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Abstract: In this study, we investigated the phonon blockade effect in a parametrically driven and
dissipative acoustic cavity at finite temperature. With the approximated analytical results based
on the steady-state density-matrix master equation, we found that a quantum-interference-induced
phonon blockade exists at finite temperature. We found a crossover between the quantum and thermal
regimes on the curve of the second-order correlation function of the acoustic mode as the temperature
increases. This phenomenon implies an asymmetry about the quantum and classic regimes. We also
numerically simulated the single-phonon emission using the Monte Carlo wave function method.
The results showed that a wide and deep dip around the zero time delay exists on the curve of
the time-delayed second-order correlation function, which implies the possibility of observing a
strong phonon blockade with pulse driving. Our study outlines a potential candidate for a efficient
single-phonon source and applications in quantum information and phononic quantum networks.
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1. Introduction

Quantum state transfer and storage are important in quantum information processing.
Currently, the photon is commonly used as the quantum carrier for transferring and
storing quantum information, which is high speed and robust against environmental noise.
Recently, phonons, as a new candidate for carrying quantum information, have attracted the
attention of researchers [1-5]. Phonons are the vibrational modes of mechanical oscillators;
they have the ability to maintain a long coherence time, low traveling velocity, and long
wavelength; and they interact with a wide range of other quantum systems, such as electric,
magnetic, and optical systems. In all quantum phononic networks, a single phonon source
is an important element. Phonon blockade is the phenomenon in which the phonons in
acoustic systems exhibit single-time antibunching behavior (1 > ¢(?)(0)), which was first
investigated in Ref. [6]. Therefore, phonon blockade was proposed to prepare single-
phonon sources [7,8] and other potential single-phonon devices [2,3].

Phonon blockade can be achieved with two main methods: conventional phonon
blockade (CPNB) [6,9-12], resulting from the strong-nonlinearity-induced nonuniform
energy ladders, and unconventional phonon blockade (UCPNB) [13-21], resulting from
the interference between the different quantum transition paths of phonons. The mean
phonon number (the brightness of a phonon source) produced by CPNB is relatively large;
however, its antibunching (purity) is limited. Phonons produced by UCPNB exhibit higher
purity, but the mean phonon number is lower. In general, CPNB operates in a strong
nonlinear regime, whereas only weak nonlinearity is required for UCPNB. Owing to the
weak intrinsic nonlinearity of a mechanical resonator, researchers have studied the CPNB
mainly in composite quantum systems, such as a resonator two-level system [11,12] and
an optomechanical system [22-24]. More recently, nonreciprocal phonon blockade and
two phonon blockade have also been observed in a spinning acoustic ring cavity coupled
to a two-level system [25] and optomechanical system [26], respectively. Here, we stress
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that for a true good single phonon, both ¢(2(0) < 1 and g% (0) < 1, (k = 3,4,...) are
required [27].

Different from that of photons, the frequency of phonons is relatively low; therefore,
the thermal noise at finite temperature, e.g., at room temperature, can easily destroy the
quantum behavior of the acoustic field. To observe the quantum behavior of a phonon
system, the mechanical resonator must be cooled to a very low temperature. With the rapid
development in micro-/nanomechanical manufacturing technology [28-31], a mechanical
resonator can be cooled near to its quantum ground state [32]. However, the thermal noise
in mechanical resonators cannot be completely eliminated, and the phonon blockade is
sensitive to thermal noise. Hence, the realization of phonon blockade with thermal noise
and the preparation of single-phonon source with high quality at finite temperature remains
challenging. Additionally, few studies have been conducted with the Monte Carlo wave
function method to reveal phonon blockade [33].

Motivated by the above-mentioned studies, we examined phonon blockade in a quan-
tum acoustic system consisting of a parametrically driven nanomechanical resonator at finite
temperature, where its spring constant is periodically modulated. To periodically modulate
the spring constant of the nanomechanical resonator, we placed an electrode below the
nanomechanical resonator and applied a time-varying voltage with a frequency twice that
of the nanomechanical resonator. The gradient of the electrostatic force from the electrode
can modify the spring constant and realize a parameteric pump [34-37]. Compared with the
other phonon blockade schemes, we theoretically show the realization of UCPNB without
the intrinsic mechanical nonlinearity or an auxiliary nonlinear system [14-21]. Furthermore,
we implemented the Monte Carlo wave function method to illustrate the phononic statistics
at finite temperature. Due to the lack of auxiliary system, no oscillation occurs in the curve
of the time-delayed second-order correlation function of the acoustic field, which is helpful
for generating a single phonon with pulse excitation.

The remainder of this paper is organized as follows: In Section 2, we describe the model
and present the analytical results based on the density matrix master equation. In Section 3,
we discuss the quantum statistics of the phonon mode at zero and finite temperature. In
Section 4, we illustrate the phonon antibunching effect with Monte Carlo simulation. Finally,
we conclude this paper in Section 5.

2. Model and Analysis

The model under consideration is a mechanical oscillator driven by an external force

and a parametric pump [37]. The Hamiltonian system is given by
P2 1 o .
H= om T Emwm(l + g cos(2wy,t +20))X* + F cos(wyt) X,

where X and P are the displacement and momentum of the mechanical oscillator, respec-
tively, with effective mass m, resonance frequency wy,, and damp rate 7; F is the amplitude
of the external driving force with driving frequency wy; g is the modulation amplitude.
The parametric pump frequency is 2w, with a relative phase angle 8. To more conve-
niently describe the quantum feature of the mechanical oscillator, we introduce phonon
annihilation (@ = (X +iP)/+/2) and creation (2" = (X — iP) /+/2) operators, which satisfy
the commutators [4,47] = 1. After rotating at the driving frequency w,, the Hamiltonian
system becomes (i = 1):

H = Aata +ix (ezl'eaz - e_2i9ﬁ2+) TF (a* 4 a), )

where Ay = wy — wy represents the detuning between the resonance frequency of the
mechanical oscillator and driving force; x = w;;g/2 is the effective parametric pump
strength. The Hamiltonian (Equation (1)) is similar to the optical counterpart where a
driven-dissipation optical cavity is filled with a x(2) medium [33,38].
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The dynamics of our system with the inclusion of dissipation are governed by the
master equation for the density matrix:

- = Lo, 2)
where superoperator L is defined as:
A . o K _ A =1iat]A
Lp = —ilH,p] + 5 |1 +n)D[a]p + aD[a")o|

with Lindblad operator D[A]p = 2ApAt — AT Ap — pAtA. « is the decay rate of the acoustic
cavity. The thermal phonon number is 71 = (exp(Ty/T) —1) " at temperature T, where
Ty = hwm /Kp is the characteristic temperature of the quantum acoustic system with the
Boltzmann constant K.

Our main focus was investigating quantum statistic properties of the acoustic mode
of a mechanical oscillator. In quantum optics, the second-order correlation function
ggi)oo(T) = (@' (H)at(t+v)a(t+ 1) ﬁ(t)>/<ﬁ*(t)ﬁ(t)>2 is a standard measure of quantum
statistics of bosons, such as photons and phonons. ¢ (0) > 1 (¢?(0) < 1) is a super-
Possonian (sub-Possonian) distribution of bosons [27,38,39]. Therefore, in the following, we
study the phonon blockade property via evaluating the equal-time second-order correlation
function of phonons:

Tr(a%20%pss)

@0
§ Tr(aapss)?

®)

where pgs is the steady-state density matrix corresponding to dp/dt = 0 in Equation (2).
In the calculation, we express the density matrix p = }_,, ,,_o Omn|m) (1| on the basis of
phonon number state |m), which is truncated as a finite Hilbert space of the system with
the assumption of a weak driving (pump) limit, i.e., F, x < «.

We first present the approximate analytical expression for the steady-state density
matrix using the perturbation method (Please see Appendix A). In the weak driving and
low temperature limits, low mechanical excitations result in pgg > p11 > p22 > p33. After
tedious calculation using perturbation theory, we obtain the expression for the equal-time
second-order correlation function g(?)(0) at finite temperature:

202 + 6033

(2) ~
8 (0) ~ s
(011 + 2022 + 3033)°

4)

where the density matrix elements are given by:

ai|A]* + F2
e = |_| 5 5)
(1+27)|A] +2F2

012
6F%\ , ’Fz—Axele‘
= 1-— |i"+ ——F—-17
’ ( |A|2> af
+X2|A|2—3F4+2F2|A|2ﬁ+3x2|A|2—F4
4 6
Al Al
(2E2 + |AP) P2 - axe®|”
2|A[°
3F2 ,  3|F2—Axe®® |2 —3Axe®|’F2

33 = ——5nN + 7+ (7)
g A7 2af 6/Af°

F? (6)

with effective detuning A = Ag — ix /2.
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3. Quantum Statistics of Phonon Mode

In this section, we describe the phonon blockade effect of a parametrically pumped
mechanical oscillator and the influence of thermal noise on phonon blockade behavior.

3.1. Phonon Blockade Effect at Zero Temperature
At zero temperature, Equation (4) reduces to:

2
|A|2+2F2) 2
2) :( 2 2 ‘ 2 _ i0
2?00 FaT (272 + A1) |F? - e
2

(|A|2 +2F2> NG 4, |2 i0)?
6x2|A% — 2F +‘F — 3Axe ) 8
FAf ( XAl X ®)

Equation (8) shows that if F2 = Axe®, the second-order correlation function takes its
minimal value g2, (0) = 8F?/ (A3 + x*/4), which is far below 1 in the weak driving limit
(F < x). Thus, the condition for optimal blockade of phonon mode is

0 = tan_1<220) 9)

x = F?/\/Di+x2/4 (10)

When the system operates under the optimal condition (Equation (10)), the mean
phonon number (N) = Tr(4%4pss) &~ F?/ (A% + x*/4) and the minimal second-order corre-
lation function g2 . (0) = 8(N), which imply that we cannot simultaneously enhance the
blockade effect and increase the mean phonon number by decreasing the driving strength.
This is because the physical mechanism of the phonon blockade in this study is the destruc-
tive interference between two quantum transition paths, |0) — |2) and |0) — |1) — |2), as
shown in Figure 1b.

Output Channel [2) Z

- AN A
— 1) —
o, 20,
Driving field  parametrical pump o)
(a) (b)

Figure 1. (a) Schematic diagram of nanobeam driven by coherent acoustic field and parametric pump. (b) Energy

level structure of the quantum acoustic system.

To further illustrate the quantum statistics of phonon mode, we plot the equal-time
second-order correlation function ¢(?)(0) as functions of F, x and Ag in Figure 2a,b by
numerically integrating the master Equation (Equation (2)). We show that the phonon
blockade effect exists in a large parameter space, which is indicated by the blue region.
We also label the optimal parameter condition given by Equations (9) and (10) with green
dashed curves. The strongest blockade effect occurs along the optimal-condition curves, as
shown in Figure 2a,b. To clearly observe the behavior of the optimal second-order corre-
lation function, we plot the second-order correlation function with the optimal condition
in Figure 2c,d. The optimal second-order correlation function decreases with increasing
detuning when the optimal blockade conditions (Equations (9) and (10)) hold. Additionally,



Symmetry 2023, 15, 245

50f13

high-order correlation functions, e.g., ¢(® (0) and g(*)(0), are presented in Figure 2c,d with
the optimal condition (Equations (9) and (10)) holding. {g(®(0), g (0)} > 1 > ¢®(0),
which is a typical feature of UCPNB. This conclusion is consistent with the previous dis-
cussion based on quantum interference. The phonon blockade studied here comes from a
special squeezed state of the phonon field. Similar effects were demonstrated in its photonic
counterpart [27,38].

log, ,0'?(0) log, .0 (0)
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Figure 2. (a) Log,,(g(?(0)) as functions of F and A with fixed x = 0.01x. (b) Log;,g® (0)) as functions of y
and A with fixed F = 0.1«. Green dashed lines in (a,b) are the curves satisfy the optimal conditions (Equations (9)
and (10)). (c,d) Plots of correlation functions determined by the optimal conditions (Equations (9) and (10)) with
x = 0.01x and F = 0.1x, respectively.

3.2. Phonon Blockade Effect at Finite Temperature

We then studied the influence of thermal noise at finite temperature on the quan-
tum statistics of phonon mod. Figure 3a,b plots the second-order correlation function
as functions of the detuning A and driving strength F at temperatures 0.05T and 0.1T,
respectively. Compared with the case of zero temperature (as shown in Figure 2a), the
optimal blockade feature is almost unchanged for T = 0.05Tj (as shown in Figure 3a), while
the blockade effect exhibits obvious deterioration for T = 0.1T (as shown in Figure 3b).
The blockade of phonon mode can only survive at relatively low temperature.

0.5 0.5
047- 047 -
0.3 0.3

2 2

i i

0.2 0.2

0.1 0.1

AO/H AO/H

Figure 3. Log,, (@ (0)) as functions of F and A for two different temperatures: (a) T = 0.05Ty and (b) T = 0.1Tp.

Other parameters are:x = 0.01x and § = — tan’l(ﬁ).
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To determine the critical temperatures, we plot the second-order correlation function
as a function of the temperature of the bath, with other parameters satisfying the optimal
conditions (Equations (9) and (10)) in Figure 4a. As we increase the temperature T, g(z) (0)
almost remains a constant value far less than 1 for the temperatures below a threshold
value T,q; then, it experiences a sharp rise for temperatures between T, and T,y; finally, it
tends to constant (2) for T > T,». Based on these findings, we can divide the second-order
correlation function into three regimes in terms of bath temperature: (i) low-temperature
regime (T < T); (ii) crossover regime (T,; < T < T,); and (iii) high-temperature
regime (T > T,). To further clarify the relationship between ¢(?) (0) and temperature T,
we substitute the optimal conditions (Equations (9) and (10)) into the expression of the
second-order correlation function (Equation (4)) and obtain an approximate expression

4F6/|A|® 4 2F%i /|A)? + 2

(171 +F2/|A‘2)2 (11)

¢?(0) ~2

102 1072
(i) (i) (iii)

10° 1078
e N
o —~
Vm , '|'C1 c2 .

10 v 10

N (a) (b)
10° 107°
0 0.05 0. 0.15 0 0.05 0.1 0.15
T, T,

Figure 4. (a) Second-order correlation function ¢(?) (0) and (b) mean phonon number (N) as a function
of bath temperature T with acoustic cavity detuning Ay = 10x and driving strength F = 0.05«. The
other parameters are determined by the optimal conditions (Equations (9) and (10)). The symbol “0”
represents the analytical results (Equations (11) and (12)) with the same parameters.

By examining Equation (11), we can see that at low temperature, the first term in the
numerator (the quantum coherence term) is dominant, and the second-order correlation
function ¢(?)(0) is small. With increasing environmental temperature, the thermal noise
becomes important. When the environmental temperature reaches a critical value T,
the first term in numerator of the right-hand side of Equation (11) is equal to the second
term and larger than the third term, that is, 4F¢/|A|® ~ 27iF2/ |A]> > 7i2. We can obtain
fie; ~ 2F*/|A|* and the corresponding critical temperature T,; ~ Ty/ In(|A[*/2F*). When
T > T, the contribution to the correlation function by the quantum coherence term less
than that by the thermal term. When the environmental temperature continuously rises
and reaches Ty, the third term in the numerator of the expression of ¢(2)(0) is equal to
the second term and much larger than the first term, i.e., i2 ~ 27iF2/|A[* > 4F6 /|A|°. We
find i, ~ 2F2/|A|* and the corresponding critical temperature T,, ~ Ty/ In(|A|?/2F2).
When T > T, the thermal noise term is dominant in the system, which is denoted as
¢?(0) — 2. The underlying physics is that the large thermal noise can destroy the
quantum coherence of the quantum acoustic system. Therefore, we need a relatively low
temperature to experimentally observe the optimal phonon blockade. The asymmetry of
the autocorrelation about the environmental temperature comes from the non-equivalence
in the quantum and classic regimes. To evaluate the critical temperature, we set F = 0.05x
and Ap = 10x, and we obtain T;; = 0.05Tp and T = 0.1Tp. The analytical results are
consistent with the numerical values, as shown in Figure 4a.

In addition, we present the mean phonon number versus the bath temperature under
the optimal condition. Figure 4b shows that as the temperature increases, the mean phonon
number is first a constant value and then exponentially increases when the bath temperature
is larger than a threshold value. To explain this phenomenon, we provide the analytical ex-
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pression of the mean phonon number under the optimal conditions (Equations (9) and (10))

as follows:

From Equation (12),we see that for the low-temperature regime, F/ |A|2 > 7, the term of
thermal noise can be neglected, and the mean phonon number (N) is a constant F2/|A[*.
The threshold value can be defined as that at which the quantum coherence term is equal
to the noise term, i.e., F2/ \A|2 ~ fi. Then, the threshold temperature can be obtained
as T ~ 0.09Ty for F = 0.05x and Ay = 10x. This value agrees well with the numerical
result, indicated by a vertical dashed curve in Figure 4. At high temperature, the thermal
noise dominates; hence, (N) = i, which leads to an exponential increase in the mean
phonon number.

We then investigated the effect of the driving strength on the second-order correla-
tion function and the mean phonon number at different bath temperatures under optimal
conditions (Equations (9) and (10)). Figure 5 shows that at zero temperature, the second-
order correlation function of the phonon mode increases with increasing driving strength,
whereas at finite temperature, the second-order correlation function of the phonon mode
first decreases and then increases as the driving strength increases. This can be explained
as follows: for T = 0, Equation (11) is reduced into g (0) ~ 8F2/|A|*, which means
the second-order correlation function is quadratically dependent on the driving strength.
For finite temperatures, when F — 0, the quantum coherence term approaches zero, and
the thermal noise dominates the acoustic system, which leads to g(?)(0) — 2. When the
driving strength increases, the quantum coherence rather than the thermal noise gradu-
ally dominates the second-order correlation function; hence, the second-order correlation
function decreases from 2. If the driving strength becomes strong enough, higher phonon
number states are dramatically populated, resulting in the second-order correlation func-
tion increasing again and then approaching 1, which means the acoustic system reaches
the coherent state. The result indicates that a proper driving strength, rather than an
infinitesimal one, can lead to optimal phonon blockade at finite temperature. We also
studied the effect of driving strength on the mean phonon number. Figure 5b shows a
monotonically increasing mean phonon number with increasing driving strength for all
bath temperatures. This can be explained from the expression of the mean phonon number
(N) ~ (|AP/(7|A]P + F2) +2)7L.

102 107
T=0.15T,
1072
100%
"\
S - .
S SecgasT Z10°
o &Q'
102 o T=01T,
EA 10 :
T-0
(@ 5 (b)
104 10°®
0 002 004 006 008 0.1 0 002 004 006 008 0.1
Flr Flr

Figure 5. (a) Second-order correlation function ¢g(2)(0) and (b) mean phonon number (N) as a function of driving
strength F with bath temperature T = 0 (dotted curves), T = 0.1Tj (dashed curves), and T = 0.15T; (solid curves).
Cavity detuning Ag = 0 and other parameters are determined by optimal conditions (Equations (9) and (10)). The
symbol “0” represents the analytical results (Equations (11) and (12)) with the same parameters.

4. Quantum Statistics of Phonons with Monte Carlo Simulation

To further study the quantum properties of the phonon mode, we implemented the
Monte Carlo wave-function method to simulate the evolution of the quantum acoustic
system and count the photons at the output port [33,40]. This method is analogous to
the phonon Hanbury-Brown-Twiss (HBT) experimental procedure. We obtained the
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correlation information of the emitted phonons from sufficiently long stochastic trajectories.
In the following, we describe the procedure of the Monte Carlo wave-function method for
simulating the stochastic phonon emission from an acoustic cavity.

Assuming a phonon count at time f, we then cumulate the emitted phonons from
the acoustic cavity N(t,f 4 T) in an interval AT. When choosing the interval AT, we must
consider the balance between the resolution and statistical fluctuation. By averaging all
N(t,t;) over all t, N(t,t;) = ¥4 N(t,t;)/Niotar, with the total emitted phonon number
Niotq1 within the total counting time duration T. For sufficiently large samples, if we detect
a phonon at time £, then the average value is dependent on the conditional probability of
finding the second phonon at time ¢ + 7. Finally, the second-order correlation function with
the time delay T is presented as follows:

gr) = Mt ),

where N(t) = Ny AT/ T is the mean emitted phonon number in an interval AT when the
system is in the steady state.

In the numerical experiment, we set the detuning Ay = 0, relative phase 8 = /2, res-
onance frequency of the acoustic cavity w;,, = 5 GHz, effective parametric pump strength
x = 50 kHz, driving strength F = 500 kHz, and leak rate of acoustic cavity to the input and
output channel to x; ~ 10 MHz and «; ~ 0.1 MHz, respectively. These parameters are typi-
cal values feasible in experiments. The total decay was x = %1 + x» =~ x1. The other system
parameters were determined by fulfilling the optimal conditions (Equations (9) and (10)).

Figure 6a shows a typical Monte Carlo trajectory of the mean phonon number in an
acoustic cavity at bath temperature T = 0.15T) = 5.4 mK. We can observe the random
jumps of phonons induced by the thermal bath and the leakage of the phonon cavity in
the time domain. The histograms in Figure 6b—d are the statistical results of g(?) () for
different bath temperatures. The total accumulated time for each single trajectory was 0.25 s
in the simulation. Figure 6b shows a deep dip at T = 0, where strong phonon antibunching
(@ (0) < ¢ (1)) appears within delay T < 0.5 us when the bath temperature is zero.

(13)

The minimal value of the time-delayed second-order correlation function gr(ii)n(r) =~ (.08,
located at zero time delay T = 0. For a larger delay, the correlation function ¢(?) (1) tends
exponentially to unitary. Given the phonon life time of ~x; 1 = 0.1 us, we observe strong
phonon antibunching in the pulse excitation situation with a sufficiently large pulse width
in the time domain. Additionally, we count the total leaked phonon number ~24,700 in
0.25 s from the acoustic cavity, corresponding to an average phonon number 99, 000 per
second. Figure 6¢,d show the time-delayed second-order correlation function with bath
temperature 0.15Ty and 0.5T. The second-order correlation function with zero time delay
increases with increasing bath temperature and finally reaches two.

To verify the correctness of the results from Monte Carlo wave function method, we
calculated the time-dependent second-order correlation function using quantum regression
theorem [41]

| Tr {atael T [apsat] }

®(1)
§ Tr (4*apss)”

(14)

The pink solid curve in Figure 6b—d is the result obtained based on Equation (14),
which well reproduces the Monte Carlo simulation results. Therefore, we concluded that
our numerical results based on the Monte Carlo wave function method are reliable.
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Figure 6. (a) Example of single Monte Carlo trajectory of phonon number in acoustic cavity with bath temperature
T = 0.15Tp. (b-d) Time-delayed second-order correlation function g(?) () extracted from numerical experiment
(histograms) and evaluated based on quantum regression theorem (Equation (14)) (thick blue solid curves) with
different bath temperatures. Driving strength F = 0.05x. Other parameters were determined by optimal conditions
(Equation (9) and (10)).

5. Conclusions

We studied the phonon blockade phenomena in a parametrically pumped mechanical
oscillator at zero and finite temperatures. We first analytically presented the optimal
condition for strong phonon blockade based on the density-matrix master equation. When
the acoustic system operates under the optimal condition, the second-order correlation
function experiences a transition from sub-Possonian to super-Possonian phonon-number
statistics as the bath temperature increases. Additionally, the second-order correlation
function monotonically increases with increasing driving strength for zero temperature,
whereas it first decreases and then increases for finite temperature. This means that a
suitable driving strength, rather than a infinitesimal one, is suitable for obtaining a minimal
second-order correlation function at finite temperature. Finally, we presented our numerical
simulations of the time-delayed second-order correlation functions using the Monte Carlo
wave-function method. The result showed that a wide and deep dip occurs on the second-
order correlation function curve around the zero time delay when the system resonantly
operates, i.e., Ag = 0. It suggests the possibility of observing strong phonon blockade in
the pulse excitation regime. We presented an applicable scheme to generate single phonons
at finite temperature, which is helpful for constructing a feasible single phonon source in
experiments. Such single phonon device can be used in the field of quantum information
and precise measurement based on quantum phononics. Finally, we should stress that,
limited by the physical mechanism of UCPNB, the mean phonon number of our scheme is
less than that of CPNB. As such, the proposed scheme may not be applicable in scenarios
requiring high single phonon generation efficiency from the single phonon device.
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Appendix A

In the weak driving limit, high phonon occupation (the phonon number is larger
than 2) is extremely low. Hence, we can truncate the Hilbert space of the system and keep
it up to finite space. In finite Hilbert space (n < 3), the Hamiltonian for our system can be
expressed as:

0 F V2xe 0

F Ao V2F  6xe
V2xe®  V2F  2A¢ V/3F

0 V6 )(eie V3F 3Ap

The corresponding density matrix is:

H= (A1)

fPoo  Po1 P02 03
f10 P11 P12 P13 ) (A2)
P20 P21 P22 P23
P30 P31 P32 P33
Substituting the Hamiltonian (A1) and the density matrix (A2) into the steady-state

master equation Ly = 0, after straightforward calculation, we obtain the following coupled
equations for the density matrix elements

p:

0 = ikpn+ \6(){67"9(320 - Xeiepoz)
+F(p10 — po1) + ix7i(p11 — Poo), (A3)

1, : :
0 = (AO - 211() 010 + \/éxe_lgpgo — ﬁxelf’plz
+V/2ixp + F(poo — p11) + V2Fpao
+/2ixii (P21 - \/iplo), (A4)

1. ;
0 = 2 (AO — 21K> 020 + ﬁxe’g(poo —022)

—Fpy1 + V/3Fp30 + V2Fp1g
+V3ixps1 + V3t (p31 — V3px), (A5)

1. i
0 = 3 (Ao — ZIK) 030 + \fzxele (\ﬁpm - P32>

+V/3Fp20 — Fpa1 — 4ixiips3, (A6)
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0 = ix(202—p1)+ \f6<X€7i9P31 - X€i9P13>

+V2F(p21 — p12) + F(po1 — p1o0)
+ixii(poo — 3011 + 2022), (A7)

3 . .
0 = (Ao - 21K> P21 + V2xe® (Pm - \/§P23>

+V2F(p11 — p22) — Fpao + V3Fp31
+V6iKkpzy + K (ﬂplo — 401 + \/gpsz), (A8)

0 = 2(Ag—iKx)ps + V6xe? (p11 — p33)
+F <\f3P21 — 030 — \ﬁpsz)
+ixn <\f3P20 - 5P31) , (A9)

0 = ix(3p33 — 202) + V2x (671‘9920 - eiepoz)
+V/2F (021 — p12) + V3F(p32 — p23)

—iK7 (2p11 + 5P22 - 3P33), (AlO)
5. : :
0 = (Ao - 21K> P32+ Voxep1n — vV2xe P p3
—V/2Fp31 + V3F (02 — p33)
+V6ixt (21 — Vops ), (A11)
0 = —3ikpss+ Voéx (eigpla - 6'7"6:031)
+V/3F (023 — p32) + ik7i(302 — 7033), (A12)

Under the assumption of a weak driving limit and low temperature limit, pgg ~ 1,
000 > p11 > P22, 1 > nyy,, we obtain the matrix elements by iteration

—A*F
P10 = —— , (A13)
(1+27)|A] + 2F2
ii|A|* + F2
P11 = |_ | 5 , (A14)
(1+27)|A]* +2F2
F2 — Axe'®) — (2F2 — Aye'? 011
P20 = \6( ) A(Z ) , (A15)
2V2 F2 + Axe® —2|A?
P = \[Fﬁ2+3 +oxe > | |Fr‘z
A V2A|A|
F2(28xe® 4 A*xe~0) — 3|A P2 .
V2A|A[*
F2 — Aye'?
( xe’) (A16)

iiPl
V2A|AP
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- L6 s x2|A\2—3F4+2F2|A|Zﬁ
NG Ny
P2 —axe|*  3RlaR-F
+ 1 7l 3 F
A A
(222 + 18P |2 — Ay
e : (A17)
F2 — 3Axe
P30 = —QR (A18)

Ve
\@Fz —Axe®  (F?—3Axe"?) ,

P31 Tan? il Vaakar (A19)
V3F , Axe® — F% _
= — 7 F——17
032 A +V3 |A|2A
(1:2 —3AX€i9) (FZ _A*XefiQ)F (AZO)
2v/3|A[*A '
3F2 ,  3|F2—Axe®|®
P33 = ——it+ ——— 1
A 2|A|
2 i0 |22
|F 3AX§ |°F . (A21)
6/A|
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