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Abstract

:

The main purpose of this paper is to investigate lightlike hypersurfaces of almost productlike semi-Riemannian manifolds. For this purpose, screen-semi-invariant, screen-invariant, radical-anti-invariant, and radical-invariant lightlike hypersurfaces of almost productlike semi-Riemannian manifolds are introduced and some examples of these classifications are presented. Furthermore, various characterizations dealing screen semi-invariant lightlike hypersurfaces are obtained.
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1. Introduction


In 2011, K. Takano [1] developed a new perspective on statistical structures on the basis of Hermitian manifolds, and he introduced the notion of Hermitian-like manifolds as follows:



Let   (  M ˜  ,  g ˜  )   be a semi-Riemannian manifold equipped with almost complex structures J and   J *   of tensor types   ( 1 , 1 )   satisfying


      g ˜   J X , Y  = −  g ˜   X ,  J *  Y      



(1)




for any tangent vector fields   X , Y ∈ Γ ( T  M ˜  )  . Then,   (  M ˜  ,  g ˜  , J )   is called a Hermite-like manifold. A Hermite-like manifold becomes a Hermitian manifold when   J =  J *   .



Considering the definition of K. Takano, a new geometric model has emerged that can be considered as a generalization of Hermitian geometry. Hermitian-like manifolds have recently been a very interesting research topic, and the geometry of these manifolds is still being studied in [2,3,4,5,6,7] etc.



Apart from Hermitian geometry, the theory of Riemannian product manifolds includes important physical and geometrical applications. There exist remarkable applications of Riemannian product manifolds in Kaluza–Klein theory, brane theory, and gauge theory in [8,9,10,11,12,13] etc. Moreover, some of the latest connected studies on Lorentzian manifolds can be seen in [14,15,16,17,18,19,20,21].



Inspired by the definition of Hermitian-like manifolds, the notion of productlike manifolds could also be introduced. From this point of view, the authors introduced almost productlike Riemannian manifolds and investigated hypersurfaces of these manifolds in [22].



In the present paper, lightlike hypersurfaces of almost productlike semi-Riemannian manifolds are examined, and some special classifications of these hypersurfaces are introduced.




2. Preliminaries


Let   (  M ˜  ,  g ˜  )   be an   ( n + 2 )  —dimensional semi-Riemannian manifold and   ( M , g )   be a lightlike hypersurface of   (  M ˜  ,  g ˜  )  . Then, the radical space   Rad (  T p  M )   at each point   p ∈ M   is a 1-dimensional subspace and it is defined by


  Rad  (  T p  M )  =  ξ ∈  T p  M :  g p   ( ξ , X )  = 0 ,  ∀ X ∈  T p  M  .  



(2)







A complementary vector bundle of the radical distribution   Rad  T M   is denoted by   S ( T M )  , and there exists the following orthogonal direct sum:


  T M = Rad  T M   ⊕  o r t h   S  ( T M )  ,  



(3)




where   ⊕  o r t h    denotes the orthogonal direct sum. Here,   S ( T M )   is a semi-Riemannian distribution and it is called a screen distribution of   ( M , g )  . Since   Rad  T M    is a degenerate sub-bundle of   T M  , there exists a local section N of   M , g   satisfying


   g ˜   ( N , N )  = 0    and     g ˜   ( ξ , N )  = 1 ,  



(4)




where   ξ ∈ Rad ( T M )  . The set   ltr ( T M )   spanned by N is called the lightlike transversal bundle.   S ( T M )   is not unique; thus, a lightlike hypersurface is usually denoted by the triplet   ( M , g , S ( T M ) )  .



Let us denote the Levi-Civita connection of   (  M ˜  ,  g ˜  )   by    ∇ ˜  0  . Then, the Gaussian and Weingarten-type formulas for   ( M , g )   are given by


    ∇ ˜   X  0  Y =  ∇  X  0  Y +  B 0   ( X , Y )  N ,  



(5)




and


    ∇ ˜   X  0  N = −  A  N  0  X +  τ 0   ( X )  N  



(6)




for any   X , Y ∈ Γ ( T M )  , where   ∇ 0   is the induced linear connection on   Γ ( T M )  ,    B 0   ( X , Y )    is the coefficient of the second fundamental form,   A  N  0   is the shape operator,   τ 0   is a   1  —form on   Γ ( T M )  .   ∇ 0   is not a Riemannian connection,   B 0   is symmetric and it vanishes on the radical distribution   Rad ( T M )  , and   A  N  0   is not self-adjoint [23,24].



A lightlike hypersurface   ( M , g , S ( T M ) )   is called totally geodesic if    B 0  = 0 .   If there exists a function  λ  on M satisfying


   B 0   ( X , Y )  = λ  g  ( X , Y )   



(7)




for any   X , Y ∈ Γ ( T M )  ; then, the hypersurface is called totally umbilical [25].



Suppose that the set    e 1  ,  e 2  , … ,  e n    is a local orthonormal frame field on   Γ ( S ( T M ) )  . The hypersurface is called minimal if


   trace  S ( T M )     B  0  = 0 ,  



(8)




where   trace  S ( T M )    denotes the trace with respect to   S ( T M )   [26].



Now, we recall some basic facts on lightlike hypersurfaces of statistical semi-Riemannian manifolds.



Let   (  M ˜  ,  g ˜  )   be a semi-Riemannian manifold, and   ∇ ˜   be a torsion-free connection on   (  M ˜  ,  g ˜  )  . If the following relations are satisfied for any   X , Y , Z ∈ Γ ( T  M ˜  )  , then the triplet   (  M ˜  ,  g ˜  ,  ∇ ˜  )   is called a statistical semi-Riemannian manifold [27]:


  Z  g ˜   ( X , Y )  =  g ˜   (   ∇ ˜  Z  X , Y )  +  g ˜   ( X ,   ∇ ˜  Z *  Y )   



(9)




and


    ∇ ˜   X  0  Y =  1 2   (   ∇ ˜  X  Y +   ∇ ˜   X  *  Y )  .  



(10)




Here,    ∇ ˜  0   is the Levi-Civita connection and    ∇ ˜  *   is called the dual connection of   ∇ ˜  .



Denote the Riemannian curvature tensor fields with respect to   ∇ ˜   and    ∇ ˜  *   by   R ˜   and    R ˜  *   respectively. Then, there exists the following relation between   R ˜   and    R ˜  *   for any   X , Y , Z , W ∈ Γ ( T  M ˜  )   [28]:


   g ˜   (   R ˜  *   ( X , Y )  Z , W )  = −  g ˜   ( Z ,  R ˜   ( X , Y )  W )  .  



(11)







Now, let   ( M , g , S ( T M ) )   be a lightlike hypersurface of   (  M ˜  ,  g ˜  ,  ∇ ˜  )  . The Gaussian and Weingarten-type formulas with respect to   ∇ ˜   and    ∇ ˜  *   are given by


       ∇ ˜  X  Y    =     ∇ X  Y + B  ( X , Y )  N ,     



(12)






       ∇ ˜  X  N    =    −  A  N  *  X +  τ *   ( X )  N     



(13)




and


       ∇ ˜   X  *  Y    =     ∇  X  *  Y +  B *   ( X , Y )  N ,     



(14)






       ∇ ˜   X  *  N    =    −  A N  X + τ  ( X )  N     



(15)




for any   X , Y ∈ Γ ( T M )  , respectively. Here,    ∇ X  Y  ,    ∇  X  *  Y  ,    A N  X  ,    A  N  *  X ∈ Γ  ( T M )   , ∇ and   ∇ *   are the induced connections on M, B and   B *   are the second fundamental forms,   A N   and   A  N  *   are the shape operators with respect to   ∇ ˜   and    ∇ ˜  *  , respectively. Any lightlike hypersurface of a statistical manifold does not need to be a statistical manifold with respect to the induced connections ∇ and   ∇ *   [29].



Let us indicate the projection morphism of   Γ ( T M )   on   Γ ( S ( T M ) )   by P. For any   X , Y ∈ Γ ( T M )   and   ξ ∈ Γ ( Rad  T M  )  , we have


      ∇ X  P Y    =      ∇ ¯  X  P Y + C  ( X , P Y )  ξ ,     



(16)






      ∇ X  ξ    =    −   A ¯  ξ  X − τ  ( X )  ξ ,     



(17)




where     ∇ ¯  X  P Y   and     A ¯  ξ  X   belong to   Γ ( S ( T M ) )  . Here, C is called the local second fundamental form of   S ( T M )   with respect to ∇,   ∇ ¯   is the induced connection of ∇, and   A ¯   is the local shape operator with respect to ∇.



In a similar way to (16) and (17), we can write the following relations on   Γ ( T M )   with respect to   ∇ *  :


      ∇  X  *  P Y    =      ∇ ¯   X  *  P Y +  C *   ( X , P Y )  ξ ,     



(18)






      ∇  X  ☆  ξ    =    −   A ¯   ξ  *  X −  τ *   ( X )  ξ ,     



(19)




where     ∇ ¯  X *  P Y   and     A ¯   ξ  *  X   belong to   Γ ( S ( T M ) )  . Here   C *   is called the local second fundamental form of   S ( T M )   with respect to   ∇ *  ,    ∇ ¯  *   is the induced connection of   ∇ *   and    A ¯  *   is the local shape operator with respect to   ∇ *  . Using the fact that


    0    =  B 0   ( X , ξ )           =   1 2    [ B  ( X , ξ )  +  B *   ( X , ξ )  ]  ,     








we find


  B  ( X , ξ )  +  B *   ( X , ξ )  = 0 .  



(20)







From (16) and (19), we also have [29]


  C  ( X , P Y )  = g  (  A N  X , P Y )  ,   C *   ( X , P Y )  = g  (  A  N  *  X , P Y )  .  



(21)







As a result of (20), we obtain that the second fundamental forms B and   B *   do not vanish on   Rad ( T M )  . Additionally, we obtain


     B ( X , Y )    =    g  (   A ¯   ξ  *  X , Y )  +  B *   ( X , ξ )   g ˜   ( Y , N )  ,     



(22)






      B *   ( X , Y )     =    g  (   A ¯  ξ  X , Y )  + B  ( X , ξ )   g ˜   ( Y , N )      



(23)




for any   X , Y ∈ Γ ( T M )   [30].



Now we recall some special submanifolds of statistical manifolds [31,32].



Definition 1.

Any lightlike hypersurface of a statistical semi-Riemannian manifold   (  M ˜  ,  g ˜  ,  ∇ ˜  )   is called








	(i)

	
totally geodesic with respect to   ∇ ˜   if   B = 0  ,




	(ii)

	
totally geodesic with respect to    ∇ ˜  *   if    B *  = 0  ,




	(iii)

	
totally tangentially umbilical with respect to   ∇ ˜   if there exists a smooth function k such that   B ( X , Y ) = k g ( X , Y )   for any   X , Y ∈ Γ ( T M )  ,




	(iv)

	
totally tangentially umbilical with respect to    ∇ ˜  *   if there exists a smooth function   k *   such that    B *   ( X , Y )  =  k *  g  ( X , Y )    for any   X , Y ∈ Γ ( T M )  ,




	(v)

	
totally normally umbilical with respect to   ∇ ˜   if there exists a smooth function k such that    A  N  *  X = k X   for any   X , Y ∈ Γ ( T M )  




	(vi)

	
totally normally umbilical with respect to    ∇ ˜  *   if there exists a smooth function   k *   such that    A N  X =  k *  X   for any   X , Y ∈ Γ ( T M )  .












3. Almost Productlike Semi-Riemannian Manifolds and Their Lightlike Hypersurfaces


Let   M ˜   be an   ( n + 2 )  —dimensional smooth manifold equipped with a tensor field of type   ( 1 , 1 )   such that    F 2  =  I  n + 2    , where   I  n + 2    denotes the identity map. Then,   (  M ˜  , F )   is called an almost product manifold. If an almost product manifold   (  M ˜  , F )   admits a (semi) Riemannian metric   g ˜   satisfying


   g ˜   ( F X , F Y )  =  g ˜   ( X , Y )   



(24)




for any   X , Y ∈ Γ ( T  M ˜  )  , then the triplet   (  M ˜  ,  g ˜  , F )   is called an almost product Riemannian manifold [33].



Inspiring the definition of Hermite-like manifolds of K. Takano [1], we can give the following definition:



Definition 2.

If a semi-Riemannian manifold   (  M ˜  ,  g ˜  )   is equipped with the almost product structure F that has another tensor field   F *   of type   ( 1 , 1 )   satisfying


    g ˜   ( F X , Y )  =  g ˜   ( X ,  F *  Y )    



(25)







for any   X , Y ∈ Γ ( T  M ˜  )  , then   M ˜   is called an almost productlike semi-Riemannian manifold. An almost productlike semi-Riemannian manifold is denoted by the triplet   (  M ˜  ,  g ˜  , F )   throughout this study.





For any almost productlike semi-Riemannian manifold, we have    F 2  =   (  F *  )  2  =  I  n + 2     and     (  F *  )  *  = F  . Putting    F *  Y   instead of Y in (25), we have


   g ˜   ( F X ,  F *  Y )  =  g ˜   ( X , Y )  .  



(26)







If    F *  = F  , then an almost productlike semi-Riemannian manifold becomes an almost product semi-Riemannian manifold.



Example 1.

Let   (  M ˜  ,  g ˜  )   be a   5  —dimensional semi-Riemannian manifold with a semi-Riemannian metric   g ˜  , which is given by


    g ˜  =      − 1    0   0   0   0     0    − 1    0   0   0     0   0   1   0   0     0   0   0   1   0     0   0   0   0   2     .   











Define almost product structures


   F =     0   1   0   0   0     1   0   0   0   0     0   0   0   0   1     0   0   0   1   0     0   0   1   0   0       











and


    F *  =     0   1   0   0   0     1   0   0   0   0     0   0   0   0   2     0   0   0   1   0     0   0    1 / 2    0   0     .   











Then, Equation (25) is satisfied. Therefore,   (  M ˜  ,  g ˜  , F )   is an almost productlike semi-Riemannian manifold.





Example 2.

Let   (  M ˜  ,  g ˜  )   be a   4  —dimensional Lorentzian manifold with a Lorentzian metric   g ˜   that is given by


    g ˜  =      − 2    0   0   0     0   2   0   0     0   0   1   0     0   0   0   1     .   











Define almost product structures


   F =     0   1   0   0     1   0   0   0     0   0   1   0     0   0   0   1       











and


    F *  =     0    − 1    0   0      − 1    0   0   0     0   0   1   0     0   0   0   1     .   











Then, we find that   (  M ˜  ,  g ˜  , F )   is an almost productlike Lorentzian manifold.





The manifolds that are given in Examples 1 and 2 do not satisfy (24). Thus, these manifolds are not examples of almost product manifolds.



An almost productlike semi-Riemannian manifold is called an almost productlike statistical semi-Riemannian manifold if there exists a linear connection   ∇ ˜   satisfying (9) and (10). An almost productlike statistical semi-Riemannian manifold is denoted by   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )  .



Proposition 1.

Let   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )   be an almost productlike statistical semi-Riemannian manifold. For any   X , Y , Z ∈ Γ ( T  M ˜  )  , we have


       g ˜   (   ∇ ˜  X  F ) Y , Z  =  g ˜   ( Y ,  (   ∇ ˜   X  *   F *  )  Z )  .      



(27)









Proof. 

The proof of the proposition is straightforward from (9) and (25). □





In view of (27), we immediately obtain the following proposition:



Proposition 2.

For any almost productlike statistical semi-Riemannian manifold   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )  , we have


        ∇ ˜  X  F = 0 ⇔   ∇ ˜   X  *   F *  = 0      



(28)




for any   X ∈ Γ ( T  M ˜  )  .





An almost productlike statistical semi-Riemannian manifold   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )   is called a locally productlike statistical semi-Riemannian manifold if Equation (28) is satisfied for any   X ∈ Γ ( T  M ˜  )   [22].



Definition 3.

Let   M , g , S ( T M )   be a lightlike hypersurface of   (  M ˜  ,  g ˜  , F )  . Then, the lightlike hypersurface   ( M , g , S ( T M ) )   is called








	(i)

	
a screen-semi-invariant lightlike hypersurface if   F ( Rad  T M  )   and   F ( ltr ( T M ) )   belong to   S ( T M )  ,




	(ii)

	
a screen-invariant lightlike hypersurface if   F ( S ( T M ) )   belongs to   S ( T M )  ,




	(iii)

	
a radical-anti-invariant lightlike hypersurface if   F ( Rad  T M  )   belongs to   ltr  ( T M )  ,




	(iv)

	
a radical-invariant lightlike hypersurface if   F ( Rad  T M  )   belongs to   Rad  T M   .











The following statements occur:




	(i)

	
If   ( M , g , S ( T M ) )   is a screen-semi-invariant lightlike hypersurface, then    F *   ( Rad  T M  )    and    F *   ( ltr  ( T M )  )    belong to   S ( T M )  .




	(ii)

	
If   ( M , g , S ( T M ) )   is a screen-invariant lightlike hypersurface, then    F *   ( S  ( T M )  )    belongs to   S ( T M )  .




	(iii)

	
If   ( M , g , S ( T M ) )   is a radical-anti-invariant lightlike hypersurface, then    F *   ( Rad  T M  )    belongs to   ltr  ( T M )  .




	(iv)

	
If   ( M , g , S ( T M ) )   is a radical-invariant lightlike hypersurface, then    F *   ( Rad  T M  )    belongs to   Rad  T M   .









Remark 1.

Semi-invariant submanifolds of almost product Riemannian manifolds were introduced by B. Şahin and M. Atçeken in [34], screen-semi-invariant lightlike hypersurfaces were studied by M. Atçeken and E. Kılıç in [35], radical-anti-invariant lightlike submanifolds were studied by E. Kılıç and B. Şahin in [36], and radical-invariant lightlike hypersurfaces were investigated by E. Kılıç and O. Bahadır in [37]. Special classifications that are presented in Definition 3 are introduced inspired by these studies.





Now, we present some examples:



Example 3.

Let   (  M ˜  ,  g ˜  , F )   be an almost productlike semi-Riemannian manifold of Example 1. Consider a hypersurface of   (  M ˜  ,  g ˜  , F )   that is defined by


    M 1  =   (  x 1  ,  x 2  ,  x 3  ,  x 4  ,  x 5  )  :  x 1  =  x 3   .   











Then, the induced degenerate metric on   M 1   is


    g 1  =     0   0   0   0     0    − 1    0   0     0   0   1   0     0   0   0   1     .   











With a straightforward computation, we have


      Rad   T  M 1      =    Span  ξ =  ∂ 1  +  ∂ 3   ,       S ( T  M 1  )    =    Span   e 1  =  ∂ 2  ,  e 2  =  ∂ 4  ,  e 3  =  ∂ 5        








and


      ltr   ( T  M 1  )  = Span  N =  1 2   ( −  ∂ 1  +  ∂ 3  )   ,      








where    ∂ 1  ,  ∂ 2  ,  ∂ 3  ,  ∂ 4  ,  ∂ 5    is the natural frame field on   Γ ( T  M ˜  )  . Therefore, we obtain


   F ξ =  ∂ 2  +  ∂ 5  ,    F ⋆  ξ =  ∂ 1  +  1 2   ∂ 3    








and


   F N =  1 2   ( −  ∂ 2  +  ∂ 5  )  ,   F ⋆  N =  1 4   ( − 2  ∂ 2  +  ∂ 3  )  ,   








which imply that   (  M 1  ,  g 1  , S  ( T  M 1  )  )   is a screen semi-invariant lightlike hypersurface of   (  M ˜  ,  g ˜  , F )  .





Example 4.

Let   (  M ˜  ,  g ˜  , F )   be an almost productlike Lorentzian manifold of Example 2. Consider a hypersurface M that is defined by


    M 1  =   (  x 1  ,  x 2  ,  x 3  ,  x 4  )  :  x 1  =  x 2   .   











Then, the induced degenerate metric on M is


   g =     0   0   0     0   1   0     0   0   1     .   











With a straightforward computation, we obtain


      Rad  T M     =    Span  ξ =  ∂ 1  +  ∂ 2   ,       S ( T  M 1  )    =    Span   e 1  =  ∂ 3  ,  e 2  =  ∂ 4   ,       ltr ( T M )    =    Span { N =  1 4   ( −  ∂ 1  +  ∂ 2  )  } ,      








where    ∂ 1  ,  ∂ 2  ,  ∂ 3  ,  ∂ 4    is the natural frame field on   Γ ( T  M ˜  )  .



Therefore, we have


   F ξ =  ∂ 1  +  ∂ 2  ,    F *  ξ = −  ∂ 1  −  ∂ 2  ,   













   F N =  1 4   (  ∂ 1  −  ∂ 2  )  ,     F *  N =  1 4   ( −  ∂ 1  +  ∂ 2  ) ,     








which imply that   ( M , g , S ( T M ) )   is a radical-invariant lightlike hypersurface of   (  M ˜  ,  g ˜  , F )  .






4. Screen Semi-Invariant Lightlike Hypersurfaces


In this section, we investigate screen semi-invariant lightlike hypersurfaces on almost productlike semi-Riemannian manifolds.



Let   ( M , g , S ( T M ) )   be a screen semi-invariant lightlike hypersurface of an almost productlike semi-Riemannian manifold   (  M ˜  ,  g ˜  , F )  . In this case, we can put


     F N = ρ ,   F *  N =  ρ *  ,  F ξ = μ   and    F *  ξ =  μ *  ,     



(29)




where  ρ ,   ρ *  ,  μ  and   μ *   belong to   Γ ( S ( T M ) )  . For any vector field   X ∈ Γ ( S ( T M ) )  , we write


     F X = φ X +  w *   ( X )  ξ +  η *   ( X )  N     



(30)




and


      F *  X =  φ *  X + w  ( X )  ξ + η  ( X )  N ,     



(31)




where  φ  and   φ *   are projections on   Γ ( T M )   onto   Γ ( S ( T M ) )  , w,   w *  ,  η  and   η *   are   1  —forms defined by


     w  ( X )  = g  ( X , ρ )  ,    w *   ( X )  = g  ( X ,  ρ *  )      



(32)




and


     η  ( X )  = g  ( X , μ )  ,    η *   ( X )  = g  ( X ,  μ *  )      



(33)




for any   X ∈ Γ ( T M )  .



Using the above facts, we give the following lemma:



Lemma 1.

Let   ( M , g , S ( T M ) )   be an   ( n + 1 )  —dimensional screen semi-invariant lightlike hypersurface of   (  M ˜  ,  g ˜  , F )  . Then, we have


       η *   ( φ X )  = 0  and  η  (  φ *  X )  = 0      



(34)




for any   X ∈ Γ ( T M )  . In particular, the equations


       w *   ( φ X )  = 0  and  w  (  φ *  X )  = 0      



(35)




are satisfied for any   X ∈ Γ ( S ( T M ) )  .





Proof. 

From (29) and (30), we derive


    X   =    F  ( φ X )  +  w *   ( X )  F ξ +  η *   ( X )  F N       =     φ 2  X +  w *   ( φ X )  ξ +  η *   ( φ X )  N +  w *   ( X )  μ +  η *   ( X )  ρ     



(36)




for any   X ∈ Γ ( T M )  . Considering the tangential and transversal parts of last equation, we obtain


   η *   ( φ X )  = 0 .  











If we choose that X belongs to   Γ ( S ( T M ) )  , then we easily obtain from (36) that


   w *   ( φ X )  = 0 .  











Using the fact that     (  F *  )  2  =  I  n + 2     and with a similar argument as that in the proof of (36), we have


     X =   (  φ *  )  2  X + w  (  φ *  X )  ξ + η  (  φ *  X )  N + w  ( X )   μ *  + η  ( X )   ρ *  ,     



(37)




which implies that


  η (  φ *  X ) = 0  








is satisfied for any   X ∈ Γ ( T M )  . If we choose that X belongs to   Γ ( S ( T M ) )  , then we obtain from (37) that


  w (  φ *  X ) = 0 .  











This completes the proof of the lemma. □





Considering (36) and (37), we have the following lemma:



Lemma 2.

For any screen semi-invariant lightlike hypersurface   ( M , g , S ( T M ) )   of   (  M ˜  ,  g ˜  , F )  , we have the following relations for any   X ∈ Γ ( T M )  :


       φ 2  X = P X −  w *   ( X )  μ −  η *   ( X )  ρ ,      



(38)






        (  φ *  )  2  X = P X − w  ( X )   μ *  − η  ( X )   ρ *       



(39)




and


       w *   ( φ X )  = w  (  φ *  X )  .      



(40)









Lemma 3.

Let   ( M , g , S ( T M ) )   be a screen-semi-invariant lightlike hypersurface of   (  M ˜  ,  g ˜  , F )  . Then, we have the following relations:


      g  ( φ X , Y )  +  η *   ( X )   g ˜   ( Y , N )  = g  ( X ,  φ *  Y )  + η  ( Y )   g ˜   ( X , N )       



(41)




and


      g  ( φ X ,  φ *  Y )  = g  ( X , Y )  −  w *   ( X )  η  ( Y )  +  η *   ( Y )  w  ( X )       



(42)




for any   X , Y ∈ Γ ( T M )  . In particular, the relation


      g  ( φ X , Y )  = g  ( X ,  φ *  Y )       



(43)




is satisfied for any   X , Y ∈ Γ ( S ( T M ) )  .





Proof. 

The proof is straightforward by using (30) and (31) in (25). □






5. Screen Semi-Invariant Lightlike Hypersurfaces of Locally Productlike Statistical Manifolds


In this section, we investigate screen semi-invariant lightlike hypersurfaces of a locally productlike statistical semi-Riemannian manifold   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )  .



Proposition 3.

Let   ( M , g , S ( T M ) )   be a screen semi-invariant lightlike hypersurface of   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )  . Then, the following relations are satisfied for any   X ∈ Γ ( T M )  :


       ∇ X  ρ −  η *   (  ∇ X  ρ )  ρ = − φ  A  N  *  X      



(44)




and


       η *   (  ∇ X  ρ )  =  τ *   ( X )  .      



(45)









Proof. 

Using the fact that   (  M ˜  ,  g ˜  , F )   is a locally productlike semi-Riemannian manifold, we write


       ∇ ˜  X  N =   ∇ ˜  X  F ρ = F   ∇ ˜  X  ρ     



(46)




for any   X ∈ Γ ( T M )  . Considering (13) and (46), we obtain


     F   ∇ ˜  X  ρ = −  A  N  *  X +  τ *   ( X )  N .     



(47)







If we put (12) on the left-hand side of (47), we have


  F  ∇ X  ρ + B  ( X , ρ )  F N = −  A  N  *  X +  τ *   ( X )  N ,  








which is equivalent to


     φ  ∇ X  ρ +  w *   (  ∇ X  ρ )  ξ +  η *   (  ∇ X  ρ )  N + B  ( X , ρ )  ρ = −  A  N  *  X +  τ *   ( X )  N .     



(48)







Considering the transversal and tangential parts of (48), we have (45) and the following equality, respectively:


     φ  ∇ X  ρ +  w *   (  ∇ X  ρ )  ξ + B  ( X , ρ )  ρ = −  A  N  *  X     



(49)




for any   X ∈ Γ ( T M )  . Substituting   X = ρ   in (30) and the using (29), we find   φ ρ = 0  . Applying  φ  on both sides of (49), we obtain


      φ 2   ∇ X  ρ +  w *   (  ∇ X  ρ )  φ ξ = − φ  A  N  *  X .     



(50)







In view of (29), (36) and (50), we obtain (44). This completes the proof. □





Now, we recall the following definitions of some useful vector fields:



Definition 4.

Let   (  M ˜  ,  g ˜  )   be a semi-Riemannian manifold and    ∇ ˜   M ˜    be a linear connection on   (  M ˜  ,  g ˜  )  . A vector field v on   M ˜   is called a torse-forming field with respect to    ∇ ˜   M ˜   , if the following condition holds for any   X ∈ Γ ( T  M ˜  )  :


          ∇ ˜   M ˜    X  v = α X + ψ  ( X )  v ,      



(51)




where ψ is a linear form, and α is a function [38]. A torse-forming vector field becomes




	(i)

	
a torqued vector field if   ψ ( v ) = 0  ,




	(ii)

	
a concircular vector field if ψ vanishes identically;




	(iii)

	
a concurrent vector field if   α = 1   and   ψ = 0  ;




	(iv)

	
a recurrent vector field if   α = 0   [39,40,41,42,43,44,45,46].











From Proposition 3 and Definition 4, we have the following corollaries:



Corollary 1.

Let   ( M , g , S ( T M ) )   be a screen semi-invariant lightlike hypersurface of   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )  . If    A  N  *  = 0  , then there exists at least one vector field lying on   Γ ( S ( T M ) )  , which is recurrent with respect to ∇.





Corollary 2.

Let   ( M , g , S ( T M ) )   be a screen semi-invariant lightlike hypersurface. If ρ is a torse-forming vector field with respect to ∇, then    A  N  *  X ≠ 0   for any   X ∈ S ( T M )  .





Proof. 

Suppose that  ρ  is a torse-forming vector field with respect to ∇ and    A  N  *  = 0  . Putting (51) in (44), we have


     α X + ψ  ( X )  ρ −  η *   (  ∇ X  ρ )  ρ = 0 ,     



(52)




where  α  is a function, and  ψ  is a linear form. If we choose X and  ρ  to be linearly independent, then we obtain   α = 0  . This contradicts the fact that  ρ  is a torse-forming vector field. Thus,    A  N  *  X ≠ 0  . □





Corollary 3.

Let   ( M , g , S ( T M ) )   be a screen semi-invariant lightlike hypersurface of   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )  . If ρ is a parallel vector field with respect to ∇, then the shape operator takes the following form:


    A  N  *  X = − B  ( X , ρ )  ρ   













Proof. 

Putting    ∇ X  ρ = 0   in (49), the proof is straightforward. □





Corollary 4.

Let   ( M , g , S ( T M ) )   be a screen semi-Riemannian lightlike hypersurface. If ρ is a parallel with respect to ∇, then   ( M , g , S ( T M ) )   is not totally normally umbilical with respect to   ∇ ˜  .





Now, let us consider the following distributions defined on a lightlike hypersurface   ( M , g , S ( T M ) )   of   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )  :


   D 1  = Span  μ ,  μ *     and    D 2  = Span  ρ ,  ρ *   .  











Then, there exists an   ( n − 4 )  —dimensional semi-Riemannian distribution D in   S ( T M )  , such that we can write


  S  ( T M )  = D  ⊕  o r t h     D 1  ⊕  D 2   .  











Here, ⊕ denotes the direct sum that is not orthogonal. In this case, we clearly write from (3) and (4) that


  T M = D  ⊕  o r t h     D 1  ⊕  D 2    ⊕  o r t h   Rad  T M   








and


  T  M ˜  = D  ⊕  o r t h     D 1  ⊕  D 2    ⊕  o r t h    Rad  T M  ⊕ ltr  ( T M )   .  











From the above facts, it is clear that D is invariant with respect to F and   F *  .



Now, let us consider


   D ¯  = D  ⊕  o r t h   Rad  T M   ⊕  o r t h   F  Rad  T M    ⊕  o r t h    F *   Rad  T M   .  











Then, it is clear that the   D ¯   is also invariant with respect to F and   F *  .



Theorem 1.

Let   ( M , g , S ( T M ) )   be a lightlike hypersurface of   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )  . Then, the following statements are equivalent:








	(i)

	
  D ¯   is integrable with respect to ∇.




	(ii)

	
The relation


      B ( X , f Y ) = B ( Y , f X )      



(53)




is satisfied for any   X , Y ∈ Γ (  D ¯  )  .




	(iii)

	
The relation


      g  (   A ¯   ξ  *  X , f Y )  − g  (   A ¯   ξ  ☆  Y , f X )  = B  ( X , ξ )   g ˜   ( f Y , N )  − B  ( Y , ξ )   g ˜   ( f X , N )       



(54)







is satisfied for any   X , Y ∈ Γ (  D ¯  )  , where   f X = φ X +  w *   ( X )  ξ  .











Proof. 

Using the fact that   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )   is a locally productlike statistical semi-Riemannian manifold, we can write


       ∇ ˜  X  F Y = F   ∇ ˜  X  Y     



(55)




for any   X , Y ∈ Γ (  D ¯  )  . Since Y is perpendicular to  ρ  and   ρ *  , we have


       ∇ ˜  X  F Y =   ∇ ˜  X   ( φ Y +  w *   ( Y )  ξ )  .     



(56)







From (12) and (56), we obtain


       ∇ ˜  X  F Y    =     ∇ X  φ Y + B  ( X , φ Y )  N + X   w *   ( Y )   ξ +  w *   ( Y )   ∇ X  ξ +  w *   ( Y )  B  ( X , ξ )  N .     



(57)







Considering also (12) and (30), we have


     F   ∇ ˜  X  Y    =    F  ∇ X  Y + B  ( X , Y )  F N       =    φ  ∇ X  Y +  w *   (  ∇ X  Y )  ξ +  η *   (  ∇ X  Y )  N + B  ( X , Y )  ρ .     



(58)







In view of (55), (57) and (58), we obtain


        ∇ X  φ Y + B  ( X , φ Y )  N + X   w *   ( Y )   ξ +  w *   ( Y )   ∇ X  ξ         +  w *   ( Y )  B  ( X , ξ )  N = φ  ∇ X  Y +  w *   (  ∇ X  Y )  ξ +  η *   (  ∇ X  Y )  N + B  ( X , Y )  ρ .     



(59)







Interchanging the roles of X and Y, we also have


      ∇ Y  φ X + B  ( Y , φ X )  N + Y   w *   ( X )   ξ +  w *   ( X )   ∇ Y  ξ       +  w *   ( X )  B  ( Y , ξ )  N = φ  ∇ Y  X +  w *   (  ∇ Y  X )  ξ +  η *   (  ∇ Y  X )  N + B  ( Y , X )  ρ .     



(60)







If we subtract (59) and (60) side to side and consider the transversal parts, we have


      η *   (  ∇ X  Y )  −  η *   (  ∇ Y  X )  = B  ( X , φ Y )  − B  ( Y , φ X )  +  w *   ( Y )  B  ( X , ξ )  −  w *   ( X )  B  ( Y , ξ )  ,     



(61)




which is equivalent to


     B  ( X , f Y )  − B  ( Y , f X )  =  η *   (  X , Y  )  .     



(62)







In light of (62), we see that equation


  B ( X , f Y ) = B ( Y , f X )  








is satisfied for any   X , Y ∈ Γ (  D ¯  )   if and only if    X , Y  ∈ Γ  (  D ¯  )   . Therefore,   ( i ) ⇔ ( i i )  .



From (20), (22), and (62), we conclude that   ( i i ) ⇔ ( i i i )  . Hence, the proof is completed. □





From Theorem 1, we immediately obtain the following corollaries:



Corollary 5.

If   ( M , g , S ( T M ) )   is totally geodesic with respect to   ∇ ˜  , then the   D ¯   is integrable with respect to ∇.





Corollary 6.

If   ( M , g , S ( T M ) )   is totally tangentially umbilical with respect to   ∇ ˜  , then   D ¯   is not integrable with respect to ∇.





With similar arguments of Theorem 1, we also obtain the following theorem:



Theorem 2.

For any screen semi-invariant lightlike hypersurface   ( M , g , S ( T M ) )  , the following statements are equivalent:








	(i)

	
  D ¯   is integrable with respect to   ∇ *  .




	(ii)

	
The relation


    B *   ( X ,  f *  Y )  =  B *   ( Y ,  f *  X )    











is satisfied for any   X , Y ∈ Γ (  D ¯  )  .




	(iii)

	
The relation


   g  (   A ¯  ξ  X ,  f *  Y )  − g  (   A ¯  ξ  Y ,  f *  X )  =  B *   ( X , ξ )   g ˜   (  f *  Y , N )  −  B *   ( Y , ξ )   g ˜   (  f *  X , N )    








is satisfied for any   X , Y ∈ Γ (  D ¯  )  , where    f *  X =  φ *  X + w  ( X )  ξ  .











Definition 5.

Let   ( M , g , S ( T M ) )   be a lightlike hypersurface of   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )  .








	(i)

	
The hypersurface is called mixed geodesic with respect to   ∇ ˜   if   B ( X , Y ) = 0   for any   X ∈ Γ (  D ¯  )   and   Y ∈ Γ (  D 2  )  .




	(ii)

	
The hypersurface is called mixed geodesic with respect to    ∇ ˜  *   if    B *   ( X , Y )  = 0   for any   X ∈ Γ (  D ¯  )   and   Y ∈ Γ (  D 2  )  .











Theorem 3.

A screen semi-invariant lightlike hypersurface   ( M , g , S ( T M ) )   is mixed geodesic with respect to   ∇ ˜   if and only if    A  N  *  X   is perpendicular to   D 1   for any   X ∈ Γ (  D ¯  )  .





Proof. 

Suppose that   ( M , g , S ( T M ) )   is mixed geodesic with respect to   ∇ ˜  . From (12) and (13), we have


       ∇ ˜  X  ρ     =  ∇ X  ρ + B  ( X , ρ )  N ,     



(63)






     F   ∇ ˜  X  N     = F  −  A  N  *  X +  τ *   ( X )  N  = − f  A  N  *  X −  η *   (  A  N  *  X )  N +  τ *   ( X )  ρ ,     



(64)




respectively, for any   X ∈ Γ (  D ¯  )  . Using the fact that   (  M ˜  ,  g ˜  , F )   is a locally product manifold, and using (63) and (64), we see that equality


  0 = B  ( X , ρ )  = −  η *   (  A  N  *  X )   








is satisfied. Thus, we find


     g (  A  N  *  X ,  μ *  ) = 0     



(65)




for any   X ∈ Γ (  D ¯  )  . In a similar way, from (12) and (13), we have


       ∇ ˜  X   ρ *      =  ∇ X   ρ *  + B  ( X ,  ρ *  )  N ,     



(66)






      F *    ∇ ˜  X  N     = −  f *   A  N  *  X − η  (  A  N  *  X )  N +  τ *   ( X )   ρ *  ,     



(67)




respectively. In view of (66) and (67), we obtain that equality


  0 = B  ( X ,  ρ *  )  = − η  (  A  N  *  X )   








is satisfied for any   X ∈ Γ (  D ¯  )  . Thus, we find


     g (  A  N  *  X , μ ) = 0 .     



(68)







This fact implies that    A  N  *  X   is perpendicular to   D 1   for any   X ∈ Γ (  D ¯  )  .



The converse of the proof is straightforward. □





With similar arguments, we obtain the following theorem:



Theorem 4.

A screen semi-invariant lightlike hypersurface   ( M , g , S ( T M ) )   is mixed geodesic with respect to    ∇ ˜  ☆   if and only if    A N  X   is perpendicular to   D 1   for any   X ∈ Γ (  D ¯  )  .





By applying methods in the proof of the Theorem 3.11 in [37], we state the following theorem:



Theorem 5.

Let   ( M , g , S ( T M ) )   be a screen semi-invariant lightlike hypersurface of   (  M ˜  ,  g ˜  , F ,  ∇ ˜  )  . Then, M is the locally product manifold of   D ¯   and   D 2   if and only if f and   f *   are parallels on ∇ and   ∇ *  , respectively.









Author Contributions


All authors (Ö.A., M.G., and E.E.) have contributed equally to the preparing this manuscript. All authors have read and agreed to the published version of the manuscript.




Funding


This paper was supported by the Scientific and Technological Research Council of Turkey (TÜBİTAK) with project number 122F326.




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Not applicable.




Data Availability Statement


Not applicable.




Acknowledgments


The authors thank the editor and the anonymous referees for their constructive comments and suggestions.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Takano, K. Statistical manifolds with almost complex structures. Tensor New Ser. 2010, 72, 225–231. [Google Scholar]

	



Aquib, M. Some inequalities for statistical submanifolds of quaternion Kaehler-like statistical space forms. Int. J. Geom. Methods Mod. Phys. 2019, 16, 1950129. [Google Scholar] [CrossRef]

	



Aytimur, H.; Kon, M.; Mihai, A.; Özgür, C.; Takano, K. Chen inequalities for statistical submanifolds of Kähler-like statistical manifolds. Mathematics 2019, 7, 1202. [Google Scholar] [CrossRef]

	



Murathan, C.; Şahin, B. A study of Wintgen like inequality for submanifolds in statistical warped product manifolds. J. Geom. 2018, 109, 1–18. [Google Scholar] [CrossRef]

	



Siddiqui, A.N.; Siddiqi, M.D.; Alkhaldi, A.H.; Ali, A. Lower bounds on statistical submersions with vertical Casorati curvatures. Int. J. Geom. Methods Mod. Phys. 2022, 19, 2250044. [Google Scholar] [CrossRef]

	



Takano, K. Statistical manifolds with almost contact structures and its statistical submersions. J. Geom. 2006, 85, 171–187. [Google Scholar] [CrossRef]

	



Vilcu, A.D.; Vilcu, G.E. Statistical manifolds with almost quaternionic structures and quaternionic Kähler-like statistical submersions. Entropy 2015, 17, 6213–6228. [Google Scholar] [CrossRef]

	



Akyol, M.A.; Gunduzalp, Y. Hemi-slant submersions from almost product Riemannian manifolds. Gulf J. Math. 2016, 4, 15–27. [Google Scholar] [CrossRef]

	



Cvetic, M.; Youm, D. Rotating intersecting M-branes. Nucl. Phys. B 1997, 499, 253–282. [Google Scholar] [CrossRef]

	



Holm, M. New insights in brane and Kaluza–Klein theory through almost product structures. arXiv 1998, arXiv:hep-th/9812168. [Google Scholar]

	



Atçeken, M.; Keleş, S. Two theorems on invariant submanifolds of product Riemannian manifold. Indian J. Pure Appl. Math. 2003, 34, 1035–1044. [Google Scholar]

	



Li, Y.; Mofarreh, F.; Dey, S.; Roy, S.; Ali, A. General relativistic space-time with η 1-Einstein metrics. Mathematics 2022, 10, 2530. [Google Scholar] [CrossRef]

	



Li, Y.; Alkhaldi, A.H.; Ali, A.; Laurian-Ioan, P. On the topology of warped product pointwise semi-slant submanifolds with positive curvature. Mathematics 2021, 9, 3156. [Google Scholar] [CrossRef]

	



Antić, M.; Hu, Z.; Moruz, M.; Vrancken, L. Surfaces of the nearly Kähler S3xS3 preserved by the almost product structure. Math. Nachrichten 2021, 294, 2286–2301. [Google Scholar] [CrossRef]

	



Antić, M. Characterization of Warped Product Lagrangian Submanifolds in Cn. Results Math. 2022, 77, 106. [Google Scholar] [CrossRef]

	



Li, Y.; Mofarreh, F.; Abdel-Baky, R.A. Timelike Circular Surfaces and Singularities in Minkowski 3-Space. Symmetry 2022, 14, 1914. [Google Scholar] [CrossRef]

	



Li, Y.; Alluhaibi, N.; Abdel-Baky, R.A. One-Parameter Lorentzian Dual Spherical Movements and Invariants of the Axodes. Symmetry 2022, 14, 1930. [Google Scholar] [CrossRef]

	



Li, Y.; Nazra, S.H.; Abdel-Baky, R.A. Singularity Properties of Timelike Sweeping Surface in Minkowski 3-Space. Symmetry 2022, 14, 1996. [Google Scholar] [CrossRef]

	



Li, Y.; Abdel-Salam, A.A.; Saad, M.K. Primitivoids of curves in Minkowski plane. AIMS Math. 2023, 8, 2386–2406. [Google Scholar] [CrossRef]

	



Sahin, B. Slant submanifolds of an almost product Riemannian manifold. J. Korean Math. Soc. 2006, 43, 717–732. [Google Scholar] [CrossRef]

	



Atçeken, M.; Şahin, B.; Kılıç, E. On invariant submanifolds of Riemannian warped product manifold. Turk. J. Math. 2003, 27, 407–423. [Google Scholar]

	



Erkan, E.; Takano, K.; Gülbahar, M. Locally product-like statistical manifolds and their hypersurfaces. arXiv 2022, arXiv:2212.02862. [Google Scholar]

	



Duggal, K.L.; Bejancu, A. Lightlike Submanifolds of Semi-Riemannian Manifolds and Applications; Springer: Dordrecht, The Netherlands, 1996. [Google Scholar]

	



Duggal, K.L.; Şahin, B. Differential Geometry of Lightlike Submanifolds; Springer-Birkhauser: Basel, Switzerland, 2010. [Google Scholar]

	



Duggal, K.L.; Jin, D.H. Totally umbilical lightlike submanifolds. Kodai Math. J. 2003, 26, 49–68. [Google Scholar] [CrossRef]

	



Bejan, C.L.; Duggal, K.L. Global lightlike manifolds and harmonicity. Kodai Math. J. 2005, 28, 131–145. [Google Scholar] [CrossRef]

	



Amari, S. Differential-Geometrical Methods in Statistics; Lecture Notes in Statistics; Springer: New York, NY, USA, 1985; Volume 28. [Google Scholar]

	



Furuhata, H. Hypersurfaces in statistical manifolds. Differ. Geom. Appl. 2009, 27, 420–429. [Google Scholar] [CrossRef]

	



Bahadır, O.; Tripathi, M.M. Geometry of lightlike hypersurfaces of a statistical manifold. arXiv 2019, arXiv:1901.09251. [Google Scholar]

	



Bahadır, O.; Siddiqui, A.N.; Gülbahar, M.; Alkhaldi, A.H. Main Curvatures Identities on Lightlike Hypersurfaces of Statistical Manifolds and Their Characterizations. Mathematics 2022, 10, 2290. [Google Scholar] [CrossRef]

	



Furuhata, H.; Hasegawa, I. Submanifold Theory in Holomorphic Statistical Manifolds; Geometry of Cauchy-Riemann submanifolds; Springer: Singapore, 2016; pp. 179–215. [Google Scholar]

	



Kurose, T. Conformal-projective geometry of statistical manifolds. Interdiscip. Inf. Sci. 2002, 8, 89–100. [Google Scholar] [CrossRef]

	



Yano, K.; Kon, M. Structures on Manifolds; World Scientific Publishing Co.: Singapore, 1984. [Google Scholar]

	



Şahin, B.; Atçeken, M. Semi-invariant submanifolds of Riemannian product manifold. Balkan J. Geom. Appl. 2003, 8, 91–100. [Google Scholar]

	



Atçeken, M.; Kılıç, E. Semi-invariant lightlike submanifolds of a semi-Riemannian product manifold. Kodai Math. J. 2007, 30, 361–378. [Google Scholar] [CrossRef]

	



Kılıç, E.; Şahin, B. Radical anti-invariant lightlike submanifolds of semi-Riemannian product manifolds. Turk. J. Math. 2008, 32, 429–449. [Google Scholar]

	



Kılıç, E.; Bahadır, O. Lightlike hypersurfaces of a semi-Riemannian product manifold and quarter-symmetric nonmetric connections. Int. J. Math. Math. Sci. 2012, 2012, 178390. [Google Scholar] [CrossRef]

	



Yano, K. On the torse-forming directions in Riemannian spaces. Proc. Imp. Acad. Tokyo 1944, 20, 340–345. [Google Scholar] [CrossRef]

	



Chen, B.-Y.; Verstraelen, L. A link between torse-forming vector fields and rotational hypersurfaces. Int. J. Geom. Methods Mod. Phys. 2017, 14, 1750177. [Google Scholar] [CrossRef]

	



Li, Y.; Haseeb, A.; Ali, M. LP-Kenmotsu manifolds admitting η-Ricci solitons and spacetime. J. Math. 2022. [Google Scholar] [CrossRef]

	



Li, Y.; Dey, S.; Pahan, S.; Ali, A. Geometry of conformal η-Ricci solitons and conformal η-Ricci almost solitons on Paracontact geometry. Open Math. 2022, 20, 574–589. [Google Scholar] [CrossRef]

	



Li, Y.; Erdoğdu, M.; Yavuz, A. Differential Geometric Approach of Betchow-Da Rios Soliton Equation. Hacet. J. Math. Stat. 2022, 1–12. [Google Scholar] [CrossRef]

	



Li, Y.; Erdoğdu, M.; Yavuz, A. Nonnull soliton surface associated with the Betchov-Da Rios equation. Rep. Math. Phys. 2022, 90, 241–255. [Google Scholar] [CrossRef]

	



Li, Y.; Mondal, S.; Dey, S.; Bhattacharyya, A.; Ali, A. A Study of Conformal η-Einstein Solitons on Trans-Sasakian 3-Manifold. J. Nonlinear Math. Phy. 2022, 1–27. [Google Scholar] [CrossRef]

	



Yano, K. Concircular geometry I. Concircular transformations. Proc. Imp. Acad. Japan 1940, 16, 195–200. [Google Scholar] [CrossRef]

	



Yano, K.; Chen, B.-Y. On the concurrent vector fields of immersed manifolds. Kōdai Math. Semin. Rep. 1971, 23, 343–350. [Google Scholar] [CrossRef]












	
	
Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the content.











© 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  symmetry-15-00077


  
    		
      symmetry-15-00077
    


  




  





media/file0.png





