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Abstract: Let X be a linear space over K € {R, C}, Y be a real or complex Banach space and f: X" —
Y. With some fixed i, Ciy i, € K@Ge{l,...,n},ii €{1,2}, ke {1,...,n}), we study, using the
direct and the fixed point methods, the stability and the general stability of the equation f(a11x11 +
A12X12, -+, A1 X1 + n2Xn2) = Ya<iy,.in<2 Ciyiy f (X0, X)), for all xj € X (G € {1,...,n},
ij € {1,2}). Our paper generalizes several known results, among others concerning equations with
symmetric coefficients, such as the multi-Cauchy equation or the multi-Jensen equation as well as the
multi-Cauchy-Jensen equation. We also prove the hyperstability of the above equation in m-normed
spaces with m > 2.
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1. Introduction

A general linear equation of the form

flax+by) = Af(x) +Bf(y), )

with a function f acting between linear spaces over the same fields, has a long history. It
has been studied for years by many mathematicians (see, e.g., [1-7]), e.g., it is known that,
roughly speaking, f is a solution of (1) if and only if there exists an additive function ¢
and a constant d such that f(x) = ¢(x) + 9, ¢(ax) = A¢(x), ¢(bx) = Bp(x), for all x, and
(A+B—1)¢ = 0. In[8], the authors were studying a counterpart of (1) for multivariable
functions:

flanxn 4+ apxig, - X + anpx2) = Y, Cipinf (¥1iy, - Xiy), )

1<y, yin <2

for all Xji;, € X, je{1,...,n}, ij € {1,2}, where X, Y are linear spaces over a field K,
f: X" =Y, and some fixed aj;, C;, .;, € Kforallj € {1,...,n}, 4,0, € {1,2}, ke {1,...,n}.

Our purpose in the paper is to study the stability and the general stability of (2).
Considering in general the stability problem we ask how much a slight disturbance of a
state affects that state. Many physical processes are described by functional equations and
while modeling such processes various deviations and errors occur. Therefore, it is natural
to deal with stability problems in such situations. Speaking about stability of functional
equations, one usually goes back to a problem posed in 1940 by Ulam (see [9]) which
concerned the stability of homomorphisms. The first answer formulated by Hyers in 1941
(see [10]) started very rich and advanced stability investigations. For a comprehensive
study of the subject we refer the reader, e.g., to the monograph [11].
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In our paper, we shall present two approaches to the stability problem — the so-called
direct method and a fixed point method. The first method we shall apply in Section 2 while
proving the Hyers—-Ulam stability of (2), that is, when the equation is slightly perturbed
and the considered difference is approximated by a constant. Even though the experienced
reader could first have the impression that the computations here do not differ from those
used for solving the equation in [8], the nature of the present problem needs in fact more
sophisticated investigations.

The latter method we shall apply in Section 3 for proving the generalized stability
of (2), when the mentioned difference is approximated by a function.

In Section 4 we present a short proof of hyperstability in m-normed spaces with m > 2.
For the convenience of the reader we recall here the definition of m-normed spaces, which
was introduced by A. Misiak (see [12]). For more details we refer the reader to [12,13]).

Let m € N\ {1} and Y be an at least m-dimensional real linear space. If a mapping
II,...,-]]: Y™ — R fulfils the following four conditions:

@) |lx1,--., x| = 0if and only if x1, ..., x,, are linearly dependent,
(i) |lx1,...,xm| is invariant under permutation of x1, ..., X,
(i) [|Bx1, .-, xmll = [Blllx1, -, xmll,

(iv) HXH + X12,%2,.. .,me < ||X11,X2, .. .,xm|| + ||X12,X2, .. .,me,

for every B € Rand x91, x12,X1,..., X, € Y, then ||-,..., || is called an m-norm on Y, and
the pair (Y, ||+, ...,||) is said to be an m-normed space. We will use a well-known property
which immediately follows from the above definition, namely,

ifx €Yand ||x,x2,..., x| =0, forall x,,...,x, €Y, then x = 0.

The hyperstability phenomenon occurs when no deviation of a state affects that state
(see, e.g., [14-16]). Proving our result we improve a result from [17], where the stability
result was shown.

Our results generalize several known facts. Namely, as corollaries we obtain, for
example, the stability results for the multi-Cauchy (3), multi-Jensen (4) and multi-Cauchy-
Jensen (5) equations:

flrmn+x, X +xX2) = Y f(%1iy, e X)), 3)
1<iy min <2
1 1 1 1 1
flexn+ %120 sxm+sx0) = Y —f(X1i, - X)), 4)
(32 +3 361+ 502) N
1 1 1 1
f(xn X120 X+ X, 5 X1 5 X412, 5 X0 EXHZ) ®)

1
= Z ﬂf(xul, ceer Xy )
1< ey <2

for all Xji; € X,je{l,...,n}, ij € {1,2} and fixed k € {0,...,n}, where X, Y are linear
spaces over a field Kand f: X" — Y.

For the convenience of the reader, in what follows, we also cite a result from [8]
describing the solutions of (1).

Theorem 1. Let X, Y be linear spaces over a field K. Let a; € K\ {0}, C;_;, € K forall
jeA{l,...n}, i0 € {1,2}, k € {1,...,n}. A function f: X" — Y satisfies (2) for all
xji, € X, j €{1,...,n},i; € {1,2}, if and only if there exist k-additive functions g, _j, : Xk —y
(1<k<mn)andd € Y such that forall x1,...,x, € X, k€ {1,...,n},

n
flxr,..,xn) =06+ Y Shei (XX
k=1 G S0
<<k
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for each nonempty subset {j1, ..., jx} of {1,...,n},ij,...,ij € {L,2}and x,...,x; € X,

gjl---jk(ujlijl le""’ajkijkxjk) = Z Cor &t (K -0 %)
1<vq,..vn <2

V/l ::1]'1 A=1,...k

and

5(1 - ¥ cl-l_,in) — 0. ®)

1<i1,rin <2

Unless stated differently, in the paper X will denote a linear space over the field of
real or complex numbers, and (Y, || - ||) will be a real or complex Banach space. By R, N,
Np we understand the sets of nonnegative real numbers, positive integers, nonnegative
integers, respectively. To shorten the statements we use the notation n := {1, el n} for
n e N.

2. Hyers—Ulam Stability of (2)
In what follows, let

(@) (x11, -+ s Xn1, X12, - -+, Xp2) = f(a11%11 + A12X12, - - -, A1 X1 + A2 X02)

— Y GCiif(X1i, - Xuiy),

i],...,i,1 €2

for x11,x12, ..., X1, Xu2 € X. Letus alsodenote C:=3;  : c»Ci -

We present a quite general result not depending on the coefficients a;; (we assume
only that they are non-zero) and C;,_;,. The price for this general approach is the size of
the approximating constant. In our first result, we will use the direct method to prove the
stability.

We start the section by recalling the Hyers—Ulam stability result for the multi-Cauchy
equation (see, e.g., [18,19]).

Lemma 1. Let (H,+) be an abelian group. Given ¢ > 0 assume that g: H* — Y satisfies

lg(x11 + x12, ..., Xp1 + Xp2) — Z g(xlil/---/xkik)HSS,

i],...,ikez

forall xj1,xjp € H, j € k. Then there exists a k-additive function G: H* — Y such that

I8(x) ~ G)| < e, x € HE

Now, we can present the main result of this section.

Theorem 2. Given e > 0, let f: X" — Y be a mapping such that
(@) (x11, - Xn1, %12, -+, X2) || < g, @)
for x11,X12, - - ., Xn1, Xn2 € X. Then there exists a solution F: X" — Y of (2) such that
If(x1, ..., x0) = £(0,...,0) = F(xq,...,xy)|| < (3" +2"1 —3)¢, (8)

forall xi,...,x, € X. Moreover, if C # 1 then F is the unique solution of (2) such that f — F is
bounded.



Symmetry 2023, 15,19 4 of 14

Proof. For each nonempty subset {ji,...,ji} of n with j; < jo < ... < jx we define

e i) = Y (DG, 20, ©)
AC i)

where |A| := card(A), and

x;, forleA,

(le,..'lxjk)A = (Zl,.. .,Zn), z] = A C {jll“"jk}'
0, forl¢A,

One can show (see [8] (Proof of Theorem 1 or Remark 1)) that

n
Z 2 gjl-u]'k(xh’""xjk) = f(x1,...,xx) = £(0,...,0). (10)
k=1 {j;,---,jk}?n

71 <<k

We will prove that forall @ # {ji, ..., jx} Cnandallxj; € X,j €n,i; €2,

&1 (X1 + X2, X1 + Xj2) - Z 2gj1---jk (Fjriys -0 X | < e (11)
11,0k €

where g := (4K 42K — 2)e.
First we will show that each function gj with j € n is 4e-additive, i.e., it satisfies

gj(xj1 +xj2) — gj(xj1) — gj(xp2) || < 4e, xj1,xp2 € X. (12)
For ] := {j}, xj1,xj2 € X, on account of (7) we have

I1gj(ajx71 + apxp) — gj(anxpn) — (apxp) |
=[If ((anxp +aj2xj2)f) ff((ajlx]-l)f) —f((g]zsz)I) +£(0,...,0)|
= Hf((aﬂxﬂ +apxp))) — ‘ Y. Ciif((xi))) H

11,.4.,1';162

|- flapx)) + T Chaf ()

i1,..,in€2, Z]:1

+ ) Ci..inf(0,...,0) H

i1,..,n€2, ij::Z

+ H - f((aijjZ)]) + ‘ Z Cil._inf(o,. . .,0)

i1,..,in€2, Z]:1

L Y G f((xp)) H

i1,..,in€2, ij::Z

Hro - L Gaf.0)

i1,..,in €2, i]‘Z:1

- L G0 <4

il,...,inez, i]‘Z:2

Since aj; # 0, we have (12).
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Now, for an arbitrary nonempty | = {ji, ..., jx} C n we obtain

ngl...jk(‘zjlllel +@j2Xj2, - -+, 8j1Xj1 + Aj2%j2)

k A
_H 2 4 lf a]llx]ll +aj2X52, - A1 X + ujkzxij) )
ACT

1)k-14 A
Z Z | ‘f ]1if1xj1i/1""’ajkikajkifk) )H

1]1, ,z]kez AC]

o Z & (ajlifl leih [ ’ajki/k xjkifk)
bj e €2

k—|A A
:H Yo (D@10 + a50%0, 850 %50 + 3j,0%5,2) )
OFAC]

k—|A A
- Y X O X085, %))
ij-l,...,i,-kez @#Ag]

7(7nka41)pr.”0A

k—|A A
:H Z (_1) |A] [f((uﬁlxﬁl + Aj2Xj12, -+, 81X, 1 + ﬂjkzxjkz) )
O#AC]

_ Z Z Cm,. v,,f((x]ﬂ,l ’xfki/k)A)}

fjy /k

_ Z Z (_1)k*|A\ [f((uflijlelijl"'"ajkikafkijk)A)

ijy iy €2 OFEAC]

_ Z Z Z C,/1 Vn xhifl”"’x]'ki,'k)Al)]

A1CA le ..... ]k Vl ,,,,, 1n€2

- (-1) (2—1>[f<0,.--,0)— Y Cunf0,..,0)]|

V1,0V €2

< Z “(_1)1(7‘/4‘ [f((ajlllel + Aj2Xj2, - -, A1 X1 + a]'kzxij)A)

oFAC]

A

- 2 Z CV1~~~an((xj1ij1/'--/xjkijk) )]
ifl’ z/kez V] eV €2
for j1,....jx €A 1]l *’]l /€A

k—|A A
- Z (_1) . {f((ahihleih'”"aj"ikajkiik) )

fjy ool €2

2 Z Z Copovnf xhijl,...,xjkijk)Al)]H

A1CA i i €2 v un€2
= forhll ..... i I;eAl i 71 /1€
f—1”fmp“ﬁ)— y cwamP”nw
V1, Uy €2
A
= Hf (@151 + j,2%2, - @1 X1 + 4j2%2) ")
DAAC]
- ) Y Coanf (X0 xj0 ))
V1...Vy ]11]1/ 7 ]kl/k
i/-1 ""/’/k €2 V-l,..:,vn_el
for j,jg€A Vi =y J1EA
A
+ Z Hf Ajrijy Xy, - ’ajkikajkiik) )

O+ACTi ijy - 'le €2

ST LT G|

A1CA 1,1 ----- i Ll ..... vp €2
i
for j .. keAl vjy =k J1€41
+ (2" —1)e

<@ -1+ (@2 -2k +2F —1)e = (4F +2F —2)e.
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By Lemma 1, for every nonempty {ji,...,jx} C nand function g; i given by (9) there

exists a k-additive function G]- : X*¥ = Y such that

1--Jk

18715 (¥) = Gj i ()] < Skt X € Xk,

Putting

n
P(xl,...,xn) = 2 2 Gjl_._jk(le,...,x]-k),
k=1 {j1-i}Cn
j1<-<jik

and using (10) and (11) we obtain
| f(x1,..,xn) — £(0,...,0) — F(x1,...,x4)||

n
<Y 2 g (X)) = Gi (e ) |
k=1 {j1,jg}Cn
j1<-<j

<L (=L O ST =L (e

k=1 k=1 k=1

=(3"—1+2-(2"—1))e= (3" + 2" —3)e.

For the proof of the uniqueness, assume that C # 1 and suppose that F’ is another
function satisfying (2) and such that

1F et ) = (0, 0) = F' ()| < M,

for some positive constant M € R. Therefore, F’ is of the form (cf., Theorem 1)

n

Flx1,...,xn) = Z Z G]/'l,._jk(lef""xjk)’
k=1 {j-jx}<n
1 <<

forall x1,...,x, € X, with k-additive functions G]/‘I..‘ i and with 6’ = 0 in the case C # 1, on

account of (6). We have forall x1,...,x, € X, € N,

|F(Ixy, ... Ixn) — F'(Ixy, ..., Ixn) || < (3" 42" —3)e+ M,

n

| T (Gt bxi) = Gl Ui 1) |
k=1 {1.’1,“.,]',(};11
j1<<iic

< (3" 42 —3)e+ M,
Hl”(Gln,n(xl,...,xn) =Gl u(x1,.., %))

n—1
k !
+ Z Z 1 (Gjlmjk(xh,...,xjk) _Gj1...jk(xj1""’xjk))"
k=1 {j1-igtcn
j1<<jk

< (3" 421 —_3)e 4+ M.

Dividing the above inequality by I" side by side and letting ! tend to infinity we derive that

Gi..n = G} _,, and consequently,

n—1

k /
[ (Ghm]-k(xh, ce ,x]-k) — Gjl---jk(le’ ce ,x]-k)) H
k=1 {j},...,jk};n
J1<<jk

S (3n +2n+1 —3)€—|—M.
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Dividing the above inequality by I"~! side by side and letting ! tend to infinity we obtain

Z Gjlmjn—l (x]'], ey x]‘nq) = Z (_71]/'1.”]}[71 (x]'], ceey X]'”i] ), (13)

{rrdn—1}Cn {irin—1}Cn
n<-<lp-1 Nn<-<Ip—1

forall xq,...,x, € X. Fix an arbitrary {j1,...,jy,—1} C nandletn\ {j1,...,ju—1} =: {j}.

Substituting x; := 0in (13) we obtain G;,_;, , = G]/‘l... i and consequently,

n—2

k /
l (G]'l._.jk(xh, N ,X]'k) — Gj]m]«k(xh, e ,x]-k)) H
k=1 {jsijx}Cn
1 <-<Jg

< (3" + 2" —3)e + M.

Proceeding analogously, we derive that all corresponding k-additive functions coincide,
which results in F = F/ and completes the proof. [

Remark 1. A thorough inspection of the proof of Theorem 2 shows that in the case C = 1 we have a
better approximation. Namely, if f: X" — Y is a mapping satisfying (7) for x11, X12, .- ., Xu1, Xn2 €
X, then there exists a solution F: X" — Y of (2) such that

ILf(x1, ..., xn) — f(0,...,0) — F(x1,...,x0)|| < (3" +2" = 2)¢,
forall xq,...,x, € X.

Remark 2. It is also easy to observe that in the case C = 1 the function F in (8) is not uniquely
determined. Indeed, each function F: X" Y,

n
Flxy,...,xn) =Y. Y, Gjj(xj,....x;)+0¢
k=1 {j1-jk}Cn
1<<jk

with G;

i1..j, defined as in the proof of Theorem 2 with &' € Y such that

18] < (2" = 1)e
satisfies, on account of Remark 1, conditions (2) and (8).

Remark 3. By Theorem 2 and Remark 1 we obtain, for example, the Hyers—Ulam stability result for
multi-Jensen Equation (4). However, due to the general nature of our considerations, the obtained
estimation (3" + 2" — 2) e is not optimal (cf., [20]).

3. Generalized Stability of (2) in Banach Spaces

This section provides some results concerning generalized stability with given ap-
proximation functions. Let us denote aj:=aj +ap forj € n, az := (azy,...,az,), for
a €K, z=1(zq,...,24) € X", n € N. We also keep the notation for ®f and C from the
previous section.

Theorem 3. Suppose that C # 0,a; #0,j € n. Let f: X" — Yand 0: X" — R be mappings
satisfying the inequality

|| (ch) (xll/ cee s Xn1,X12, - - /xn2) || S 9(xllr e Xpn1,X12, - - rxrlZ)r (14)
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for x11,%12, .-+, X1, X2 € X. Assume, further, that for some s € {—1,1} (depending on a;,C)

we have
T I e R
. 2 0(a; X1, ...,y Xn, X1, ...,y Xn)
€ (X1, e, Xp) 1= Z sm+ 5L <o
m=0 |C[F™ 2

forall x1,...,x, € X and

. 0(a"x11, .. a8 X, a5 X105 X))
lim TeEz
m—o0

:0/

(15)

(16)

forall x11,x12, . ..,%u1, Xn2 € X. Then there exists a unique solution F: X" — Y of (2) such that

| f(x1,. o xn) — F(xq,...,x0)|| <e€"(xq,...,%n0),
forall x1,...,x, € X.
Proof. Putting xj; = xjp = x; for j € n in (14) we obtain
If(a1x1, ... anxn) —Cf(x1,...,x0)|| < O(x1,..., %0, X1,..., %),
forall xq,...,x, € X, hence,

1
‘ < —0(x1,-, X, X1, -+, Xn),

forall xq,...,x, € X. Similarly, putting xj; = xjp = % for j € n in (14) we obtain

X1 Xn X1 Xn X1 Xn
et~ (L 22 02, B 3,
al an al an al an

Hf(alxl,...,anxn)

o — f(x1,...,%n)

forall xq,...,x, € X.
Define

1
(TE)(x1,-..,xn) := 5C(a§x1,...,a§1xn),
forall ¢ € YX" xq1,...,x, € X, and

1

m@(xl,...,xn,xl,...,xn), for s=1,
e(xy,...,xy) =
xl Xn xl xn
(X1, B By
a an M an

forall x1,...,x; € X. Then, forany ¢, u: X" =Y, x1,...,x, € X we have

(T8 (xr, ey xn) = (Tp) (31, %) |

1
= @Hg(aim, X)) —u(aixy, ... ahx,)

and by (18) and (19),

T F)xr, e xn) — fxg, o xn)|| <elxg, ..., xn),

forall xq,...,x, € X.
Next, put

1
(A)(xq, ..., xn) = Wﬂ(aixl, e AXn),

(17)

(18)

(19)
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forally € RX) x,...,x, € X. As one can check,

e(aimxq, ..., a5"xy,)
|C|sm

(A"e)(xq,...,xy) =

m m m
O(al’xy, ... ay)xy,al'xy, ... a4y xy)

CpmT , for s =1,
xl xH xl x;q
m —
C| 9( S R R S m+l)’ for s = —1,
aq n aq

forall x1,...,x, € X, m € Ny.

The operators 7: YX" — YX" and A: RY" — RX" satisfy the assumptions of [21]
(Theorem 1), therefore, there exists a unique fixed point F: X" — Y of 7 such that (17)
holds. Moreover,

F(xl,..., )— lim (T f)(xl, X ),

m—o0

forall xq,...,x, € X.
Now, we prove that for any x11, X1, ..., X1, X2 € X and m € Ny we have

[(@(T™f)) (x11, -+, X1, X12, -+, X2) |

- 0(a5"x11, ..., 85" X1, 85" X120, . . ., 05" X2)
— |C|sm '

(20)

Since the case m = 0 is just (14), fix an m € Np and assume that (20) holds for any
X11,X12, - - -, X1, X2 € X. Then for any xi1, X12,...,Xp1, X2 € X we obtain

||( 7'111+1f) xll/ -'/xnl/x12/"-/xn2)||
= |[(T(T"f))(a11x11 + a12x12, - - ., A1 X1 + A2 X2)

- Z Cl] zn( ,Tmf))(xlilv'-/xnin)u

in€2

T"f) (a3 (11211 + a12%12), - - -, 45 (A1 X1 + A2 Xn2))

|

= |C|5||( (T" ) (aix11, ..., @5xm, 83%12, . -, A5 xn2) ||

H@
— 2 Ci,.. ,ncs(Tmf)(alxhl,...,ailxm»n)

Lin€2

m+1 s(m+1 s(m+1 s(m+1
9(111( )xll,. .., an( )xnl,al( )xlz, .., an( )xnz)
- |C|s(m+1) ’

and thus, (20) holds for any x11, X12, ..., X1, X2 € X and m € Np.
Letting m — oo in (20) and using (16) we finally obtain

(CDF) (xllr s X1, X12, - - /an) = 0/

for all x11, X12, - . ., Xn1, X2 € X, which means that F satisfies (2).
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For the proof of the uniqueness, suppose that F’ is another function satisfying (2) and
(17). We have for all x1,...,x, € X, 1 € N,

|F(x1, ..., x0) — F'(x1,...,%)|

1 1

- H@F(ailxl""'aiijn) - @Pl(ﬂﬁlm,...,aﬁxn) ‘
1

= Toi (IE(ag'x, ... a5 on) = flaxy, ... a3l

+[|F (a5 xy, ..., a5 xn) — f(af'xy, ..., a8 xn)]))

s(m+1)+5572 s(mtl)+55  s(ml) 425t s(m+1)+5572

<> i 0(a; X1,...,0, X, 0y X1,...,0, Xp)
= |CJstmD+25
sm+ 551 sm+551 sm+ 551 sm—+3551
—Zig(al 2 X1, 0y 2 XAy 2 X1, 8p 2 Xp)
s+1 ’
el ‘C‘SWH_ 5

hence letting | — oo and using (15) we obtain F = F/, which finishes the proof. [

From Theorem 3 we can derive several consequences.
Remark 4. Putting n = 2 in Theorem 3 we obtain [5] (Theorem 3).

Remark 5. Applying Theorem 3 with ajy = ap = 1 (a; = 2), for j € nand C;_;, = 1,
i1,...,in € 2, (C = 2") we obtain immediately the well known result on generalized stability of
the multi-Cauchy Equation (3) characterizing multiadditive mappings (see [18,19]).

Remark 6. The conditions imposed on 6 in Theorem 3 exclude its application for the multi-Jensen
Equation (4). Indeed, with C = 1 and aj=1,j€n, the series Y o 9(x1,. e Xn, X1, ,xn),for
all x1,...,xy € X, is not convergent for any non-zero 6, therefore condition (15) is not satisfied.
Houwever, this situation changes completely if at least for one j € n thereis aj = ajp = 1, that is,
we have the multi-Cauchy—Jensen Equation (5) with k € n. Namely, we have the following.

Corollary 1. Let f: X" — Y and 6: X?" — R be mappings satisfying for a fixed k € n the
inequality

1 1 1 1
Hf(xn T X12, -, Xp1 T X2, 5%k+11 + 3 k41,27 s 5 %0 + ExHZ)

1
_ Z Wf(xlil" ..,xm-n)

il,...,lnez

‘ S 9(xllr- e X1, X124 - rxi’lZ)/

for x11,X12, - .., Xn1, X2 € X. Assume, further, that for some s € {—1,1} we have

e (X1, .., %) :=

& 0(2%mxy, ., 2, X g, X, 29X, 2, Xy, e, X))

Z 2k(am+1)

m=0

< 0,

for x1,...,xy € X, where ay, := sm + %, and

lim 0 (zsmxlll ey zsmxkll Xk+1,17 7 Xnls 2smx12/ vy zsmkaI Xk41,27+++ 7 xn2)

Mmoo 2k(sm)

=0,

for x11,X12, ..., Xp1, Xn2 € X. Then there exists a unique solution F: X" — Y of (5) such that

ILf (1, .o xn) = F(x1, .., xn)|| < e€"(x1,...,%n), X1,...,% € X.
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Proof. Itis enough totakeajy =ap =1forjen(a=...=q =2, g1 =...=ay =
1),Ci. i, = 2,,1—_,( foralliy,...,i, € 2, (C = 2), and apply Theorem 3. [J

Remark 7. Analyzing the proof of Theorem 3 we derive that for the results concerning the multi-
Cauchy and multi-Cauchy—Jensen equations (cf., Remark 5 and Corollary 1) it is enough to assume
about X that it is a commutative semigroup uniquely divisible by 2 with the identity element O (see
also [18] (Theorem 3.3), [22] (Theorem 6)). In fact, if s = 1 in case (3) we may assume even less,
namely, we do not need to assume divisibility in X (see [18] (Theorem 3.2)).

Theorem 3 with 8(x11, ..., X41,X12, - - ., Xp2) =: € > 0 and with additional assumption
that |C| # 1 gives immediately the classical Hyers-Ulam stability result for (2). Namely,
we have the following corollary.

Corollary 2. Lete >0,C #0,|C| #1,a; #0forj € n. If f: X" — Y satisfies the inequality

H ((Df) (xllr e X1, X125 - ran) || <g X11, %12/ - -+, X1, Xn2 € X/

then there exists a unique solution F: X" — Y of (2) such that

€
f(x1, .o xn) = F(x1,...,x0)|| < ———==, x1,...,% € X.
11— I[C|

Proof. From (15) we have

d €
* 'WZ::OW, for |C| >1
e (X1, ..., xn) = ”
[C|™e, for 0 < |C| <1
m=0
€
IC[ -1

,for 0 <|C| <1

for |C| >1

_ g
1-1C|
£

=————, for CeR\{-1,0,1}. O
T Vim0

Remark 8. If |C| > 1 then e*(x1,...,x,) = |C|€—1 and Corollary 2 coincides with the result of
Ciepliiski from [17] (Theorem 2).

From Corollary 2 we obtain Hyers—Ulam stability for multi-additive functions (C = 2") and
multi-Cauchy-Jensen mappings (C = 25).

Remark 9. Comparing the results in Corollary 2 and Theorem 2 we observe that the approximating
constant in the theorem is much bigger. This is, however, the price for assuming less about the
coefficients.

Remark 10. Studying the proof of Theorem 3 one can make several further observations:

o Wedo not demand that the coefficients aj; are non-zero (only a; # 0).

o IfC = 0 then for the series in (15) to be convergent we take s = —1. Ifalsoa; # 0 forl € n,
then in Theorem 3, f satisfies the condition

7 4

i Y
ay ap ay an

1f(x,. ., x0)] < e(

AR D
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forall xq,...,x, € X, and in Corollary 2, f is bounded by €. Both, in the theorem and in the
corollary, we have then

F(xq,...,x4) = nli_r}r}o(T’”f)(xl,...,xn)

= lim cmf(;%,... ) =0,

7
m
m—oo 1 al

forall xq,...,x, € X.

o Ifay=...=a, =0 (and |C| > 1, for (15) to be satisfied), we take s = 1, and we have
0,...,0 1
Hf(xl,...,xn) — f(iC)H < ﬁG(xl,...,xn,xL...,xn), (21)
forall x1,...,x, € X, in Theorem 3, and with 6(xy,...,Xn, X1,...,Xs) = €, in Corollary 2.
Then .
F(x1,...,x4) = n%igrgo(Tmf)(xl,...,xn) = nllgr})oc—m 0,...,0)=0.

From (21), it follows that in Theorem 3, f is majorized by the function

8(0, ...,0)

1
X" PR = —=0(x1,..., X0, X1,..., —
> (x1 Xn) (xq X, X1 Xn) + C—1[C]

C]

and in Corollary 2, it is simply bounded.
o Ifagy=...=q=01<k<mn)anda; #O0forl € {k+1,...,n} (and |C| > 1) then
s = 1 and the approximating function F depends only on n — k last variables

F(x1,...,xq) = lm (T"f)(x1,...,xn)

m—o0
3 1 m m
— ngr;oﬁ 0,...,0, 8 1 Xpy1, - - -, a5 Xn),
forall xy,...,x, € X. We have an analogous approach for a;,,...,a; = 0and a; # 0

forl e {k+1,...,n}, where {j1,...,jx} is a nonempty subset of n and {jy1,...,jn} :=
n\{jl,...,jk}.

At the end of this section we should point out that without any additional assumptions
imposed on 6 we are not able to obtain any stability result. Our Theorem 3 describes some
sufficient conditions for the generalized stability of the general n-linear Equation (2). The
set of conditions affects considerably the method of the proof. And the fact that we were
not able to apply Theorem 3 for proving stability of (4) was, therefore, caused by the
assumptions imposed on 6, and consequently, by the method of the proof, and not by 6
itself. In Section 2, by use of the direct method we proved for example the Hyers—Ulam
stability (with 0(x11, ..., X1, X12, - .., Xn2) = €) of (4) (cf., Remark 3).

4. Hyperstability of (2) in m-Normed Spaces with m > 2

In [17] (compare also [23]), the author has proved the Hyers-Ulam stability of (2) in
m-Banach spaces with m > 2 under the additional assumption that | Y, ; <, C; ... ;.| > 1.
In fact, we are able to obtain more, namely, the hyperstability of (2), that is, we do not only
obtain an approximation of f by a function satisfying the equation, but f itself has to satisfy
already the equation.

In order to simplify the notation we write

%zl == |x,z1,. . zmeal,  x€Y,z= (21, ,zZm1) € Y™ L.

Now, we are in the position to present the main result of this section
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Theorem 4. Lete > 0,m € N\ {1} and (Y, ||-,...,||) be an m-normed space. Assume also that
f: X" = Y is a mapping satisfying

I f(a11x11 + a12x12, -+ A1 Xt + A2xn2) — Y Ciy i f (X1 -0 Xi ), 2] < g,
il,...,inEZ

forall x11,X12, ..., X1, Xn2 € X and all z € Y"1, Then f satisfies (2).
Proof. Fix x11,X12,...,Xp1,Xn2 € Xand z € Y"1, Then, for all k € N,

||(q)f) (xlll- - Xnl, X12, - - '/an)/ kZH S g,

therefore, on account of properties (ii) and (iii) of the m-norm,
km_l || (q>f) (xlll ey xnll x12/ g xnz)/ZH S 8/

and consequently, for all k € N,

S
[(@f)(x11, -+ X1, X12, -+, X02), 2| < T

Hence, letting k — oo, for every x11,X12,..., X1, X2 € Xand z € Y"1, we obtain ||(®f)
(X11, -+, Xn1,X12, - -, Xn2), || = 0, which means that f satisfies (2). O

5. Concluding Remarks

In our paper, we were dealing with the stability problem for (2) obtaining various
approximations. Often, this kind of investigations originate a discussion on the optimality
of the estimates. In our results, e.g., the optimality of the constants occurring in Theorem 2
or Corollary 2 is an open problem.

One can observe the connections between general n-linear functional equations and
the behaviors of approximate homomorphisms and derivations on Banach algebras (see,
e.g., [24-26]), therefore it is recommended to proceed with some research in this direction.
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