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Abstract: Several types of solitary wave solutions of (3 + 1)-dimensional nonlinear extended and
modified quantum Zakharov–Kuznetsov equations are established successfully via the implantation
of three mathematical methods. The concerned models have many fruitful applications to describe
the waves in quantum electron–positron–ion magnetoplasmas and weakly nonlinear ion-acoustic
waves in plasma. The derived results via the MEAEM method, ESE method, and modified F-
expansion have been retrieved and will be expedient in the future to illuminate the collaboration
between lower nonlinear ion-acoustic waves. For the physical behavior of the models, some solutions
are plotted graphically in 2D and 3D by imparting particular values to the parameters under the
given condition at each solution. Hence explored solutions have profitable rewards in the field of
mathematical physics.

Keywords: nonlinear extended quantum Zakharov–Kuznetsov equation; nonlinear modified quantum
Zakharov–Kuznetsov equation; mathematical methods; soliton solutions

1. Introduction

A developing concentration has been engrossed in the research of analytical and nu-
merical solutions of nonlinear evolutions equations (NLEEs) during the previous eras [1–6].
NLEEs are used to demonstrate phenomena in dissimilar fields of science and engineer-
ing such as optic fibers, plasmas, biology, fluid mechanics, acoustics, and numerous
others [7–22]. Exact and solitary wave solutions of NLEEs were made possible with the
initiation of the selection of mathematical tools [8–31]. Currently, diverse categories of
nonlinear evolution equations were developed using a powerful reductive perturbation
technique or a multiscale analysis [32–35]. Further specifically, the exploration of exact
solutions called soliton-like solutions has advanced quickly today, which is one of the
significant topics of nonlinear science. Solitons have enormous features because of their
stuff (stability, robustness, and the ability to preserve their velocity and shape after interac-
tion) [18–22], and they occur in various forms such as bright, dark, kink, pulses, breather,
and so on. Furthermore, lately, novel forms of bright and dark solitons known as W-shape
and M-shape have been exposed. A similar number of works have been approved to show
the relevance of these results [36–40]. However, searching for the exact traveling wave
solutions still poses a problem at times due to not all the known methods can be applied
to NLEEs. In this current research, we explore solitary wave solutions by applying three
mathematical methods, modified extended auxiliary equation mapping method, extended
simple equation method, and modified F-expansion method [41,42]. The derived solutions
have great potential to handle nonlinear problems in mathematical physics.
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The article is arranged as follows: Section 2 is a survey of the proposed schemes.
Section 3 is an implementation of the presented methods to concern models. The obtained
solitary wave solutions to the (3 + 1)-Dimensional nonlinear extended and modified quan-
tum Zakharov–Kuznetsov equations are given in Section 4. Section 5 gives the results and
summary of the work.

2. Description of the Methods

Let the NPDE has a form as

E(U, Ut, Ux, Uxx, Uxt, . . .) = 0. (1)

Let
U = U(ξ), ξ = kx−ωt. (2)

Substitute (2) in (1),
F
(
U, U′, U′′, . . .

)
= 0. (3)

2.1. Modified Extended Auxiliary Equation Mapping Method

Suppose the solution of (3) is,

U =
N

∑
i=0

AiΨi +
−N

∑
i=−1

B−iΨi +
N

∑
i=2

CiΨi−2Ψ
′
+

N

∑
i=1

Di

(
Ψ
′

Ψ

)i

. (4)

Let Ψ satisfy,

Ψ′ =
√

β1Ψ2 + β2Ψ3 + β3Ψ4. (5)

Put (4) with (5) in (3), we found the solution of (1).

2.2. Extended Simple Equation Method

Let (3) has solution,

U(ξ) =
N

∑
i=−N

AiΨ
i(ξ). (6)

Let Ψ satisfy,
Ψ′ = c0 + c1Ψ + c2Ψ2 + c3Ψ3. (7)

Put (6) with (7) in (3). We get the solution of (1).

2.3. Modified F-Expansion Method

Suppose the solution of (3) is:

U = a0 +
N

∑
i=1

aiFi(ξ) +
N

∑
i=1

biF−i(ξ). (8)

Let F obliges,
F′ = A + BF + CF2. (9)

Put (8) with (9) in (3). Solve obtained system to establish the required solution of (1).

3. (3 + 1)-Dimensional Nonlinear Extended Quantum Zakharov–Kuznetsov
(NLEQZK) Equation

Let NLEQZK equation [36,38,39].

∂U
∂t

+
(

PU + QU2
)∂U

∂z
+ R ∂3U

∂z3 + S
∂

∂z

(
∂2

∂x2 + ∂2

∂y2

)
U = 0. (10)
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The (3 + 1)-dimensional NLEQZK model has fruitful applications to handle the quan-
tum electron-positron-ion magneto-plasmas, warm ions, and hot isothermal electrons in
the existence of a uniform magnetic field.

Let wave transformations,

U(x, y, z, t) = U(ξ), ξ = αx + βy + γz−ωt. (11)

Put (11) in (10), after integrating and omitting the integral constant, we have

1
2

γPU2 +
1
3

γQU3 + U′′
(

γ3R + γS
(

α2 + β2
))
−Uω = 0. (12)

3.1. Application of Modified Extended Auxiliary Equation Mapping Method

Let solution of (12) is,

U = A1Ψ + A0 +
B1

Ψ
+

D1Ψ′

Ψ
. (13)

Put (13) with (5) in (12), we obtained the coefficients of solutions as following

A0 = − P
2Q

, A1 =

√
β3P

2
√

β1Q
, B1 = 0, D1 =

P
2
√

β1Q
, ω = −γP2

6Q
,

α =

√
−P2 − 6β1γ2QR− 6β2β1QS√

6
√

β1
√

Q
√

S
. (14)

Substitute (14) in (13), we found the solutions of equation (10)

CASE I:

U1 =−

(√β3P
)(

β1

(
ε coth

(
1
2

√
β1(ξ + ξ0)

)
+ 1
))

β2
(
2
√

β1Q
)

+

 P
(

β3/2
1 εcsch2

(
1
2

√
β1(ξ + ξ0)

))
(2
√

β1Q)((2β2)(−β1(ε coth( 1
2

√
β1(ξ+ξ0))+1)))

β2


−
(

P
2Q

)
, β1 > 0, β2

2 − 4β1β3 = 0. (15)

CASE II:

U2 =−


P

(√
β1
β3

(√
β1ε cosh(

√
β1(ξ+ξ0))

cosh(
√

β1(ξ+ξ0))+η
−
√

β1ε sinh2(
√

β1(ξ+ξ0))

(cosh(
√

β1(ξ+ξ0))+η)
2

))
(
2
√

β1Q
)(

2
(
−
√

β1
4β3

(
ε sinh(

√
β1(ξ+ξ0))

cosh(
√

β1(ξ+ξ0))+η
+ 1
)))

−

(√

β3P
)(√ β1

4β3

(
ε sinh(

√
β1(ξ+ξ0))

cosh(
√

β1(ξ+ξ0))+η
+ 1
))

2
√

β1Q


−
(

P
2Q

)
, β1 > 0, β3 > 0, β2 = (4β1β3)

1/2. (16)

CASE III:



Symmetry 2023, 15, 248 4 of 22

U3 =


P

(
−
(

β1

( √
β1ε cosh(

√
β1(ξ+ξ0))

cosh(
√

β1(ξ+ξ0))+η
√

P2+1
−
√

β1ε sinh(
√

β1(ξ+ξ0))(sinh(
√

β1(ξ+ξ0))+P)

(cosh(
√

β1(ξ+ξ0))+η
√

P2+1)
2

)))
(2
√

β1Q)

(
β2

(
−β1

(
ε(sinh(

√
β1(ξ+ξ0))+P)

cosh(
√

β1(ξ+ξ0))+η
√

P2+1
+1

)))
β2

−
(

P
2Q

)
+


√

β3P

2
√

β1Q

(
−β1

(
ε(sinh(

√
β1(ξ+ξ0))+P)

cosh(
√

β1(ξ+ξ0))+η
√

P2+1
+ 1
))

β2

, β1 > 0. (17)

Some solutions are plotted graphically in 2-dimensional and 3-dimensional by imparting
particular value to the parameters under the constrain condition on each disquiet solution
(Figures 1–11).

Figure 1. The profile of solution U1 with β1 = 2, β2 = −4, β3 = 2, β = −0.5, γ = 4.5, ξ0 = −4,
P = 0.05, Q = 2, R = 0.1, S = 2.5, ω = 0.05, y = 1, z = 1, ε = −1.

3.2. Application of Extended Simple Equation Method

Let solution of (12) is

U = A1Ψ +
A−1

Ψ
+ A0. (18)

Put (18) with (7) in (12), we derived the coefficients as following

CASE 1: c3 = 0,

FAMILY-I

A−1 = 0, A1 = − c2P√
c2

1Q2 − 4c0c2Q2
, A0 =

− c1PQ√
(c2

1−4c0c2)Q2
− P

2Q
, ω = −γP2

6Q
,

α = −

√
−6γ2c2

1QR + 24γ2c0c2QR− 6β2c2
1QS + 24β2c0c2QS− P2√

6c2
1QS− 24c0c2QS

. (19)

Put (19) in (18),
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U4 =

 (c2P)
(

c1 −
√

4c2c0 − c2
1 tan

(
1
2

√
4c2c0 − c2

1(ξ + ξ0)
))

(2c2)
√

c2
1Q2 − 4c0c2Q2

+


P

(
− c1Q√

(c2
1−4c0c2)Q2

− 1

)
2Q

,

4c0c2 > c2
1. (20)

FAMILY-II

A−1 = − c0P√
c2

1Q2 − 4c0c2Q2
, A1 = 0, A0 =

− c1PQ√
(c2

1−4c0c2)Q2
− P

2Q
, ω = −γP2

6Q
,

α = −

√
−6γ2c2

1QR + 24γ2c0c2QR− 6β2c2
1QS + 24β2c0c2QS− P2√

6c2
1QS− 24c0c2QS

. (21)

Substitute (21) in (18),

U5 =


− c1PQ√

(c2
1−4c0c2)Q2

− P

2Q

−
 c0P
√

c2
1Q2−4c0c2Q2

(
c1−
√

4c2c0−c2
1 tan

(
1
2

√
4c2c0−c2

1(ξ+ξ0)
))

2c2

,

4c0c2 > c2
1. (22)

CASE 2: c0 = 0, c3 = 0,

A−1 = 0, A1 = − c2P
c1Q

, A0 = − P
Q

, ω = −γP2

6Q
, α =

√
−6γ2c2

1QR− 6β2c2
1QS− P2

√
6c1
√

Q
√

S
. (23)

Put (23) in (18),

U6 = −
(

(c2P)(c1 exp(c1(ξ + ξ0)))

(c1Q)(1− c2 exp(c1(ξ + ξ0)))

)
−
(

P
Q

)
, c1 > 0, (24)

U7 =

(
(c2P)(c1 exp(c1(ξ + ξ0)))

(c1Q)(c2 exp(c1(ξ + ξ0)) + 1)

)
−
(

P
Q

)
, c1 < 0. (25)

CASE 3: c1 = 0, c3 = 0,

FAMILY-I

A−1 = 0, A1 =
i
√

c2P
2
√

c0Q
, A0 = − P

2Q
, α =

√
−24γ2c0c2QR− 24β2c0c2QS + P2

2
√

6
√

c0
√

c2
√

Q
√

S
, ω = −γP2

6Q
. (26)

Put (26) in (18),

U8 = −
(

P
2Q

)
+

(
(i
√

c2P)(
√

c0c2 tan(
√

c0c2(ξ + ξ0)))

c2(2
√

c0Q)

)
, c0c2 > 0, (27)
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U9 = −
(

P
2Q

)
+

(
(i
√

c2P)(
√
−c0c2 tanh(

√
−c0c2(ξ + ξ0)))

c2(2
√

c0Q)

)
, c0c2 < 0. (28)

FAMILY-II

A−1 =
i
√

c0P
2
√

c2Q
, A1 = 0, A0 = − P

2Q
, α = −

√
−24γ2c0c2QR− 24β2c0c2QS + P2

2
√

6
√

c0
√

c2
√

Q
√

S
, ω = −γP2

6Q
. (29)

Put (29) in (18),

U10 = −
(

P
2Q

)
+

 i
√

c0P
(2
√

c2Q)(
√

c0c2 tan(
√

c0c2(ξ+ξ0)))
c2

, c0c2 > 0, (30)

U11 = −
(

P
2Q

)
+

 i
√

c0P
(2
√

c2Q)((i
√

c2P)(
√
−c0c2 tanh(

√
−c0c2(ξ+ξ0))))

c2(2
√

c0Q)

)

, c0c2 < 0. (31)

FAMILY-III

A−1 =

√
c0P

2
√

2
√

c2Q
, A1 =

√
c2P

2
√

2
√

c0Q
, A0 = − P

2Q
,

α =

√
−48γ2c0c2QR− 48β2c0c2QS− P2

4
√

3
√

c0
√

c2
√

Q
√

S
, ω = −γP2

6Q
. (32)

Put (32) in (18),

U12 =

 (
√

c2P)(
√

c0c2 tan(
√

c0c2(ξ + ξ0)))

c2

(
2
√

2
√

c0Q
)

+

 √
c0P

(2
√

2
√

c2Q)(
√

c0c2 tan(
√

c0c2(ξ+ξ0)))
c2

−( P
2Q

)
,

c0c2 > 0, (33)

U13 =

 (
√

c2P)(
√
−c0c2 tanh(

√
−c0c2(ξ + ξ0)))

c2

(
2
√

2
√

c0Q
)

+

 √
c0P

(2
√

2
√

c2Q)(
√
−c0c2 tanh(

√
−c0c2(ξ+ξ0)))

c2

−( P
2Q

)
,

c0c2 < 0. (34)

Figure 2. Solution U5 with β = 0.01, c0 = 1, c2 = 1, c1 = 0.01, γ = −0.05, ξ0 = −3.5,
P = −4.5, Q = −1.3, R = −2.1, S = −3.5, ω = −2, y = 1, z = 1.



Symmetry 2023, 15, 248 7 of 22

Figure 3. Solution U13 with β = 0.3, c0 = 1, c2 = −0.4, γ = 0.9, ξ0 = 0.05, P = 1.5, Q = −1.3, R =

−1.5, S = 0.3, y = 1, z = 1.

3.3. Application of Modified F-Expansion Method

Let (12) has solution,

U = a0 + a1F +
b1

F
(35)

Put (35) with (9) in (12).

A = 0, B = 1, C = −1,

a1 =
P
Q

, a0 = − P
Q

, b1 = 0, ω = −γP2

6Q
, α =

√
−P2 − 6γ2QR− 6β2QS√

6
√

Q
√

S
. (36)

Put (36) in (35),

U14 =

P
(

1
2 tanh

(
ξ
2

)
+ 1

2

)
Q

−( P
Q

)
. (37)

A = 0, C = 1, B = −1,

a1 = − P
Q

, a0 = 0, b1 = 0, ω = −γP2

6Q
, α = −

√
−P2 − 6γ2QR− 6β2QS√

6
√

Q
√

S
. (38)

Put (38) into (35),

U15 = −

P
(

1
2 −

1
2 coth

(
ξ
2

))
Q

. (39)

A = 1/2, B = 0, C = −1/2

FAMILY-I

a0 = a1 = − P
2Q

= − P
2Q

, b1 = 0, ω = −γP2

6Q
, α = −

√
−P2 − 6γ2QR− 6β2QS√

6
√

Q
√

S
. (40)

Substitute (40) into (35),

U16,1 = −
(

P(cot(ξ) + csc(ξ))
2Q

)
−
(

P
2Q

)
. (41)
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FAMILY-II

a1 = 0, a0 = − P
2Q

, b1 = − P
2Q

, ω = −γP2

6Q
, α =

√
−P2 − 6γ2QR− 6β2QS√

6
√

Q
√

S
. (42)

Put (42) in (35),

U16,2 = −
(

P
(2Q)(cot(ξ) + csc(ξ))

)
−
(

P
2Q

)
. (43)

FAMILY-III

a1 = − P
4Q

, a0 = − P
2Q

, b1 = − P
4Q

, ω = −γP2

6Q
, α = −

√
−P2 − 24γ2QR− 24β2QS

2
√

6
√

Q
√

S
(44)

Put (44) in (35),

U16,3 = −
(

P(cot(ξ) + csc(ξ))
4Q

)
−
(

P
(4Q)(cot(ξ) + csc(ξ))

)
−
(

P
2Q

)
. (45)

Figure 4. The profile of solution U16,3 with β = 1, γ = 3, P = −1.01, Q = 5.3, R = 0.5,
S = −2.1, y = 1, z = 1.

A = 1, B = 0, C = −1

FAMILY-I

a1 =
P

2Q
, a0 = − P

2Q
, b1 = 0, ω = −γP2

6Q
, α =

√
−P2 − 24γ2QR− 24β2QS

2
√

6
√

Q
√

S
. (46)

Put (46) in (35),

U17,1 =

(
P tanh(ξ)

2Q

)
−
(

P
2Q

)
. (47)

FAMILY-II

a1 = 0, a0 = − P
2Q

, b1 =
P

2Q
, ω = −γP2

6Q
, α =

√
−P2 − 24γ2QR− 24β2QS

2
√

6
√

Q
√

S
. (48)

Put (48) in (35),

U17,2 =

(
P

(2Q) tanh(ξ)

)
−
(

P
2Q

)
. (49)
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FAMILY-III

a1 =
P

4Q
, a0 = − P

2Q
, b1 =

P
4Q

, ω = −γP2

6Q
, α =

√
−P2 − 96γ2QR− 96β2QS

4
√

6
√

Q
√

S
. (50)

Put (50) in (35),

U17,3 =

(
P tanh(ξ)

4Q
+

P
(4Q) tanh(ξ)

)
−
(

P
2Q

)
. (51)

A = C = 1/2, B = 0,

FAMILY-I

a1 = − iP
2Q

, a0 = − P
2Q

, b1 = 0, ω = −γP2

6Q
, α = −

√
P2 − 6γ2QR− 6β2QS√

6
√

Q
√

S
. (52)

Put (52) in (35),

U18,1 = −
(

P
2Q

)
−
(
(iP)(tan(ξ) + sec(ξ))

2Q

)
. (53)

FAMILY-II

a1 = 0, a0 = − P
2Q

, b1 =
iP
2Q

, ω = −γP2

6Q
, α = −

√
P2 − 6γ2QR− 6β2QS√

6
√

Q
√

S
. (54)

Put (54) in (35),

U18,2 = −
(

P
2Q

)
+

(
iP

(2Q)(tan(ξ) + sec(ξ))

)
. (55)

FAMILY-III

a1 =
P

2
√

2Q
, a0 = − P

2Q
, b1 =

P
2
√

2Q
, ω = −γP2

6Q
, α =

√
−P2 − 12γ2QR− 12β2QS

2
√

3
√

Q
√

S
. (56)

Put (56) in (35),

U18,3 =

(
P(tan(ξ) + sec(ξ))

2
√

2Q

)
+

 P(
2
√

2Q
)
(tan(ξ) + sec(ξ))

−( P
2Q

)
. (57)

A = C = −1/2, B = 0,

FAMILY-I

a1 = − iP
2Q

, a0 = − P
2Q

, b1 = 0, ω = −γP2

6Q
, α =

√
P2 − 6γ2QR− 6β2QS√

6
√

Q
√

S
. (58)

Put (58) in (35),

U19,1 = −
(

P
2Q

)
−
(
(iP)(sec(ξ)− tan(ξ))

2Q

)
. (59)

FAMILY-II

a1 = 0, a0 = − P
2Q

, b1 = − iP
2Q

, ω = −γP2

6Q
, α =

√
P2 − 6γ2QR− 6β2QS√

6
√

Q
√

S
. (60)
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Put (60) in (35),

U19,2 = −
(

P
2Q

)
−
(

iP
(2Q)(sec(ξ)− tan(ξ))

)
. (61)

Figure 5. The profile of solution U19,2 with β = 1, γ = 3, P = −1.01, Q = 0.3, R = 0.5,
S = −2.1, y = 1, z = 1.

FAMILY-III

a1 = − P
2
√

2Q
, a0 = − P

2Q
, b1 = − P

2
√

2Q
, ω = −γP2

6Q
, α =

√
−P2 − 12γ2QR− 12β2QS

2
√

3
√

Q
√

S
. (62)

Put (62) in (35),

U19,3 = −
(

P(sec(ξ)− tan(ξ))
2
√

2Q

)
−

 P(
2
√

2Q
)
(sec(ξ)− tan(ξ))

−( P
2Q

)
. (63)

A = C = −1, B = 0,

FAMILY-I

a1 = − iP
2Q

, a0 = − P
2Q

, b1 = 0, α = −
√

P2 − 24γ2QR− 24β2QS
2
√

6
√

Q
√

S
, ω = −γP2

6Q
. (64)

Put (64) in (35),

U20,1 = −
(

P
2Q

)
−
(
(iP) tan(ξ)

2Q

)
. (65)

FAMILY-II

a1 = 0, a0 = − P
2Q

, b1 = − iP
2Q

, α =

√
P2 − 24γ2QR− 24β2QS

2
√

6
√

Q
√

S
, ω = −γP2

6Q
. (66)

Put (66) in (35),

U20,2 = −
(

P
2Q

)
−
(

iP
(2Q) tan(ξ)

)
. (67)

FAMILY-III
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a1 =
P

2
√

2Q
, a0 = − P

2Q
, b1 =

P
2
√

2Q
, α =

√
−P2 − 48γ2QR− 48β2QS

4
√

3
√

Q
√

S
, ω = −γP2

6Q
. (68)

Put (68) in (35),

U20,3 =

(
P tan(ξ)
2
√

2Q

)
+

 P(
2
√

2Q
)

tan(ξ)

−( P
2Q

)
. (69)

C = 0

a1 = 0, a0 = 0, b1 =
AP
BQ

, α = −
√
−6B2γ2QR− 6β2B2QS− P2

√
6B
√

Q
√

S
, ω = −γP2

6Q
. (70)

Put (70) in (35),

U21 =

(
B(AP)

(BQ)(exp(Bξ)− A)

)
. (71)

Figure 6. Solution U21 with A = −0.5, β = 1, B = 0.01, γ = 3, P = −1.01, Q = 0.01, R = 5.5,
S = −2.1, y = 1, z = 1.

4. (3 + 1)-Dimensional Nonlinear Modified Quantum Zakharov–Kuznetsov
(NLmQZK) Equation

Let NLmQZK equation [40,43].

16
(

∂U
∂t
− µ

∂U
∂x

)
+ 30
√

U
∂U
∂x

+
∂3U
∂x3 +

∂

∂x

(
∂2

∂y2 +
∂2

∂z2

)
U = 0. (72)

The above model is an adequate NLEE which is used to point out the behavior of the
electrons associated with the temperature on the latter [40].

Let wave transformations,

U(x, y, z, t) = U(ξ), ξ = k1x + k2y + k3z−ωt. (73)

Put (73) in (72), after integrating twice with omitting the integral constant, we have

30k1U3/2 + k1

(
k2

1 + k2
2 + k2

3

)
U′′ − 16U(µk1 + ω) = 0. (74)

Let
V =

√
U. (75)
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Put (75) in (74),

20k1V3 − 16V2(k1µ + ω) + 2k1

(
k2

1 + k2
2 + k2

3

)((
V′
)2

+ VV′′
)
= 0. (76)

4.1. Application of Modified Extended Auxiliary Equation Mapping Method

Let solution of (76) is,

V = A2Ψ2 + A1Ψ + A0 +
B1

Ψ
+

B2

Ψ2 + C2Ψ′ + D2

(
Ψ′

Ψ

)2

+
D1Ψ′

Ψ
. (77)

Put (77) with (5) in (76),

A0 = β1(−D2), A1 = −1
4

β2

(
4D2 + k2

1 + k2
2 + k2

3

)
, A2 = −1

2
β3

(
2D2 + k2

1 + k2
2 + k2

3

)
,

C2 =
1
2

√
β3

(
k2

1 + k2
2 + k2

3

)
, D1 = 0, B1 = 0, B2 = 0, ω =

1
4

(
β1k3

1 + β1k2
2k1 + β1k2

3k1 − 4k1µ
)

. (78)

Subsitute (78) in (77),

CASE I:

V1 =β1(−D2)−

 β2
(
4D2 + k2

1 + k2
2 + k2

3
)(
−β1

(
ε coth

(
1
2

√
β1(ξ + ξ0)

)
+ 1
))

4β2


− 1

2
β3

(
2D2 + k2

1 + k2
2 + k2

3

)− β1

(
ε coth

(
1
2

√
β1(ξ + ξ0)

)
+ 1
)

β2

2

+
1
2

√
β3

(
k2

1 + k2
2 + k2

3

)
 β3/2

1 εcsch2
(

1
2

√
β1(ξ + ξ0)

)
2β2

+ D2

 β3/2
1 εcsch2

(
1
2

√
β1(ξ + ξ0)

)
(2β2)(−β1(ε coth( 1

2

√
β1(ξ+ξ0))+1))

β2


2

, β1 > 0, β2
2 − 4β1β3 = 0. (79)

From (75), the solution of (79) can be written as,

U22 = (V1)
2, β1 > 0, β2

2 − 4β1β3 = 0. (80)

CASE II:

V2 =− β1D2 −
1
4

β2

(
4D2 + k2

1 + k2
2 + k2

3

)(
−
√

β1

4β3

(
ε sinh

(√
β1(ξ + ξ0)

)
cosh

(√
β1(ξ + ξ0)

)
+ η

+ 1

))

− 1
2

β3

(
2D2 + k2

1 + k2
2 + k2

3

)(
−
√

β1

4β3

(
ε sinh

(√
β1(ξ + ξ0)

)
cosh

(√
β1(ξ + ξ0)

)
+ η

+ 1

))2

+
1
2

√
β3

(
k2

1 + k2
2 + k2

3

)
(
−1

2

√
β1

β3

(√
β1ε cosh

(√
β1(ξ + ξ0)

)
cosh

(√
β1(ξ + ξ0)

)
+ η

−
√

β1ε sinh2(√β1(ξ + ξ0)
)(

cosh
(√

β1(ξ + ξ0)
)
+ η

)
2

))
+D2

−
√

β1
β3

(√
β1ε cosh(

√
β1(ξ+ξ0))

cosh(
√

β1(ξ+ξ0))+η
−
√

β1ε sinh2(
√

β1(ξ+ξ0))

(cosh(
√

β1(ξ+ξ0))+η)
2

)

2
(
−
√

β1
4β3

(
ε sinh(

√
β1(ξ+ξ0))

cosh(
√

β1(ξ+ξ0))+η
+ 1
))


2, β1 > 0, β3 > 0, β2 = (4β1β3)

1/2. (81)

U23 = (V2)
2, β1 > 0, β3 > 0, β2 = (4β1β3)

1/2. (82)
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CASE III:

V3 =

β1(−D2)−
β2
(
4D2 + k2

1 + k2
2 + k2

3
)(
−β1

(
ε(sinh(

√
β1(ξ+ξ0))+P)

cosh(
√

β1(ξ+ξ0))+η
√

P2+1
+ 1
))

4β2



− 1
2

β3

(
2D2 + k2

1 + k2
2 + k2

3

)− β1

(
ε(sinh(

√
β1(ξ+ξ0))+P)

cosh(
√

β1(ξ+ξ0))+η
√

P2+1
+ 1
)

β2


2

+
1
2

√
β3

(
k2

1 + k2
2 + k2

3

)
−

β1

( √
β1ε cosh(

√
β1(ξ+ξ0))

cosh(
√

β1(ξ+ξ0))+η
√

P2+1
−
√

β1ε sinh(
√

β1(ξ+ξ0))(sinh(
√

β1(ξ+ξ0))+P)

(cosh(
√

β1(ξ+ξ0))+η
√

P2+1)
2

)
β2



+ D2

−
β1

( √
β1ε cosh(

√
β1(ξ+ξ0))

cosh(
√

β1(ξ+ξ0))+η
√

P2+1
−
√

β1ε sinh(
√

β1(ξ+ξ0))(sinh(
√

β1(ξ+ξ0))+P)
(cosh(

√
β1(ξ+ξ0))+η

√
P2+1)2

)
β2

(
−β1

(
ε(sinh(

√
β1(ξ+ξ0))+P)

cosh(
√

β1(ξ+ξ0))+η
√

P2+1
+1

))
β2


2

, β1 > 0. (83)

U24 = (V3)
2, β1 > 0, β3 > 0, β2 = (4β1β3)

1/2. (84)

Figure 7. Solution U24 with β1 = 2, β2 = 0.001, β3 = 2, D2 = 3.01, η = 1, ξ0 = 0.4, k1 = 0.7,
k2 = −0.0001, k3 = 1.3, µ = 0.5, P = 1, y = 1, z = 1, ε = 1.

4.2. Application of Extended Simple Equation Method

Let solution of (76) is

V = A2Ψ2 + A1Ψ +
A−2

Ψ2 +
A−1

Ψ
+ A0. (85)

Put (85) with (7) in (76),

CASE 1: c3 = 0,

FAMILY-I

A0 = −c0c2

(
k2

1 + k2
2 + k2

3

)
, A−2 = 0, A−1 = 0, A2 = −c2

2

(
k2

1 + k2
2 + k2

3

)
,

A1 = −c1c2

(
k2

1 + k2
2 + k2

3

)
, ω =

1
4

k1

((
c2

1 − 4c0c2

)(
k2

1 + k2
2 + k2

3

)
− 4µ

)
. (86)
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Put (86) in (85),

V4 =− c0c2

(
k2

1 + k2
2 + k2

3

)
+
(

c1c2

(
k2

1 + k2
2 + k2

3

)) c1 −
√

4c2c0 − c2
1 tan

(
1
2

√
4c2c0 − c2

1(ξ + ξ0)
)

2c2


(

c2
2

(
k2

1 + k2
2 + k2

3

))
 c1 −

√
4c2c0 − c2

1 tan
(

1
2

√
4c2c0 − c2

1(ξ + ξ0)
)

2c2


2, 4c0c2 > c2

1. (87)

U25 = (V4)
2, 4c0c2 > c2

1. (88)

FAMILY-II

A0 = −c0c2

(
k2

1 + k2
2 + k2

3

)
, A−2 = −c2

0

(
k2

1 + k2
2 + k2

3

)
, A−1 = −c0c1

(
k2

1 + k2
2 + k2

3

)
,

A2 = 0, A1 = 0, ω =
1
4

k1

((
c2

1 − 4c0c2

)(
k2

1 + k2
2 + k2

3

)
− 4µ

)
. (89)

Substitute (89) in (85),

V5 =

 4c2
2(

c1 −
√

4c2c0 − c2
1 tan

(
1
2

√
4c2c0 − c2

1(ξ + ξ0)
))2

(−c2
0

(
k2

1 + k2
2 + k2

3

))
−

(
−c0c1

(
k2

1 + k2
2 + k2

3

)) 2c2

c1 −
√

4c2c0 − c2
1 tan

(
1
2

√
4c2c0 − c2

1(ξ + ξ0)
)
− (c0c2

(
k2

1 + k2
2 + k2

3

))
,

4c0c2 > c2
1. (90)

U26 = (V5)
2, 4c0c2 > c2

1. (91)

CASE 2: c0 = 0, c3 = 0,

A0 = 0, A−2 = 0, A−1 = 0, A2 = −c2
2

(
k2

1 + k2
2 + k2

3

)
,

A1 = −c1c2

(
k2

1 + k2
2 + k2

3

)
, ω =

1
4

(
c2

1k3
1 + c2

1k2
2k1 + c2

1k2
3k1 − 4k1µ

)
. (92)

Put (92) in (85),

V6 =

(
−
(
c1c2

(
k2

1 + k2
2 + k2

3
))
(c1 exp(c1(ξ + ξ0)))

1− c2 exp(c1(ξ + ξ0))

)
−
(

c2
2

(
k2

1 + k2
2 + k2

3

))
(

c1 exp(c1(ξ + ξ0))

1− c2 exp(c1(ξ + ξ0))

)2
, c1 > 0, (93)

U27 = (V6)
2, c1 > 0. (94)

V7 =

(
c2

2

(
−
(

k2
1 + k2

2 + k2
3

))(
− c1 exp(c1(ξ + ξ0))

c2 exp(c1(ξ + ξ0)) + 1

)2
)
−
((
−c1c2

(
k2

1 + k2
2 + k2

3
))
(c1 exp(c1(ξ + ξ0)))

c2 exp(c1(ξ + ξ0)) + 1

)
,

c1 < 0. (95)
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U28 = (V6)
2, c1 < 0. (96)

CASE 3: c1 = 0, c3 = 0,

FAMILY-I

A0 = −c0c2

(
k2

1 + k2
2 + k2

3

)
, A−2 = 0, A−1 = 0, A2 = −c2

2

(
k2

1 + k2
2 + k2

3

)
,

A1 = 0, ω = −k1

(
c0c2k2

1 + c0c2k2
2 + c0c2k2

3 + µ
)

. (97)

Put (97) in (85),

V8 = −c2
2

(
k2

1 + k2
2 + k2

3

)(√c0c2 tan(
√

c0c2(ξ + ξ0))

c2

)
2 − c0c2

(
k2

1 + k2
2 + k2

3

)
, c0c2 > 0, (98)

U29 = (V8)
2, c0c2 > 0. (99)

V9 = −c2
2

(
k2

1 + k2
2 + k2

3

)(√−c0c2 tanh(
√
−c0c2(ξ + ξ0))

c2

)2

− c0c2

(
k2

1 + k2
2 + k2

3

)
, c0c2 < 0. (100)

U30 = (V9)
2, c0c2 < 0. (101)

Figure 8. Solution U26 with c0 = 0.05, c1 = 1.07, c2 = 1, D2 = 3.01, ξ0 = 0.4, k1 = 0.7, k2 =

−0.1, k3 = 1.3, µ = 1.7, y = 1, z = 1.

FAMILY-II

A0 = −c0c2

(
k2

1 + k2
2 + k2

3

)
, A−2 = −c2

0

(
k2

1 + k2
2 + k2

3

)
,

A−1 = 0, A2 = 0, A1 = 0, ω = −k1

(
c0c2k2

1 + c0c2k2
2 + c0c2k2

3 + µ
)

. (102)

Put (102) in (85),

V10 =

− c2
0
(
k2

1 + k2
2 + k2

3
)(√

c0c2 tan(
√

c0c2(ξ+ξ0))
c2

)2

− c2c0

(
k2

1 + k2
2 + k2

3

)
, c0c2 > 0, (103)

U31 = (V10)
2, c0c2 > 0, . (104)
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V11 =

− c2
0
(
k2

1 + k2
2 + k2

3
)(√

−c0c2 tanh(
√
−c0c2(ξ+ξ0))

c2

)2

− c2c0

(
k2

1 + k2
2 + k2

3

)
, c0c2 < 0. (105)

U32 = (V11)
2, c0c2 < 0. (106)

FAMILY-III

A0 = −2c0c2

(
k2

1 + k2
2 + k2

3

)
, A−2 = −c2

0

(
k2

1 + k2
2 + k2

3

)
, A−1 = 0,

A2 = −c2
2

(
k2

1 + k2
2 + k2

3

)
, A1 = 0, ω = −4c0c2k3

1 − 4c0c2k2
2k1 − 4c0c2k2

3k1 − k1µ. (107)

Put (107) in (85),

V12 =− c2
2

(
k2

1 + k2
2 + k2

3

)(√c0c2 tan(
√

c0c2(ξ + ξ0))

c2

)2

−

 c2
0
(
k2

1 + k2
2 + k2

3
)(√

c0c2 tan(
√

c0c2(ξ+ξ0))
c2

)2


− 2c2c0

(
k2

1 + k2
2 + k2

3

)
, c0c2 > 0, (108)

U33 = (V12)
2, c0c2 > 0, (109)

V13 =− c2
2

(
k2

1 + k2
2 + k2

3

)(
−
√
−c0c2 tanh(

√
−c0c2(ξ + ξ0))

c2

)2

−

 c2
0
(
k2

1 + k2
2 + k2

3
)(

−
√
−c0c2 tanh(

√
−c0c2(ξ+ξ0))

c2

)2


− 2c2c0

(
k2

1 + k2
2 + k2

3

)
, c0c2 < 0. (110)

U34 = (V13)
2, c0c2 < 0., (111)

4.3. Application of Modified F-Expansion Method

Let (76) has solution,

V = a2F2 + a1F + a0 +
b2

F2 +
b1

F
. (112)

Put (112) with (9) in (76).

A = 0, B = 1, C = −1,

a0 = 0, a2 = −k2
1 − k2

2 − k2
3, a1 = k2

1 + k2
2 + k2

3,

b1 = 0, b2 = 0, ω =
1
4

(
−4k1µ + k3

1 + k2
2k1 + k2

3k1

)
. (113)

Put (113) in (112),

V14 = k2
3

(
1
2

tanh
(

ξ

2

)
+

1
2

)
+ k2

1 + k2
2+(− k2

1 − k2
2 − k2

3)

(
1
2

tanh
(

ξ

2

)
+

1
2

)2
. (114)

U35 = (V14)
2. (115)
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A = 0, C = 1, B = −1,

a0 = 0, a2 = −
(

k2
1 + k2

2 + k2
3

)
, a1 = k2

1 + k2
2 + k2

3,

b1 = 0, b2 = 0, ω =
1
4

(
−4k1µ + k3

1 + k2
2k1 + k2

3k1

)
. (116)

Put (116) into (112),

V15 = k2
3

(
1
2
− 1

2
coth

(
ξ

2

))
+ k2

1 + k2
2 +−

(
k2

1 + k2
2 + k2

3

)(1
2
− 1

2
coth

(
ξ

2

))2
. (117)

U36 = (V15)
2. (118)

A = 1/2, B = 0, C = −1/2

a0 =
1
4

(
k2

1 + k2
2 + k2

3

)
, a2 = 0, a1 = 0, b1 = 0,

b2 =
1
4

(
−k2

1 − k2
2 − k2

3

)
, ω =

1
4

(
−4k1µ + k3

1 + k2
2k1 + k2

3k1

)
. (119)

Substitute (119) into (112),

V16 =
1
4

(
−k2

1 − k2
2 − k2

3

)( 1
(cot(ξ) + csc(ξ))2

)
. (120)

U37 = (V16)
2. (121)

A = 1, B = 0, C = −1

a0 = k2
1 + k2

2 + k2
3, a2 = 0, a1 = 0, b1 = 0,

b2 = −k2
1 − k2

2 − k2
3, ω = −k1µ + k3

1 + k2
2k1 + k2

3k1. (122)

Put (122) in (112),

V17 =
(
−k2

1 − k2
2 − k2

3

)(
1

tanh2(ξ)

)
. (123)

U38 = (V17)
2. (124)

A = C = 1/2, B = 0,

a0 =
1
4

(
−k2

1 − k2
2 − k2

3

)
, a2 = 0, a1 = 0, b1 = 0,

b2 =
1
4

(
−k2

1 − k2
2 − k2

3

)
, ω = −1

4
k1

(
k2

1 + k2
2 + k2

3 + 4µ
)

. (125)

Put (125) in (112),

V18 =
1
4

(
−k2

1 − k2
2 − k2

3

)
+

1
4

(
−k2

1 − k2
2 − k2

3

)( 1
(tan(ξ) + sec(ξ))2

)
. (126)

U39 = (V18)
2. (127)
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A = C = −1/2, B = 0,

a0 =
1
4

(
−k2

1 − k2
2 − k2

3

)
, a2 = 0, a1 = 0, b1 = 0,

b2 =
1
4

(
−k2

1 − k2
2 − k2

3

)
, ω = −1

4
k1

(
k2

1 + k2
2 + k2

3 + 4µ
)

. (128)

Put (128) in (112),

V19 =
1
4

(
−k2

1 − k2
2 − k2

3

)
+

1
4

(
−k2

1 − k2
2 − k2

3

)( 1
(sec(ξ)− tan(ξ))2

)
. (129)

U40 = (V19)
2. (130)

A = C = −1, B = 0,

a0 = −k2
1 − k2

2 − k2
3, a2 = 0, a1 = 0,

b1 = 0, b2 = −k2
1 − k2

2 − k2
3, ω = −k1

(
k2

1 + k2
2 + k2

3 + µ
)

. (131)

Put (131) in (112),

V20 = −k2
1 − k2

2 − k2
3 +

(
k2

1 + k2
2 + k2

3 )

(
1

tan2(ξ)

)
. (132)

U41 = (V20)
2. (133)

Figure 9. Solution U29 with c0 = 1.3, c2 = 0.1, D2 = −0.01, λ = −0.4, k1 = 1.4, k2 = −1.1,
k3 = 0.1, µ = 0.03, y = 1, z = 1.
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Figure 10. Solution U35 with D2 = −0.1, k1 = 1.03, k2 = −1.1, k3 = 0.1, µ = 0.3, y = 1, z = 1.

A = B = 0

a0 = 0, a2 = −C2
(

k2
1 + k2

2 + k2
3

)
, a1 = 0, b1 = 0, b2 = 0, ω = k1(−µ). (134)

Put (134) in (112),

V21 = −C2
(

k2
1 + k2

2 + k2
3

)( 1
Cξ + η

)2
. (135)

U42 = (V21)
2. (136)

B = C = 0

a0 = 0, a2 = 0, a1 = 0, b1 = 0, b2 = −A2
(

k2
1 + k2

2 + k2
3

)
, ω = k1(−µ). (137)

Put (137) in (112),

V22 = −A2
(

k2
1 + k2

2 + k2
3

) 1(
1

Aξ

)2 . (138)

U43 = (V22)
2. (139)

C = 0

a0 = 0, a2 = 0, a1 = 0, b1 = −AB
(

k2
1 + k2

2 + k2
3

)
,

b2 = −A2
(

k2
1 + k2

2 + k2
3

)
, ω =

1
4

k1

(
B2k2

1 + B2k2
2 + B2k2

3 − 4.µ
)

(140)

Put (140) in (112),

V23 = −AB
(

k2
1 + k2

2 + k2
3

)( 1
B

eBξ−A

)
− A2

(
k2

1 + k2
2 + k2

3

) 1(
B

eBξ−A

)2

. (141)

U44 = (V23)
2. (142)
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Figure 11. Solution U40 with D2 = −2.1, k1 = −1.03, k2 = −1.1, k3 = 2.1, µ = 3.3, y = 1, z = 1.

5. Conclusions

Three mathematical schemes have employed to investigate solutions of NLEQZ and
NLmQZK models. The derived solutions are in diverse types like exponential, hyper-
bolic, trigonometric and rational functions. Some solutions are plotted graphically in
2-dimensional and 3-dimensional by imparting particular value to the parameters under
the constrain condition on each disquiet solution. Hence, it shows that our proposed
mathematical methods are powerful, melodious and capacity be used in supplementary
works to originate novel results for NPDEs ascending in physical science.
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