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Abstract: In the present paper, some new generalizations of dynamic inequalities of Gronwall-
Bellman-Pachpatte-type on time scales are established. Some integral and discrete Gronwall-Bellman—
Pachpatte-type inequalities that are given as special cases of main results are original. The main
results are proved by using the dynamic Leibniz integral rule on time scales. To highlight our research
advantages, several implementations of these findings are presented. Symmetry plays an essential
role in determining the correct methods to solve dynamic inequalities.
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1. Introduction

Time scales calculus with the objective to unify discrete and continuous analysis was
introduced by S. Hilger [1]. We assume that the reader has a good background on time
scales calculus. For additional subtleties on time scales, we allude the peruser to the books
by Bohner and Peterson [2,3].

Theorem 1 ([4], Leibniz Integral Rule on Time Scales). In the following by ¢* (o, ¢) we mean
the delta derivative of ¢(o, c) with respect to o. Similarly, ¢ (o,¢) is understood. If p , ¢* and
¢V are continuous, and u, h : T — T are delta differentiable functions, then the following formulas
holds Vo € T*.

A

(0) h(e)
W [ pe0ns] = [ e an+ 1R @lele) o) - up(ele) u(e))

(o) v (0)
@ [ peone] = [ 0% (@eac+ T @(pl0) he) — i (@)0lp(e) )
u(e) u(e)

h(o) A (o)

Gi) [ / (Qf <p<e,g>vf;} = [ 9@ Ve +H@)9(o(e). he)) ~ b @)9(e(e), u(e))
(0) v (0)

@ [ oo = [ 9% 0ve+ ¥ @0lp(e) o) - u7 (@plple) u(e))
u(q) u(e)

Recently, Gronwall-Bellman-type inequalities, that have several applications in qual-
itative and quantitative behavior, have been developed by many mathematicians, and
several refinements and extensions have been made to the previous results, such as bound-
edness, stability, existence, uniqueness and oscillation behavior, we refer the reader to the
works [5-19].
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Gronwall-Bellman’s inequality [13] in the integral form stated: Let v and f be continu-
ous and non-negative functions defined on [a, b], and let vy be non-negative constant. Then
the inequality

t
v(t) < v + / F(s)u(s)ds, forall te [a,b], (1)
Ja
implies that

v(t) < vy exp</atf(s)ds), forall te [a,b].

Baburao G. Pachpatte [20] proved the discrete version of (1). In particular, he proved
that: if v(n), a(n), y(n) are non-negative sequences defined for n € Ny and a(n) is non-
decreasing for n € Ny, and if

n—1

o) < alm) + 35 3(n)e(n)n € N @)

then )
ne
v(n) <a(n) [T +y(n)],n € No.
s=0
Bohner and Peterson [2] unify the integral form (2) and the discrete form (1) by
introducing a dynamic inequality on a time scale T stated: If v, { are right dense continuous
functions and y > 0 is regressive and right dense continuous functions, then

u(t) <C(f) + tv(q)'y(q)A;y, forall teT,

to

implies
t
v(t) <C(t) + [ ey(t,a(n)l(n)v(n)Ay, forall teT,

to

The authors [21] studied the following result:

0(0)  r8(1)
E(v(61) < a(é,t)jL./Of’ /Ogt S (e (e, n)Z(v(c, )@ (v(c, 7))
+ [ 9200mi(otnm)e (ot m)dx| dnd,

where v, f, & € C(I; x I,Ry), a € C({,Ry) are nondecreasing functions, I, I, € R,
0 € C(I;,I;),8 € CY(I, I,) are nondecreasing with 8(¢) < £ on Ij, 9(t) < t on I,
31, S € C(,Ry),and B, {, @ € C(R4,Ry) with {&,{,@}(v) > 0 for v > 0, and
UETwE(v) = +o0.

Additionally, Anderson [22] studied the following result.

wlo(t,9) < ats) +ets) [ [ o) n(o ) + bl Vrar, O

where v, a4, ¢, d are non-negative continuous functions defined for (¢,s) € T x T,and bis a
non-negative continuous function for (t,s) € [tg,00)1 X [tg,00) and w € C' (R, R, ) with
w' > 0forv > 0.

We will start with the following basic lemma:

Lemma 1. Suppose Ty, Ty are two times scales and a € C(Q = Ty x Ty, R.) is nondecreasing
with respect to ({,t) € Q. Assume that S, v, f € Coa(Q,R4), Ay € C4(T1,Ty) and Ay €
CL,(T,, T2) be nondecreasing functions with A(¢) < £ on Ty, Ay(t) < t on T, . Furthermore,
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suppose E, { € C(Ry,Ry) are nondecreasing functions with {Z,Q}(v) > 0 for v > 0, and
lim E(v) = +oo. Ifv({, t) satisfies

v—>+00

Aa(t
seien <aen+ [ [ sensenieen s @

for (¢,t) € Q, then

» SHURRHD
otz e @+ [ [T sen e mmnve ®

for0 <€ <¢,0 <t < tq, where

Ve
w C(EH())

and ({1,t1) € Q is chosen so that

(G( e /t:Z q)Aan) € Dom(Gfl).

Proof. First we assume that a(/,t) > 0. Fixing an arbitrary ({y,fy) € Q, we define a
positive and nondecreasing function (¢, t) by

+o0
G(v) = ,0>19 >0, G(+00) = / L = 400 ®)
0,

o C(ET(G)

A(0) pAa(t)
p(et) =alto,to)+ [ [ (e mftemilole,m)dne )
Loy to
for0 <0<ty <t,0<t<ty<ty,theny(fyt)= l,b(g, to) = a(£y, tp) and

v(l,t) <ETN(g(41) ®)

Taking V-derivative for (7) with employing Theorem 1(ii), we have

2(t)
e = AT [ SO0 ), 1)y

fo

2(t)
< AT [ SO0, mE (= 00, 1))

to

Aa(t)
< (= MmO a0)ATE [T SO @8 ©
Inequality (9) can be written in the form
¢Ve (¢, 1) A2 (H) o
gy SO [T SO0, nay (10)

Taking V-integral for Inequality (10), obtains

IN

M) pAx(t
Gt < Gyt h [ stemiemanvs

IN

G(ﬂ(fofto))Jr/Z:l /: S(e,m)f(e,n)AnVe.

Since (4, ty) € Q) is chosen arbitrary,

» MO) pralt)
ven<ctlcaeny+ [ [T senienmve. an
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From (11) and (8) we obtain the desired result (5). We carry out the above procedure
with € > 0 instead of a(¢,t) when a(¢,t) = 0 and subsequently lete — 0. O

Remark 1. If we take T = R, ¢y = 0and tg = 0 in Lemma 1, then, inequality (4) becomes the
inequality obtained in [21] (Lemma 2.1).

In this article, by employing the results of Theorems 1, we prove the delayed time scale
versions of the inequalities proved in [21]. Further, these results are proved here extend
some known results in [23-25]. Symmetry plays an essential role in determining the correct
methods to solve dynamic inequalities.

2. Main Results
Theorem 2. Let v, a, f, A and Ay be as in Lemma 1. Let 31,32 € Cpq(Q, R4). If v(¥, t) satisfies

Aa(t
Ew(tt) < altt)+ | /to [F(c,m)E(v(c, )

+ /j (Xr’?)@( (x,n))Ax]AnAg (12)

‘0

for (¢,t) € Q, then

M) At
v(l,t) <E™ { ( (4, t) + / n)Aqu)} (13)

to

for0 < € <¢q,0 <t <tq, where G is defined by (6) and

M(0) pAa(t)
pten =G+ [ [ ([ natenor)amse a9

0

and ({1,t1) € Q is chosen so that

Ap(t
( (6,) + / r;)Aqu) e Dom(cfl).
fo

Proof. By the same steps of the proof of Lemma 1 we can obtain (13), with suitable
changes. [J

Remark 2. If we take 35 (¢, t) = 0, then Theorem 2 reduces to Lemma 1.

Corollary 1. Let the functions v, f, 31, So, a, Ay and Ay be as in Theorem 2. Further suppose
that q > p > 0 are constants. If v({, t) satisfies

M) rAs(
VIt < a(lt) +—/1 /2 [f (e, m)oP (g, 1)

+ A 200, m)vP (x, n)Ax} Anig (15)

for (¢,t) € Q, then

=
(£, 1) <{ (6t)+ /t 17)A17Vg} (16)

where

p6) = (e, )7+ [ /“ 1o ( [ Satvman)arac
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Proof. In Theorem 2, by letting Z(v) = v7,{(v) = v¥ we have

v v — a—r
G(v) = #:/ —fz q (vqﬂp—voq ),vzvo>0
= 0 gﬁ qg—vr

and
1

ir — a-p
G_l(v) Z {,00‘1 + qqpv}
we obtain the inequality (16). O

Theorem 3. Under the hypotheses of Theorem 2. Suppose B, {, @ € C(R4,R.) be nondecreasing
functions with {2, Q), @} (v) > 0 for v > 0and v(¢,t) satisfies

Aa(t
E(6) < altt)+ [ /to Fle,mEv(gn)@(vicn))
+/K§ %(%’7)5(”(7@’7))@(} Anhg (17)

for (¢,t) € Q, then

vien <z e (B e+ [ [ sensensive )b a9

for0 < ¢ <1(1,0 <t <ty whereGand pareasin (Ay)and

v V¢
o @(E7H(G(g)))’

and ({1,t1) € Q is chosen so that

[F(p M /t:Z q)Aing} € Dom(Ffl).

Proof. Assume thata(/,t) > 0. Fixing an arbitrary (o, fp) € (), we define a positive and
nondecreasing function (¢, t) by

F(v) = v>1v >0, F(+00) = +o0 (19)

wen = atom+ [ [ sienlrenieemoin)
+Aﬂ %z(x,n)é(v(x,n))Ax} Anig (20)

for0 < ¢ <ty <4l1,0<t<ty<ty,thenp(lo,t) =1L ty) = a(loy,ty) and
v(l,t) <EN(P(L1)) (21)

Taking V-derivative for (20) with employing Theorem 1 (i), gives
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2(t)
WY = AT [ SO O EC )l (0,1)

1(0)
+/Z: %z(x,n)é(v(x,v))Ax]An

IN
>
=<
=
—

+ [ i (= oo sxfan @)

IN
>
<
=
o~
—~
[z
AN
=
-~
=
>
N
=
X

From (22), we have

lpV[ (f/ t) /\z(t) & _—
W S Alv(g) fo \Yl()\l(g)/ﬂ)[f(Al(Z)/ﬂ)w(‘—‘ 1(¢(A1(€)/U)))
A (0)
*J, %z(x,n)Ax} Ar. (23)

Taking V-integral for (23), gives

cwen < oo+ [ [ sien|rene(s )
+/ R x, -AUV(;
< Glalto o)) + / e [ s |fema(= wen)

+ / S2(x. 7 Aan.
Ly J

Since (£, ty) € Q is chosen arbitrarily, the last inequality can be rewritten as

Ag(t
cwen <pen+ [ [ siensene (s wem)mve @

Since p(/, t) is a nondecreasing function, an application of Lemma 1 to (24) gives us

1(6)  rAa(t)
ven <6 (F e+ [ [ sensenmvd). e

From (21) and (25) we obtain the desired inequality (18).

Now we take the case a(¢,t) = 0 for some ({,t) € Q. Letac({,t) = a((,t) +€
for all (¢,t) € Q, where € > 0 is arbitrary, then a.(¢,t) > 0 and ac({,t) € C(Q,R;)
be nondecreasing with respect to (¢,t) € Q. We carry out the above procedure with
ae(¢,t) > 0 instead of a(¢, t), and we obtain

(£, t) < al{cl (P [ (pe(£,1)) /t:Z ”)A”V"D}
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where

Aa(t
pe(l,t) = G(ae(¢, 1)) /t S1(e (/ JZ(X/’?)A?C)A’?AQ

0

Letting € — 0", we obtain (18). The proof is complete. [

Remark 3. If we take T = R, ¢y = 0and ty = 0 in Theorem 3, then, inequality (17) becomes the
inequality obtained in [21] (Theorem 2.2(A_2)).

Corollary 2. Let the functions v, a, f, 1, S, A and Ay be as in Theorem 2. Further suppose
that q, p and r are constants with p > 0, > 0and q > p +r. If v({,t) satisfies

Ax(t
ey < aen+ [ [ sienireneenyen
0
S
+ /Z %z(x,n)v”(x,n)Ax}AﬂAg (26)
0

for (¢,t) € Q, then

1

v(&t)<{[p( e 4 1P T pfr/Al /A2 gfn)AWg}W (27)

where

q-p q—p M(0) /\z(t)(x ( S o )
p(l,t) = (a((,t)) 7 + i /t (6, 77) /eo S2(x, 17)Ax | AnAg

0

Proof. An application of Theorem 3 with Z(v) = v9,{(v) = v” and @(v) = v" yields the
desired inequality (27). O

Theorem 4. Under the hypotheses of Theorem 3. If v(¥, t) satisfies

Aa(t
seien) < an+ [ [ sienirenieeneeen)
- %mn)@(v(x,n»w(v(x,n)mx} Mg @)

for (¢,t) € Q, then

ey <z e (5 men+ [ [ siensensive )b e

for0 <€ </¢,0 <t <ty where

10) pAa(t)
po(4,t) = E(G(a(£,t))) + E: /A %1(9,17)(/;%2(2(,77)AX>A17A(;

and ({1,t1) € Q is chosen so that

A(l) pAx(t)
{r’o(&t) [ %1(g,f7)f(9,17)A17Vg] € Dom (F1).
<20 0
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Proof. Assume that a(¢,t) > 0. Fixing an arbitrary (¢, tp) € Q, we define a positive and
nondecreasing function (¢, t) by

wen = ati+ [ [ sienireniele et
+ [ 9200 mE(ete me (i) sx | arag

for0 </ </y</{,0<t<ty<ty,then l/J(f(), i’) = l[](f, t()) = a(ﬂo, i’o) and

v(,t) <E Yyl 1)). (30)

By the same steps as the proof of Theorem 3, we obtain

M) Aot
p(et) < G { a(lo, to)) +/ /to flema(2 7 (y(em))
+./(;0 92()(/’7)@(3_ (w(xfﬂ)))Ax] AWQ}.
We define a non-negative and nondecreasing function v(¢, t) by
Ag(t
o(l,t) = Glalloto)) [0 [Fleme (2 (wism)]
+/é§ %z(?m)w £ (llﬂ(x,n)))Ax} AnVe
then T)(fo, i’) = U(K, to) = G({l(fo, to)),

(L, t) <G oL, 1)] (31)

and then

or

; M)
sET Ty S MO SO,

to
A (€)

+, %z(x,n)Ax] Ay
0

Taking V-integral for the above inequality, gives

A (l)  pAa(t
Ko ) < Fato) + [ [ suen e+ [ saummarve
0
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or

o(lt) < F{( a(fo, to)) +/A1 /t:Z flem)
+/€0 92()0’7)@(} AUVQ}- (32)

From (30)—(32), and since (¢, ty) € Q) is chosen arbitrarily, we obtain the desired
inequality (29). If a(¢,t) = 0, we carry out the above procedure with e > 0 instead of a(, t)
and subsequently let € — 0. The proof is complete. [

Remark 4. If we take T = R and £y = 0 and ty = 0 in Theorem 4, then, inequality (28) becomes
the inequality obtained in [21] (Theorem 2.2(A3)).

Corollary 3. Under the hypothesise of Corollary 2. If v(¥, t) satisfies

Aa(t
awn < awn+ [ [ sieniseneeneion
+ // j %‘z(x,n)v’” (x,n)vr(xrﬂ)Ax} Anhg (33)

for (¢,t) € Q, then

1

v(&t)S{Po(ﬁt) - p_r/f /tAZ n)Aan}W (34)

where

po(t,t) = (a(e, 1)) 1 + TP T Zr/jl /t:Z 31 Qfﬂ)(/gjgz(X/W)AX)AWAG

Proof. An application of Theorem 4 with E(v) = v9,{(v) = v” and @(v) = v" yields the
desired inequality (16). [

Theorem 5. Under the hypotheses of Theorem 3. If v(£,t) satisfies

Aa(t
s < awn+ [ [ sieneten) x
[f(GIW)C(U(G,ﬂ)H'/éO 992()0’7)@(} Anhg (35)

for (£,t) € O, then
Aa(t
() < E- {Gl‘ (F [F](p1 0) / n)A;ng} ) } (36)
fo
for0 <0< 0,,0 <t <ty where

4 +o0
Gi(v) = . a)(avlg(g)),UZZ)o>O,Gl(—§—oo):/U0 (D(Evlg(g)):—koo (37)

F(v) = /v: g[E—l (vGi_l(g))} ,0 > 09> 0,F(400) = +o0 (38)

M€ pAx(t
p1(¢,t) = Gi(a((,t)) +/ / m)(/; %z(x,n)Ax>Af7Ac; (39)

fo
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and ({a,t) € Q is chosen so that

M€ pAa(t 4
{Fl p1(£,t)) /t f(s, n)Aqu] € Dom(]—“1 )
0

Proof. Suppose thata(¢,t) > 0. Fixing an arbitrary (¢, tg) € ), we define a positive and
nondecreasing function ¢ (¢, t) by

wen = atom+ [ [ sieneeenienieen)
+AO 32 x,n)Ax] Anig

for0 < /? <ty </t,,0<t<ty<t,then lp(fo, t) = l[)(f, to) = a(fo, to),

v(l,t) <EN (Y6 1) (40)

and

2(t)

I < AT [T s [ @@ m)] [foa0me (5 o ,m0)
M(0)
/0 S2(x 1 AX}AU
2(t)
< A @On[E @0, 2200))] /t: TS (a0, [0,z (@0, 1)
A (0)
+//O 20011 Ax | Ay
then
) R
e < O[T Si@m[faa@m (= o)

M(0)
(\,
+ /eo \fz()c,n)Ax] Ay.

Taking V-integral for the above inequality, gives

G < aoon+ [ [ sien[feni(E wen)
+/€§ %z(x,W)Ax} AnVg
then
1(6)  pAa(t)
Giwen) < G+ [ [ sien[fens(E v )
G
+/€0 %z(X,U)Ax} AnVg.

Since ({p, tp) € Q is chosen arbitrary, the last inequality can be restated as

Ag(t
Gyl 1) = pr(68) + /to MFemE(E (e m))ande  (@1)
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Itis easy to observe that p1 (¢, t) is positive and nondecreasing function for all (¢, t) € Q,
then an application of Lemma 1 to (41) yields the inequality

M) rAa(t)
ven <6 (B[R + [ [ siensenavd ). @

From (42) and (40) we obtain the desired inequality (36).
If a(4,t) = 0, we carry out the above procedure with € > 0 instead of (¢, t) and
subsequently let € — 0. The proof is complete. [

Remark 5. If we take T = R and £y = 0 and ty = 0 in Theorem 5, then, inequality (36) becomes
the inequality obtained in [21] (Theorem 2.7).

Theorem 6. Under the hypotheses of Theorem 3 and let p be a non-negative constant. If v(¢,t)
satisfies

E(v((,t) < a(lt)+ /t:Z )P (g, 1) %
[f(gfﬂ)é(v(g,n)) + /eo %z(X,W)AX} Anig (43)

for (¢,t) € Q, then

A (€) Aot
o(6,t) <E {cl <F {Fl(plét /t ;7)A17VgD} (44)

for0 <0 <4,,0 <t <t where

v “+o0
Gl(v):/vo [EYéW,,UZUO>O,G1(+oo)—/UO [EY(gg)]”_+oo (45)

and Fy, py are as in Theorem 5 and (€, tp) € Q) is chosen so that

Ao (t .
{Pl(pl (4,1)) /t ﬂ)Aan] € Dorn(F1 )
0
Proof. An application of Theorem 5, with @ (v) = v” yields the desired inequality (44). O

Remark 6. Tnking T = R. The inequality established in Theorem 6 generalizes [25]
(Theorem 1) (with p = 1, a(€,t) = b(£) +c(t), o = 0, tg = 0, S1(c, ) f(c,n) = h(c,n)

and 31 (g, 1 (flo S X/U)AX) =g(c,n)).

Corollary 4. Under the hypotheses of Theorem 6 and g > p > 0 be constants. If v(¢, t) satisfies
ey < aen+ L M s o
t) < a(/t / / 1(g,m)vP (¢, 1) x
P—q9J4 to 1 1

{f (6, mE(vic,n)) + /eo %”z(x,n)Ax] Anhg (46)

for (¢,t) € Q, then

1

oo < { agen+ [ [ siensenaeed 1T @)
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for0 <0 <10, 0 <t <ty where

—p M () pA2(t) G
pen =laen T+ [ [ e ([ 20 mar)anac
Jtg

Jlo

and Fy is defined in Theorem 5.

Proof. An application of Theorem 6 with Z(v(¢,t)) = vP to (46) yields the inequality (47);
to save space we omit the details. O

Remark 7. Tuking T =R, ¢y =0,tyg =0, a({,t) = b(€) +c(t), 31(5, 1) f(c, ) = h(c,n) and
S1(¢, 1) (f;o %z(x,n)A)() = g(g, 1) in Corollary 4 we obtain [26] (Theorem 1).

Remark 8. Tuking T =R, {y =0,tg =0,a((,t) = cﬁ, S1(¢,n)f (g, ) = h(n) and
S1(g, 1) (f;o I (x, U)AX) = ¢(#) and keeping t fixed in Corollary 4, we obtain [27] (Theorem 2.1).

3. Application

Gronwall inequality involving functions of one and more than one independent
variables, which provide explicit bounds on unknown functions, plays a fundamental role
in the development of qualitative theory and can be used as handy tools in the study of
existence, uniqueness, oscillation, stability and other qualitative properties of the solutions
of certain dynamic equations on time scales.

In this following, we discus the boundedness of the solutions of the initial boundary
value problem for partial delay dynamic equation of the form

(P2 (,t) = A (f, (0 —hy(€),t —ho(t)), /; B(c,t, (s — h1<g),t>>Vg) (48)

0

(L to) = a1(€), (Lo, t) = az(t),a1(by) = at,(0) =0

for (¢,t) € Q, where ¢,b € C(Q,R;),A € C(Qx R?>R),B € C({xR,R) and h; €
CL(T1,Ry),hy € CL(T,,Ry) are nondecreasing functions such that h1(¢) < ¢ on Ty,
hy(t) < tonTyand hY (£) < 1, hy (t) < 1.

Theorem 7. Assume that the functions a1, a, A, B in (48) satisfy the conditions

ja1(6) + ax(8)| < a(e,t) (49)
|A(¢, 7,9, 0)| < ﬁ%(grv)[ﬂg/n)wl” + [v]] (50)
BOGT )| < Sa(x,m)lP (51)

where a(¢,t),31(c, 1), f(c,n) and 2(x,n) are as in Theorem 2, g > p > 0 are constants. If
(L, t) satisfies (48), then

1

M) pAa(t) — -
el < {pen s [ [sieniensve) T @)

where

i-r

p(lt) = (a(6t)) 7

M) pA(E) — ¢ —
+M; M, /Z /t %(m)(Ml /2 %z(x,ﬂ)Ax) AnAg
0 0 0
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and

My = Max

1
., M,= Max
ter, 1—hY (f) 2T

telh 1—hy (t)
and $1(7,8) = S1(7+ (), €+ ha(1)), S2(,€) = S2(, & + o)),
fr.8) = fly +m(g), ¢+ ha(n))-

Proof. If (¢, t) is any solution of (48), then

P, t) = ar(£) +ax(t)

+// (9,17, ¥ — hl(g)/ﬂ_h2(77)>f/£§B(Xrﬂ/w(?(—hl(X)/W))A?C)A’?AQ‘ (53)

Using the conditions (49)-(51) in (53) we obtain

_ V4
lp(e, 1) < aWH%/gﬂ /t:%l(g,ﬂ)[f(g,n)lw(ghl(@),nhz(ﬂ))l”
G
+f %‘z(x,ﬂ)ltlﬂ(x,ﬂ)l”Ax] AnAc. (54)

Now making a change of variables on the right side of (54), ¢ — h1(¢) = v, 7 —ha(n7) =
¢, 0 —hi(£) =A1(£) for £ € Ty, t — hy(t) = Ay(t) for t € T, we obtain the inequality

et < aen+ = La M [ 510,0[ 0 0w 00

7,
iy [ a0, 8) () by 82 )

We can rewrite the inequality (55) as follows:

A0 pAa(t) — -
wenr < an+ Lo [ [ sien [fenmenr
My / S >|¢<x,n>|”Ax}AnAg. 56

As an application of Corollary 1 to (56) with v(¢,t) = |(¢,t)| we obtain the desired
inequality (52). O

4. Conclusions

In this article, by applying the Leibniz integral rule on time scales, we examined
additional generalizations of the integral retarded inequality presented in the literature and
generalized a few of those inequalities to a general time scale. We also applied some of our
results to study the qualitative behavior of certain dynamic equations’ time-scale solutions.
In future work, I will ask if it is possible to generalize these results using a g-difference
operator. Additionally, we intend to extend these inequalities by using a-conformable
calculus and also by employing (v, a)- nabla calculus on time scales. Moreover, we will try
to obtain the diamond alpha version for these results. Symmetry plays an essential role in
determining the correct methods to solve dynamic inequalities.
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