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Abstract: Several types of solitary wave solutions of (3 + 1)-dimensional nonlinear extended and
modified quantum Zakharov-Kuznetsov equations are established successfully via the implantation
of three mathematical methods. The concerned models have many fruitful applications to describe
the waves in quantum electron—positron-ion magnetoplasmas and weakly nonlinear ion-acoustic
waves in plasma. The derived results via the MEAEM method, ESE method, and modified F-
expansion have been retrieved and will be expedient in the future to illuminate the collaboration
between lower nonlinear ion-acoustic waves. For the physical behavior of the models, some solutions
are plotted graphically in 2D and 3D by imparting particular values to the parameters under the
given condition at each solution. Hence explored solutions have profitable rewards in the field of
mathematical physics.

Keywords: nonlinear extended quantum Zakharov-Kuznetsov equation; nonlinear modified quantum
Zakharov-Kuznetsov equation; mathematical methods; soliton solutions

1. Introduction

A developing concentration has been engrossed in the research of analytical and nu-
merical solutions of nonlinear evolutions equations (NLEEs) during the previous eras [1-6].
NLEEs are used to demonstrate phenomena in dissimilar fields of science and engineer-
ing such as optic fibers, plasmas, biology, fluid mechanics, acoustics, and numerous
others [7-22]. Exact and solitary wave solutions of NLEEs were made possible with the
initiation of the selection of mathematical tools [8-31]. Currently, diverse categories of
nonlinear evolution equations were developed using a powerful reductive perturbation
technique or a multiscale analysis [32-35]. Further specifically, the exploration of exact
solutions called soliton-like solutions has advanced quickly today, which is one of the
significant topics of nonlinear science. Solitons have enormous features because of their
stuff (stability, robustness, and the ability to preserve their velocity and shape after interac-
tion) [18-22], and they occur in various forms such as bright, dark, kink, pulses, breather,
and so on. Furthermore, lately, novel forms of bright and dark solitons known as W-shape
and M-shape have been exposed. A similar number of works have been approved to show
the relevance of these results [36-40]. However, searching for the exact traveling wave
solutions still poses a problem at times due to not all the known methods can be applied
to NLEEs. In this current research, we explore solitary wave solutions by applying three
mathematical methods, modified extended auxiliary equation mapping method, extended
simple equation method, and modified F-expansion method [41,42]. The derived solutions
have great potential to handle nonlinear problems in mathematical physics.
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The article is arranged as follows: Section 2 is a survey of the proposed schemes.
Section 3 is an implementation of the presented methods to concern models. The obtained
solitary wave solutions to the (3 + 1)-Dimensional nonlinear extended and modified quan-
tum Zakharov-Kuznetsov equations are given in Section 4. Section 5 gives the results and
summary of the work.

2. Description of the Methods

Let the NPDE has a form as
E(U, U, Uy, Uy, Uy, ...) = 0. 1)
Let
u=uf(), ¢=kx—wt (2)
Substitute (2) in (1),
F(LI,U’,U”,...) =0. 3)

2.1. Modified Extended Auxiliary Equation Mapping Method
Suppose the solution of (3) is,

N i -N i N o N ¥ !
U:igAi‘F +i=2_13_i‘1! +i;ci11f ¥ +£Di<T> . 4
Let ¥ satisfy,
L S 5)

Put (4) with (5) in (3), we found the solution of (1).

2.2. Extended Simple Equation Method
Let (3) has solution,

N .
u@E)= ), AY(). (6)
i=——N
Let ¥ satisfy,
Y =co+ ¥+ 0¥+ Pl 7)

Put (6) with (7) in (3). We get the solution of (1).

2.3. Modified F-Expansion Method
Suppose the solution of (3) is:

U=ao+ Y aF(&)+ ) biF (). ®)
i=1 i=1
Let F obliges,
F' = A+ BF+CF2 )

Put (8) with (9) in (3). Solve obtained system to establish the required solution of (1).
3. (3 + 1)-Dimensional Nonlinear Extended Quantum Zakharov-Kuznetsov
(NLEQZK) Equation
Let NLEQZK equation [36,38,39].
u ou 9

d 2 2
ou 2\ poou g9 (2 @\ _
o+ (PU+Qu?) - +RZL 45— (ax2 +ay2>u 0. (10)



Symmetry 2023, 15, 248 30f 22

The (3 + 1)-dimensional NLEQZK model has fruitful applications to handle the quan-
tum electron-positron-ion magneto-plasmas, warm ions, and hot isothermal electrons in
the existence of a uniform magnetic field.

Let wave transformations,

U(x,y,zt)=U(E), §=uax+pPy+yz— wt (11)
Put (11) in (10), after integrating and omitting the integral constant, we have
1 2 1 3 n( .3 2, g2\ _ —
STPU 4+ S9QUE + U (7 R+’yS(oc +/3)) Ucw = 0. (12)
3.1. Application of Modified Extended Auxiliary Equation Mapping Method

Let solution of (12) is,

B, DY
U=AY+ A+ — ) 13
Ao+ 5+ — (13)

Put (13) with (5) in (12), we obtained the coefficients of solutions as following

P /B3P P yP?

Ag=—=—, A = , Bi=0, D; = L w=——1,

L To M N/ o L= 2B YT 6
o _ /=P~ 6B177QR — 66?5105 1

V6/B1v/QVS

Substitute (14) in (13), we found the solutions of equation (10)

CASEL

Us — — ((\/EP) <ﬁ1<€C°th<%\//?l(f:+§o)) —1-1))) N P( 2/2ecsch2(%\/ﬁ(§+§o)))

B2(24/B1Q) (21/B1Q) ((2B2) (—B1 (e coth (5 v/B1(§+50)) +1)) )
- (ZPQ) B1 >0, B3 —4P1p3=0. (15)
CASE II:
By ( V/Precosh(y/Bi(E+80))  /Bresinh®(/B1(2+40)) [ esinh(y/Br(E+E)
U P<\/ﬁ73< COSh(\/ﬁT(§+gO))+U (cosh(\/fi((f%-f,‘o))-ﬁ-ﬂf)) (\/EP) (\/E(Cosh(\(/%(;—&-;))—s—)q + 1))
2 T esinh(\/Bi(E+8)) - 27/B10
evro) (2B (St ) v
~(25) B1>0. 820, bz = (4papn) " (16)

CASE III:
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_ \/Biesinh(y/B1(§+8&)) (sinh(y/B1(§+80))+P) > ) )
~(a)

p(— (g, [ Fecon( ez
U '\ cosh(y/B1(6+80)) +rv/P2H1 (cosh(v/Br(&+80)) +7vVPEFT)”
3 = I
B e(sinh(/By (£+80))+P) 20
(2\//5—1Q) <ﬁ2 < b (cosh(\/ﬂ(é-:go))fﬂv P241 )))
B2
/B3P <_,Bl ( e(sinh(y/B1(E+E0))+P) n 1))
2

2\/[5—1(2 cosh(\/ﬁ_ﬁlié-ﬁ-(fo))-&-ﬂ\/P +1 . By >0, 17)

Some solutions are plotted graphically in 2-dimensional and 3-dimensional by imparting
particular value to the parameters under the constrain condition on each disquiet solution

(Figures 1-11).

/ 0.0008265
o g !“‘ |II A\ / A N\
yd ¢‘ |
<
0.02502{1 i |
Fs
nnzannh 7
JI
0.02408 7
b /
7o
b

5

Figure 1. The profile of solution U; with g1 =2, By = —4, B3 =2, p = —05, v =45, (o = —4,
P=005 Q=2 R=015=25 w=005y=12z=1e=—-1

3.2. Application of Extended Simple Equation Method

Let solution of (12) is
A_
U= AY+ ?1 + Ay. (18)
Put (18) with (7) in (12), we derived the coefficients as following
CASE1: c; =0,
FAMILY-I
___aPQ  _p
2_4, Q2 2
A1=0 A =-— el , Ag = = ZCOCZ) ;s W= —ﬂ,
\/ C%Q2 — 4C0C2Q2 Q 6Q
\/ —672C2QR + 2492c00, QR — 622QS + 24B2c0crQS — P2
n=— . (19)

\/ 6c2QS — 24c0crQS

Put (19) in (18),



Symmetry 2023, 15, 248 50f 22

U ((CQP) (cl —1\/4cren — C%tan(%,/élczco — c%(@-y—@@))) N P(-(C%_CZCQOCZ)QZ — 1)
L=

(2¢2)/€1Q? — 4eocr Q2 2Q
4cocp > c%. (20)
FAMILY-II
___aPQ  _p
P T—de0c2)Q? p?
A*l - = « ’ A1 = 0/ AO = (Cl ZCOCZ) ; W= _L/
2Q% — 4cpcr Q2 Q 6Q

—672c2QR + 242c0c2QR — 682c2QS + 24B%coc2 QS — P2 o
a=— )

\/6C§Qs — 2400c70S

Substitute (21) in (18),

a1 PQ _p
(3 —4coer) Q2 coP
Us — ,
20 \/C%Qz —dcocr Q2 (cl - \/4czc0—c% tan(% \/4czco—c%(§+§0)) )

2C2
4egep > 2. (22
1

CASE2: ¢y =0, c;3 =0,

- P, P a2 \/—672C%QR—6ﬁ2c%QS—P2
Aa=0 Ay=-5 Ag=—5 w=—t5, a= N W N (23)
Put (23) in (18),
__(_(c2P)(crexp(e1(§ +Go))) > _ <P)
e ((cl@a —cepa@+an) \a) 7" 24
_(_(c2P)(crexp(ei(¢+60)) \ (P
W= ((ClQ)(Cz exp(c1 (2 + &) + 1)) (Q)' a<h =
CASE 3: 1 = 0, C3 — 0,
FAMILY-I
- _i\/eoP _ P \/=2492c0;QR — 24B?coc2QS + P2 P
A,l—O, Al—zmQ, A()— ZQ,DC— 2\/@\/@\/@\/@@ , W= 6Q (26)
Put (26) in (18),
_ (P (iy/c2P)(y/cocz tan(y/coca (G + €o)))
Ug = <2Q) + ( CZ(Z\/%Q) ), coco > 0, (27)
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Uy — _(i) N <(i\/EP)(\/—COC2 tanh(v—cocz(é‘ﬂL@o)))), cocs < 0. (28)

2Q 2(2y/c0Q)
FAMILY-II
i/coP P V/—2492coco QR — 24B2cocr QS + P2 P2
A= , A1 =0, Ag=—=—, a=— , w=——1—, 29
ERENCT R i N NCNENNE ZR
Put (29) in (18),
(P i\/coP
Uy = (2Q> i ((2@9)(mm<m®+¢o>>) ) oz =0 0
[
(P i/coP
thy = <2Q> * (2\/5(2)((1\/51’)(\/7(CoCztagh(\/iCoQ(éJrCo))))) oz <0 (1)
2 (2ycQ
FAMILY-III
Ao Vel o yePl P
71_2\/5\/6Q/ l_ZﬁmQ, 00— ZQ/
" /—4872coco QR — 48B2ccr QS — P2 o P* ' 32)
4V/3,/c0/e2vQV'S ' 6Q
Put (32) in (18),
w, — | eP)(Vacatan(yena(@+8)) | | VP B (ﬁ)
. & (2v2y@Q) (2/2/50) (Vs on{ Ve 1)) 20)
coca > 0, (33)
U = | 2P)(V=coep tanh(v=coca (8 +80))) | VeoP N (i)
. c (2\/5\/5Q) (MﬁQ)(¢—cf<rzct2anh(\ﬁ—cocz(¢+¢o>)) 20)’
coca < 0. (34)
Figure 2. Solution Us with p = 0.01, ¢p = 1, cp =1, ¢ = 0.01, ¥ = —0.05, = —3.5,

P=-450=-13, R=-21,5=-35 w=-2y=12z=1.
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Figure 3. Solution Uj3 with f = 0.3, co =1, cp = =04, v =09, o =005 P =15 Q= —-13, R=
-15 5=03, y=1z=1

3.3. Application of Modified F-Expansion Method

Let (12) has solution,
U:a0+a1F+bf1 (35)
Put (35) with (9) in (12).
A=0,B=1C=—1,
P P P2 v/ —P2 —672QR — 6B2QS
M=—=,00=——=,b1=0, w=—"—, a = . 36
1= g o b 60 ovOvs (36)
Put (36) in (35),

. (p(%tanh(%) " %)) (%) -

A=0,C=1,B=—1,

P _ B P2 /-P2—672QR - 6B2QS
al——é,ao—o,bl—O,w——@,a—— \/5\/6\/5 . (38)
Put (38) into (35),

u15:—(P<%_%COth<§>>), (39)

A=1/2,B=0,C=-1/2

FAMILY-I

PP el P VPP —6’QR—657QS
ZQ_ ZQ/ 1—=Y - s — \/6\/@\/5 .

Substitute (40) into (35),

s = - (P ey (P )

apg = a1 = (40)
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FAMILY-IIT
0. __ PP . qP = \/-P?—6y*QR—6p%QS
M =000 =55 b1 =55 W= Tgg 8 NG - @
Put (42) in (35),
P P
thez == ( (2Q)(cot(?) + csc@))) B (@) “3)
FAMILY-III
R R R __7_132 __\/—P2—2472QR—24/32QS
a; = 4Q,a0— 2Q,b1— 4Q,w— 6Q'“_ 2\/8@\/? (44)
Put (44) in (35),

thes == (P(mt(gig CSC@)) - <<4Q><cot<§> T csc<c>>> B (%) )

Figure 4. The profile of solution Uj3 with g = 1, v = 3, P = -1.01, Q = 53, R = 05,
S=-21,y=12z=1

A=1B=0,C=-1

FAMILY-I
P P P2 —P2 —24+2QR — 24820S
alzﬁl aoz_ﬁrblzolwz_(é_Qra:\/ 2\/g\/%\/§ ‘BQ (46)
Put (46) in (35),
[ Ptanh(g) P
s~ (*4589) - (s):
FAMILY-II
_ P P P>  \/—P?2—24y2QR —24p2QS
al_olao__ﬁlbl_ﬁlw__@/a_ 2\/6@\/? (48)
Put (48) in (35),

2= (mgyemne) ~ (20) “9)
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FAMILY-III
PP P _LPZ _ /—P2—96v2QR —9682QS
a1—4Q,a0— 2Q,b1—4Q,w— 6Q,¢x— 4\@\/@\@ . (50)
Put (50) in (35),
_ ( Ptanh(¢) P P
s = ( 10 Q) tanh(é)) B (2Q>‘ e
A=C=1/2,B=0,
FAMILY-I
i P _aP2 /P2 —692QR — 6p2QS
al——ﬁ,ao——ﬁ,bl—O,CU——@,tX—— Vg\/é\/g . (52)
Put (52) in (35),
Ungs — _(ZPQ) B <(ip)(tan(§22+ sec(c:f))>' (53)
FAMILY-II
_ _p _ip  4P2  /P2—692QR - 6p%QS
ﬂl—o,ao—_@,bl—ﬁ,w—_@,a—_ Jg\/é\/g . (54)
Put (54) in (35),
P iP
tsa = - (zcg) * ((z@(tan(@ T sec(@)))' %)
FAMILY-III
PP P _LPZ _ v/—P2—1292QR — 12B2QS
al_2ﬁQ'ao_ ZQ'bl_Z\@Q'w_ 6Q,oc— NENONG . (56)
Put (56) in (35),

([ P(tan(¢) + sec(§)) P (P
Hisa = ( 21/2Q ) " ((zﬁg)(tan(g) +sec(g))) <2Q)' 7

A=C=-12,B=0,

FAMILY-I
P P P? P2 — 692QR — 6B82QS
al——le,ao——zg,ln—O,w——zQ,rx—\/ \f’g\/%\@ﬁQ- (58)
Put (58) in (35),
_ (P _ [(iP)(sec(§) —tan(F))
i ==(5) - (5 ) )
FAMILY-II
B . p . ip P2  /P2—692QR—-6B2QS
al—o,ﬂo—_ﬁ,bl—_ﬁ,w——@,lx— \/6\/6\/5 (60)



Symmetry 2023, 15, 248 10 of 22

Put (60) in (35),

2= ~(53) ~ (o —w@y) ©1

Figure 5. The profile of solution Ujgp with g =1, v = 3, P = -1.01, Q = 03, R = 0.5,
S=-21,y=1z=1

FAMILY-IIT
... PP P _777132 _/—P2—1292QR —12B%QS
N ZQ’bl_ vio' T Teg v NN (62)
Put (62) in (35),

| (Plsec(s) —tan(@)) ) P r
Hio3 = ( 2v2Q ) ( (2\@Q) (sec(¢) — tan((;‘))) (ZQ) (63

A=C=-1,B=0,

FAMILY-I
H _ _ 2
a = —%, ag = —%, bi =0, a= —\/Pz 22%/’762\(/25\@24[52(25, w= —%. (64)
Put (64) in (35),
_ (P (iP) tan(§)
i =-(5) - (a5 ) )
FAMILY-II
7 P iP  \/P2-2492QR-24p2QS = P?
ﬂl—O,ﬂO——E,bl——E,lx— 2\/@\/@\/5 ,(U—_E. (66)
Put (66) in (35),
P iP
2= ~(30) - (o ) )

FAMILY-III



Symmetry 2023, 15, 248 11 of 22
P P _ \/—DP2—48y2QR—4882QS _LPZ
al—rﬁQ,ao— 2Q'b1_2ﬁQ'“_ 4\@\/@\@ , W= 60" (68)

Put (68) in (35),

B Ptan(f;‘)) p ( P )
Usgz = + — . 69
203 ( 2v2Q (Z\ﬁQ) tan(¢) 2Q ©)
C=0
_ _ AP \/—6B2y2QR—6B?B2QS—DP2 P2

alfO,aofO,blf@,af— \/EB\/Q\/E ,wf—@. (70)

Put (70) in (35),

B B(AP)

U = <(BQ)(eXP(B<?) —A) > 7

10000 |

-4 -2 2 4

Figure 6. Solution Up; with A = —-05, =1, B=0.01, vy =3, P = —-1.01, Q =0.01, R =55,
S=-21,y=12z=1

4. (3 + 1)-Dimensional Nonlinear Modified Quantum Zakharov—-Kuznetsov
(NLmQZK) Equation

Let NLmQZK equation [40,43].

ou ou ou U 9 [/ 92 92

The above model is an adequate NLEE which is used to point out the behavior of the
electrons associated with the temperature on the latter [40].
Let wave transformations,

U(x,y,zt) =U(E), &=kx+ky+ksz—wt. (73)

Put (73) in (72), after integrating twice with omitting the integral constant, we have

30k U2 + Ky (I + I3 + I3 ) U — 16U (pik, + w) = 0. (74)

Let
¢ V= Vi 75)
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Put (75) in (74),
20k, V3 — 16V (kypt + w) + 2k, (k% +IE+ k%) ((v’)2 + Vv“) ~0. (76)
4.1. Application of Modified Extended Auxiliary Equation Mapping Method
Let solution of (76) is,
V= A2T2+A1T+Ao+i}+§Q+CT’+D2(§) +D}Y‘Y/. (77)
Put (77) with (5) in (76),
Ag = Bi(=D»), Ay = —%/32 (4D2 +B+B+ k%,), Ay = —%/33 (2D2 e k%,),
o= VB (R B+R), D1 =081 =08, =0, w = (Bik] + pikks + p1k3ks — 4kap). (78)
Subsitute (78) in (77),
CASEI
B2(4Ds + ki + k5 + K3) (—ﬁl (ecoth(%m(é + é‘o)) + 1))
Vi =p1(—=D2) — ( 165 )

B1 (ecoth(%\/ﬁ(é’ + (fo)) +1
B2

,B?/Zecsch2 (% VB1(E+ ffo)) b, 3/zecsch2 (% VB1(&+&o )
262 M NS (ccom(3 /e +40) 1)

2
>) VBB B R

1
5B (221K + B+ 1) (—

2
) ,B1>0, B5—4B1B3=0. (79

From (75), the solution of (79) can be written as,

Up = (V1)% B1 >0, B3 —4B1B3 = 0. (80)

CASE II:

h
V2__,BlDZ_iﬁZ<4D2+k%+k%+k§)( \/ﬁ(cjsir(l (,B C-Ef;(;éro >>

2
1 B esinh(y/B1(¢+Go)) 1
e on ki 8) (| (e 1)) 2R k)

(3B (BB i) BBt

\/ﬁT< \/ﬁTECOSh(\/ﬁT(g"F‘EO)) \/>e smhz(f 2) )

bl cosh(\/BiE+0) 1 (cosh(y/Ba(+80))+1) ,BL>0, B3>0, Br = (4818)%  (8D)

(VR (SR )

Uy = (Va)?, B1 >0, B3 >0, o = (4B183) "> (82)
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CASE III:
2 2 2 e(sinh(y/B1(§+80)) +P)
B ,82(4D2—|—k1+k2+k3)< ﬁl(cosh(\/ﬁ—l(éJrCo))Jrn\/PZJrl+1
V3 =| B1(—D3) —
4B,
,31( e(sinh(y/B1(&+&0))+P) +1) 2
1 cosh(/B1(&+&))+nVP2+1 1
— 5B (202 + KB+ B+ | - (Vo /302) ! +5VBs (B + i3 +1)

[51< Brecosh(\/Br(E+0)) _\/Eesmh(\/a(ﬁéo))(sinh(\/ﬁ(c+co))+p)>

cosh(/B1(&+80))+1VPT+1 (cosh( /B (&+E0) )+nv/PP+1)
B2
2
ﬁ1< VBiecosh(\/Bi(E+80)) \/Eesmh(\/ﬁ(mo))(sinh(\/ﬁ(mo))w))
cos 2 oS 2 2
D, - h(/B1(E+80))+1VP2+1 (cosh(y/B1(E+&))+nVP2+1) By >0. 83)
6 (4%1( e(sinh (/1 (220)) +7) +1)>
cosh(\/ﬂ((ergo))Jrr]\/ P241
B2
Uy = (V3)?, B1 >0, B3 >0, o = (4B183)"/*. (84)

Figure 7. Solution Uy with 1 = 2, B = 0.001, B3 =2, D, =3.01, y =1, {p = 04, ky =07,
ky =—-0.0001, k3 =13, y=05 P=1,y=1,z=1,e=1.

4.2. Application of Extended Simple Equation Method
Let solution of (76) is

Ao, A
V:AZ‘Y2+A1‘F+,{,—22+?1+AO. (85)

Put (85) with (7) in (76),
CASE1: c3 =0,
FAMILY-I
A= —coc2(B+IB+K3), A2 =0, 41 =0, 4 = -G (B +B+1),

Al = —c102 (k% + K+ k%), w = }Lkl ((c% - 4c0c2) (k% + K+ k%) - 4;4). (86)
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Put (86) in (85),

Vy=— Co@(k% +13 +k§> + (cch(k% 1 +k§)> ‘- \/‘mtfm( \/m(§+go))

2C2
2
€1 — 4/ 4cocp — cf tan derep — ¢f (¢ +Co)
(B(B+8+1)) o4 gﬁ ) s> 7)
Uns = (Vi)?, 4cocz > of. (88)

FAMILY-II
Ay = —coes(B+I3+K3), A2 = -G(B+B+13), A1 = —aoer (B + B+ 1),
Ay =0, A1 =0, w = %kl((ﬁ - 4c0c2) (k% TR+ kg) - 4;4). (89)

Substitute (89) in (85),

Vs = ez 3 | (BB +B+R))-
(c1 — \/4coco — cf tan( \/4caco — 3(E + é’o)))
. 2,12 12 2¢y . 2,12 12
(~eoct (B +B+R)) BN e AN e TR (ce2(B+B+R)),
4cocr > c%. (90)
Uz = (V5)?, 4coca > 3. (91)

CASE2: ¢g=0, c3 =0,
Ap=0,A =0, A 1=0, Ay= —cg(k§ +B+1),
Ay = —c169 (k% + 13 +k§), - ( 3 4 23k + k3K — 4k1y). (92)

Put (92) in (85),

_(_(@a(B+B+8)) @ eplerlE +E0)
v6_<1 B R op (o )(Cg(k%+k§+kg))

( c1exp(c1(G +Go))

2
] —czexp<c1<«:+co>)) =0 2)

Uy = (Vg)?, c1> 0. (94)

coexp(c1(&+¢o)) +1 caexp(c1(&+3Go)) +1
¢, < 0. (95)

v, =<Cg((k§ +B+8)) ( crexp(c1(§ + o)) )2> B ((—cm(k% +B+K)) (@ eXP(Cl(§+§0)))>,
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Uns = (Ve)?, c1 < 0. (96)
CASE3: ¢, =0, ¢3=0,
FAMILY-1I

A= —coea (B +KB+13), A2 =0, A1 =0, A = -G(B+KB+1),

A1 =0, w=-k (coczk% + coczk% + coczkg + y). 97)

Put (97) in (85),
Vs =38+ +1) (mta“(*/;’_cz(g £6)) ) 2—coea (B +B+K), cocz >0, (98)
Ung = (V)% coca > 0. (99)
Vo =—c3 (k% +5 + k%) (\/Tocztanh(\C/ZTOCZ(g &) )2 — coc2 (k% +h5+ k%) coc2 < 0. (100)
Usp = (V)% coca < 0. (101)

Figure 8. Solution Uy, with cg = 0.05, ¢y = 1.07, cp =1, D, = 3.01, {p = 04, ky = 0.7, kp =
—01,k3=13, pu=17,y=1,z=1

FAMILY-II

Ag = —cpco (k% + k% + k%), A_p= —C(Z) (k% + k% + k%),

A1=0,A=0, Ay =0, w = —k (coczk% + cocakd + cocakd + y). (102)
Put (102) in (85),
2 k2 k2 k2
Vip = CO( 1o 3) — €20 (k% + k% + k%), coc2 >0, (103)

2

( Ve tan (/22 (§+80)) )2

Ust = (Vi)?, coc2 >0, (104)
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3 (k3 + k3 +K3)
Vi = | — 0\™1 2 3 _ kZ k2 kZ , < 0.
’ ( —coco tanh(y/—coca (E+Eo)) )2 200 ( 1t 3) coc2

€2

Uz, = (Vi1)?, coca < 0.
FAMILY-III

Ag = —2cpcn (k% + k% + kg), A, = —C% (k% + k% + k%), A1 =0,

Ay = —C% (k% + k% + k%), A1 =0, w= —4C0€2k§) - 4COC2k%k1 - 4COC2k§k1 —kip.

Put (107) in (85),
2 2 (1.2 2 2
A/coca tan(+/cocr (€ + cs(ks +k5+k
Vip _—cg(k§+k§+k§)< 0€2 (x/czo 2(8 Co))) B o (ki + k3 + k)

( /@0cz tan (/o2 (E+80)) ) 2
[
— 2cpCp (k% + k% + k%), coco > 0,

Uss = (Via)?, coca > 0,

Vis=-3(B+K+8) (—Wmh(W(é +¢0>>)2 . B3+ 13+ 1)
€2 (_ V=t0e fanh(\/TOCz(éJré‘o)))z

c
— 2cpCp (k% + k% + k%), cocp < 0.
Usy = (V13)*, coc2 <0,

4.3. Application of Modified F-Expansion Method
Let (76) has solution,

by b
V:a2F2+a1F+ao+F—§+fl.
Put (112) with (9) in (76).
A:O,B=1,C= —1,
ag=0,ay= -k —k3—k3, a1 = k3 + I3 + k3,

by=0,by=0, w= %(—4k1y+k? + KBk +k§k1).

Put (113) in (112),
1 &\ 1 1 &\ 1\2
Vig = k%(ztanh<2> + 2) k3 + K3+ — k3 — K3 —k%)(ztanh(2> + 2) .

Uss = (Via)*.

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)
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A=0,C=1,B=1,
0=0a=—(B+B+1), m =K+ +K
1
by=0,by=0, w= Z(—4k1y+ki;'+k§k1+k§k1).

Put (116) into (112),

11 11
qu—kg(z-cmh<§)>-+k%+k§+~—@%+k§+k§)(-cmh

2 2 2 2

Use = (V15)2-
A=1/2,B=0,C=—1/2

1
Lmzﬂﬁ+@+@)@=amzam=a

_1
T i

Substitute (119) into (112),

Vie=4(-H -8 -5) ((Cot(é) ; CSC(C))Z)'

by

Usz = (Vie)™
A=1,B=0,C=—1

llozk%—i-k%—kkz, a,=0,a,=0,b; =0,
by = k3 — k5 — K3, w = —kip + K5 + K3ky + K3k

1
Vi = (—k%—k%—k%) (tanhz(@>

Uss = (Vir)>.

Put (122) in (112),

A=C=1/2,B=0,

@ﬁf@f@)wzi@%m+ﬁ+@h+@h)

aozi(_k%—k%—kg)/ﬂzzol a =0, b =0,
1 1
b= (RB-B-B) w= k(BB ).
Put (125) in (112),
R Y N ST AN YA ST S 1
Vs = g (K -8 -8) + 1 (H K- 8) (g e

Uso = (V1s)*

(116)

))2. (117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)
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A=C=-12,B=0,

1
u():Z(—k%—k%—k%),azzo,ﬂlzo,b1:0,
1 1
bzzZ(—k%—k%—k%),w:—zk1<k%+k%+k§+4y). (128)
Put (128) in (112),
R A N ST AR AT S S 1
V19_4( -k k3>+4< -k k3) (sec(¢) —tan(g))? )" (129)
Ugo = (Vio)*. (130)
A=C=-1,B=0,
ﬂ():—k%—k%—k%,azzo,alzo,
b1 =0, b= KB w=—k (B +B+K+n). (131)
Put (131) in (112),
1
Voo = k3 — k5 — K5 + (k% +k3+K3) (tan2(§)>‘ (132)
Uy = (Vo). (133)
|HPH153“§IiIIII
||||'|“#]f||uunr
AN | Bkt
AR RN e A R RN R
IHIRHE bl o f
NN rL 5‘*1’51 Ffnf iy gy
NNt ”‘Jrg\u L n{n rui
IR AT AT
-4 -2 F 2 4

Figure 9. Solution Uy with ¢y = 1.3, ¢; = 0.1, D, = —0.01, A = —04, k; = 14, k, = —-1.1,
k3 =01, p=003, y=1,z=1.
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Figure 10. Solution Uss with Dy = —0.1, k; =1.03, kp = —1.1, k3 =01, p =03, y=1, z=1.

A=B=0
a0 =0,a=-C B+ +K), a1 =0,b1 =0, b =0, 0=ki(—p). (134)
Put (134) in (112),
1 2
Vo = —C2(B + 1 +3) (CC+11) . (135)
Ugp = (Var)™. (136)
B=C=0
ap=0,a,=0,a;=0, b, =0, by = —Az(k% TR +k§), w = ky(—p). (137)
Put (137) in (112),
1
Vo = — 428 + 13+ K3) 7 (138)
A?
Uy = (Va)?. (139)
C=0
a0=0,a=0,a=0 b =-AB(& +B+K),
by=—A2(B+B+K), w= %kl (B2} + B2 + B — 4.1 (140)
Put (140) in (112),

1 1
V23=—AB(k§+k%+k§)< 5 )Az(k%+k%+k§)( ) (141)

2
B A B
BE _ _B
eBe—A (erffA)

Uy = (Va3)™. (142)
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TN LR R
R TR R
1|1 bootloot If 1) (EIf I i
0 p oot | 0 B
Lot b 1)

| 00000

| | j& Iaa'alaakl | r JA\)
YNV YR UL O

Figure 11. Solution U with Dy = —2.1, ky = —1.03, kp = —1.1, ks =2.1, u =33,y =1, z = 1.

5. Conclusions

Three mathematical schemes have employed to investigate solutions of NLEQZ and
NLmMQZK models. The derived solutions are in diverse types like exponential, hyper-
bolic, trigonometric and rational functions. Some solutions are plotted graphically in
2-dimensional and 3-dimensional by imparting particular value to the parameters under
the constrain condition on each disquiet solution. Hence, it shows that our proposed
mathematical methods are powerful, melodious and capacity be used in supplementary
works to originate novel results for NPDEs ascending in physical science.
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