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Abstract: In this paper, we establish certain L? bounds for several classes of rough Marcinkiewicz
integrals over surfaces of revolution on product spaces. By using these bounds and using an
extrapolation argument, we obtain the L” boundedness of these Marcinkiewicz integrals under very
weak conditions on the kernel functions. Our results represent natural extensions and improvements
of several known results on Marcinkiewicz integrals.
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1. Introduction

Throughout this article, let x > 2 (x = m or n) and R* be the Euclidean space of
dimension x. Additionally, let S*~! be the unit sphere in R* equipped with the normalized
Lebesgue surface measure dji(-) = dp.

Forty = a1 +if1, 2 = ax +iP2 (0(1,1%2,,31,‘32 € R with ay,ap > O),we let:

O(v, u)h(|o], [u])

m—T |u|n71’2 4

Kop(v,u) = 0]

where 1 is a measurable function defined on R; x R and ) is a measurable function
defined on R™ x R", integrable over S"m-1 % S"-1 and satisfies the following:

Q(ro,su) = Q(v,u), Vr,s >0, 1)

L, 0@ = [ oGudm =o o

For a suitable mapping ® : Ry x R. — R, the parametric Marcinkiewicz integral
operator Mg ¢ along the surface of revolution IT'y (x,y) = (x,y, ®(|x|,|y|)) is defined,
initially for f € CZ(R" x R" x R), by:

drds 172
2) , ()

rs

Maaa)eyw) = ([ IHos(P) oy 0)

where:

1
Hes()y) = g [ [ Sl oy = ww— (o) Ju]) Koo, w)dodu
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We remark that the Marcinkiewicz operator is a natural generalization of the Marcinkiewicz
operator ./\/l?) , along the surface of revolution I'; (x) = (x,¢(|x|)) in the one parameter

setting, which is given by:
2 ; 1/2
r
M?z,h(f)(xrxmﬂ) = (/R r) C)
+
The study of the L? boundedeness of the operator MQ , under various conditions on
h, Q2 and ¢ has attracted the attention of many authors. For instance, the integral operator

M?),h was initiated by the author of [1] whenever ¢(t) = t and h = 1. Precisely, he proved
the L? (1 < p < 2) boundedness of M?l,l provided that Q € Lip, (S"™1) for some v € (0, 1].

Thereafter, the study of the operator /\/l(g , has been studied by many researchers. For a
sample of known results relevant to our study, the readers are referred to consult [2-9].

1 0@h(o)

=Y LR CORSTE

Our main focus in this paper is the operator M ¢ ;. When® =0and 71 = 1 = 1,
we denote the operator M ¢ by Mq ). In addition, when h = 1, then Mg re-
duces to the classical Marcinkiewicz integral on product domains, which is denoted
by Mgq. The investigation of the LF boundedness of the operator M was initiated
in [10], in which the author proved the L? boundedness of M under the condition
Q € L(log L)2(S™~! x §"~1). Subsequently, the L? boundedness of Mg, has attracted the
attention of many authors. For instance, in [11], the authors proved the L? (1 < p < o0)
boundedness of Mg if Q € L(logL)(S™~! x S"~1). Further, they pointed out that by
adapting a similar argument as that used in [12] to the product space setting, the as-
sumption Q € L(logL)(S™~! x §"71) is optimal in the sense that if we replace it by any
weaker condition Q € L(log L)¥(S"~! x §"~1) with 0 < e < 1, then M, may lose the L2
boundedness. On the other hand, under the assumption () belongs to B{go,o) (S™1 x sn1)
with g > 1, it was proved in [13] that Mg is of type (p, p) for all p € (1,00) and that
the condition Q) € BéO’O) (S™=1 x §"71) is optimal in the sense that we cannot replace it
by Q € BS,O’S) (Sm’l X S”’l) with ¢ € (—1,0) so that Mg, is bounded on L2(]Rm x R™).

Here, B,go’v) (S"™=1 x §"~1) is a special class of block spaces introduced in [14]. Later on, the
authors of [15] employed Yano’s extrapolation argument [16] to establish the L bound-
edness of Mq j, forall [1/p —1/2| < min{1/2,1/v'}, provided that Q) belongs to either
L(log L)(S™~1 x §"1) or to B{go,o) (S" 1 xS" 1) and h € Ay (R4 x Ry) for some v > 1,
where A, (R4 x R4 ) (for v > 1) denotes the collection of measurable functions / such that:

2+ zkH v drds /
h _ / / < oo,
H ||A7(R+><R+ ] GZ o 2 rs oo

For a sample of past studies, as well as more information about the applications
and development of the operator M, we refer the readers to see [11,13,17-22] and the
references therein.

By the work done in these cited papers, many mathematicians have been motivated to
study the Marcinkiewicz operator along surfaces of revolution on product spaces of the
form:

2drds\ /2
o9
MQ,h(f)(x X1, Y Yn+1) <//]R+XR+ r,s ’ rs) , ®)
where:
¢, 9 _ ' '
Hy (f) = g ./\u\gs ‘ |§rf(x — 0, X1 — P(|2]), ¥ — 1w, yns1 — P(|u|))Kau (v, u)dodu.
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The L? boundedness of the operator Mgll;l under different conditions on the functions
¢, P, ), and h was discussed by many authors (one can consult [19,23-26]).

Very recently, in [27], the authors studied the L? boundedness of the singular integral
operators 7q ¢ 4 along surfaces of revolution on product domains, which is defined by:

dodu, (6)

To,on(f)(xy,w) = //Rmenf(x—v,y—u,w_q>(|v|,|u|))0(vf”)h|(|v|f|u)

o™ ul"

where & : R. x R — R is a suitable mapping. Under various conditions on @, the
authors proved the L? boundedness of T o j, if Q) belongs to either L(log L)?(S™ ! x "~ 1)
or to Bél’o) (Sm=1 x §"-1).

In light of the results in [24] regarding the boundedness of Marcinkiewicz operator
ng;l and of the results in [27] regarding the boundedness of singular integral 7 ¢ 5, a
question arises naturally, which is the following:

Question: Under the same conditions as those imposed on ® in [27], is the operator Mq ¢ ),
bounded whenever h € A, (R} x R.) for somey > 1and Q € L(log L)(S" ! x S"" 1)U
B (§m-1 5 §"1) with g > 17

In this article, we shall answer this question in affirmative. Indeed, we have the

following:

Theorem 1. Let ® € C'(Ry x R) such that for any fixed t, £ > 0, we have ¥1,(.) = ®(t,.),
Yo () = @(., ¢) are in C2(R..), increasing and convex functions with ¥1,(0) = ¥,,(0) = 0.
Suppose that h € A, (R4 x Ry) for some y > 1and Q € L1(S"1 x S"~1) for some q € (1,2].
Then, there is a constant C,, such that:

y
[Ma,on(O)l Lo @n s xry < Cpm||0\|m(swlxsm)\|h\|A7(R+xR+)||f\|LP(Rme"xR) @)

forall |1/p —1/2] < min{1/2,1/9'}.

dp d
Theorem 2. Let Q) and h be given as in Theorem 1. Suppose that ®(t, () = Zl Zz; aj/it“fﬁﬁf with
i=0j=0

a;, Bj > 0is a generalized polynomial on R2. Then, there is a constant Cy, such that the estimate (7)
holds forall |1/p —1/2| < min{1/2,1/%'}.

Theorem 3. Let Q) and h be given as in Theorem 1. Suppose that ®(t, ) = ¢(t)P(L), where ¢(t)

is in C2(Ry. ), increasing and convex function with ¢(0) = 0, and P is a generalized polynomial
d

given by P(¢) = 22 11]'65/ with Bj > 0. Then, there is a constant Cy such that the estimate (7)
j=0

holds for all |1/p —1/2| < min{1/2,1/7'}.

Theorem 4. Let Q) and h be given as in Theorem 1. Suppose that ®(t,0) = ¢1(t) + ¢2(¥),
where ¢;(-) (j = 1,2) is either a generalized polynomial or is in C2(R.), increasing and convex
function with ¢;(0) = 0. Then, there is a constant Cy such that the estimate (7) holds for all
11/p—1/2| <min{1/2,1/7'}.

By the conclusions from Theorems 1-4, along with the extrapolation argument found
in [16,28], we obtain the following;:

Theorem 5. Let Q) satisfy the conditions (1) and (2). Suppose that h and ® are given as in either
Theorem 1, Theorem 2, Theorem 3, or Theorem 4.

(i) IfUe Béo,o) (Sm=1 x S"1) for some q > 1, then the inequality:
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HMO,@,h (f) ||LP(R’”><R”><R)
< Cpllhlla, @y xr) I e mmxcre <) <1 + ||Q|Bl§0/0)(SleSn1))

holds for all |1/p —1/2| < min{1/2,1/%'};
(ii) IfQ € L(logL)(S™~1 x S"=1), then the inequality:

HMQ,CI),h(f)HLP(RmXRan)
< CPHhHA},(R_,_ xRy) Hf”LP(]R’”xR”XR) (1 + HQHL(logL)(S’"*le”*l))

holds forall |1/p —1/2| < min{1/2,1/%'}.

Remark 1. The conditions on () in Theorem 5 are optimal. In fact, they are the weakest conditions
in their particular classes (see [11,13]).

Remark 2. For the special cases h = 1 and ® = 0, the authors of [22] confirmed the L?
(1 < p < o0) boundedness of Mq g, whenever Q € L1(S"™~1 x S"~1) for some q > 1. This
result is extended in Theorem 5, in which Q € L(log L)(S™~1 x S"~1)u BSO’O) ("1 xs+=1) 5
LI(S™1 x sm1).

Remark 3. For the special case h € A, (R x Ry ) with v > 2, our results give the boundedness
of Mo, forall p € (1, 00), which is the full range.

Remark 4. For the special case ® = 0, Theorem 5 shows that M ¢ j, is bounded on LF (R™ x R™)
forall |[1/p —1/2| < min{1/2,1/+'}, which is the result established in [15]. Hence, our results
essentially improve the main results in [15].

Remark 5. The surfaces of revolutions Ty (x,y) = (x,y, ®(|x], |y|)) considered in Theorems
1-5 cover several important natural classical surfaces. For instance, our theorems allow surfaces
of the type T with ®(t,s) = s*2(e” V5 4 e/, (s,t > 0), ®(t,s) = t*sP with a, B > 0;
®(t,s) = P(s,t) is a polynomial, ®(t,s) = ¢y (t)a(s), where each ¢; € C*(R.) is a convex
increasing function with ¢;(0) = 0.

Henceforward, the constant C denotes a positive real constant which may not neces-
sarily be the same at each occurrence, but is independent of all the essential variables.

2. Preliminary Lemmas

We devote this section to introducing some notations and establishing some auxiliary
lemmas. For 6 > 2 and a suitable mapping ®(r,s) on R x R, we define the family of
measures {Aq ¢ rs := Ars i 7,5 € Ry } and its concerning maximal operators A} and My,
on R" x R™ x R by:

' 1
dA = — / / v,u, ®(|v|, |u]))Kan(v, u)dodu,
,//~/R’"><R”><Rf i ras® J1/2s<|u|<s 1/2r§\v\§rf( (| | | |)) Q’h< )

Ny w) = sup || flxw),
r,sER4
and:
gi+1 9k+1 d?’ds
Mio(F(x ) = sup [0 [0 [l flxw) 22,

jkEZ
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where |A, 4] is defined in the same way as A, s but with replacing Qh by |Qh|.

Lemma 1. Let Q € L1(S" 1 x §"71) with 1 < q < 2 and satisfy the conditions (1) and (2).
Suppose that ® € C' (R4 x Ry). Forr,s > 0, let:

g(tlg) — //S g efi{trvv§+€su-§+77<1>(r,s)} Q(U,u)dy(v)dy(u)
n—1y §m—

Then, there are constants C > 0 and 6 with 0 < 6 < 2%4/ such that for (¢,,17) € R™ x R" x R,
we have:

dtde ;
//|gtz e (o e A ®
1/21/2
where a*? = min{a®,a"?}.

Proof. By Schwartz inequality, we get:

1//214|g 0 Zdtde - C/S"‘l(//sm—lxsm—l Fl&ox)
X (o, wdp(0)dp(x) ) du(w),

where F (¢, v, x) f —ir-(v=x) dt .Letp = ¢/| ¢ |. Then, by Van der Corput’s lemma,
we get:

| F(Evx)| < Clrg-(v—x)|7'<Crg|p-(v—x)|"",
with which, when combined with the trivial estimate | 7 (¢, v, x) |< C, we can deduce that:
| F(&ox) [<ClrE|Plp-(v—x)[7" ©)

where 0 < § < 1. Hence, by Holder’s inequality, we obtain:

//|gt£ 2dtd€

1/21/2

)
- 2
Clrgl ([ gm-1xsm1y

(//S g P @0 ‘”’du(v)dy(x))w.

By choosing é so that 0 < 6 < 2%/, we see that the last integral is finite. Thus,

IN

X

<

dtde 4
//IW e o1 M. (10)
1/21/2

Similarly, we have:

5

dtdl -5
//|Qt€)|2 < QIO rgnylst] 7 (11)
1/21/2

Additionally, by the conditions (1) and (2) and a simple change of variable, we have:
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1 1

/ / s00fG < e [ ([l |@”’5'”—1I|O(v,u>|du(v)du<u>>2dizé

1/21/2 1/2 1/2
2
< CHQ”Ll(smflxgH)|”§\2~

1 1

By combining the last estimate with the trivial estimate [ [ |G(t, E)\zdtgw <
1/21/2
2
C||Q||L1(Sm—1xgn—1)rwe get:
dtdf
/ /|g (5 OP S < ClOIyen1xem) e (12)
1/2172
Similarly, we have:
dtdﬁ
/ /|g (t, OPZE < CIQYR g1 oy 5217 (13)

1/21/2

Therefore, by combining the estimates (10)—(13), we get (8), which ends the proof of
this lemma. O

Lemma 2. Suppose that Q) € L1(S"™~1 x §"~1) with q > 1 satisfies the conditions (1) and (2),

heAy(Ry xRy)withy > 1, P € Cl(RJr x Ry), and 0 > 2. Then, there is a real number
C > 0 such that the estimates:

1Arsll < CHQ[Laggm1xsm-1) ]l 4, R xR ) (14)

pi+1

9"“ 2drds 2 2 2
/9]. /ek rs(@ 0| —— < Cln (G)HQHm(sm%Xsn—l)||h‘|A7(R+xR+)

20
X ‘Gké"iq/e,

e
oig| 7 (15)

hold for all j, k € 7Z, where & is the same as in Lemma 1, € = max{2,v'} and ||\, || indicates the
total variation of Ay .

Proof. It is clear that the estimate (14) is obtained by the definition of A,;. Thanks to
Holder’s inequality, we have:

S r
X - —i{to-g+lu-L+ (1) }
|Ar,s(é‘,€,r])| < C/%s /%r|h(t’€)| ‘ //SW—IXS”_le
dtdl
X Q,u)dp(o)du(u)| <
<

P aae””
Y dt
Clitlla, &, xr,) (/ / G(t,0)] tﬁ) :

/2 1/2

For the case v € (1,2], we can deduce that:

P arae\””
o 1-2/ t
Ars@em| < sy e, e ||0|§1S,n”1>gn1>(/ / g(t,azw) -

/2 1/2
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However, for the case y > 2, by using Holder’s inequality, we get:

11 1/2
A dtdl
Aes@ )| < ||h|A7(R+XR+)( [/ wm) .

1/2 1/2

Therefore, for either case of 7, we have:

A Lo dde\ Ve
2)/ 2
rs(@ 6| < ISR gy Wola, e ([, [ 160PSE)

where € = max{2,v’}. Hence, Lemma 1 leads to:

Ars(@ )| < ClIQFa(gm-1 xgo- 1)Hh”A7(R+><R+)|r§| |S€| =3,

As @ <r < @land 0/ <s < 0/F1, we get:

5 2 2 2 NEard
[Ars(E, 8| < ClQ T gn-1 x5, (R xR, ) |0 C’ o (16)

Consequently,

A

9]+1

ekH 2drds 5 2 2
/9 As@ )= < Cln <6>||m|m sn-tsr ) I3, (k. xR

L]G

< Joe

The proof is complete. [

The following lemmas play a key role in proving our main results.

Lemma3. Leth € Ay(R+ x Ry) withy > 1and Q € L9(S™ 1 x S"71) for some 1 < q < 2.
Assume that ® € C'(Ry x R.) such that for any fixed t,{ > 0, we have ¥Y1;(.) = ®(t,.),
Yo () = @(.,€) are in C2(R..), increasing and convex functions with ¥1,;(0) = ¥,,(0) = 0.
Then, for f € LP(R™ x R" x R) with p € (', 00), there exists C,, > 0 such that:

AR e @mxrexr) < Coll Qa1 xsn1y 1l o, @, xr ) I L@ xrexr) — (17)
and:
M0 (F) | o (s scry < CpIn? () 1O g1 -1y 1Pl a &y xro) L e R xR <R)- (18)

Proof. Thanks to Holder’s inequality, we get:

As] * f(x,y,w)| < ClOY, sm-1xsn-1) 1l A, R <R ) ( / //S g [0 )]

s/2 r/2

/ 1/9
X |f(x—to,y —tu,w — (t,0))|” dy(v)dy(u)dtdé) "

Hence, by Minkowski’s inequality for integrals and Lemma 2.4 in [27], we can deduce:

« % « / 1/
AR lr@nxrexr)y < CIQ 1 gm1xse1) 1Bl &, xR 4) (||(7<1>(\f|7 )|\L<m’>(Rmean)>

IN

Cll L sm-1xsn-1) 1l & (R xRy ) [ Il Lr (R xR xR
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where: (o,
1 Q(v,u
do, = / / v,u,®(|v|, |u|)) —————~—dvdu
///R"‘XR”XRf i 7S J1/2s<]ul<s 1/2r§\v\9f( (ol D)IvIM_Tllu|n_T2

and:

op(f)(xy,w) = sup |lovs|* fx,y,w)l.

rseERy
It is easy to see that the inequality (18) can be obtained from the inequality (17). O

Similarly, by Lemmas 2.5-2.7 in [27], we get, respectively, the following results.

dp d
Lemma 4. Let h and Q) be given as in Lemma 3. Assume that O(t, () = Zl Zz a]-,it“iéﬁf with
i=0j=0
aj, Bj > 0 is a generalized polynomial on R2. Then, for f € LP(R™ x R" x R) with p € (7', 00),
there exists C, > 0 such that:

AR Nle @ xrexr) < CpllQlLaggm-1xsn1y 11l o, @y ) 1 11Lr @ xR xR)
and:
Mo ()| @msrrxry < CpIn2(O) 1 pagn-1xsn-1) I1Hlla, sy ) 11l r @ m)-

Lemma 5. Let h and Q) be given as in Lemma 3. Assume that ®(t,£) = ¢(t)P (L), where ¢(t)
is in C2(Ry. ), increasing and convex function with ¢(0) = 0, and P is a generalized polynomial

d
given by P({) = Zz a][/g/' with B; > 0. Then, for f € LP(R™ x R" x R) with p € (', 0), there
j=0
exists Cp > 0 such that:
AR e xrexr) < CpllQllzaggm-1xsm-1y 11l o, @y xry) 1 11Lr R xR xR)

and:
M0 (F) | Lo sy < CpIn? () || (g1 550-1) 1Bl a, ey xr ) L lLp (e xR xR) -

Lemma 6. Let h and Q) be given as in Lemma 3. Assume that ®(t,£) = ¢1(t) + ¢2(£), where
¢;(+) (j = 1,2) is either a generalized polynomial or is in C%(R..), increasing and convex function
with ¢;(0) = 0. Then, for f € LP(R™ x R" x R) with p € (7', 00), there exists C;, > 0 such that:

AR e xcrexr) < Cpll Ol aggm-15sm-1) 1l o &, xr) 1 |Lr R xRe )
and:
Mo ()| Lpmmscrr ) < Cp 02 (O) |l pagn-1xgn1) I1Hlla, r s sy 1l r @ )-
Lemma?7. Let 0 > 2,h € Ay(Ry x Ry) withy >1,Q € LI(S" 1 x S" Y with1 < g <2,
and P be given as in either Theorem 1, Theorem 2, Theorem 3, or Theorem 4. Then, for an arbitrary

set of functions { Fi;(+,+,+), j,k € Z} defined on R™ x R" x R, there exists a constant C;, > 0
such that the inequality:
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git1 gkt 2 i 1/2
rds
Z / / Ars * F —_—
],kEZ rs
LP (R™ xR" xR)
1/2
2
< CpIn”(0) || pa(sm1xsm-1) 11l (R xR ( ) ‘f, ) (19)
jked LP (R" xR" xR)

holds forall |1/p —1/2| < min{1/9/,1/2}.

Proof. We will follow a similar argument as in [20]. We point out here that we shall prove
this lemma only whenever @ is given as in Theorem 1, since the proofs for the other
cases follow the same method, except that we invoke Lemmas 46 instead of invoking
Lemma 3. Additionally, we shall prove this lemma only for the case 1 < ¢ < 2, since
Ay(Ry xRy) C AZ(R+ X R+) for all ¥ > 2. In this case, we have |1/p —1/2| < 1/7/,
which shows that 3 L <p< L ~- We need to consider two cases.

Casel.2 < p < 5 7 . By duahty there exists a non-negative function X € L/ 2 (R™ x

R" x R) such that ||XH (/2 (R < RY R) <1land:
2
gi+1 gk+1 1/2
2drds
L Ars * 7 rs
JkEZ o ok
LP(R™xR"xR)
gi+1 gk+1

2drds
Ars * Fir(x,y, w)‘ ?X(x, y, w)dxdydw.

Mo Z.] ]

By Schwartz’s inequality, we have:

2
rs*]:k(x y,w )‘ < CHQ”M(S”‘ Ixsn-1 ”hHA (R4 xRy) ////Sm 1y§n-1
35 3"
2
X ‘]-"]-,k(x—tv,y—fu,w—cb(t,f))‘
” dtdl
X |h(t,0)] 7|Q(v,u)|da(v)da(u)—t€ :
Hence, we have:
pi+1 gk+1 1/2 2
2drds
L) [ee sl 55 < CIHIE, o,
jkeZ o ok
LP(R™xR"xR)
2 -
v ||Q||U,(Sm1X5n1)///wlxRilxR< gZ\F,k %y, )| >Mh|sz(—X, —y, —w)dxdydw
<l es ) 1M, e | X [ Fia]
jkeEZ L(P/2) (R xR7 xR)
X HMlh‘277,9(G)‘ L(p/z)/(RmXRnXR)’
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where X(—x, —y, — ) = X(x,y,w). Notice that, since h € A, (R x R} ), then we have
h* 7 e A L ( R4 ). Thus, by Lemma 3 and Holder’s inequality,
gi+1 gt1 /2|2
2
/ / Mos* Fix drds
jkEZ o ok

LP(R™xR"xR)

1/2]|2
< CI() [ an 1o 1Y, g, cry (Z |7 )
JkeZ LP(R™ xR" xR)
X H/\ \hlz”‘(x)HL(P/2>’(RMXRan)
1/2|?
2 2 2
e Ol [sY A (2 En ) .
jkeZ (R™ xR" xR)
Case 2. ﬁ < p < 2. By duality, there exists a collection of functions
Y = Yi(x,y,w,7,s) defined on R™ x R" x R x Ry x R such that:
HHHY (07071 G2 2l L (mm e )
and:
gi+1 gk+1 1/2
Z / / Mos F 2drds
jkeZ o ok
LP(R™xR"xR)
Qi1 gk+1
= /// / / Ars * Fip(x,y,w ))ij(x,y,w,r,s)@dxdydw
R"xR7xR ;9727 ’ rs
] 91 gk
1/2
S (GO 7l .o
< H1GIE0) i p— é:z (20)
Jr LP(R™ xR" xR)
where:
Qi1 gk+1
2
O(Y)(x,y, w) Ars* Yk (x,y,w,r,s) @
]kEZ o ok

Thanks to the duality, we can deduce that a function W € L'/ 2 (R™ x R" x R) exists

such that ||W|| (/2 (R xR R) < 1and:
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LV (R xR" xR)
[COEE ¥

git+1 6k+1

R Ay SR
= C”Q”Lq Smtxsnt Hh”Aw (R xR4) A \h\z_y (W) HL(p//Z),(Rme"xR)
e 2 drds
< X / / Yialeor) [ 55
o L' /2) (R™ xR" xR)
< QO gnxg I, &, k)

which shows, along with (20), that the inequality (19) holds for the case 3 1, < p < 2. This
finishes the proof of this lemma. O

3. Proof of Main Theorems

Let us first prove Theorem 1. Assume that 1 € A,(R; xR;) for some v > 1,

Qe L1(S" 1 x§" 1) forsome1 < g < 2and 6 = 247 Tt is clear that Minkowski’s
inequality leads to:

. (o) 1
MamsDes) = ([ |52 | Kaa(os
Q,@,h(f)( y ) ( R+><R+ ]',kZ:O sty 2_]'—15<|u|§2—j5 2—k—lr<|v‘§2—kr Q’h( )
drds\ 1/
X = oy = = (o], Ju) o 25"
0 1
< K o, U
- j,kz_o(//RerRJr st /2’1"15<\u|§2’fs /2*7‘*17<\v\§2’k1’ oa(eru)

1/2
X fl oy = 0= (Jo], ) dodu P75

20+ > drds 1/2
< .
S mo1)em-o1) (//RMRJA’S*JIW’ ©) ) @)

For j € Z, choose a set of smooth partition of unity {T';} defined on (0,00) and adapted

to the interval [0~17/,6'7/] = Z; with the following properties:

I[[ € C° 0<TI;<1, Y Tj(t)=

Jj€Z

d"Ti(t)|  C

. . ] H

supp (Ij)) € I and‘ T ‘gty,

where Cy, is independent of the lacunary sequence {¢/;] € Z}.
Define the multiplier operators {Tj;} on R" x R" x Rby (Tjx(f))(¢, ¢,
(IZ)f(& ¢, 1). Hence, forany f € CP(R™ x R" x R), we have f(x,y, w) =

Ti(1SDT

)=
Z ( ]+012 k+aq
keZ

(f))(x,y,w), which shows, by Minkowski’s inequality, that:

<//R+X s flxyw )zdrds>1/2ﬁc Y. Awa(f)(xy,w), (22)

ay,00€7Z
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where:

drds\ /2
Aaa(N5w0) = ([[ B (Dm0 )
+ xRy

Bﬂzﬂl (8) (x/ y,w,r, S = jgz /\’/S * Tj+a2,k+a1 * f(x, Y, w)x[gk,gkﬂ)x [0/ pit1y (1’, S) .

Therefore, to prove Theorem 1, it suffices to prove that for any p satisfying [1/2 —1/p| <
min{1/9/,1/2}, there exists ¢ > 0 such that:

1 Ay ) ey (23)

£
< CpIn(6) 27 20O g gutginy ] 5, (1, i) Il e )

Let us first estimate the L?>-norm for Ay, 4, (f). By Plancherel’s Theorem, Fubini’s
Theorem, and Lemma 2, we can deduce:

A a0y (172 @ )

gi+1 gk+1 i
A 2drds
</ | [ ns@em P | |fecn)| deacay
jkEZ Ojay ktay ook
< CpIn? (0|07 gn1 s thz
= p LI(Sm-1xSn-1) Ay ( ]R+><]R+)

:I: n 2
X I e e e oo faacay
jkez Bjrag kraq
< GO 2 D O s g W oy X ] [P [ ez
jkez Gjray kraq
< Cplnz(e)z_g(wllHaZl)HU”%'Y(SW'ﬂxS”*l)th‘iv(]&rx]&r)HfHLZ(Rme”xR)/ (24)

where Uy = {(&,2,1) € R" x R x R : (|¢], ¢]) € T x Ty} and € € (0,1).

Next, we estimate the LP-norm of Ay, 4, (f) as follows: by employing a similar argu-
ment as that used in [29], along with the Littlewood-Paley theory and Lemma 7, we get:

HAﬂzﬂl (g) || Ly Rm+l XRV(+1)

gi+1 9k+1 2
< < /] / Ars* T, jayktay * f’) drds)
jkez e " LP(R" xR" xR)
N
< GO agm-1xsm-1y Il o, &, xR, ) ( ). ‘Tj+az,k+u1 *f‘ )
jkeZ LP (R xR" R)
< Cﬁ#(q_l)nm\wgmﬁxsm) 11l o, (s ) L Il o (R ) (25)

Consequently, by interpolating between (24) and (25), we obtain (23), which, in turn,
finishes the proof of Theorem 1.

Finally, we can prove Theorems 2—4 by following the same above arguments. We have
omitted the details. This completes the proofs of our theorems.

4. Conclusions

In this paper, we prove sharp L estimates of several classes of rough Marcinkiewicz
integrals over surfaces of revolution on product spaces, thatis, 1 € A, (R4 x R} ) for some
¥ >1and Q € L1(S"! x S"1) for some 1 < g < 2. Furthermore, we employed these
estimates along with Yano’s extrapolation argument to prove the L? boundedness of the
operator Mq ¢, under the conditions i € A, (Rt x R") for some y > 1 and Q) belongs to
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either the space L(log L)(S™~1 x §"~1) or to the space B,SO’O) (S"=1 x §"~1) for some g > 1.

In fact, our results extend and improve several known results on Marcinkiewicz integrals
such as the results in [11,13,15,22,30]. In future work, we aim to confirm that Mq ¢, is
bounded on LP(R™ x R" x R) for the full range of p € (1,00) and h € A, (RT x RT) with
> 1.
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