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Abstract: The purpose of this paper is to present some new contraction mappings via control functions.
In addition, some fixed point results for (©, «, 0, ¥) contraction, rational (®, «, 6, ¥) contraction and
almost (O, «,0,¥) contraction mappings are obtained. Moreover, under contraction mappings of
types (I), (II), and (III) of (©, B,Y)UD, several fixed circle solutions are provided in the setting of a
G-Metric space. Our results extend, unify, and generalize many previously published papers in this
direction. In addition, some examples to show the reliability of our results are presented. Finally, a
supporting application that discusses the possibility of a solution to a nonlinear integral equation is
incorporated.

Keywords: 6-fixed point; 6-fixed circle; nonlinear integral equation; almost (®, «, 6, ¥) contraction;
a (0,6, ‘P)vo -type contraction

MSC: 47H9; 46B80; 47H10

1. Introduction

Mustafa and Sims [1] proposed G-Metric space (GMS for short) to extend and general-
ize the notion of metric space. The Banach contraction mapping [2] was generalized by the
authors of this paper in the context of a GMS. Following this initial report, a number of
authors defined many well-known fixed-point theorems in GMS (see, e.g., [2-4]). There is a
close relation between a regular metric space and a GMS, since one is adapted from the
other. For more details, see [5-7].

In fact, the nature of a GMS is to comprehend the geometry of three points rather than
two points via a triangle’s perimeter. However, these aspects were not given significant
weight in the majority of the published articles dealing with a GMS. As a result, the vast
majority of results were achieved by translating the contraction conditions from the setting
of metric space to a GMS without sufficiently incorporating the peculiarities of the GMS.
Several fixed point (FP) theorems in the literature that are used in the context of a GMS can
be deduced from some existing results when used in the context of a (quasi-)metric space,
according to Samet et al. [8] and Jleli-Samet [9]. In fact, one can establish an equivalent FP
theorem in usual metric space if the contraction condition of the FP theorem on a GMS can
be reduced to two variables instead of three variables.

In contrast to the F contractions suggested by Wardowski [10], Jleli and Samet [11]
introduced ¢ contractions in 2014. They represented the entire family of functions ¢ by
®* and proved some FP theorems for such contractions in usual metric spaces. In the
subsequent works, Jleli and Samet [11] and Liu et al. [12] presented the ideas of ¢-type
Suzuki contractions and ¢-type contractions, found some new FP theorems in complete
metric spaces, and solved nonlinear Hammerstein integral equations.
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Jleli et al. [13] obtained a number of 6-FP results based on the notion of new control
functions, and they also presented the novel ideas of §-FP and 6#-Picard mappings. In
addition, they asserted that certain FP outcomes in partial metric spaces can be deduced
from these 0-FP results in metric spaces. Many well-known results have been released after
the notions of Jleli et al. [13] such as the definition of (F, ¢, 0) contractions [14], (F, ¢, & — ¥)
contractions [15], and (F, ¢, « — ¢)-weak contractions by the control function in [16], which
improved upon the consequences of Kumrod and Sintunavarat [17]. They solved the
existence of solutions for boundary value problems in second-order ordinary differential
equations. For more details, see [18-20].

Recently, many different elements of the geometric features of non-unique FPs have
been thoroughly researched; examples include the fixed-circle problem and the fixed-disc
problem. As a new method of generalizing the FP theorem, Ozgiir and Tag [21] developed
the fixed circle problem in a metric space and the concept of a fixed circle. We encourage
readers to [22-27] for some recent research on the fixed-circle and fixed-disc problems.

Since the writers did not address this direction in the GMS and similar to previous
works, in this article, a number of new contractions with control functions are established.
Our findings enhance and expand upon some earlier FP results. We also provide several
examples and an application to demonstrate the usefulness of our findings.

2. Preliminaries

In this section, we go over several fundamental ideas and known facts. The symbols R,
R*, N, A(S) and Qg refer to the set of all real numbers, non-negative real numbers, natural
numbers, FPs and zero points of 6, respectively.

Definition 1 ([1]). Let Q be a non-empty set and G : Q% — R be a function fulfilling the
properties below for all v,9,0,s € ()

) G(v,0,0) =0ifv=0=0;

0 < G(v,v,0) withv # o;

G(v,v,0) < G(v,0,0) with ¢ # 0;

G(v,0,0) = G(v,0,0) = G(o,0,v) = ... (symmetry in all three variables);

G(v,0,0) < G(v,s,s) + G(s,0,0) (rectangle inequality).

Here, the function G is called a G-Metric on Q) and the pair (Q), G) is called a GMS.
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Note, each G-Metric on () establishes the metric d; on () by
dg(v,0) = G(v,0,0) + G(o,v,v), Yv,0 € Q.
Example 1 ([1]). Let (Q), G) be a GMS. The function G : Q3 — R described as
G(v,¢ 0) = max{d(v, ¢),d(¢,0),d(v,0)},
or

G(v,¢,0) =d(v,0) +d(e,0) +d(v,0),
forallv, 9,0 € (Yisa G-Metric on Q).

Definition 2 ([1]). Let (Q, G) be a GMS and {vy} be a sequence of points of (). Then, {vy}
is called:

(i) A G-convergent tov € () if
lim G(v,vg,v;) =0,
k,]— o0
that is, for any € > 0, there is K € N so that G(v, vk, v;) < € forall k,1 > K. Moreover, v is
called the limit of the sequence and write limy_, o, Uy = U oF Uy — 0.
(i) A G-Cauchy sequence if for any € > 0, there exists K € N so that G(vy, vk, v;) < € for all
n,k,1 > K, that is G(vy, vy, v;) — 0as n, k,1 — oo.
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Definition 3 ([1]). If every G-Cauchy sequence is G-convergent in a GMS (Q), G), the space
(Q), G) is said to be G-complete.

Proposition 1 ([1]). Let (Q), G) be a GMS. The statments below are equivalent:

(i) {vx} is G-convergent to v;
(i) G(vg, v, v) = 0ask — oo;
(iti) G(vg,v,0) = 0ask — oo;
(iv) G(v,v,v;) = 0ask,] — oo.

Proposition 2 ([1]). Let (Q), G) be a GMS. The statements below are equivalent:

(a) {vi} is a G-Cauchy sequence;
(b) Foranye > 0, there is K € N so that G(vy, vk, vg) < € forall k,1 > K.

Lemma 1 ([1]). Let (Q), G) be a GMS. Then, the inequality below holds
G(v,v,0) <2G(v,0,0), forallv,0 € Q.

Definition 4 ([1]). Let 3 be a self-mapping defined on a GMS (Q, G). Then, S is called G-
continuous if { vy} is G-convergent to Jv whenever vy — v as k — co.

Let ®* be the family of all functions ©® : (0,00) — (0, c0) fulfilling the conditions
below:

e  ©is continuous;
e For all positive sequences {7 }, limy o, O(7;) = 0if limy_,0o Tt = 0;
* O isnondecreasing.

Let ¥* be the family of all functions ¥ : (0,00) — (0,00) fulfilling the conditions
below:

* Yisnondecreasing;
o limg_,o ¥¥(7) = 0 for T > 0, where ¥¥ stands for the k-th iterate of Y.

Remark 1 ([28]). If¥ € ¥*, then ¥(7) < T, forall T > 0.

Theorem 1 ([29]). Let (Q),d) bea CMS and S : Q — Q) be a mapping so that
d(Sv, Se) > 0 implies O(d(Sv, S0)) < ¥(d(v,0)),

forallv, 0 € Q), where ®, ¥ : (0,00) — R satisfies the assertions below:

(T1) The function © is nondecreasing;
(T2) ForallT > 0,¥(7) < O(1);
(T3) Foralle > 0,limsup._, . ¥(7) < O(e).

Then, S has a unique FP.,

Remark 2. If p(7) = p(71), AM(7) = q(p(7)). Ifg € ¥, p € O and q is continuous, then the
assertions below are true:

(1) pis a nondecreasing function;
(2) A(t) <p(7), forall T > 0;
(3) Foralle >0,limsup._, A(T) < p(e).

Definition 5 ([13]). Assume that 6 : Q) — [0,00) and I : QO — Q. A point v € Q) is said to be a
6-FP of S if Sv = vand 6(v) = 0.

Definition 6 ([13]). Assume that 6 : Q) — [0,00). A mapping S : QO — Q) is said to be a 6-Picard
mapping if the assertions below hold:
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@) QoNA(S) ={v};

(ii)  For vy € Q, limy_,, S*vy = v.
A new control function is presented by Jleli et al. [13] as follows: Assume that & :
[0,00)% — [0, 00) verifying the following axioms:

(@) max{ly,lr} <w(ly,0,03);
(b) ®(0,0,0) =0;
(c) wis continuous.

We denote all control functions & by a*.

Example 2 ([13]). Let @y (¢1,0p,03) = {1+ by + {3, @x(l1,0p,03) = max{ly,lr} + {3 and
301, la, l3) = 01+ 03 + Uy + U3 for 1, 0p, U3 € [0,00). Then &1,d,d3 € a*.

In addition, on a CMS, they proved the following theorem:

Theorem 2 ([13]). Let (Q),d) bea CMS and S : Q — Q) be a mapping so that
a(d(Sv,30),6(30),6(3¢)) < da(d(v, e),0(v),0(0)),
where the function 0 is a lower semicontinuous and 6 € (0,1). Then, Y is a 6-Picard mapping.

Definition 7 ([30]). Let S : Q — Q be a self-mapping defined on a metric space (Q),d) and
6:Q — [0,00). Define s = inf{d(v, Jv) : v # Sv}. Then

(i) A circle Cyys = {veQ:d(v,vy) =s} in Qs called a 6-fixed circle of S if Cyys C
A(S) N Q.
(ii) Adisc Dy, s = {v € Q:d(v,v0) < s} inQis called a 6-fixed disc of I if Dy,,s C A(S) N Qp.

3. 0-Fixed Point Theorems

In this part, we present some novel contractions and some corresponding findings.
According to the control function defined on [13], we can define another control
function in line with our results as follows:

Definition 8. Let a : [0,00)* — [0, 00) be a function satisfying
(061) max{‘€1/€2/ €3} S Dé(él, g2/ 63/ 64)/

(x2) «(0,0,0,0) =0;

(3) « is continuous.

We denote all control functions « by @.
Example 3. Let aq (1, 0o, 03,0y) = l1 + Uy + U3+ Ly, ax(l1, 0o, U3, 0y) = max{ly, {, {3} + Ly,
a3 (b, b, U3, y) = Uy + 02 + Uy + U3 + Ly and ag(lq, 0n, 03, 0s) = max{ly, b} +max{lz, (s}
for £y,0y, 03,04 € [0,00). Then, a1, ap, a3, 04 € Q.

Now, we can present our results in this part. We begin with the following definition:

Definition 9. We say that a mapping S : QO — Qisa (©,a,0,Y) contraction ina GMS (), G)
if there are ® and Y verifying axioms (Ty) — (T3) of Theorem 1 and the inequality

O(x(G(Sv,3¢,30),6(3v),0(3¢),8(30))) < ¥(a(G(v,¢,0),6(v),0(e),6(c))), (1)
forallv, 0,0 € Qso that a(G(Sv, I, S0), 0(Sv),0(J0),0(S0)) > 0.

Theorem 3. Let (Q), G) be a complete GMS and S : QO — Q be a (©,a,0,Y) contraction
mapping. Then, S is a 6-Picard mapping provided that 0 is lower semicontinuous (Isc, for short).
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Proof. At first, we show that A(J) C Qp. Let there be v € A(S) so that 8(v) # 0. Put
v = ¢ = 0 in (1); then, we have

|
©)

©(a(0,6(v),0(v),0(v)))

A A
@ ~£ #

a contradiction, so A(J) C Qg.

Next, we prove that limy ., G(Ug, k41, Vkr1) = 0,limyg 00 0(v) = Oand limy o 0(vg11)
= 0. Assume that vy € Q) and {v;} is a sequence defined as vy = Svg_q forall k € N. If
there is kg € N so that vy, = vy 41, thatis vy, = Svy,. Hence, vy, is a FP of 3. Clearly, in
this case, limy_,0o G(Vg, Vk11, Ugsr1) = 0 and limy ., 8(vg) = 0 and the proof is finished. So,
we assume that G(vg, k1, Vk1) > 0and set v = vy, 0 = Vg1 and 0 = vg,q in (1); then,
we obtain

(G (Vky1, Vg2, Uks2), 0(0k11), 0(vk12), 0(0k12)))

2 (G(Svg, Svpp1, SVk41), 0(S0k), 0(Svger1), 0(SUgey1)))

G (g, Vky1, Vky1), 0(0k), 0(0k41), 0(vk 1))

(G (Vg Vg1, k1), 0(0k), 0(Vk11), 0 (Vke41)))- 2

—~ N~

AN

Since © is nondecreasing, we find that

(G (Vk41, k12, Vk42), 0(Vk11), 0 (Vk2), 0(Vk12)) < a(G(0k, Vi1, V1), 0(0k), 0 (Vk1), 0(0k11))-
Hence, the sequence {a(G(vg, Vi1, Uks1),0(vk), 0(vki1),0(vks1))} is decreasing with a
lower bound. So, there is € > 0 so that lim;_,, &y = €, where
g = (G (Vk, Vg1, Vkt1), 0(0k), 0(Vk11), 0(Vk11))-

If € > 0, then taking lim sup on both sides of (2), by (T>) and (T3), one has

B(e) = limsup®(ay,q) < limsup ¥ (ay)

A1 —€ X —€

< limsup ¥(1) < O(e),

T—€
this is a contradiction. So, € = 0. It follows by (a1) that

max{G (Vxi1, Vkt2, Vks2), 0(Vks1), 0(Vki2) b < a(G(Vkg1, Ukg2, Vky2), 0(Vks1), 0(Vks2), 0(Vki2))

Obviously,
G(Vkt1, Vkg2, Ukg2) < &(G(Ukg1, Uks2, Vk2), 0(0ks1), 0(V12), 0(Vks2)),

0(vks1) < a(G(Vks1, Vg2, Vkg2), 0(Uks1), 0(Vky2), 0(0k42) ),

and
0(Vks2) < &(G(Vky1, Vkg2, Vks2), 0(Vks1), 0 (Vks2), 0(V12))-

Passing k — oo in the three above inequalities, one can write

o
IN

,}g{}o G(Vk41, Ukg2, Uks2) < I}I_{QO (G (U1, Vkg2, Vkt2), 0(0k41), 0 (Vkg2), 0(vk12)) = 0,

0 < lim 8(vgs1) < lim a(G (1, Vet Uii2),8(0k41),8(Vks2), 8(vet2)) = O,

o
IA

Jlim 0(vrs2) < Jim ®(G(Vkt1, Vkt2, Vk+2), 0(Uk41), 0(V12), 8(Vks2)) = 0,
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that is limy_, o G(Uk41, Vks2, Vks2) = 0, limy oo 8(vk11) = 0 and limy_,, 6(vgy2) = 0. By
induction, we obtain that

lim G(vg, Vg1, Vkp1) =0, lim 6(vg) = 0and lim 0(vi, 1) = 0. 3)
k—o0 k— k—o00

e}

After that, we show that {v;} is a G-Cauchy sequence. Assuming the opposite, then there
is € > 0 and two sequences {uvy(;) } and {vy(;) }, where k(j) and I(j) are two positive integers
with k(j) > 1(j) so that

G(“l(j)'vk(i)'vk(f)) 2 € G(“’(]’)'Uk(f)flka(j)%) <eand G(”t(fmrvk(f)ka(j)) <e

Using the rectangle inequality, we have

€ =G (Usz Uk(j)s Ukm)
< G(vz@, Uk(j)flka(j)fl) + G(“k(fmka(j)ka(j))
< €+ G(Uk(]')_l, Uk(j)lvk(j))' (4)

As j — oo in (4), we conclude that

lim G (Ul(j)/ vk(j)’ Uk(])) = €. (5)

j—roo

Again, applying the rectangle inequality, one can write

G(Ulu)—lrUk(f)—lkau)—l) = G(Ul(j)—l'vk(]')'vk(j)) + G(Uk(j)'vk(j)—l'Uk(j)—1>' (®)

and
G(%’)f Uk(f)'vk(]‘)) < G(vl(j)'vl(f)flfvl(f)fl) + G(UtmwUk(foUk(f)fl) + G(”k(f)m”k(j)f “k(j))‘ )
Taking j — oo in (6) and (7), one has
jli_)rg G (Ul(j)—lz Uk(j)—1s Uk(j)—l) = €. 8)

O ()

IN

Set v = vy(j)_1, @ = Vg(j)—1 and 0 = vy(;)_1 in (1) and using (1), we obtain

Q) (uc (G (%vl(j)_l, Svk(j)-1s %vk(]-)_1> ,0 (SUl(j)—l)/ 0 (%Uk(j)—l) ,0 (%Uk(j)—l) ) )
¥la-14-1), )

wherea) | = & (G (%Ul(j)/ Svk(j), %Uk(j))/ 0 (%vl(]-)> ,0 (%vk(]-)) ,0 (%Uk(]-)> ) . Passing lim sup
in (9), we have

O(e) = limsup®(a;r) < limsup ¥(aj_qx-1)
ay et a1 f-1—E"
< limsup ¥(1) < O(e),

T—et

which leads to a contradiction. Hence, {v;} is a G-Cauchy sequence on Q). Since () is
G-complete, then there is v* € () so that {vy} is G-convergent to v*. Because 0 is Isc, we
obtain that
0(v*) < lminff(vkyq) < lim 6(vgyq) = 0.
k—ro0 k—0c0
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Hence, 6(v*) = 0. Now, we prove that v* = Jv*. If there is kg € N so that for k > ko,
v = Sv* is still true. Then, Sv* = limy_,o, v = v*, that is v* = Jv*. Suppose that
G(v*, Sv*, Jv*) > 0. Put v = v, 0 = v* and ¢ = v* in (1); then, we have

O(a(G(Svg, Sv*, Sv"), 0(Svk), 8(Sv"), 0(SvY))) < Y(a(G(ug, v*,0v"),0(vr),0,0)).
From (T;) and (T;), we obtain

a(G(Svg, Sv*, Sv"), 0(Svk), 0(Sv™), 0(SvY))
a(G(vg, v*,v"),0(vg),0,0). (10)

G(vgyq, SU%, Q") <
<

Letting k — oo in (10), we obtain that

which is a contradiction. Hence, G(v*, Sv*, Sv* ) =0, thatis v* = Jv*
In the last step, we claim that v* = g, for v*, 0 € A(S).
Conversely, assume that v* # g, then putting v = v* and ¢ = ¢ in (1), one has

O(x(G(v"0,0),0,0,0)) = O(a(G(v",00),0(v"),6(0),0(v")))
= O(a(G(Sv7, 3¢, 30),0(Sv7),0(30),0(30)))
< ¥(x(G(v% 0 0),0(v%),0(e), 6(0)))
= ¥(a(G(v",0,0),0,0,0))
< O(a(G(v*,0,0),0,0,0)),

which is a contradiction. So, v* = ¢. Hence, S is a #-Picard mapping. [

Remark 3.

(i) Puta = wq,0O(7T) = T,for T > 0and 0(v) = 0. Then, Theorem 3 reduces to (Theorem 2.1, [31]).

(i) Seta = ay and ¥ (1) = O(71) — ¥(7) for T > 0and 6(v) = 0 in Theorem 3; then, we have
(Theorem 2.6, [31]).

(iti) If we take 6(v) = 0, « = a1, O(t) = 7, ¥(T) = 67, for T > 0, where 5 € [0,1) in
Theorem 3, we obtain (Theorem 2.1, [32]).

(iv) Take 8(v) =0,a = a1, O(7) =7, ¥(7) = T — O(7), for T > 0, in Theorem 3, we obtain
(Theorem 3.2, [9]).

Now, in order to support Theorem 3, we give an example below:

Example 4. Let Q = [0,00) and G : Q% — R be defined by

_ 0, ifU =0=0,
G(Ul Q/ U) - { maX{U, Q, U’}, otherwise.

Clearly, (Q), G) is a complete GMS. Assume that S : Q — Q) is a mapping defined as

Sv—{

Describe the functions ©,a,0,¥ as O(t) =
¥(1) = i1, for T € R, respectively.
Now, to verify the condition (1) of Theorem 3, we discuss the following cases:

v, ifve0,2),
v, otherwise.

\O| = =

a(v,0,0,0) =v+o0+0c+¢ 0(v) = vand
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(Ca.l) Ifv=90=0¢€]0,2). Then

— 0
= i(v+g+a)

< 5(0+6(0) +6(0) +6(v))

= 2(0+6(0) +6(0) +6(v))

< ¥(w(G(v,0,0),0(v),6(0),0(0)))-

(Cadl) Ifvel0,2)ando=0¢€Q—]0,2). Then

O(a(G(Sv, S0, S0),0(30),0(S0),0(30)))
—  G(Sv,30,30) + 6(30) +6(30) + 6(S0)
= max{Sv, o, S0} + Sv+ Jo + S0
_ veogy, v e, ¢
= max{pggltitety
veoo, v o 0O
< b 2L 8.7
s ma{ppgttityty

1
= Zmax{v,g,a}—i—v—f—g—ka

%(G(v, 0,0)+06(v)+6(v)+6(v))
= Y(a(G(v,0,0),0(v)0(0),6(c))).

(Cadll) Ifoc=0¢€10,2)andv € Q—10,2). Then

IN

O(a(G(Sv, S0, 30), 0(S3v), 0(S0),0(S07)))
= G(Sv,0,30) + 0(Iv) +6(S0) + 0(30)
= max{SQv, o, S} + Jv+ Jo + S0
_ veoy v, e ¢
= max{g, bttty
veoo, v o 0O
< 257 o547
< max{y bttty

1
= 1max{v,g,(f}+v+g+a

< 2(G(v,0,0) +0(0) +0(0) +0(v))

= Y(a(G(v,00),6(v),0(0),60(c))).
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(CalV) Ifv=0=0¢€Q—[0,2). Then

IN

(G(v,0,0) +0(v)+06(v)+06(v))
(2(G(v,0,0),0(v),0(0),6(c))).

Based on the above cases, we conclude that S is (O, w, 0, Y) contraction mapping. Therefore,
all requirements of Theorem 3 are fulfilled and I has a unique FP (0,0,0).

WP R R R, Ole ©

Corollary 1. Let (Q), G) be a complete GMS and S : Q) — Q) be a self-mapping. Assume that
there exists & € [0,1) so that a(G(Sv, S, J0),0(Sv),0(S0),0(S0)) > 0, implies

O(a(G(Sv, S0, 30),0(Sv),0(S0),0(30))) < O(a(G(v,0,0),68(v),0(0),0(c)))’,

for all v,0,0 € Q, where 0 is Isc and ® : RT™ — R is nondecreasing. Then, S is a 0-Picard
mapping.

Proof. The result follows immediately by putting ¥(7) = @(t)?, for T > 0in Theorem 3. [

Corollary 2. Let (), G) be a complete GMS and ¥ : Q0 — Q) be a self-mapping. Suppose that
there exists p > 0 so that a(G(Sv, So, S0), 0(Sv),0(J0),0(30)) > 0, implies

O(x(G(Sv,30,30),0(3v),0(30),0(30))) < O(a(G(v,¢,0),0(v),0(e),6(0))) — P,

forall v,0,0 € Q, where 0 is Isc and © : R™ — R is nondecreasing. Then, S is a 6-Picard
mapping.
Proof. Setting ¥(7) = ©(7) — p. The result follows by Theorem 3. [

Corollary 3. Let (Q),G) be a complete GMS and & : Qarrow() be a self-mapping. Sup-
pose that there exists (p,q) € (©,¥) with continuous q, so that for each v,0,0 € Q with
a(G(Sv, So, S0),0(Sv),0(S0),0(S0)) >0,

p(a(G(Sv, 3¢, 30),6(30),6(30),6(30))) < 4(p(a(G(v,0,0),0(v),8(e),6(c)))) —p,
and 0 is Isc. Then,  is a 0-Picard mapping.
Proof. The proof is proven by Theorem 3 and Remark 2. O

Corollary 4. Let (Q), G) be a complete GMS and S : Q3 — Q) be a self-mapping. Assume that
E:RT —» Randg: RT — RT are functions so that

(a) g isanondecreasing;
(b) limsup,_ (1) < E(e), forall T > 0;
(c) Foralle > 0,liminf,_,.+q(t) > 0.



Symmetry 2023, 15, 164

10 of 24

Suppose also, for each v, 0,0 € Q with a(G(Sv, S, S0),H(Jv),0(T0),0(S0)) > 0, &

fulfills
E(a(G(Sv, 3, 30),0(S),0(S),0(S0))) < &(a(G(v,0,0),0(v),0(0),6(c)))
—4(a(G(v,0,0),6(v),0(e),6(0))),

and 0 is Isc. Then,  is a 0-Picard mapping.

Proof. It is given from Theorem 3 by putting ©(7) = (1) and ¥(7) = (1) —¢(7), for
>0 0O

Corollary 5. Let (Q), G) be a complete GMS and S : Q) — Q) be a given-mapping. Suppose that
there exists a continuous function q € Y so that for each v, 0,0 € Q, S fulfills

a(G(3v,3¢,30),6(30),6(30),0(30)) < q(a(G(v,¢,0),0(v),0(e),6(c))),
and 0 is Isc. Then, S is a 0-Picard mapping.
Proof. The result follows immediately by Corollary 3. O

Corollary 6. Let (Q), G) be a complete GMS and S : Q) — Q) be a self-mapping. Assume that
there are continuous functions p € ® and g € ¥ so that for each v, 0,0 € Q with
a(G(Sv, So, o), 0(Sv), 0(S0),0(S0)) >0,

p(G(Sv,30,30)) < 4(p(G(v,0,0))),
Then, S has a unique FP.

Proof. The proof is obtained from Corollary 3 by taking « = a; and #(v) = 0forv € Q. O

Now, another sort of contraction, known as a rational (®, «,6, ¥) contraction, can be
stated as follows:

Definition 10. Let (Q), G) be a GMS. The mapping S : QO — Q) is called a rational (©,«,0,Y)-
contraction if there are ®, ¥ that fulfill the conditions (Ty) — (T3) in Theorem 1 so that for all
v,0,0 € Quith a(G(v, S0, J0),0(Jv),0(F0),0(S0)) > 0, I justifies

O(a(G(Sv, 3¢, 30),0(30),0(30),0(30))) < ¥(a(U(v,¢,0),0(v),6(0),60(c))), (1)

where

Cxpy Cx Sy S Ok
U(v,0,0) = max{G(v, 0,0), Clo,Sv, Sv)(1 + Glo, Se, Se) + G(7, 30, 30)) }

1+ 2G(Sv, S, S0)

Theorem 4. Let (Q), G) be a complete GMS and S : Q) — Q) be a rational (®, a,0,'¥) contraction
mapping. Then, S is a 6-Picard mapping provided that 6 is Isc.

Proof. Firstly, we illustrate that A(J) C Qg. Let there be v € A(S) so that (v) # 0.
Putting v = ¢ = o in (11), we have

I
®

©(a(0,6(v),0(v),0(v)))

IN
-4

A
©)

which is a contradiction, so A(S) C Q.
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After that, we claim that limy_,o, G(Ug, Uki1, Ugr1) = 0, limy_.o, 0(vg) = 0 and limy_,4,
0(vks1) = 0. Let vg € O and {v;} be a sequence described as vy = Svg_q forall k € N. If
there is kg € N so that vy, = vy, 41, that is v, = Svg,. Hence, vy, is a FP of 3. Clearly, in
this case, limy_, oo G(Ug, Vg1, Ug 1) = 0, limy .o 0(vg) = 0 and limy_,, 6(vg 1) = 0. Hence,
the proof is completed. So, we assume that G (v, Ux11, k1) > 0. Setting v = vy, 0 = Vg1q
and 0 = vy, in (11), we obtain that

O(a(G(Vks1, Uky2, Vky2), 0(Vky1), 0(Vks2), 0(Vks2)))
= G)(“(G(%Uk/ %karl/ %karl)/ 9<%Uk)r g(gkarl)r 9(%Uk+1)))
< Y(a(U(vg, vks1,0k41),0(U), 0(vk11), 0(0k41))),

where
G(Uk, V41, Vks1),
U(Vk, V41, VK1) = MaX{ G004, 300) (14G (041,30 1,30k1) TG (041,30 1,3041))
14+2G (S, Svg41,30k11)

G (Uk/ Uk+1, Vk+1 )/
= maxqy  GugVri1,Vke1) A+ G0k 1,912 Vk2) +G (Va1 V12, Vk12))
142G (U4 1,k 42, Vk 42

= G(Uk, Vg1, Vk41)-

Hence, we obtain (3) in a manner similar to the proof of Theorem 3. Next, we claim that
{vk} is a G-Cauchy sequence. If it is not, then by the same method of the proof of Theorem 3,
we deduce that (5) and (8). Taking v = vy(;)_1, 0 = Vg(j)—1 and 0 = vy(;)_1 in (11) and using
(Ty), we have

© (w(6 (v i 1y ) 0 (010 )0 (019 ) 0 (01
= 0(«(G(Svig)-1 Soug)-1 S0kg)-1), 6 (Svig)1), 8(Suigy 1) 6 (Svi1 ) ))

0
< ¥ (U (o)1 vk 0x6)-1) 0 (211 0 (ve-1) O (k1) ),

U(”l(;)—lr Vk(j)-1- Uk(j)—l)

G(“’(/’)flfUk(]’)flka(i)fl)'

=AY G 1) 18uig) 1) (G (k1 30k) 130y 1)+ (v 1,30y 1,30 1))
142G (Svy(j)-1,30k(j)-1,30k(j)-1)
G(Ul(]‘)flka(j)fl' Uk(fH)r
= maxXx

G (1) -18v15) 1,301y 1) (14 G (Vk()-1.V(5) k(1)) G (Vh(i)-1.%ki) V(1)) )
142G (055 Vi(j) V() )

It follows from (3) and (8) that

Jim U (o)1, Vg1 ) -1) =
Following the same steps as the proof of Theorem 3, we conclude that {v;} is a G-Cauchy
sequence in a complete GMS (Q, G), and there is v* € Q) so that {v;} is G-convergent to
v*, thatis vy — v* ask — ooand@( *) =0.

Now, we show that v* = Jv*. If there is ko € Nso that for k > kg, vy = Sv* is still true,
then Sv* = limy_,, v = v*, thatis v* = Jv*. On the contrary, put G(v*, Jv*, Jv*) > 0.
Putting v = vy, 0 = v* and 0 = v* in (11), we obtain

O(a(G(Svg, Sv*, Sv™), 0(Svk), 0(Sv™), 0(Iv*))) < ¥(a(U(vg, v*,0%),0(vg),0,0)).

It follows from (T7) and (T3) that
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G(vgy1, SU*, Sv7) a(G(Svg, Sv*, "), 0(Svy), 0(Sv¥), 0(SvY))

<
< a(U(vg,v*,0v"),0(vg),0,0), (12)
where

U(vg, v*,0") = max{ G(vg, v*,v"),

G (vg, Svg, Sug) (1 +2G(v*, Sv*, Sv¥))
14 2G(Sv, Sv*, Sv*)

Taking k — oo in (12), we have
thatis, v* = Jv*.

Ultimately, we prove that v* = g, for v*, 0 € A(S). If v* # ¢, then setting v = v* and
o = ¢in (11), one has

O(a(G(v", 0,0),0,0,0))
= 0@(G (Jv Se, 30), 0(3v7),0(30),0(30)))
< ¥(a(N(v" 00),0(v"),0(0),0(0)))
. G(v*, 3v*, Sv*) (1 +2G(0, S0,
= T(“(m { (v%,0.0), ( 1+2G()§‘Ev* SQ,(SSZQ)Q Q>)}’O’O,O>)
= Y(x(G(v*00),0,0,0))
< G)(zx(G(v 0,0),0,0,0)),

which is a contradiction. So, v* = ¢. Hence, S is a #-Picard mapping. [
The following example supports Theorem 4:

Example 5. Let QO = [0,1] and G be the G-Metric on Q3 defined by G(v,0,0) = |v—o| +
lo— o]+ |v—o0|, forallv,0,0 € Q. Obviously, (), G) is a complete GMS. Define the mapping

F:Q0—=>Qby
%v—{ 6 ifve[(i 6)
1. fvelg1]
Let the functions ©, a, 0, ¥ be defined by ©(7) = 1, a(v, 0,0, ¢) = max{v,0,0,¢},0(v) = vand
Y(t)= %T, for T € R, respectively.

To satisfy the contractive condition (11), we discuss the following cases:
(i) Ifv=0=0¢€l0, 1) Then,

_ 1 (0.5 8)(1+G(v§ ) +G(vg )
= gma {G(vvv) 676 1+2G(£,%6,%) 676 }
< % { max{G(v v,0) (v 6:1(;561(’2626,)5‘3(”6 &) }’ }
< —max{U(v,v,v),0(v),0(v),0(v)}

= Y(a(U(v,v,v),0(v),0(v),0(v)))

— ¥(a(U(v,0,0),0(v),0(0), 0(c))).
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(i) Ifve|o,

IN

IN

Y)and 9 = o € [},1]. Then,

IN
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=
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[ B )
= gmax 0, 150
= 1max{G(v,v,v),G(U’102,1U2)<1+G(U,1}U211}U2)U+G(U,1U2’1v2))}

IN

= % max{U(v, v, U), 9(0), 9(0), 9(”)}

= Y(a(U(v,v,0),0(v),0(v),0(v)))
— (@ (U(v,0,0),6(0),0(0),0(c))).

Based on the above cases, we conclude that the mapping < is a rational (®, a,0,Y) contraction
and fulfills all required of Theorem 4. Hence, it admits a unique FP v = 0 so that 3(0) = 0 and
6(0) = 0.

Corollary 7. Let (Q), G) be a complete GMS and S : QO — Q. If S fulfills
a(G(Sv, e, S0),0(3v),0(S0),0(S0)) >0,
implies
O(a(G(Iv,3¢,30),6(30),0(3¢),0(30))) < O(a(U(v, ¢,0),0(v),6(0),0(c))) — p,

forall v, 0,0 € Q, where U (v, 0,0) is given by Definition 10, p > 0, 0 is Isc and © : RT — Ris
nondecreasing. Then, § is a 6-Picard mapping.

Proof. The results follows immediately if we take ¥(7) = ©(7) — p in Theorem 4. [J

Corollary 8. Let (Q), G) be a complete GMS and S : Q3 — Q. If there is 6 € (0,1) so that S
fulfills a(G(Sv, o, S0),0(Sv),0(30),0(S0)) > 0 implies

O(a(G(Sv, 3¢, S0),0(3v),6(30),0(30))) < O(a(U(v,0,0),6(v),0(e),0(c)))’,

forallv, 0,0 € Q, where U (v, 0,0) is described as Definition 10, p > 0, 0 is Iscand ® : RT — R
is nondecreasing. Then,  is a 0-Picard mapping.

Proof. We obtain the required by setting ¥ (7) = @(7)° for T > 0 in Theorem 4. [

Here, the third novel contraction is derived as follows:

Definition 11. Let (Q), G) be a GMS. We showed that & : Q — Q is almost a (©,a,0,'¥)
contraction, if there is ©, ¥ fulfills the conditions (Ty) — (T3) in Theorem 1 so that forall v, 9,0 € Q
with a(G(Sv, o, S0),0(Iv),0(S0),0(J0)) > 0, I justifies

O(a(G(Sv, Vo, 30),0(3v),0(30),0(30)))
< ¥(x(G(v,0,0) + AV(v,0,0),0(v),0(0),0(c))), (13)
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where
V(v,0,0) = min{G(v, S, S0), G(o, S0, 30), G(r, S0, S0) },

and A > 0.

Theorem 5. Let (Q), G) be a complete GMS and S : Q) — Q) be a rational (©, a,0,'¥) contraction
mapping. Then, S is a 6-Picard mapping provided that 0 is Isc.

Proof. Firstly, we show that A(J) C Q. Let there be v € A(S) so that 8(v) # 0. Putting
v = 0 = 0 in (13), we obtain

I
©)

©(a(0,0(v),0(v),0(v)))

IN
6

(a(

(a(

= ¥(«(0,6(v),0
< O(«(0,6(v),6
which is a contradiction; hence, A() C Qy.

After that, we prove that limy_., G(Ug, Ugy1, Uk1) = 0, limg_y00 0(vg) = 0 and limy_,4,
0(vks1) = 0. Let vg € O and {v;} be a sequence described as vy = Svg_q forall k € N. If
there is kg € N so that vy, = vy, 11, that is v, = Svg,. Hence, vy, is a FP of 3. Clearly, in
this case, limy oo G(Ug, Vg1, Vks1) = 0, limy o0 0(vg) = 0, limyg_,00 (v 41) = 0, and thus,
the proof is finished. So, we consider G(vy, Vg1, Ugy1) > 0. Letting v = vy, 0 = vy and
0 = Ugyq in (13), we can write

@

(2(G(Vk 41, Vg2, Vks2), 0(0k11), 0(Vkr2), 0(0k12)))

(a(G(Svk, Svkt1, SVk11), 0(Svx), 0(Sv11),0(Sk11)))

((G(0k, Uk11, Vk11) + AV (Vg Ukt1, Uk 1), 0(vk), 0 (vk41), 0(0k 1))
(a(G(vk, Uk11, Vk11), 0(vk), 0(Vky1), 0(vk11))), (V(Uk, Vky1, Vpey1) =

IA ]
e C)

0).

Similarly to the proof of Theorem 3, we have (3). Next, we show that {vy} is a G-Cauchy
sequence. If it is not, then by the same method of the proof of Theorem 3, we would obtain
(5) and (8). Taking v = vy(j)_1, 0 = Vg(j)—1 and 0 = v(;)_1 in (13) and using (T1), one has

0 ((G (w1 vk oxn ) 0 (on ) € (w5 ) (0507 ) ))
O (G (Sv1()-1 B0rg)-1 Sorg)1 ), 8 (Svrg)1),6(Suagy-1 ) 0(Svi-1 ) ))

k4 (0( ( G<Ul(j)—1/ Vk(j)-1- vk(j)—l) AV (vz(j)_l,vk<]-)_1, Uk(j)—1>' ) ) ,

0 (vl(j)_l), 0 (Uk(j)—l)/ 0 (Uk(j)—l)

It follows from (3) and (8) that

IN

};TO{G(W(]')A' Uk(ijUk(j)fl) + AV(UZ(;‘HUk(jwlka(j)fl) } =¢
Following the same steps as the proof of Theorem 3, we conclude that {v;} is a G-Cauchy
sequence in a complete GMS (Q, G), and there is v* € Q) so that {v;} is G-convergent to
v*, thatis vy — v* ask — oo and 6(v*) = 0.

Now, we prove that v* = Qv*. If there is kg € N so that for k > ko, vy = Sv* still
holds, then Sv* = limy o, v = v*, thatis, v* = Sv*. Conversely, put G(v*, Sv*, Jv*) > 0.
Putting v = vy, ¢ = v* and 0 = v* in (13), we have

O(a(G(Svy, Sv*, Iv"),0(Svk), 0(Sv¥), 0(Sv™)))

< Y¥(a(G(vg, v*,0") + AV (v, v, 0"),0(vg),0,0)).
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It follows from (T;) and (T,) that

G(vgy1, SU%, Sv%) < a(G(Sug, Sv*¥, SvY), 0(Svk), 0(Sv*), (Sv™))
< a(G(vg, v, v") + AV (vg, v*,0%),0(vg),0,0), (14)
where
U(vg, v*,v*) = min{G(vg, Sv*, Iv¥), G(v*, Sv*, Sv*), G(v*, Iv*, Sv™) }

R}
= min{G(vg, Sv*, v*), G(v*, Yv*, Yv*)} — 0ask — co.

Letting k — oo in (14), we obtain

only this is valid if v* = Jv*.
Finally, we illustrate that v* = g, for v*,0 € A(S). If v* # o, then letting v = v* and
o = ¢in (13), one can write

|
©)

Il
© €€ <00
=

(

(S v*, Q/\YQ) 0(Sv*),0(30),0(30)))
a(G(v",0,0) + AV (0", 0,0),0(v"),0(0),0(0)))

(v

(

(v

IN
&

(v
*,0,0),0,0,0))
a(G(v*,0,0),0,0,0))
%,0,0),0,0,0)),

|
e

< O

which is a contradiction. So, v* = ¢. Hence, $ is a 6-Picard mapping. [

The following example supports Theorem 5:

Example 6. Assume that Q = [0,1] and G is the G-Metric on QO defined by G(v,0,0) =
lv—o|+|0—0c|+|v—0] forallv,0,0 € Q. Obviously, (Q), G) is a complete GMS. Define the
mapping 3 : QO — Q by Sv = 5. IfO(1) = 7, (v, 0,0,¢) = max{v,0,0,¢},0(v) = vand
¥(1) = 3, for T € R*". Then, (13) is true. Indeed

3
_ veoyveo
- max{G(z’z’z ’2’2’2}
lv—o|  le—0| [ Jv=0clveoco
- max{ 2 T2 T2
1
< Emﬂﬂv—d+W—UPHU—ﬂ+AV@&ﬂ%%@ﬂ

< ¥(w(G(v,0,0) + AV(v,0,0),0(v),6(0),0(0))),

Hence, all conditions of Theorem 5 are true. So, 0 is a unique FP of  so that 3(0) = 0 and
6(0) = 0.

Corollary 9. Let (Q), G) be a complete GMS and S : QO — Q. If

a(G(Sv, S, S0),0(30v),0(S0),0(S0)) >0,
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implies
BO(a(G(Sv, 0, 30),0(3v),0(30),0(30)))
< O(a(G(v,0,0)+ AV(v,0,0),0(v),0(e),0(c))) — p,

forall v,0,0 € Q, where V(v,0,0) is given by Definition 11 p > 0, A > 0, 0 is Isc and
© : R — R is nondecreasing. Then, S is a 6-Picard mapping.

Proof. The results follows immediately if we take ¥(7) = ©(7) — p in Theorem 5. [J

Corollary 10. Let (Q), G) be a complete GMS and S : QO — Q). If there is 6 € (0,1) so that S
fulfills a(G(Sv, o, 30),0(3v),0(J0),0(30)) > 0 implies

O(a(G(3v, S0, 30),0(30),6(30),6(30))) < Oa(U(v,0,0),0(v),0(a),0(c)))’,

forall v, 0,0 € Q, where U(v, 0,0) is described as Definition 11, p > 0,0 Iscand ® : RT™ — Ris
nondecreasing. Then,  is a 0-Picard mapping.

Proof. We obtain the required by setting ¥ (7) = ©(7)° for T > 0 in Theorem 5. []

4. 0-Fixed Circle Results

In this part, according to the results of Section 3, we establish some novel -fixed
disc results in GMS by setting a(¢1,l, (3,0s) = {1+ by + {3+ Ly, or a(l1,0p,03,04) =
max{{ly, l, 3} + Ly, or a(lq, 0o, U3, 04) = max{ly, Lo, l3,04}.

Definition 12. Let (Q0, G) be a GMS. A mapping S : QO — Qs said to be a (©,0,Y),, -type (I)
contraction if there are ® and Y verifying stipulations (Ty) and (T,) of Theorem 1 so that for each
v € Quwith G(Jv,v,v) +0(Iv) +20(v) > 0, I satisfies

O(G(Sv,v,v) +6(Sv) +20(v)) < ¥(G(vg,v,v) + 0(vg) +20(v)), (15)
where vy € Q.

Now, by the notion of a circle defined in a metric space, we can generalize Definition 7
as follows:

Definition 13. Let (), G) be a GMS and S : Q — Q) be a self-mapping and 6 : QO — [0, c0).
Let r = inf{G(Sv,v,v) : v # Sv}. Then, for vg € Qand r € (0,00), we say that a circle
Cg(vg, 1) ={v e Q:G(vg,v,v) =r}in Qis a 6-fixed circle of I if Cg(vo, ) C A(I) N Qp.

Theorem 6. Let (Q), G) be a complete GMS and S : Q3 — Q bea (©,0,Y), -type (I) contraction
with the point vy and the number r described as in Definition 13. If 6(vo) = G(Svo, vo,, v9) = 0
and 6(v) < G(Sv, v,v) for each v € Cg(vo, r); then, Cg(vo,r) is a O-fixed circle of 3.

Proof. Forallv € Cg(vo, 1), we show that v = Sv. If r = 0. Cg(vo,7) = {vo}, then, clearly
Cg(vg, r) is 6-fixed circle of . So, assume that ¥ > 0 and v # Sv for all v € Cg(vy, 7).
Using (15), the definition of 7, 8(vy) = 0, and vy = Svy, we have

O(G(Sv,v,v) +0(Jv) +20(v)) < ¥(G(vy,v,v)+6(vg) +260(v))
= Y(G(vp,v,v)+26(v))
< O(G(vg,v,v)+20(v))
< O(r+260(v))
< O(G(Sv,v,v) +26(v)).
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Applying the condition (T,), we obtain
G(Sv,v,v) 4+ 0(Sv) +260(v) < G(Sv,v,v) +26(v),

which is a contradiction. So, v # Sv. As 8(v) < G(v, Sv, Jv) for each v € Cg(vp, v), we
obtain that
6(v) < G(v,Sv,Sv) =0.

Hence, 8(v) = 0, thatis, Cg(vg, r) is a 6-fixed circle of 3. [

Remark 4. Theorem 6 is true if we replace G(vg, v, v) with one of the following:

(i)

G(vg,v,v),G(Sv,v,v), G(Svg, vy, Vg),
G (UOr v, U) = max{ G(Sg,v,0)+G(Sv,v9,00) ;
2

(i1)

Ga(vo,v,v) = ¢1G(vg,v,v) + c2G(Sv,v,v) + c3G(Svp, vy, Vo)

+c4G(Svg, v,v) + c5G(Sv, vy, vg),
where c; € [0,1) with 215:1 ci=1;

(1ii)

Gy(v0, 0, 0) = max{ G(vg,v,v),aG(Sv,v,v), (1 —a)G(Svg, vo, Vo), },

(1—a)G(Sv,v,v),aG(Svg, v, Vo), G(%UO'U'U)JEG(%U'UO'UU)

where v € O, a € [0,1]. In addition, if we replaced the condition G(Svy, vo,,vo) = 0 with
G(Svg, vo,,v9) <t foreach v € Cg(vy,r), then the findings are still valid.

Example 7. Let Q) = {—6,—2,0,1,2,5} and the mapping G : (0> — Q be defined by G (v, 0,0) =
lv—o|+|o—0c|+|v—0| forall v,o,0 € Q. Clearly, (Q),G) is a complete GMS. Define
3:Q—Qand6: Q) — [0,00) by

Sv:{ v, ifv#S5,

1, otherwise,

and ( )
{0 ifve{-615},
0(v) = { v3 — 4o, otherwise,
respectively. Then, we obtain r = 8, A(J) = Q — {5}, Qp = Qand A(I) N Qy = O — {5}.
Now, we illustrate that S is a (O, G,Y)Uo-type (I) contraction with vg = —2, O(T) = T, and
Y(1) = %T. Indeed, if v = 5, we obtain that
21

G(35,5,5) +6(35) +20(5) = 8< o = Z 14

_ Zc(fz, 5,5) + 6(—2) +26(5).

Therefore, all conditions of Theorem 6 and Corollary 11 are fulfilled by ¥. Hence, C(—2,8) = {2}
is a O-fixed circle of 3.

Corollary 11. Let (Q), G) be a complete GMS and ¥ : Q3 — Q) be a self-mapping. If there are
continuous © and ¥ satisfying (Ty) of Theorem 1 and so that Y verifies

G(Sv,v,v) > 0implies ©(G(Sv,v,v)) < ¥(G(vg,v,v)),
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and G(Svo, vo,,vg) = 0, where vy € Q. If r is defined by Definition 13. Then, the circle Cg(vo, )
is a 0-fixed circle of 3.

Proof. In Theorem 6, set 0(t) =0. O

Corollary 12. Let (Q), G) be a complete GMS and the number r is defined by Definition 13. If
there is p > 0 and a nondecreasing function © : RT — R so that I : QO — Q) verifies

O(G(Sv,v,v) +0(Iv) +20(v)) < O(G(vo,v,v) 4+ 0(vg) +260(v)) — p,

forall v,vg € Q with G(Sv,v,v) +0(Sv) +20(v) > 0, 8(ve) = G(Svo, vo,,v9) = 0, and
6(v) < G(Sv,v,v) foreach v € Cg(vy, ). Then, the circle Cg(vg, ) is a 6-fixed circle of 3.

Proof. Put ¥(7) = O(71) — 7 in Theorem 6. [

Corollary 13. Let (Q), G) be a complete GMS and the number r is defined by Definition 13. If
there is & € [0,1) and nondecreasing function © : RT™ — R so that S : QO — Q fulfills

O(G(Sv,v,v) + 6(3v) +260(v)) < O(G(vg, v,v) +6(vg) +20(v))°,

for all v,vy € Q with G(Sv,v,v) +6(Jv) +20(v) > 0, O(vy) = G(Svy, vy,,v9) = 0, and

0(v) < G(Sv,v,v) for each v € Cg (v, r). Then, the circle Cg(vo, ) is a 6-fixed circle of 3.
Proof. Setting ¥(7) = @(T)(S — 7in Theorem 6. [

Corollary 14. Let (Q), G) be a complete GMS and the number r is defined by Definition 13. If
there is & € [0,1) and a nondecreasing function ® : RT™ — R so that S : Q — Q fulfills

0(G(Sv,v,0)) < O(G(vg, v,v))’,

forall v,v9 € Q with G(Sv,v,v) > 0and G(Svy, vy,,vy) = 0, then, the circle éc(vo, r)isa
0-fixed circle of 3.

Proof. To obtain the result, we take 6(7) = 0 in Corollary 13. [

Definition 14. Let (), G) be a GMS. A mapping S : Q) — Q) is said to be a (©,0,Y), -type
(II) contraction if there are © and ¥ satisfying stipulations (Ty) and (T,) of Theorem 1 so that
S fulfills

O(max{G(Sv,v,v),0(v)} +6(Sv)) < ¥(max{G(vy,v,v),0(v)} +0(vg)),  (16)
for each v € Q with max{G(Sv,v,v),0(v)} + 6(Sv) > 0, where vy € Q.

Theorem 7. Let (Q0, G) beacomplete GMS and 3 : Q) — Q bea (©,0,Y),, -type (11) contraction
with the point vy and the number r described as in Definition 13. If 0(vo) = G(Svo, vo,,vo) = 0
and 6(v) < G(Sv, v,v) for each v € Cg(vo, 1), then Dg (v, 1) is a 0-fixed circle of 3.

Proof. Forallv € Cg(vo, 1), we show that v = Sv. If r = 0. Cg(vo,r) = {vp}, then, it is
easy to see that Cg (v, r) is a 0-fixed circle of 3. So, assume that r > 0 and v # Jv for all
v € Cg(vo, 7). By (16), the definition of 7, 6(vp) = 0, and vy = Jvp, one has

O(max{G(Sv,v,v),0(v)} +6(Jv)) < Y(max{G(uvy,v,v),0(v)}+06(vy))
= ¥(max{G(vy,v,v),0(v)})
< O(max{r,0(v)})
< O(max{G(Sv,v,v),0(v)})
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It follows from (T3) that
max{G(Sv,v,v),0(v)} +0(Sv) < max{G(Sv,v,v),0(v)},

which is a contradiction. So, v # Sv. Since 8(v) < G(v, Sv, Jv) for each v € C(vg, v),
we obtain
6(v) < G(v,Sv,Sv) =0.

Hence, 8(v) = 0, thatis, Cg(vg, r) is a 6-fixed circle of 3. [

Remark 5. If we replace G(vo, v, v) with the same conditions (i), or (ii), or (iii) presented in
Remark 4, Theorem 6 remains valid.

Example8. Let ) = {—6,—3,-2,0,1,2,3,5} be equipped with G(v,0,0) = |[v — 0|+ |0 — 0| +
|v — o|. It is easy to see that (Q), G) is a complete GMS. Define the self-mapping S : QO — Q and
the function 6 : Q) — [0, 00) by

Sv:{ v, ifv#5,

2, otherwise,
and

o(0) _{ 0, ifve{—6,1,5},

v° — 1303 +36v,  otherwise,

respectively. Then, we haver = 6, A(3) = Q — {5}, Qp = Qand A(I) N Qp = Q — {5}. Now,
we prove that S is a (©,0,Y),, -type (1) contraction with vy = 0, O(t) = T, and ¥ () = .
Indeed, if v = 5, we can write

max{G(35,5,5),0(5)} +0(35) = 6< ? _ g 10

_ gmax{G(0,5,5),9(5)} +6(0).

Therefore, all conditions of Theorem 7 are fulfilled by . Hence, C5(0,6) = {3, —3} is a 6-fixed
circle of 3.

Corollary 15. Let (), G) be a complete GMS and the number r is defined by Definition 13. If
there is p > 0 and nondecreasing function ® : R™ — R so that S : Q) — Q) satisfies

O(max{G(Sv,v,v),0(v)} +6(3v)) < O(max{G(vg,v,v) +0(v)} +6(vy)) — p,

forall v, vy € Q with max{G(Sv,v,v),0(v)} +6(Iv) > 0,8(ve) = G(Svy, vo,, Vo) = 0, and
0(v) < G(Sv,v,v) for each v € Cg(vo, ). Then, the circle Cg(vy, r) is a 6-fixed circle of 3.

Proof. Put ¥(7) = ©(7) — Tin Theorem 7. [J

Corollary 16. Let (Q), G) be a complete GMS and the number r is defined by Definition 13. If
there is § € [0,1) and a nondecreasing function ® : RT™ — R so that S : Q — Q fulfills

O(max{G(Sv,v,v),0(v)} +0(3Jv)) < O(max{G(vy,v,v) +6(v)} + Q(Uo))é,

forall v, vy € Q with max{G(Sv,v,v),0(v)} +0(Iv) > 0,8(vg) = G(Svy, vo,,vo) = 0, and
6(v) < G(Sv,v,v) foreach v € Cg(vy, ). Then, the circle Cg(vg, ) is a 6-Fixed circle of 3.

Proof. Setting ¥(7) = ®(T)§ — 7in Theorem 7. O
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Definition 15. Let (Q), G) be a GMS. A mapping S : Q — Qs called a (©,0,Y), -type (I11)
contraction if there are © and Y satisfying stipulations (Ty) and (T,) of Theorem 1 so that

O(max{G(Sv,v,v),0(v),0(Sv)}) < ¥(max{G(vy,v,v),0(v),0(vo)}), (17)
for each v € Q with max{G (v, v,v),0(v),0(Iv)} > 0, where vy € Q.

Theorem 8. Let (Q, G) be a complete GMS and 3 : Q) — Q bea (©,0,Y),, -type (I11) contrac-
tion with the point vy and the number r defcribed asin Definition 13. If (vo) = G(Svy, vy, , Vo) =
0and 6(v) < G(Sv,v,v) for each v € Cg(vo, 1), then Dg(vy,r) is a 6-fixed circle of 3.

Proof. Forallv € Cg(vg, 7), we show that v = Sv. If r = 0. Cg(vo,7) = {vg}, then, it is
easy to see that Cg(vo, ) is a f-fixed circle of 3. So, assume that r > 0 and v # v for all
v € Cg(vo, r). By (17), the definition of 7, 6(vy) = 0, and vy = Jvy, one obtains

O(max{G(Sv,v,v),0(v),0(Sv)})

IN

¥ (max{G(vo,v,v),0(v),0(vo)})
(

(

¥( vo, 0, ),0(v)})

(max{G(vo, v, v),0(v)})
(
(
(G

max{G

A
@

= O(max{r,0(v)})
e
C)

max{G(Sv,v,v),0(v)})

(Sv,v,0)).

IN A

By the properties of ©, we have
max{G(Sv,v,v),0(v)} < max{G(Sv,v,v),0(v),0(3v)} < G(Sv,v,v),
which is a contradiction. Hence, v # Sv. Because 8(v) < G(v,Sv,3v) for each v €

GG (vg, v), we have
6(v) < G(v,Sv,Sv) =0.

Therefore, §(v) = 0, that is, Cs (v, 7) is a O-fixed circle of 3. [

Remark 6. If we replace G(vg, v, v) with the same conditions (i), or (ii), or (iii) presented in
Remark 4, Theorem 8 remains true.

Example 9. If we take the same assumptions of Examples 7 and 8, we can find that the requirements
of Theorem 8 are satisfied by 3. Hence, Cg(0,6) = {3, —3} and is a 0-fixed circle of 3.

Remark 7. According to Example 9, we note that a 0-fixed circle of S is not unique.

Corollary 17. Let (Q), G) be a complete GMS and the number r is defined by Definition 13. If
there is p > 0 and nondecreasing function ® : RT™ — R so that S : Q) — Q) satisfies

O(max{G(Sv,v,v),0(v),0(3Iv)}) < O(max{G(vy,v,v) +6(v),0(vo)}) — p,

forall v, vy € Q with max{G(Sv,v,v),0(v),0(Sv)} >0, 0(vo) = G(Svy, vo,,v0) = 0, and
6(v) < G(Sv,v,v) for each v € Cg(vo, ). Then, the circle Cg(vy,r) is a 0-fixed circle of 3.

Proof. Put ¥(7) = ©(7) — T in Theorem 8. [J

Corollary 18. Let (Q), G) be a complete GMS and the number r is defined by Definition 13. If
there is § € [0,1) and nondecreasing function © : RT — R so that S : QO — Q fulfills

O(max{G(Sv, v,v),8(v),8(Sv)) < O(max{G(vy, v,v) +6(v),8(vg)})°,
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forall v, vy € Q with max{G(vy,v,v) +6(v),8(vo)} > 0, 8(ve) = G(SIvg, vy,,vo) = 0, and
6(v) < G(Sv,v,v) for each v € Cg(vo, ). Then, the circle Cg(vy,r) is a 0-fixed circle of 3.

Proof. Setting ¥(7) = @(T)J — 7in Theorem 8. [

5. Supportive Application

In this part, the results of Theorem 3 are applied to find the existence of solution for
the nonlinear integral below:

0
o(r) = (r) + [ (1,6, 0(6))d, (18)

g

where 0, p € Rwith o < p, v € Clo, p] (the set of all real continuous functions on the closed
interval [0, p]), 5 : [0,p] =& R, and U : [0, p] X [0, p] x R — R are continuous functions.
Assume that Q) = CJ[o, p] endowed with the standard G-Metric

Geo(v,0,€) = sup |v(r) —e(r)| + sup |e(r) = £(r)[ + sup |[¢(r) —v(r)],

refo,p] refop] relop]
forall v, 0,0 € Q. Itis obvious that ((), G) is a G-complete. Define the mapping 3 : O — Q by

14
Su(r) = 2(r) —i—/U(r, ¢, v(g))dg, forr € [o,p]. (19)

g

It is obvious that the solution of Equation (18) corresponds to the FP of & in Equation (19).
Following that, we shall demonstrate our finding.

Theorem 9. The integral Equation (18) has a solution if there exists p > 0 such that

[5(r,¢,v(6)) ~ B(r, ¢ 0(6))] < -~ o,

p_
forv,0 € Qandr € [o,p].

Proof. Describe the control functions « = &1, 8(7) = 0and ¥(7) = O(7), for T € (), where
© : R™ — R is nondecreasing function. Then

|Sv — S0l

0
_ /U(r, ¢,v(¢))dg — U(r,6,0(c))dg

14
SRR (R
p—o)
= |v—o] (20)
Similarly,
o=t < e~ (21)
and

|0 — Sv| < |0 —v]. (22)
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Summing (20) to (22) and taking the suprimum, we have

Geo(S1,30,3¢) = sup [Sv — S|+ sup [So — 3| + sup [ — S|
relop] refop] relop]

< sup [v—0|+ sup |o—{|+ sup |[{— v
relopl relo,p] relop]

= Gw(v,00).
Taking © in both sides, one has
O(Go (S1,30,3Y)) < O(Guo(v,0,0)),
which implies that
O(a(G(Sv,30,31),0(Iv),6(30),0(31))) < ¥(a(G(v,0,£),6(v),6(0),0(£))).

It is evident that & meets the requirements of Theorem 3. Hence, S has an FP, which means
that the integral Equation (18) has a solution. [

Author Contributions: Writing—original draft preparation, H.A.H.; writing—review and editing,
A.S. and M.G.A. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The data used to support the findings of this study are available from
the corresponding author upon request.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Mustafa, Z.; Sims, B. A new approach to generalized metric spaces. . Nonlinear Convex Anal. 2006, 7, 289-297.

2. Banach, S. Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales. Fundam. Math. 1922, 3,
133-181. [CrossRef]

3. Abbas, M,; Sintunavarat, W.; Kumam, P. Coupled fixed point of generalized contractive mappings on partially ordered G-Metric
spaces. Fixed Point Theory Appl. 2012, 2012, 31. [CrossRef]

4. Aydi, H,; Shatanawi, W.; Vetro, C. On generalized weak G-contraction mapping in G-Metric spaces. Comput. Math. Appl. 2011, 62,
4223-4229. [CrossRef]

5. Shatanawi, W. Fixed point theory for contractive mappings satisfying ®-maps in G-Metric spaces. Fixed Point Theory Appl. 2010,
2010, 181650. [CrossRef]

6.  Mustafa, Z.; Obiedat, H.; Awawdeh, F. Some fixed point theorem for mapping on complete G-Metric spaces. Fixed Point Theory
Appl. 2008, 2008, 189870. [CrossRef]

7. Mustafa, Z.; Khandagji, M.; Shatanawi, W. Fixed point results on complete G-Metric spaces. Studia Sci. Math. Hung. 2011, 48,
304-319. [CrossRef]

8.  Samet, B.; Vetro, C.; Vetro, F. Remarks on G-Metric spaces. Int. |. Anal. 2013, 2013, 917158. [CrossRef]

9.  Jleli, M.; Samet, B. Remarks on G-Metric spaces and fixed point theorems. Fixed Point Theory Appl. 2012, 2012, 210. [CrossRef]

10.  Wardowski, D. Fixed points of new type of contractive mappings in complete metric spaces. Fixed Point Theory Appl. 2012, 2012, 94.
[CrossRef]

11.  Jleli, M.; Samet, B. A new generalization of the Banach contraction principle. J. Inequalities Appl. 2014, 2014, 38. [CrossRef]

12.  Liu, X.D.; Chang, S.S.; Xiao, Y.; Zhao, L.C. Existence of fixed points for ¢-type contraction and ¢-type Suzuki contraction in
complete metric spaces. J. Fixed Point Theory Appl. 2016, 2016, 8. [CrossRef]

13. ]Jleli, M.; Samet, B.; Vetro, C. Fixed point theory in partial metric spaces via ¢-Fixed point’s concept in metric spaces. J. Inequal.
Appl. 2014, 2014, 426. [CrossRef]

14. Kumrod, P; Sintunavarat, W. A new contractive condition approach to ¢-Fixed point results in metric spaces and its applications.
J. Comput. Appl. Math. 2017, 311, 194-204. [CrossRef]

15. Imdad, M.; Khan, A.; Saleh, H.; Alfagih, W. Some ¢- fixed point results for (F, ¢, x — i)-contractive type mappings with
applications. Mathematics 2019, 7, 1-16. [CrossRef]

16.  Asadi, M. Discontinuity of control function in the (F, ¢, 0)-contraction in metric spaces. Filomat 2017, 31, 5427-5433. [CrossRef]


http://doi.org/10.4064/fm-3-1-133-181
http://dx.doi.org/10.1186/1687-1812-2012-31
http://dx.doi.org/10.1016/j.camwa.2011.10.007
http://dx.doi.org/10.1155/2010/181650
http://dx.doi.org/10.1155/2008/189870
http://dx.doi.org/10.1556/sscmath.48.2011.3.1170
http://dx.doi.org/10.1155/2013/917158
http://dx.doi.org/10.1186/1687-1812-2012-210
http://dx.doi.org/10.1186/1687-1812-2012-94
http://dx.doi.org/10.1186/1029-242X-2014-38
http://dx.doi.org/10.1186/s13663-016-0496-5
http://dx.doi.org/10.1186/1029-242X-2014-426
http://dx.doi.org/10.1016/j.cam.2016.07.016
http://dx.doi.org/10.3390/math7020122
http://dx.doi.org/10.2298/FIL1717427A

Symmetry 2023, 15, 164 24 of 24

17.

18.

19.

20.

21.
22.

23.
24.

25.

26.

27.

28.

29.

30.
31.

32.

Kumrod, P;; Sintunavarat, W. On new fixed point results in various distance spaces via ¢-Fixed point theorems in D-generalized
metric spaces with numerical results. J. Fixed Point Theory Appl. 2019, 21, 86. [CrossRef]

Hammad, H.; Zayed, M. Solving a system of differential equations with infinite delay by using tripled fixed point techniques on
graphs. Symmetry 2022, 14, 1388. [CrossRef]

Hammad, H.; Zayed, M. Solving systems of coupled nonlinear Atangana-Baleanu-type fractional differential equations. Bound.
Value Probl. 2022, 2022, 101. [CrossRef]

Hammad, H.A.; Aydi, H.; la Sen, M.D. Solutions of fractional differential type equations by fixed point techniques for multivalued
contractions. Complexity 2021, 2021, 5730853. [CrossRef]

Ozgiir, N.Y.; Tas, N. Some fixed-circle theorems on metric spaces. Bull. Malays. Math. Soc. 2017, 42, 1433-1449. [CrossRef]

Saleh, H.; Sessa, S.; Alfagih, W.; Imdad, M.; Mlaiki, N. Fixed circle and fixed disc results for new types of 0. contractive mappings
in metric spaces. Symmetry 2020, 12, 11. [CrossRef]

Ta, N.; N.Y. Ozgﬁr; Mlaiki, N. New types of F.-contractions and the fixed-circle problem. Mathematics 2018, 6, 188.

Hammad, H.A.; De la Sen, M.; Aydi, H. Analytical solution for differential and nonlinear integral equations via Fp,-Suzuki
contractions in modified @.-metric-like spaces, J. Function Spaces 2021, 2021, 6128586.

Rashwan, R.A.; Hammad, H.A.; Mahmoud, M.G. Common fixed point results for weakly compatible mappings under implicit
relations in complex valued g-Metric spaces. Inf. Sci. Lett. 2019, 8, 111-119.

Hammad, H.A.; De la Sen, M. Analytical solution of Urysohn integral equations by fixed point technique in complex valued
metric spaces. Mathematics 2019, 7, 852. [CrossRef]

Hammad, H.A.; De la Sen, M. Tripled fixed point techniques for solving system of tripled-fractional differential equations. AIMS
Math. 2021, 6, 2330-2343. [CrossRef]

Liu, X,; Chang, S.; Xiiao, Y.; Zhao, L. Some fixed point theorems concerning (¥, ®)-type contraction in complete metric spaces. J.
Nonlinear Sci. Appl. 2016, 9, 4127-4136. [CrossRef]

Proinov, P. Fixed point theorems for generalized contractive mappings in metric spaces. J. Fixed Point Theory Appl. 2020, 22, 21.
[CrossRef]

Ozgiir, N.; Tas, N. New discontinuity results at fixed point on metric spaces. J. Fixed Point Theory Appl. 2021, 23, 28. [CrossRef]
Aydi, H.; Felhi, A.; Sahmim, S. Related fixed point results for cyclic contractions on G-Metric spaces and application. Filomat 2017,
31, 853-869. [CrossRef]

Mustafa, Z. A New Structure for Generalized Metric Spaces with Applications to Fixed Point Theory. Ph.D. Thesis, The University
of Newcastle, Newcastle, Australia, 2005.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s11784-019-0723-x
http://dx.doi.org/10.3390/sym14071388
http://dx.doi.org/10.1186/s13661-022-01684-0
http://dx.doi.org/10.1155/2021/5730853
http://dx.doi.org/10.1007/s40840-017-0555-z
http://dx.doi.org/10.3390/sym12111825
http://dx.doi.org/10.3390/math7090852
http://dx.doi.org/10.3934/math.2021141
http://dx.doi.org/10.22436/jnsa.009.06.56
http://dx.doi.org/10.1007/s11784-020-0756-1
http://dx.doi.org/10.1007/s11784-021-00863-3
http://dx.doi.org/10.2298/FIL1703853A

	Introduction
	Preliminaries
	-Fixed Point Theorems
	-Fixed Circle Results
	Supportive Application
	References

