz*) + pP (z*, Fz)| = 200" (z,z")
20_200 60 _0

1<t 20
o T o wq /2P Ty

This is a contradiction; hence, Fix(F) is singleton, being a subset of ﬂf”zl.Ai. O

Example 7. Let M = [0, 1] with the usual metric p(v,w) = |v — w|. Suppose A; = [ , %] and
Ao = [0,1], then M = Ay U Ay and Ay N Ay = [0, 1]. Define F : It — Mas Fo =% 2 for all
v € M. Then, we obtain F?v = % Additionally, note that F(Ay) = [0, 55] € Az, F(Ap) =
0, %] C A;j and, hence, Mt = UA;, where i = 1,2 is a cyclic representation of 9 with respect to
F. Now we have:

_w2|_ (v+w)

1
| Fo— Fw| = g|v2

and:
4 4 2 2
2 o 0wt (v twt)(otw)
7o = Frol =l5s — 551 = 125 o -
3
< 2 |y
<5007~

forallv € Ay, w € A,. Additionally, one can check %(ZJ +w+5)>1forve A, we Ay, and:

Forp=1landay = ap = %, we obtain:
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1,3 3
1| Fo — Fw| + ap| F?v — Frw| 5(10+ﬁ)| v — w|

63
4—[|v — Fw| + |w — Fo|],

where § = £ = 0.1575 < v = I min{ay, 0} = § =025 forall v € Ay, w € Aj,. This shows
that F is an («,1)-Chatterjea-type cyclic contraction of multi-index « of length n = 2. Thus, all
the conditions of Theorem 4 are satisfied and, hence, Fix(F) = {0}.

Corollary 3. Let (9, p) be a complete metric space and F : 9 — 9 be an (a, p)-Chatterjea-
type cyclic contraction of multi-index o of length n = 2 such that 0 < 5 min{ay,as}. Then,
Fix(F) # @ and Fix(F) C N A, is singleton.

3. Application

In this section, we apply our result to establish the existence of a solution for a nonlinear
Fredholm integral equation. We also provide one numerical example to validate our result.

Let M = Cla, b] be the set of all real continuous functions on [4, b] and p be a metric on
M defined by

p(f.8) =If —gl = sup |f(t) —g(t)],

te(a,b]

forall f, g € 9. Then, (om, p) is a complete metric space. Consider a nonlinear Fredholm

integral equation:
b
D+B [ Kt r0()dr
a

where t,r € [a,b] and B is a constant. Assume that K : [4,b] X [a,b] x 9 — R and
q : [a,b] — R are continuous functions, where IC(t,7,v(r)) is the kernel of the equation and
q(t) is a given function.

Theorem 5. Consider (9N, p) to be a metric space with metricp(f,g) = |f —g| = SUPye4 ] |f(t) —

g(t)| for all f,g € Mand Ay, Ay, ..., Ap to be non-empty closed subsets of MM such that
N = U, A;. Let F : 0 — N be a nonlinear operator such that U7 | A; is a cyclic representation of
N with respect to F, defined by

t) + ,8/; K(t,r,v(r))dr, (5)

forallv € A;, wherei € {1,2,...,m}. Suppose that the following assumption holds:
there exists 0, 0 < a < 1, and p > 1 such that 6 < v = Zi,,min{zx,l — a}, satisfying
the inequality

a|IC(t,r,0(r)) = Kt r,w(r)|P+(1—a)|K(t, 7, Fo(r)) — K(t,r, Fw(r))|?
< &t {lo(r) = Fu(r) + [w(r) - Fo(r)|},

forallv e A; ,w € Ajq, where (r,t) € [a,b] x [a,b] and ¢ : [a,b] x [a,b] — R is a continuous
function satisfying:

b 0
sup [ &(t,r)dr < ——
Sup J, SOOI < G gy

Then, the Fredholm integral Equation (5) has a unique solution in N} | A;.

Proof. First, we show that F is an («, p)-Chatterjea-type cyclic contraction of multi-index
« of length n = 2 for p > 1. One can prove that F satisfies (4) for p = 1. Now, we show
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that F satisfies (4) for p > 1. As p > 1, there exists ¢ > 1 such that % + % = 1; then, using
Holder’s inequality, we have:

a|Fol) = Fot)[ + (1 - )| F2o() - P

b
K(t,r,o(r))dr — K(t,r,w(r dr‘

= apP
1_aﬁv\/ trfv(r»dr—/ Kt r, Fro(r))dr|

< apf / )K(t,r,v(r))dr—K(t,r,w(r))‘dr}

+(1—wa)p? {/ﬂb ’K(t,r,]—'v(r))dr - IC(t,r,]-'w(r))‘drr

<opr[{ [ 11ar}{ /fl
va-wp[{ [val ][

< apP(b— a)g /b ‘K(t,r,v(r))dr - K(t,r,w(r))’pdr

Kt o)ar =~ Koo ar} |

==

K(t,r, Fo(r))dr — K(t,r, Fw(r)) ’pdr}

}P

+(1—a)pP(b—a)i /b ‘IC(t,r,]-'v(r))dr - K(t,r,}"w(r))‘pdr

= (b—a)P~1pP {/ﬂb {a‘lC(t, r,o(r))dr — K(t, r,w(r))‘p
+(1- oc)‘lC(t, r, Fo(r))dr — K(t,7, Fw(r))‘p}dr}

< (b_a)l’_lﬁp{/b(:(t,r){‘ (r) — Fuw(r ‘ —|—‘w ]:U(r)‘p}dr}.

a

Taking supremum over the interval [a, b] on both sides of the inequality, we obtain:
’]-"U—]-"w‘ (1—-uw) ‘.7-"2 fzw‘

= sup [ ‘}"v ]-"w(t)’ +(1—a ’fzv(t)—]-"zw(t)’p}

te(a,b]

<(b—a)r1p  sup /bg(t,u)du) Hv—]—"w‘p-i— ‘w—]—"vm

telab) 7

gGHU — ]-'w’p + ’w — ]—'vm,

where 0 < ¢ = zip min{a,1 —a} forallv € A;, w € A;,1. This shows that F satisfies
the inequality (4), that is to say, F satisfies the (a, p)-Chatterjea-type cyclic contraction of
multi-index « of length n = 2. Thus, all the conditions of Theorem 4 are satisfied and,
hence, the integral operator F defined by (5) has a unique solution in N/* ; A;. [

4. Conclusions

We introduced the notions of various types of (&, p)-cyclic contractions, viz. («, p)-
cyclic contraction, («, p)-Kannan (resp. Chatterjea)-type cyclic contractions. Using these
new types of contractions, we can extend the other fixed-point results in the existing
literature.
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