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Abstract: In this study, we propose the concept of left extension of a hyperideal by generalizing the
concept of k-hyperideals in ordered semihyperrings with symmetrical hyper-operation @©. By using
the notion of extension of a k-hyperideal, we prove some results in ordered semihyperrings. The
results of this paper can be viewed as a generalization for k-ideals of semirings.
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1. Introduction

The notion of ordered semihypergroup was pioneered by Heidari and Davvaz [1] in
2011. In Ref. [2], Shi et al. attempted to study factorizable ordered hypergroupoids. In
Ref. [3], Davvaz et al. initiated the study of pseudoorders in ordered semihypergroups. Gu
and Tang in Ref. [4] and Tang et al. in Ref. [5] constructed the ordered semihypergroup
from an ordered semihypergroup by using ordered regular relations.

The concept of hyperstructure was introduced by Marty [6] in 1934. In 1990, Vou-
giouklis [7] defined the notion of semihyperrings and discussed some of its properties. The
theory of hyperideals in LA-hyperrings was studied by Rehman et al. in Ref. [8]. Many
notions of algebraic geometry were extended to hyperrings in Ref. [9].

Some recent studies on ordered semihyperrings are on left k-bi-quasi hyperideals
and right pure (bi-quasi-)hyperideals done by Rao et al. in Ref. [10] and Shao et al. in
Ref. [11]. A study on w-pseudo-orders in ordered (semi)hyperrings was done in Ref. [12].
In Ref. [13], Kou et al. discussed the relationship between ordered semihyperrings by using
homomorphisms and homo-derivations. Moreover, the connection between the ordered
semihyperrings is explained by Omidi and Davvaz in Ref. [14].

In Ref. [15], Hedayati investigated some results in semihyperrings using k-hyperideals.
In 2007, Ameri and Hedayati [16] introduced the notion of k-hyperideals in ordered semi-
hyperrings. In this paper, we first define the left extension of a left hyperideal in an ordered
semihyperring. The concept of extension of a k-ideal on a semiring R was introduced and
studied by Chaudhari et al. in Refs. [17,18]. In the results of Chaudhari et al. [18], we
replace the condition of extension of a k-ideal in semirings by extension of a k-hyperideal
in ordered semihyperrings. By using the notion of extension of a k-hyperideal instead of
k-hyperideal, we prove some results in ordered semihyperrings. Left extension of hyper-
ideals are discovered to be a generalization of k-hyperideals. Let Q, W be hyperideals of an
ordered semihyperring (R, ®, ®, <) such that Q C W. Then

Wo={reR|r@PCW,3PCQ0c¢P}

is the smallest left extension of Q containing W. Moreover, we proved that Wy = W if
and only if W is a left extension of Q. Some conclusions on extension of a k-hyperideal are
gathered in the last section of the study.
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2. Preliminaries

A mapping ® : R x R — P*(R) is called a hyperoperation on R. If @ # L,L' C R and
X € R, then

Lol = U lol',xoL={x}0Land L' ®x =L ® {x}.
rer
(R, ®) is called a semihypergroup if for every [,I',x in R,
lo('ox)=(1I6l")ox.

Definition 1. [7] A semihyperring is a triple (R, ®, ®) such that for each x,y,z € R,

(1) (R, ®) is a commutative semihypergroup;

(2) (R, ®) is a semihypergroup;

B) xO(y®z)=x0yExOzand (xBY)Oz=x0z0Y0Oz

(4)  There exists an element 0 € R such that x 0 =0® x = {x} and x ©0 =006 x = {0} for
all x in R.

Definition 2. [10] Take a semihyperring (R, @, ©) and a partial order relation <. Then (R, ®, ®, <
) is called an ordered semihyperring if for any q,4’, x € R,

(1) g<q=qgdox=<qox
(2)
gOx =4 Ox,
g<q =
xOq2x0q.
Forevery® # L,L' C R, L <X L"isdefinedbyVl € L,3I' € L' such that | <. Clearly, L C L’
implies L < L', but the converse is not valid in general. In this definition, two types of relation are

defined, one is between elements of R, which is denoted by <, and second one between subsets of R,
which is <.

Example 1. Let N be the set of natural numbers and Ny = N U {0}. Consider the semiring
(No, +, -) where + and - are usual addition and multiplication. Define

lol'={lLI'tand I ® ' = {Il',cll'}, where ¢ € N.
If < is the natural ordering on Ny, then (No, &, ®, <) is an ordered semihyperring.

Definition 3. We will say that @ # K C R is a left (resp. right) hyperideal of R if

(1) foralla,b e K,a®bCK;
(2) ROKCK(resp. KO R C K);
(3) (K] CK.

The set (K] is given by
(K] := {r € R|r < x for some x € K}.

Definition 4. We will say that a left hyperideal © # W C R is a left k-hyperideal of R, if
VweW,VgeR (wdgq)NW #D=qeW.

Remark 1. Clearly, every left k-hyperideal of R is a left hyperideal of R. The converse is not true,
in general, that is, a left hyperideal may not be a left k-hyperideal of R (see Example 2).
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3. Main Results

Now, we study the extension of a k-hyperideal in an ordered semihyperring.

Definition 5. Assume that K, L are left hyperideals of an ordered semihyperring (R, &, ®, <) and
L C K. Then K is said to be a left extension of L if

VieLVgeRI®gCK=g€K,
or

VieLVgeR (I&6q)NK#D=g€K.

Remark 2. Every k-hyperideal K of (R, &, ®, <) with K D L is a left extension of L, where L is a
hyperideal of R.

Example 2. Let R = {0, p,q} and define the symmetrical hyper-operations & and © as follows:

D 0 p q
0 {0} {p} {a}
r {rt {0p} {0pgq}
q {9} {0pq} {0p}
O) 0 p q
o {0} {0} {0}

p {0} {0} {0}
q {0} {0} {0,p}

<:={(0,0), (p,p), (4,9),(0,p), (0,9), (p,q) }-

Then, (R, ®, ®, <) is an ordered semihyperring. Clearly, L = {0, p} is a hyperideal of R, but it is
not a k-hyperideal. Indeed:

R=(p®dgq)NL#QDandp € Lbutg ¢ L.
Obviously, L is a k-extension of L' = {0},

Example 3. Consider the ordered semihyperring (R, ®, ®, <) with the symmetrical hyper-operation
@ and hyper-operation ©:

@& 0 p q r
0o {0} {p} {q} {r}
r {r} {rt A{r} {r}
q {qay {r} {04} {047}
r {r} A{p} {04qr} {Or}
® 0 p q r
0o {o} f{o} {o} {0}
p {0} {p} {04} {0}
q {0} {o} {o} {0}
r {0} {o,r} {o} {0}

< :={(0,0),(0,p),(0,9),(0,7), (p. p), (4, p), (4,9), (r, p), (r,7) }.

Clearly, K = {0,q,r} is a left extension of L = {0,q}. In addition, L is a left extension of {0}, but
it is not a k-hyperideal of R. Indeed:

(régq)NL#Q@andg € Lbutr ¢ L.
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Example 4. Let R = {0, p,q,r} be a set with the symmetrical hyper-addition & and the multipli-
cation © defined as follows:

@& 0 p q r
0o {0y {p} {g} {r}
r {rt {pqt {at {r}
q {9+ {ay {04q} {r}
ro{ry {ry {r} {07}
® 0 p q r
0 {o} {o} {o} f{o}
p {0} {p} {p} {p}
q {0} {q} {a} {a}

r {0} {r} {r} {r}

<:={(x,x) | x € R}.
Then, (R, ®, ®, <) is an ordered semihyperring. Clearly, K = {0, r} is a right hyperideal of R, but

it is not a right k-hyperideal of R. Indeed:
rép=recKandr e Kbutp ¢ K.
Let L = {0}. Then, K is a right k-extension of L, but it is not a right k-hyperideal of R.

Remark 3. In the following, we consider the following condition:
VieLVgeRI®gCK=geKk

Definition 6. Assume that Q, W are hyperideals of an ordered semihyperring (R, &, ®, <) such

that Q C W. Then, we denote

Q={reR|rePCQ 3IPCQ0€cP}

Wo={reR|r®@PCW,3PCQ,0e P}
W will be called the k-closure of W with respect to Q.

Remark 4. We have
1) QCQCWoCW,
2) Wy =W.

Lemma 1. Assume that Q, W, Y are hyperideals of an ordered semihyperring (R, ®, ®, <) such
that Q C W C Y. Then, Yo C Y.

Proof. Let W be a hyperideal of R such t@ QCWC and x € % Then, there exists
P C QC Wsuchthatx® P C Y. So, x € Y. Therefore, Yo C Y. O

Proposition 1. W, is the smallest left extension of Q containing W.

Proof. Clearly, W, is a hyperideal of R.
Indeed: Let q1,q2 € Wq. By definition of W, there exist P;, P, C Q such thatg; ® Py C W
and g2 ® P, € W. Now,

((1DR)DPLOP) =P DL CWEWCW.

It means that q; ® g2 € Wo.
Now, let u € Wg and x € R. Then, there exists P C Q such thatu & P C W. So,

XQUPXOP=x0u®P) CROWCW.
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Since x ® P C Q, we get x ©® u C W. Similarly, u ® x C Wy,
Now, let u € Wg and (v,u) €<, where v € R. By assumption, there exists P C Q such
that u © P C W. Since R is an ordered semihyperring, we getv ®© p X u @ p forany p € P.
So, foranyx c v p, x < yforsomey € udp CudP C W. Since (W] C W, we obtain
x € W.So,v@®p C W for each p € P. Thus v & P C W and hence v € W(. Therefore, Wy
is a hyperideal of R.

Now, we prove that W, is a extension of Q. Let § € Q and g & r C W, where r € R.
By assumption, u € Wq for all u € q & r. Hence, for any u € q & r, there exists P, C Q such
thatu ® P, C W. Thus,

qord U P, C U (”@Pu)@ U P, CW.
ueqdr ueqdr ueqodr

Sinceq® U Py C Q, it follows that r € W(y. Therefore, W, is a left extension of Q.
ueqdr

Clearly, W C Wg. Now, let Y be a left extension of Q containing W and g € Wy,. Then,
there exist P C Q such thatg@® P C W C Y. Since Y is a left extension of Q, we getg € Y.
Hence, Wo C Y. O

Theorem 1. Assume that Q, W are hyperideals of an ordered semihyperring (R, ®, ®, <) such
that Q C W. Then, W is a left extension of Q if and only if Wo = W.

Proof. Necessity: Let W be a left extension of Q. By Proposition 1, W, is the smallest
left extension of Q and W C WQ Since W is a left extension of Q, we get WQ C W. So,
W C Wo € W and hence Wy = W.

Sufficiency: If WQ = W, then, since by Proposition 1, WQ is a left extension of Q, it
follows that W is a left extension of Q. [

Corollary 1. Assume that Q, W are hyperideals of an ordered semihyperring (R, ®, ®, <) such
that Q C W. Then, (Wgq)o = Wq.

Proof. The proof obtains from Proposition 1 and Theorem 1. [

Theorem 2. Assume that Q, W, Y are hyperideals of an ordered semihyperring (R, &, ®, <) such
that Q C W, Y. Then,

(WNY)o =WoNYo.

Proof. Leta € m Then, there exists P C Q such that
a@PCWNYCW.
So, a € Wq. Therefore, m C Wy Similarly,
WrTgcTa

Hence,

WAY)g € WonYe.
Now, let x € W NYq. Then, there exist P, P’ C Q suchthatx® P C Wand x& P’ C Y.
Since P’ C Q C W and W is a hyperideal of R, we have

xOPOP CWOWCW.

Similarly, x @P® P' C Y. So, x@® P@® P' C WNY. This implies that x € (WNY)q.
Therefore, Wo NYy C (WNY)g. O

Theorem 3. Assume that Q, W, Y are hyperideals of an ordered semihyperring (R, &, ®, <) such
that Q C W, Y. If W, Y are left extensions of Q, then W NY is a left extension of Q.
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Proof. By Theorem 2, we have
WnYg =WonTg
Since W, Y are left extensions of Q, then by Theorem 1, we get
WoNYg=WnyY.
Hence,
WnNY)g=wnY.
Now, by Theorem 1, WNY is a left extension of Q. O

Definition 7. Assume that K, L are left hyperideals of an ordered semihyperring (R, &, ®, <) and
L C K. Then K is said to be a left m-extension of L if

VieLVqeRI®gCK=g€eKk

Theorem 4. Assume that K, L are hyperideals of an ordered semihyperring (R, ®, ®, <) and
L C Ksuch that L@ R C L. If K is a m-extension of L, then K is an extension of L.

Proof. Let K be a m-extension of L. Consider [ ®q C K, € L and g € R. Since K is a
hyperideal of R, we get
(l®q) ©g CKORCK

So, forany p € [ &g, p ® g C K. Since K is a m-extension of L, we have g € K. Thus, K is
an extension of L. [

4. Conclusions

The concept of left extension of hyperideals in ordered semihyperrings is introduced
in this study. Left extension of hyperideals are discovered to be a generalization of k-
hyperideals. Let Q, W be hyperideals of an ordered semihyperring (R, &, ®, <) such that
Q C W. Then

Wo={reR|r@PCW,3PCQ,0¢cP}

is the smallest left extension of Q containing W. In addition, we proved that Wy = W if
and only if W is a left extension of Q. By using the concept of extension of a k-hyperideal,
we discussed some results in ordered semihyperrings. Some further works can be done on
left extension of a fuzzy hyperideal in ordered semihyperrings.
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