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1. Introduction

The Langevin equation (LE) is a powerful mathematical physics tool for describing
processes such as anomalous diffusion in a systematic fashion. Price index fluctuations [1,2],
harmonic oscillators, and other similar processes are examples of such processes. A general
Langevin equation (GLE) for noise sources with correlations is also used a lot in the theory
of critical dynamics [3]. To comprehend the nature of the quantum noise, a GLE [4] can be
employed. When applied to systems of fractional order, such as reaction—diffusion systems
of fractional order [5,6], the LE has a very elegant and rich function. The fractional analogue
of the common LE is proposed for situations where the distinction between macroscopic
and microscopic time scales is not apparent; this equation is sometimes referred to as
the stochastic differential equation. See, for example, [1]. In [7], the author explored
moments, variances, position, and velocity correlation for a generalized fractional LE of the
Liouville-Caputo fractional derivative. The results were compared with those found for the
same GLE. The aforementioned papers [8-13] and their relevant references contain recent
findings on the LE with varied boundary conditions. In light of the numerous applications
that it has in the fields of engineering, the social sciences, and the technical sciences, the
study of fractional calculus has arisen as an important subject in which to do research. Due
to their ability to reflect the history of current events and processes, integral and differential
operators of fractional order based mathematical models are regarded as more realistic and
applicable than their integer-order counterparts. This area of mathematics analysis has
advanced significantly in recent years and currently includes a wide range of intriguing
findings, such as [14-23]. Recently, the literature on the subject has included Hadamard,
Caputo (Liouville-Caputo), Riemann-Liouville type derivatives, among others, as well as
fractional order differential equations. See [24-33] and the list of references for some recent
works on the subject. The authors [34] discussed the existence of solutions for fractional
Langevin differential equations using Liouville-Caputo derivatives:
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‘:S]DZ+ (‘SD5+ +/\)x(t) :f(t/'x(t))/t € ‘7 = [a’ T]’ (1)
AeR, 1<a<2,0<B<1, p>0
{x(@) =0, x(4) =0, x(T) = W) x(&), v > 0,0 >0, @

where fDZ&, ’ng . denote the generalized Liouville-Caputo fractional derivatives (GLCFD),
PI;L is the generalized fractional integral (Katugampola). The main results were proven
using fixed point index theory. In [35], the authors studied existence results for coupled
system of FDEs with Hilfer derivatives:
{(HDS%)@ + M (DG () = f(kx(0), RO (), () e € O.T),
. -1,
(DG (1) + A2 (MDGEPry) (1) = F(t,x(), y(), RE-E)y(1), t € [0, T],

x(0) =0, y(0) =0,
x(T) = Yy eRWer1)y () m; € (0,T), 4)
y(T) = Tjy ;R W) x(g5) & € (0,T),

where D%PFi is the Hilfer derivative of fractional order a; with parameters B;, | €
1,2, 1 < a; < 2,0 < ‘31 <1, /\1,)\2,61',9]' S R\{O}, i =12,...,m, ] =1,2,...,n,
f,g : [0,T] x R x R x R — xR are nonlinear continuous functions and R(¢t#1),
¢r € {6, u,v}, v € {qpplgppe € N}, involves the iterated Riemann-Liouville and
Hadamard fractional integral operators. The main results were proven using fixed point
index theory. We demonstrate the existence, uniqueness of solutions and Ulam-Hyers
stability for the following generalized Langevin fractional differential system, which was
inspired by the previous research, by utilizing the fixed point theorems:

{ngx (EDSL + ¢1)x(1) = £(1,x(0),y(1)), 1 € € :=[0,8], )
CD5E(ED5E + ¢2)y (1) = 8(1,x(1),y(1)),1 € € :=[0,S],
x(0) =0, y(0)=0, ©)
x(8) = €T3 y(@), y(8) = mPIf, x(0), 0 <o <@ < S,

where £.D%1, D82 D81 £ D% are the GLCFD of order 1 < 1,8 < 2,0 < {1,{2 < 1,
PIg iy PIg . are the Katugampola integral of fractional order o, > 0,0 > 0,f,g: & x R x
R — R are continuous functions, €, 1 € R. The requirement states that the unknown
function’s value at the right endpoint of the specified interval, : = S, must be proportional
to its values on strips of different lengths. The GLCFD is converted into the differentially
effective Caputo sense when p = 1. Similar to this, non-symmetric examples appear when
p = 1 and the Riemann-Liouville integrals are used instead of the Katugampola integrals.
To the best of our knowledge, boundary value problems (BVPs) stability analysis is still in its
development. The fundamental contribution of this research is to investigate the existence,
uniqueness and stability analysis. In addition, we show the problem (5) and (6) used by
the fixed-point theorems of Leray—Schauder and Banach to demonstrate the existence and
uniqueness of solutions. The rest of the article is as follows: Section 2 presents the basic
definitions, lemmas, and theorems that underpin our main conclusions. In Section 3, we
show the existence and uniqueness of solutions to the given systems (5) and (6) using a
variety of conditions and a few widely used fixed-point theorems. Section 4 looks at the
Ulam-Hyers stability of the provided system (5) and (6) under particular circumstances.
Examples are provided in Section 6 to further clarify the study’s findings.
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2. Preliminaries

We define space P = {x(1) : x(t) € C(E,R)} equipped with the norm ||x|| =
sup{|x(¢)|,t € &£} is a Banach space. Also Q = {y(1) : y(1) € C(E,R)} equipped
with the norm is ||y|| = sup{|y(:)|,1 € £} is a Banach space. Then the product space
(P x Q,|(x,y)||) is also a Banach space with norm ||(x,y)|| = ||x|| + ||y]]-

Definition 1 ([36]). The left- and right-sided GLCFD of f € AC[c,d] of order { > 0

Lf, (z) =¢ F, [fo) -L e (p;p)k] @=L @

n=1¢_1\k~k _ k
2D5f(z) =" DL [fmz( LA ](zm:zl-f’g ®

whenn = [{] + 1.

Lemma 1 ([36]).
1. ifC¢N

7 1 AN Oy S 1)V
R el A G B = e O

_ 1 a0 — P\ (=) () (0)d0 ) ng,
1050 = g | () OO o i), (0)

2. ifCeN
0D f=9"f, DS f=(-1)""f. (11)

Lemma 2 ([36]). Let f € ACl[c,d] or CY[c,d] and { € R. Then,

PN _ ) (2 =P\
ok f) = - L T ()

n—1 ¢ _1\k~k — Z k
"L Dh ) = ) - T ( ”;Z“”(dpp )

In particular, for 0 < ¢ <1, we have
PICEDE, f(z) = f(z) — f(c),  PI5 EDS f(2) = f(z) — f(d).

In order to facilitate computation, we present the following notations:

—~ Spgl ,\ 7-[0'P(€1+Q)
= = 12
1S TG ) 2T R re ) (12)
SPie ewP(G2t6)
1= , &= , (13)
p%2I (3 +1) p%2HsT(Z +¢+1)
G=5&5-656#0, (14)
5 [Pgl 5 [sz 15
1) = (pélr@l T 1)9)' 2(t) = (pﬁzr@ T 1)9)' %)

Lemma 3. Let f,¢ € C(0,S)UL(0,S),x,y € .AC%(S) and A # 0. The solution of the system
of coupled Langevin fractional BVP:
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EDSL(EDSL + ¢1)x() = f(1),1 € £:=10,8],
PDCZ “ Déz +¢o)y(1) =8(1), 1€ €:=10,8], (16)
(0) =0, y(0)=0, x(8)=efI;y(@), y(S)=nIjx(0) 0<or<@<S,

is given by
x(1) =F TS F (1) — TR ()
+01(0) [52 (ePZ5 5 e g(@) — egh Iy (@) = T F(S) + 5 x(S))  (17)
+ & (I (o) — mof T (o) P TR EQ(S) + 4T y(S ))]
and
y(1) = T3 28() — 95y (1)

+ 6t [ (25270 g(@) — egh Ty (@) — T F(S) + PT5x(S)) (19)

+ & (RIS R (o) - e TE x(0) - TETRR(S) + 95Ty <s>)].

Proof. Applying operators PIg}r f Iéz to (16) and using Lemma 2, we get
(EDG +¢1)x(1) =F TLf (1) +an, (19)
D% =F 22 b 20
(eDg + ¢2)y (1) 18(0) + by, (20)

respectively, for some a1,b; € R. When PIgl P Igz are applied to the FDEs in (19) and (20),
the solution of the Langevin FDEs in (16) for L€ 5 is

P 01

x(1) =P Igfélf(‘) 5’151 (1) + ﬂlm + az, (21)
G+l 4 0o 152
y() =P Z537°28(1) — 5 Ity ()‘f‘blm“‘bz/ (22)

respectively, for some a,,b, € R. By the conditions, x(0) = y(0) = 0 in (21) and (22)
respectively, results a; = by = 0. Then, using the generalized fractional integral operators,
we obtain: #Z¢ PIg 4 (21) and (22) respectively,

0+

p7Q p FEat+iite g T wbrte)

IO+x(l) = IO+ f(l) ]IO+ (l)+a1pgl+gr(é—l+g+1)/ (23)
p(Z2+6)

OIS y(1) =P TETT08() — TS (1) + by~ (24)

peter (o +6+1)

which, when combined with the boundary conditions x(S) = e PI§+y(w), y(S) =
nfI3 x(0), gives the following results:
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. Spgl N e(DP(CZ+€)
ngi+€1f(8) fzgi (S)+ alm = ePIgi+éz+gg(w) _ €¢§Ig«2++gy(w) + b T (L 4 e +1) (25)
PIEE(S) — TS Y(S) 4 b e TE ) T o) SO (g
P2l (2+1) phter(gy + o +1)

Next, we obtain

0E — 01 = PTG (@) — eph TS y(@) —F ISTUF(S) + IS x(S),  (27)

0i&; — mE = nP I (o) — mg{TE O x(0) — I TRR(S) + 5T y(S),  (28)

using the notations (13) in (25) and (26) respectively. When the system of equations is
solved, we find that (27) and (28) for a1 and by,

1 »
=g | &2 TEEET(@) - g T (@) ¢ TETEF(S) + 9l Tt x(S) )
(29)
+ & (AT (0) - mgl TG (o) — TR Y(S) + 45Ty (S >)],
b = g 52(6p152+§2+€ ( ) ¢PIC2+€ (@) pI§1+§1f( S) + Pl-Cl (8))
(30)

& +ote g + 5
+ & (R TE R (o) - g TE x (o) ¢ T RR(S) + 95Ty <s>)].
Substituting the values of a1,b; in (21) and (22) respectively, we obtain the BVP
solution (16). O

3. Main Results

We propose a fixed point problem relevant to the problem by Lemma 3 as follows:

Y:PxQ—=PxQby

Yy () = F1(xy) (), ¥a(x,y) (1), (31)

where
¥ (x,y)(1) :Plgfglf(lrx(l)ry(l)) 4’?1& (1) +01(1) [52 (engygﬁgg(w,x(w),y(w))

— epaP Iy (@) —PTEEE (S, x(8), 9(8)) + 5 x(S))

(32)
+& (nPIgfrgﬁgf(a, x(o),y(0)) — ncplplgfgx(a)

—PIE (8, x(S),y(S)) + IR Y(S) ) |,
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¥, y) (1) =PT5E g (1 x(0), o>¢ﬁ@<ywmﬁ@@%%%ﬂﬂaﬂm«w»

— eh I3y (@) = TG (S, x(S),y(8)) + TS x(S))

. (33)
+& (IS f(0,2(0),y(0)) — 7 T5E x (o)
PTG g(S,x(S),y(S)) + PTFY(S)) |
For brevity, use these notations:
o (S allE)) e orre (34)
VTG A G+ 1) g (@ G e+ )
|&1|SP(621C2) &5 ||e]@P(C2tiate) -
=P\ e rn e e G et D )
T (SF A+ al1€2]) | [illm]|ExferErte)
U = | l‘ 7 i+ (36)
P (01 +1) pHeT (g1 +o+1)
— |£,|SPe2 |Eo]|e|c@P(G2te)
Vi =1o , 37
! '”Wﬂﬁﬁma+n*}@ﬂna+g+n &
1) SPE+8)| &, | 7| |&; |oPCrtiite) 8)
\OOHET(G + G +1) T BT Ot (G + G o+ 1) )
y, - A+ 165]|&1])SPetE) 162]|E>|e|coP (e +eate) (39)
P OpRTEI(G+ p+ 1) eI (G bt 1)
e SPi1| & | |7t||&; o érte)
U = |0 , 40
2= 2||¢1|<P€1F(61+1) T AT ot 1) 4o
TR (1+15]|E1))8F%2 | |83]|E|le|r(e2te)
Vo = |¢a] (41)
p2T (52 +1) P2 (G2 +¢+1)
® = min{1 — [y (U + ) + $1(V1 + Va) + Uy + 1),
1— [ (U +Us) + 2 (V1 + V) + V1 + Vol ). (42)

Let f,g: £ x R x R — R be continuous functions.
e (Ay) 3 constants Py, P, > 0(m = 1,2) and g, Pp > 0 2

|f(1,01,02)| < o+ ¢1]o1| + P2l02],
g(1,01,00)| < o + 1lo1] + th2]02|, Yo € R,m = 1,2.
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e (Ap) 3 constants Py, P, > 0(m =1,2) >

|[f(1,01,02) = f(1,01,02)| <yprlo1 — 01 + a0z — 02,
|g([/01/02) _g(1161162)| S¢\1|01 - 61| +¢\2|02 - 62‘/vom16m € R/m =1,2.

Theorem 1. If the assumption (A1) is satisfied, then the problem (5) and (6) has a at leat one
solution on &€ if Py (Uy +U2) + 1,01(V1 + Vz) +U1 +Up <1 S (U +Up) + (Vi + Vo) +
V1 + V2 < 1. Where U, vl,ul, Vl,b{z, vz,uz, V2 are given by (34)—(41) respectively.

Proof. In the first phase, we define operator ¥ : P x Q — P x Q as being completely
continuous. The operators ¥ and ¥, are continuous because the functions f and g are
continuous. The operator ¥ is continuous as a result. For the purpose of illustrating how
the uniformly bounded operator ¥ works, consider the bounded set ¥ C P x Q. Then,
N1 and N are positive constants such that | (1, x(1),y(1))| < N1, [g(t x(1),y(1))| < N,
V(x,y) € ¥. Then we have

%1 (2, ) ()] <PZS F (1 x (1), y ()| + |gn[PZSE [x(0)]

+1610)] [16al (el ZE 2 3(@, x(@), y(@))

+ lellgalPZE Iy (@)| +PZ5EF(S, (S), y(S))| + 91 P TS 1x(S)])

&l (171 Z5E 0 f o, 2(0), y(0))] + [liga P26 (o)
+ PTG 9(S, x(8), y(S)| + |92l T2 Lv(&\)]

<N (Sp(éﬁgl)(l + |51||52|)) 161 ]| 72| &1 [P @1t i+e)
SN PTG+ ) R Rer(G + G +o+ 1)

. |1 |SP(62HC2) |Eo||e|coP(Gatlate)
+ N2 q [61] +
P2t (& + (o +1)  pletletI (& + o +¢+1)

Aol (SPE (1 +161]|1£2])) N |61|| 72| | &1 |oP G170 |
1 04T (g1 +1) PSHeT (7 + 0+ 1)

sl EARE N |&>||e|@P(C2t6) i
W\ ot 0 T orerG ety ) (Y

when taking the norm and using (34)—(37), that yields for (x,y) € ¥,

[¥1(x, y)|| < UN; + U || x]| + V1Ko + V1 lyll- (43)

Likewise, we obtain
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o [ (L+16]|6])SPEtE) 162]| &3 || P G2tEa+e)
¥, (2, )| <Apd ¢

0(§1+G1) | £, & | gP(G1+G1+e)
+Nl{|52< sty |allEo )}

GrOT(G + 01 +1)  pOtOrer(G + L+ o+ 1)

(L+15]|61))SP%2  16]|E5]|e|rEte)
44
+{|¢2|< 92T (g +1) +pC2+gr(§2+g+1) lyll (44)

8118 |7T||5A1|ff” fto)
6

<Up Ny + Uy || x|| + Vol + Vi |y,

using (38)—(41). We may infer that ¥; and ¥, are uniformly bounded based on the inequali-
ties (43) and (44), which means that the operator ¥ is also uniformly bounded. Following
that, we demonstrate that ¥ is equicontinuous. Let 11,1, € £ with i3 < 5. Then we have

%1 (%, ) (12) — ¥1(x,y) (1))
< PTEO F (1, x(12), y(12)) — PTG F (i, x(12), y (1) + [ IPZE x(12) — PTE x(11)]

+101(12) = 81(n))| [w (lelPZE 4+ 3(@, x(@), y(@))]

+ leligalPZE Iy (@)| + TS F(S, 2(S), y(S))| + 91 P Z5L1x(S)])

+ |&1] (17 Z§ 01 f o, 2(0), (o)) + el P Z5E e x(0)]

+%?ﬁg&mamw»+WWﬁﬁmﬂﬂ

Pl BN, /‘1 or! o et o
TG +0) | Jo | (b —ee)=Erl) () —ge)1-(Gith)

+/1 Cl)

—(01) x| [ pr—1 pr—1 6
/0 (Lg — 9.‘7)1—@1) - ([p — 9.‘7)1—(51)

(45)

F(@l) |

+ [ LA
11 ([g—gp)lf(gl)

(SP(51+51)(|§1||52|)) 16172 |&; PG +T1+e) }

POFET(Gr+ 81 +1) S FEHT(G + G+ o+ 1)

” |€1|SP(62+62) &5 €] @P(G2+8a+6)
+ N1 |61 - + =
petel(+ 0 +1)  pRtet T (S + o +c+1)

il (SP€1(1+|51||52|)) n |§1||7T||51|0-P(Cl+€’) Il
PAT(G+1) phter (G o +1)

1&1|SP |&5 | €| P Eate)
6
- {I 1||¢z|<pgzr(€2+l) rers oy Iyl

— 0 as 1p — 1.

+101(12) — 61(11)] l/\Afl{
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independent of (x,y) with respect to | £ (1, x(¢1),y(11))| < Ny and |g(1, x(11),y(11))| < Na.
Similarly, we can express |¥2(x,y)(2) — ¥2(x,y)(11)| — 0as 1 — 11 independent of (x,y)
in terms of the boundedness of f and g. The operator ¥ is equicontinuous due to the
equicontinuity of ¥ and ¥,. The operator is compact as a result of the Arzela—Ascoli
theorem. Finally, we show that the set II(¥) = {(x,y) € P x Q : A¥(x,y);0 < A < 1}
is bounded. Let (x,y) € II(¥).Then (x,y) = A¥(x,y) . For any 1 € £, we have x(1) =
AY¥1(x,y)(1), y(1) = A¥2(x, y)(¢). By utilizing (A7) in (32), we obtain

()] PZS (o, | x(1)], Yaly (1)]) + |1 [PZS! (1))

+ 161 (1)

&2l (IePZE 27 (6o + i |x(@) | + aly(@)])

+ leligalP TG ly(@)| +PZE (o, X (S)], Yaly(S)]) + lgn IPZEH [x(S)] )

+ L& (1P ZE 0 (o, g x(0) ], 9l (@)]) + el ln IPZ5E (o)

HPIE (Gg + 1] x(S)] + haly(S)]) + |92l L5 |y(8)|>] ,

which is obtained when the norm for ¢ € £ is taken,
[xI] < (o + | |x]] + 2l lyl D2k + (o + Gullxl| + dallyl V1 + [ x|iTh + [lylIVi.  (46)
Likewise, we have the ability to get that
IyI1 < (o + $al x| + Ballyl)Va + (o + v ||x]| + 2|yl ek + |1 + [y V2. (47)
From (46) and (47), we get
x|+ [[yl] =wo(Us +Uz) + Po(V1 + Va) + ||x]| [%(Ul +) + 1 (Vi + W) +1Uh +ZE}
+ Iyl [91 U + L) + 1 (V1 +V2) + Vi + V2],
which results, with ||(x,y)|| = ||x|| + ||y|l,

U +U ho(Vy + V)
H(x,y)llg%( 1+ 2);4’0( 1+ 2).

Thus, I1(¥) is bounded. Hence the operator ¥ has a fixed point by Leray-Schauder
nonlinear alternative [37], which corresponds to at least one solution of the problem (5)
and (6)on . O

Theorem 2. If the assumption (Ay) is satisfied, then the problem (5) and (6) has a unique solution
on . And there exist S1, Sy > 0 such that |£(1,0,0)| < S1,|g(1,0,0)| < Sy, Then, given that

U +Us) (1 +92) + VL + Vo) (1 + ) + U +1) + (Vi +V2) <1, (48)
where Uy, Vl,Zjl;, I/JI, U, Vz,ljlg, )/JE are given by (34)—(41) respectively.
U+th)S5+WVi+W)S

1= (U +U) (P1+92) + (V1 Vo) ($1+82) +io )+ (V1 + V1))

¥YB, C By when operator ¥ is given by (31) and B, = {(x,y) € P x Q : [[(x,y)|| < ¢}.
For (x,y) € By,t € &

Proof. Let us fix ¢ < and demonstrate that

f (6 x(0), y(D)] < prlx(D] + $2ly ()] + S1
< pallxl[ + g2yl + S1,
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and
18(,x(1), y(1)] < F1lx(0)] + aly ()] + S2 )
< 4| ||| + allyl| + S2.
This guides to
%1 (x, ) ()]
<PTEE £(1,x(0),y(1) = £(4,0,0) + |£(1,0,0)| + g1 [T |x(1)]
+ 1101 | €21 (1elPZ8 2 g((@, x(@), y(@)) — 8(,0,0)| + |(2,0,0)])
+ lel|palPZEE e y(@) | + PTEE (S, x(8),¥(S)) = £(S,0,0)] +1£(S,0,0)]
+ eI () )
+ 1€ (7P Z5 4 f(0,x(0), y(0)) — £(2,0,0)| + | £(e,0,0)]
+ |7l [P ZE 8 x (o)
+PTE 2 15((8,%(8),y(S)) — §(5,0,0)] +18(S,0,0)]) + |92 T? y<s>|)]
(3"(’;”51)(1 + |51|\52|)) 161 7]| &1 [P CrtEa+e)
S(l)bleH_|'1ab2||.1/||'|"‘31) G+C i+
pS1HaT (8 + ¢ +1) p1terter (¢ + 41 +o+1)
R R |1£;|SP(2tE2) |Eo||€| P (G2tiate)
S )
+ Wl gellvll+ 2){| l|<pg2+§zf(€z+@+1) per el (& + G+ ¢+ 1)
SPe(1+61|&) 51|17 &y o Grte)
+ oy (B2 QLGN | 18]Il Il
p4l(G1+1) P41 TeT (g1 + 0 +1)
|E1|SPE2 &5 ||€] P éate)
1)
11 9) || < (allx]] + ol [yl| + Stk + (allx]] + ol lyl| + S2) V1 + [|x]|ehs + [y ]| V- (50)
Similarly, we obtain
A - (14 [5]|&)SPEtR)  |6)]|&y[e|pEatizte)
Yo(x, < S
¥2(2,) ()] <([x]] + 2 lyl] + 2>{ R o St N St o
SPEta) |1 & |77||&; [P Ertérte)
S 1)
+ Wl ellvll+ 1){|2|<p¢1+5lf(€1+él+1) pOater (G + 41 + o+ 1)
(1+152]|€1))SP% | |82]| &2 | €] P2 +0)
SPL|&| | 77| |&; |oPEate)
+416 +
12, )| <@ |lx]]+ ol lyll + S2)Ka + (] [x[| + pallyl| + S1) T2 + ]2 + ly[| V2 (51)

As a result, (50) and (51) follow |[¥(x,y)|| < ¢, and thus ¥B, C B,. Now, for
(x1,y1), (x2,2) € P x Qand any 1 € £, we get
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[¥1(x1,y1) (1) — ¥1(x2,y2) (1)]
<PTEE £ (1, x1(0),11.(0)) — £(622(0), y2.(0)] + [ [PZSE |x1.(1) — x2(1)]

+[61(0)] 1] (el ZE 27 g(@0,11(@), 11 (@) — 8(@, 32(@), Y2 (@)

+ [el|g2PZE 1 (@) — y2 (@)
+PTSEF(S,11(8), 11 (S)) = £(S,22(8), y2(S))| + 91T [x1(S) — x2(S)] )

7),y1(0)) = F(o,%2(0), y2 ()]
+ 7| P T8 21 (0) — x2(0)|

) -
+ 1&1] (1P TS+ £ (o,

+PTE (8, 11(8),1(S)) — 8(S,32(8), y2(8))] + |02l T2 [11(S) — m(&ﬂ)]

(SPEHI A+ [811E)) (58 or@ ot
PG FHOT (8 + 01 + 1) po1+ater(g + 1 +0+1)

<(1llx1 — 22| + 2l —}/2||){

R R 5 |£1]S5P(62+02) &5 €] P (Catiate)

(8P (1+61]|&))) | |01]|7]|&|oPErte) B
+{W”< ATG 1) (g et ) [T

sl EARE N &, |€]coP(E2te) T
e oorg v ) T (G rern ) (VT2

< (U (1 + o) + V(g1 + o) + U+ V1) (|31 — x2]] + | [y1 — yal])-

Similarly, we obtain

[¥2(x1,y1) (1) — ¥a(x2,y2) (1)]

b n 14 |65||E])SPC2+E2) S 11E el Ga+ia+e)
§(¢1|Ix1—x2||+1p2Iyl—yzll){( %2l1&E]) |02]1&2| €]

pRTeT (G + 0 +1)  pRtet T (G + o +6+1)

PSTOT (G + gy +1)  pSitater (& +¢ +o+1)

(14 [6]|E1])SP%2 | 162]|&, ]| €] 0P (E2te) )
+{| ( pCz (2+1) +PC2+gF(CZ+Q—|—1) lly1 — y2l|

sl Seh |52| N |7T||§1|gp(€1+e) 1 — 3l
W oG+ 1) T pEer (ot ) L

< (Ua (g1 + 2) + Vo (1 + o) +Ua + Vo) (|]x1 — x2|| + [|y1 — v2l])-

SeG1+01) | £ 7| E |oPE1tii+e)
+ (P1l[x1 — 22| + o |y1 — yzl){|52|< 2] 7] 1&4 ]

Thus we obtain

%1 (1, 11) (1) — ¥1(x2,12) (]| < U (1 + $2) + Vi (1 + 2) + Uy + V1)

(52)
(e = %2l + [[y1 = y2l))-

In a similar manner,
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1¥2(x1, 1) (1) = ¥2(x2, 12) (]| < Ua(pr + 2) + Va(1 + o) + U + Vo)

(53)
(I1x1 = 22| + [ly1 = y2l])-

Hence , using (52) and (53) we can get

¥ (21, y1) (1) = ¥ (x2, y2) (D] < (UL + Ua) (Y1 + 2) + (V1 4+ V2) (1 + o)
+H(Uh + ) + (V1 + W) (llx1 — x| + [ lyr — v2l])-

As a consequence of condition ((Uy + Us) (1 + ¥2) + (V1 + Vo) (61 + 1) + (U +
Up) + (V1 +V2)) < 1, ¥ is an operator for contraction. Hence the operator has a unique

fixed point by Banach’s contraction principle [37], which corresponds to a unique solution
of the problem (5), and (6). O

4. Example

Consider the following problem:

{252)4 (251)2 %)x(l) = f(,x(1),y(1), e €:=10,1], (54)
& Dy (25175 +130)y(1) = gL, x(1),y(1),1 € € :=[0,1],

{x0) =0, y(0) =0, x(1) = ETHyY(R), (1) = £ 57823, (55)
where C1 = 4,62 = %,Q = %,Cz = %,p = 1—2,8 =1le= 59—0,@ = %,n = %,0’ = %,g =
%,0=13 and

_ D)yl 1
f,x(),y(r)) = 200 \T+1y0)] + 1 cos(x (1)) + 5L>, (56)
et 1+ 1 |x ()]
30,0, 90)) = 155 (T + 5 eoslv) + 30 o ) 7)

With 9 = 5,91 = g ¥2 = 200 = w1 = 555, and = L5, using (A;)
condition. Next, we find that I/; = 3.8212184102805633, V; = 13.84209017173257, U, =
2.2659612415346384, V, = 14.222771283122185, U; = 0.07786603271240089,
V) = _0.27980001669983334, U, = 0.053808908037849844,V, = 0.2869951632752146,
U, Vl,l/ll, Vi (z = 1,2) are respectively given by (34)—(41). Thus ¢4 (U + L{z) + 1,[71(V1 +
Vo) + u1 + UZ ~ (.23283345349786894 < 1, ¢2(U1 +U) + le(V] + W) + V1 + Vz =~
0.637323737455345 < 1, hence, Theorem 1 can be applied to the problem (54) and (55).

Moreover, we will employ

£, 50,90 = 55+ 5057 ] + 06 S0 68
30,70,50)) = g+ i eostuo) + s o )

to illustrate Theorem 2. Using the assumption (Ay) with ¢ = g3, ¢» = =g, 1 = 75 and
2 = z55- The assumptions of Theorem 2 are also satisfied with (U4 +Ua) (1 + ) + (V1 +
W) (1 + 2) + (Uh + ) + (V1 + Va) = 0.8437262165815941 < 1. Hence, Theorem 2 can
be applied to the problem (54) and (55).

For brevity, use these notations:
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(St A+ 1a1l1E) (5] |8y or@ e+
PG OT (8 4+ 1 + 1) e tater(¢ + ¢ +o0+1)

ol (S (1 + [a][E2]) | 61| E]ortérte
! pglr(g1 +1) p§1+91"(€1 +o+ 1)

U =

(60)

| |< |E1|8P(62+82) &5 ||e| P (G2tEa+e)
=101

P20l (G +f+1)  poteteI (&G + 0 +¢+1)
(61)
[£1]5°¢2 &2 [e|cP(&2+e)

p2l(L2+1)  poteT(fr+¢+1)

0(G1+01) | £, p(G1+i1+e)
u2:|52|< St |nll&fe )

+(01]¢2] (

petar(gr + 1 +1)  pftater (g + ¢ +o+1

S8 |7||&; |oPEr+e)
allon]( - I
POT(Gr+1)  pOT (G +o+1)
(14 6] |E)SPEt)  |6,]|Es|e|@p(Catiate)
pRtel(G+ 0 +1)  pte (G ++e+1)

3 e 63
Figo| [ ALIEAIEDS? | 122]lEs]le] b @) 63)
PTG TG o)

(62)

Vo =

5. Ulam-Hyers Stability Results
With the help of an integral formulation of the solution provided by

x(1) = ¥1(x,y)(1), y(1) = ¥a(x,y) (), (64)

where ¥; and ¥, are given by (32) and (33). We analyse the Ulam-Hyers stability for
problem (5) and (6) in this section. Consider the following definitions of nonlinear operators

Hy, Hy € C(E,R) x C(E,R) — C(E,R),

{’éDSi EDE 4+ 91)x(1) — F(1,x(), y(1) = Ha(x,9) (1)1 € €,
D2 (CD2 + )y (r) — 8(1, (1), y(1) = Ha(x, ) (1),1 € E.

For some A1, A, > 0, taking into consideration the following inequality::
12 Ge )| < A, [ Ha (2, )] < Ao (65)
Definition 2. The system (5) and (6) is U-H stable if 3V, V, > 0 3, for every solution (x*,y*) €
C(E,R) x C(&,R) of inequality (65), 3 a unique solution on (x,y) € C(E,R) x C(E,R), of
problem (5) and (6) with
1(x,y) = (2% y )| < Viky + Vol
Theorem 3. If the assumption (Ajy) is satisfied, then the BVP (5) and (6) is U-H stable.

Proof. Let (x,y) € C(&,R) x C(&,R) be the solution of the BVP (5) and (6) satisfying (32)
and (33). Let (x,y) be any solution satisfying (65):

EDS (EDSL + @)x(1) = f(1,x(1),y(1) + Hi(x,y) (1), 1 € E,
”D@ <”D€2 +¢2)y(1) = g(,x(1), (1)) + Hi(x,y) (1)1 € €,

~—

S0,
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(1) = W (2, y) () +° Z5 M (x,y) (1) — TS (1)

+01(1) | &P T Ha () (@)

— el TE y(@) = PZE I (x,y)(S) + T x(S))

+ & (RIS (3, ) (0) - mprP TR (o)

—PIE R, (x,) () + HIE(S)) |-

It follows that

(1 (x*y*) () = x*(0)]
<PTEO A, (2, ) (0)] + 1 PZEL (1))

+[o1(0)] | 1] (el TS 3 (x,y) (@)

+ leligalP ZE ly(@)] +PZEE M (x,9)(S) | + 9P T 1(S)] )

+ |& (17 Z5E O (2, ) (0) + el g [P ZEL 8 (o)

+PTRT Ay (2, 1) (S)] + o) ZE Iy(S)l)

pSHar(& + 41 +1) pSater (g + 41 +0+1)

+ g1 (SPE(1+161]|1&2])) " |64] | 7t|| &1 |oPE1te)
1 P (31 +1) T OT(Zy + o + 1)

il s |&1]SPLE2 ) 12| [e|coP@tEa+e)
+ Ay 1| p§2+§2]‘(§2 +0+ 1) p§z+§2+gr(§2 +h+c+ 1)

<3 { (St @+ 1al1E2) (5] |8y or@ e+
>~ /1

+ |5 ||(P | ‘51|SP§2 |82||€‘CDP(C2+€)
P par (@ +1) " pR T (G +¢+1)

<UL Ay + ViAy.
Similarly , we obtain

[Ya(x*,y") (1) —y* (1)
<X (14 102]|&])SPE2+E) 102]|&|e|cop E2tEat6)
- P2+l (G + Lo +1)  phtoetel (G + 0 +6+1)

©gol[ A 1ENEDSE |5l &l el rE
2 p%2I (g2 + 1) 02T (Zr 4+ ¢ +1)

. SPE+) |8, | ||| & |oPGrtérte)
+ 114162 24 1
POHAT (G + 41 +1)  pSTaTeT (G + g+ o+ 1)

T 1aallnl 8P| &, | ||| & |oPerte)
2T 0T (G +1)  piter(gy + o+ 1)

<UhAi + Waly,
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where U;, V1, Uy, and V; are defined in (60)—(63), respectively. Consequently, based on the

fixed point property of the operator ¥, provided in (32) and (33), we derive that

x(e) = x* () =[x() = ¥1(x" y") () + ¥ (" y") (1) — 2" ()]
<[¥1(xy)() — ‘T'l( Y )()|+|‘f1( X"y ) (1) —x* (1)
<((Uhpr + Vi) + (Ulle + Vi)l (x, ) — (%, )|

+ UL Ay + Vi Ay,

ly(1) = y" ()] =ly () = ¥2(x*, y") (1) + F2(x", y") (1) =y (1))
<[¥2(x,y) (1) — ‘I’z( 5, *)()|+|‘I’z( v ) () =y ()]
<((Uapr +Voih1) + (Uzll’z + Vzll’z))H(x/y) =%yl

+Up Ay + Vo ks
From the above equations (66) and (67) it follows that

(e, y) = (9] <@ +U)AL + (Vi +V2)As

+ (U +Uz) (1 + P2) + V1 + Vo) (1 + 92)) || (x,y) — (x

(kg (Us +Up) Ay + (V1 4+ V2) Ay
1G] = Oy S (1) (g + ) + 1+ Vo) + 62)
V1A + Wy,

with
V= Uy +Uy
— (U +Us) (1 +2) + V1 + V) (41 + §2))”
YV, — Vi+ Vs
2T 1= (th + ) (91 + ) + V1 + Vo) (1 + 2))

Thus, the BVP (5) and (6) is U-H stable. [

6. Example

Consider the following problem:

i

7 1 18 —
Wheregl_ 4/62:Z/€1:§/€2: 5/P:g/S: /€: 50/"0:%/7-[_
%, = 5 and

19
@m2+ﬁnm_f+wmm%M+ﬁmmmwepm

+1y(
(D5, + ho)v(v) = 5+ gy cos(y(v) + gy Ty, 1 € [0,1],

(@) N‘H (@) N‘H

%
"Dy
i
"Dy

{X(O) =0,y(0) =0, x(1) = 55 2515%(7) y(1) = %7 I0x(5),

£ 101 (0)) — Flo 0200, 32(0)] = gosbxa(e) = (0] + sl ()~ (o),

1

80110, 1(0)) — 862200, 92() | = g5 111 (0) = 220)] + o531 () = (o)

(66)

(67)

RALE

(70)

(71)

With ¢4 = 555, ¥2 = zi5, ¥1 = g5, and o = g5, the (A;) condition. Next, we find
that U; = 3.8990844429929643, V; = 14.121890188432403, U, = 2.3197701495724883,V, =
14.5097664463974, U;, V; are respectively given by (60)-(63). Thus ((Uy + Ua) (1 + o) +
(V1 +WV2)(¢1 + 92)) = 0.8402787011728106 < 1, hence, Theorem 3 can be applied to the

problem (68) and (69).
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References

7. Asymmetric Results

Remark 1. The generalized Langevin FDEs in the problem (5) simplify to the Caputo Langevin
FDEsifp = 1.

{ﬂ%&ﬁﬁ+%ﬂ@=f@ﬂ%ﬂM#€5:W£L -
DS (cDE + ¢a)y (1) = (1, x(1), y(1)), 1 € € := [0, S].

Remark 2. If the value of p = 1 in the boundary condition (6) Katugampola integral reduces to the
fractional integral of Riemann—Liouville.

x(0) =0, y(0)=0,

x(8) = eI, y(@) = &5 Jy' (@ — 0)¢~1y(0)dd,
y(8) = nZy, x(0) = oy [y (o — ) 'x(6)de,
O<o<w<S.

(73)

Remark 3. If the value of p = 1 and ¢ = o = 1 in the boundary condition (6) Katugampola
integral reduces to the integral of classical.

{2(0) =0, 4(0) =0, x(8) = [ y(0)d0, y(S) = 7 [{ x(O)d6O <o <@ <S. (74

8. Conclusions

In our contribution, we presented the existence of solutions for a generalized Liouville-
Caputo type fractional Langevin coupled system with certain boundary conditions utilizing
the generalized fractional integrals. To get at our result, we used the Leray-Schauder
and Banach fixed-point theorems, and we included examples to help explain our study
results. By use of conventional functional analysis, we demonstrated Ulam-Hyers stability.
Our findings in this context are original and contribute to the body of knowledge on
generalized fractional integral operators that are used to resolve coupled generalized
Langevin fractional differential equations with nonlocal boundary conditions. We have
highlighted the topic’s asymmetries in the remarks. The form of the solution in these
kinds of statements can be used to conduct additional research on the positive solution and
its asymmetry.
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