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Abstract: We consider results regarding Bernstein and Cheney—Sharma-type operators that interpo-
late functions defined on triangles with straight and curved sides and we introduce a new Cheney-—
Sharma-type operator for the triangle with one curved side, highlighting the symmetry between the
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results regarding the remainders of the corresponding approximation formulas, using modulus of
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1. Introduction

Certain interpolation operators have been constructed for functions defined on trian-
gles with straight sides (see, e.g., [1-10]) and for functions defined on domains with curved
sides (see, e.g., [11-24]).

Different types of interpolation operators (Lagrange, Hermite, Birkhoff, Bernstein,
Cheney—Sharma, Nielson, generalized Hermite) that match all the boundary information
on curved domains (triangles, squares) have been constructed and studied by us (see,
e.g., [13-15,17,18,21,22]). In these works we have studied the properties of the operators,
their products and Boolean sums and the remainders of the corresponding approximation
formulas, using modulus of continuity and Peano’s theorem.

Here we consider two standards triangles. First we consider the standard triangle
with all straight sides Tj, (see Figure 1), for which if we consider the parallel lines to the
coordinate axes through the point (x,y) € Tj, they intersect the sides I';, i = 1,2, 3, of the
triangle at the points (0, y) and (h — y,y), respectively (x,0) and (x,h — x).

(0,h)

(h-yy)

(0,0) x0) I (h,0)

Figure 1. The standard triangle with all straight sides Tj,.
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We also consider the standard triangle with one curved side T}, with vertices V; = (0, k),
Vo = (h,0) and V3 = (0,0), with two straight sides I';, I';, along the coordinate axes,
and with the third side I's (opposite to the vertex V3) defined by the one-to-one functions
f and g, where g is the inverse of the function f, ie, ¥y = f(x) and x = g(y), with
f(0) = g(0) = h, for h > 0. Additionally, we have f(x) < hand g(y) < h, for x,y € [0, h].
The functions f and g are defined as in [2]. Let F be a real-valued function defined on Tj,
and (0,y), (g(v),y), respectively, (x, 0), (x, f(x)) be the points at which the parallel lines to
the coordinate axes, passing through the point (x,y) € T, intersect the sides T;, i = 1,2,3
(See Figure 2).

v
1 ____\[x,f(x])
rS
1ﬁ2
(0y) (xy) (aly).y)
vV, x.0) r v

1 2

Figure 2. The standard triangle with one curved side T

The aim of this paper is to survey results regarding Bernstein- and Cheney—Sharma-
type operators that interpolate functions defined on triangles with straight sides and
with one curved side, obtained in [3,15,18], and to introduce a new Cheney-Sharma-type
operator defined on Tj,. There is a symmetrical connection between the methods proposed
for the triangle with straight sides and the ones for the triangle with curved sides.

Using the interpolation properties of the operators, blending function interpolants
can be constructed that exactly match the function on some sides of the given region.
There are many important applications of these blending functions in computer-aided
geometric design (see, e.g., [1,25-28]), in finite element method for differential equations
(see, e.g., [23-25,29-32]), for construction of surfaces that satisfy some given conditions
(see, e.g., [16,20]), in combination with the triangular Shepard method (see, e.g., [33,34]) or
in numerical integration formulas (see, e.g., [35]).

The paper is structured in three main sections: Bernstein-type operators, Cheney—
Sharma operators of the second kind and Cheney-Sharma operators of the first kind.
The first section has two subsections regarding Bernstein-type operators defined on triangle
with straight sides and on triangle with one curved side, respectively. The second section
has also two subsections regarding the same two types of domains. The last sections
contains some new results regarding Cheney—Sharma operators of the first kind defined on
triangle with one curved side.

2. Bernstein Type Operator

Since the Bernstein-type operators interpolate a given function at the endpoints of the
interval, these operators can also be used as interpolation operators both on triangles with
straight sides and with curved sides.

2.1. Bernstein Operator on Triangle with All Straight Sides

Let f be a real-valued function defined on the standard triangle with all straight sides
T}, (see Figure 1).
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Let A, = {ih‘

of the intervals [0, — y] and [0, — x].
One considers the Bernstein-type operators B}, and By, defined by [3]

(Buf)(x,y) mezxy (1%11/),

where ) .
(H)x'(h—x—y)"™
m,i\X , 0<x+y<h,
Pm,i(%,Y) =y y
respectively
(Bif) () = an]xy £ im55),
with

qn,j(x,y) = (R 0<x+y<h

Theorem 1 ([3]). If f is a real-valued function defined on Ty, then:

(i) Buf=fonT,Ulj,
(ii) (Bheo)(x,y) =x', i=0,1 (dex(Bj) = 1),
(BXex0)(x,y) = x2 + W

x N yx, i=01jeN,
(Bme,»j)(x,y)— yj(xZ_i_W), i=2j€N,

where e;j(x,y) = x'y/.

Proof. The interpolation property (i) follows from the relations (see [3])

(0y) = 1, fori =0,
P& Y) = 0, fori >0,
and
0, fori <m,
Pmi(h—y,y) = .
1, fori =m.

The property (ii) follows directly. [J

Remark 1. In the same way there are proved similar results for the operator Bj.
Product and Boolean Sum Operators

Let Py, = B,’,QBZ and Qum = B%B,’,‘1 be given by

(Punf) (x,y) ZZPWW)%]( L y) (it e,

i=0;=0

(Qunf)(x,y) ZZsz(xJ 2 )an e y) f (10 ).

i=0j=0

Theorem 2 ([3]).

)
(@) (Punf)(x,0) = (Qumf)(x,0) = (By,f)(x,0),
(i) (Punf)(0,) = (Qunf)(0,y) = (BYf) (0.),
(iii) (Punf)(x,h —x) = (Qumf)(x,h —x) = f(x,h—x), x,y € [0,h].

The operators Py, and Qum satisfy the following relations:

7

Wy’ i= O,...,m} and A}, = {]h%x, j= 0,...,n} be uniform partitions
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The proofs follow by a straightforward computation.

Remark 2. The product operator Py, interpolates the function f at the vertex (0,0) and on the
hypothenuse x +y = h of the triangle Tj,.

Let consider the Boolean sums of the Bernstein-type operators B, and Bj,, given by

mn = B @ B}, = B3 + Bj, — BL,Bj,
Tyum := Bl ® BY, = BY, + BX, — BJ,B}.

Remark 3. The Boolean sum is a transfinite (blending) operator.

Theorem 3 ([3]). If f is a real-valued function defined on Tj, then

Smnf

=f

oTy,

Ty,

Proof. We have
Swnf = (Bl + Bl — BB} ) .

The result follows by the interpolation properties of B,, Bj, and Theorem 2. []

2.2. Bernstein Operator on Triangle with One Curved Side

Let F be a real-valued function defined on the standard triangle with a curved side Tj,
(see Figure 2). One considers the Bernstein-type operators B, and Bj, defined by [15]

(BF) () = L pmale 0)F (s5(9).9),

with .
puiley) = (D (75) (1- )" 0<x <),
and n
(BLF) (x,y) = ];) G (6 y)F (%, 1£(x)),
with ) )
Inj(xy) = () (/%)]( - %)"71, 0<x+y<f(x),
where

Ay, = {%g(y)‘izo,m} and A}, = {%f(x)‘jzo,n}

are uniform partitions of the intervals [0, ¢(y)] and [0, f(x)], with ¢(y) # 0 and f(x) # 0,
for x,y € [0, h].

Theorem 4 ([15]). With the above notations, if F is a real-valued function defined on Tj, then:
(i) B%F =Fon 1’2 U F3,
(i) BJF =FonT;UT;,
and o
(iii) (B,’%eij (x,y)=xy/, i=0,1;j €N,
xy) = [+ MWy, jen,
y)=x'yl, ieN,j=0,1,

)

(Bues))

(i?]) (B%@ﬁ)
(



Symmetry 2022, 14, 1880

50f18

Proof. The proof of (i) and (ii) is based on the relations:

1, fori =0,
0, fori >0,

Pm,i(0,y) = {

0, fori <m,
Pm,i(8(W),y) = {

1, fori =m,

and
1, forj =0,

(x,0) =
nj(%,0) {o, forj > 0,

0, forj <mn,

qn,j(x’f(x)) = { 1 forj = n.

The properties (iii) and (iv) are obtained directly. [J

Theorem 5 ([15]). IfF(-,y) € C[0,4(y)] and (R}, F)(x,y) = F — B, F then

(REF) ()| < (14 552 )0 (FC,y)io), y € [0,1],

where w(F(-,y);0) is the modulus of continuity of the function F with regard to the variable x.

Moreover, if 6 = 1/+/m then
(REF) ()] < (14 5)w(FCy)i ) v e 0.

Proof. From the property (By,eq)(x,y) = 1, it follows that

m .
(REF) (x| < Y puni(e ) |[F(x,y) = F(g W) )|-
i=0
Using the inequality

[FGxy) = FGag).w)| < (§]x = 8| +1)w(F(p);0),

one obtains
|(RSF) (v, )] < épm,xx,y)(})ix — 58| +1)w(F(y);0)

< [1+3s ipml x—g(y))z)l/z}W(F(-,y);é)

= [+ 3yt o).

Since,
\ X [x(g(y) —x)] = T and [nax, g 2(y) =1,
it follows that "
e [x(g(y) —x)] =T,
hence

(R F) ()| < (1+ 555 ) w0(F();0):
For 6 = 1/+/m, one obtains (1). O

M
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Theorem 6 ([15]). If F(-,y) € C2[0, k] then

(RLF)(x,y) = 52O (& ), for g € [0,8(y)]

and , N
|(RyF)(x,y)| < g=MaoF, (x,y) € Ty,
where y
M;;F = max “’”(x,y)‘.
(x y)eTh

Proof. The proof is based on Peano’s theorem, taking into account that dex(By,) =1. O

Product and Boolean Sum Operators

Let Py, = By, B) and Q. = B, B}, be the products of the operators B;;, and BY.
We have [15]

PuniCe ) (5:20), v ) F (8 w), 1 (53)) )

IngE

(PunF)(x,y) =

Il
o

Ms
EM: EM:

(QunF)(x,y) = pmz( L)) () E (8 (5 (0), 1 £(x))-

Il
o

Theorem 7 ([15]). If F is a real-valued function defined on T}, then:

(i) (PmnF)(V3) = (V3)/
Py, F =F,onTIj
and

(ii)  (QunF)(V3) = F(V3),
QumEF =F,onTs.

Proof. It results from the properties

(PmnP) (X,O) = (8731(11:) (X,O),
(PunF)(0,y) = (B%F)(O,y),
(PunF)(x, f(x)) = F(x, f(x)), x,y €[0,h]

and

(Qan) (X/O) = (Ban)(x/O)/
(Qan) (01y> = (BZF) (Ory)/
(QumF)(g(y),v) =F(g(y),y), xy€l0h]

which can be verified by a straightforward computation. [

Let us consider the approximation formula
F = PyuF +RL,F,
where R is the corresponding remainder operator.

Theorem 8 ([15]). If F € C(T;,) then

|(REF) )| < (e mew(F 4 &), (xy) €T,
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Proof. We have

(RhaF) ()| < [%Zipmz %, y)ani (W) ) |x — £s)|

=0j=0
m

+5 2 Y- P ), (£ew)v) |y =L (W)
i=0]

=0j=0
m
+ )
i=0

0
i)pm,i(xry)Qn,j (,i;g(y),y)] w(F;61,62).
=0im

Since,

iiopml 5 )i (58w y ) |x — Eg(y)] < /8w,
i=0]

m n . . x)—
Y Y i) (W) ) [y = L (Few) | < W=,
i=0j=0

m n
Z mel XY Qn](ig(y)ry) =1,
i=0

j=0

it follows that

But
x(g(y) —x) < andy(f(x) ~y) < I,
whence,
(REP) )| < (14 F 50+ b w(F6,6)
and
(R )] < 1+ (Fr =, 2 )
0

We consider the Boolean sums of the operators B, and BY, ie.,
Sun := B, ® Bj, = B}, + B}, — BB,
Tym := Bl ® BY, = B!, + BX, — BB}

Theorem 9 ([15]). If F is a real-valued function defined on T, then

SmnF|y7 = Fly7
TumF o7 = Flyg-

Proof. The proof follows by a direct verification. O
For the remainder of the Boolean sum approximation formula,
F = SynF + RS, F,

we have the following result.
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Theorem 10 ([15]). IfF € C(T},) then

|(RoF) (x,9)| <1+ 5)w(F(y); =) + (14 5)w(F(x,-); ﬁ) 2
+(1+hw(F, L, 1), (x,y) € Th.

Proof. The identity
F — SynF = F — BLF + F — ByF — (F — Py F)

implies that

(RS (xy) | < [(RE) (x, )| + | (REE) ()| + [ (REWF) (x,y)|
and the conclusion follows. O

3. Cheney-Sharma Operator of the Second Kind
Let m € N and B be a nonnegative parameter. In [36], based on the following Jensen’s
identity,

m

) ymp) = 3 (3 )x(e kgl G- BB, () € R )
k=0

it was introduced the Cheney-Sharma operator of second kind Q,, : C[0,1] — C[0,1],
given by

(Quf)(x) = L ami(DIf ), @

o X(x+iB) T 1 —x)[1 — x + (m — i) gL
qm,i(x) - (1) (1+mﬁ)m*1 .

We recall some results regarding these Cheney—Sharma-type operators.

Remark 4. (1) Notice that for B = 0, the operator Q, becomes the Bernstein operator.

(2) In [37] it is proved that the Cheney—Sharma operator Q, interpolates a given function at
the endpoints of the interval.

(3) In [36,37], there have been proved that the Cheney—Sharma operator Qy, reproduces the
constant and the linear functions, so its degree of exactness is 1 (denoted dex(Q,;) = 1).

(4) In [36] it is given the following result

(Qmea) (x) =x(1+mB)="[S(2,m —2,x+2B,1 - x) 5)
— (m—=2)BS(2,m—3,x+2B,1—x+ B)],

where e;(x) = x',i € N, and
m

S, y) = B, (R) o+ kE)™ "y + (= BB, (©)
=0

j=0mmeN,xyecl01],>0.

Remark 5. We may use the Cheney—Sharma operators of second kind Q%, and Qj, as interpolation
operators, because they interpolate a given function at the endpoints of the interval.

3.1. Cheney—Sharma Operator on Triangle with All Straight Sides

Let f be a real-valued function defined on the standard triangle with all straight sides
T}, (see Figure 1).
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Let A}, = {ihm;y, i= 0,7} and A} = {]h%x, j= 0,7} be uniform partitions of the

intervals [0, — y] and [0,h — x], for m,n € N.

In [19] we study the Cheney—Sharma operator of the second kind for the functions
defined on Tj,. We study their interpolation properties, the corresponding product and
Boolean sum operators, and the remainders of the interpolation formulas. The operators
are given by

m

QA6 y) = Y amixy)f (52 y),

i=0
(Quf)(xy) = an]xy (x1"5%),
with
ami(%,y) = (1) g (5 (5 +1B) 1 (1 = 25)[1 — 75 + (m— i)"Y,
A6 ¥) = () e (i (i + 7071 (1= )1 = g + (n = oY),

where b, f € R,

3.2. Cheney—Sharma Operator on Triangle with One Curved Side

Let F be a real-valued function defined on standard triangle with a curved side Tj,
(see Figure 2). Form,n € N, B,b € R4, we have considered the following extensions of the
Cheney-Sharma operator of the second kind to the case of functions defined on Tj, see [18]:

(Qm quz % y)F (5, ), )
(QyP x y ZQH] X, y (xf]an))

with
Gm,i(x,y) = (7 )W( ()( +z,3)1 11— ﬁ)[ _ﬁ_i_(m_i)ﬁ]mfif]),
qn](x y) ( )(1+n1b (J:L(f% +]b)] 1( %)[1*%+(n*j)b]n_j_l),

where

are uniform partitions of the intervals [0,¢(y)] and [0, f(x)], respectively.
Theorem 11 ([18]). If F is a real-valued function defined on T, then

(i) QL F=FonljuUTlj,
(i) QUF=FonT,UTs.
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Proof. (i) We may write
(QiP) (%) = { (1 = 7)1 — g5 +mBI" ' F(0,)
(- g) T (D + i)™
L= gl + =B E (i y)
+557 (5 + mB)" " F(3(v),y) }-

Considering (8), it follows (i).
(ii) Similarly, writing

—n

(QUF)(x,y) = { (1= 7)) [ = 7y + nb]" ' F(x,0)
1
)

we get (ii). O
Theorem 12 ([18]). The operators Q%, and Qj, have the following properties:
(i) (Quei)(xy) =xy/, i=0,1;jeN;
(ii) (QZel-j) (x,y) = x'y/, i €N;j=0,1, where eij(x,y) = xiyl, i,j € N.
Proof. The proof is based on the Remark 4. []

We consider the approximation formula

F = Q;,F+ R},F,

where R}, F denotes the approximation error.

Theorem 13 ([18]). IfF(-,y) € C[0,g(y)] then we have

[(RE) (6 y)| < (14 5V An = x)w(E (-, y);0), V6 >0,

®)

©)

where w(F(+,y); ) is the modulus of continuity and Ay = x(1+mpB)1="[S(2,m —2,x+28,1—

x) — (m—2)BS(2,m—3,x+2B,1—x+ B)|, with S given in (6).

Proof. By Theorem 12 we have that dex(Q3,) = 1, thus we may apply the following

property of linear operators (see, e.g., [38])

(QUF)(xy) — F(xy)| < [1+071\/(Qhean) (v,9) — 2200 (F(-,y);0), ¥6 >0,

and taking into account (5), we obtain (9). O

Theorem 14 ([18]). If F(-,y) € C2[0,g(y)] then

(RYF)(x,y) =3F*0(&, y){x® — x(1+mp)'™"[S(2,m —2,x + 26,1~ x)

— (m—2)BS(2,m —3,x+28,1—x+p)]},

(10)
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for ¢ € [0,¢(y)] and p > 0.

Proof. Taking into account that dex(Qy,) = 1, by Theorem 12, and applying the Peano’s
theorem (see, e.g., [39]), it follows

8)
(RF)xy) = [ Kaolx, i) FCO) (s, y)ds
where

m
Kao(%,y35) = (x =)+ = Y i, y) (B2 —5) .
i=0
For a given v € {1,...,m} one denotes by Kgo(x, y;-) the restriction of the kernel
Kpo(x,y;-) to the interval {(V - 1)M Vg(y)} ie.,

m 7
L (y)
Ki () = (x =) = 3 i) (182 ),
1=v
whence,

X—s5— g Tmi(%,Y) (1% —S), s < x
i=v
= ¥ il y) (IS —s), 5> .
i=v

It follows that K3 (x, y;s) <0, for s > x.
For s < x we have

Ko (x,y;8) =

Kio(x,y38) = x =5 = X1 ot (x,) [ — 5] + £1 g (e, ) [F42 —].

Applying Theorem 12, we obtain

Y amiCon)[152 —5] = (Qhero) () —s(Qhem) (o) = x s,

whence it follows that
¥ <)
Koo (x,y;8) = Y Gm,i(%,y) [ gy —s} <0.
i=0

So, Ky (x,y;-) <0, forany v € {1,...,m},ie., Ky(x,y;s) <0, fors € [0,g(y)].
By the Mean Value Theorem, one obtains
N 2,0) ()
(REF)(x,y) = F20(2,y) [* Kan(x,y3s)ds, forall 0 < ¢ < g(y),
with
8) 1.2 .
| Kl yis)ds = 41 = (Qhex) (v ),

and using (5) we obtain (10). O

Remark 6. Analogous results with the ones in Theorems 13 and 14 can be obtained for the
remainder R, F of the formula F = QIWF + RJF.

Product and Boolean Sum Operators

Let PL, = QX%Q1 and P2, = Q5 Q% be the products of the operators Q, and Qj,.
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We have

(P’}mp) (xy)= io i i (X, Y)4n,j (iéfnfy)ry) P(i%,jﬂi x )
1

=0j=0

and
f())

i ml<x] n )qn,]'(x,y) (g(] 1 ’]f(n))

(=

Theorem 15 ([18]). If F is a real-valued function defined on Ty, then
(i) (P1 F)(V;)=F(V;), i=1,2,3;

i M§

3),
Vl'), 1=1,2,3;

F I';3),

(PynF)(T'3) = F(
(i) (Pg,F)(V;) = F(
(P F)(T3) = F(
Proof. By a straightforward computation, we obtain the following properties

(PanF)(x,0) = (Q5,F)(x,0),
(PynF)(0,y) = (Q1F)(0,y),
(PanF)(x, f(x)) = F(x, f(x)), x,y € [0,K]

and

(PruF)(x,0) = (QiF)(x,0),
(P2 F)(0,y) = (Q4F)(0,y),
(PanF)(8(),y) =F(g(y),y), xy€0h],

and, taking into account Theorem 11, they imply (i) and (ii). O

We consider the following approximation formula
1 Pl
F=P,,F+R,,F,
1
where R;m is the corresponding remainder operator.

Theorem 16 ([18]). If F € C(T},) then

(REF)Y )| < (An By =2 =P 4 Dl 2, ), Y(xy) € Ty (D)
where
Apm =x(1+mp)t"™[S(2,m —2,x +2B,1 —x) (12)

—(m—2)BS(2,m —3,x+28,1—x + B)]
By =y(1+nb)'""[S(2,n — 2,y +2b,1 —y) — (n —2)bS(2,n — 3,y +2b,1 — y + B)]

and w(F; 61, 8,), with 61 > 0, 6, > 0, is the bivariate modulus of continuity.
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Proof. Using a basic property of the modulus of continuity we have

n

P <& 1 3 amate)a (hsw)) 1 = ()

i=0j=0
m n . . .
+ 5 L Y anieyan (F2w)y)|y— L (Few))]
i=0j=0
m n i
+Z:ZMmewqu£WL@}wGﬁL®Lv&ﬁz>0
i=0j=0

Since

P (2,90 (5800, y) |3 = £80)] </ (Qhern) (x,y) — 22,

.MS
1=

Il
<)
=

Il
o

P08 (800 [y = 27 (g )] = v/ (Qhewa) (v, 9) — 2

.M§
1=

I
<)

=

I
o

puni (%) (8 v) =1,

-MS‘
™=

i
o
=

i
o

applying (5), we obtain

P x| < {1+ mpyt 2
.“ﬂlm—2J+Qﬁl—@—%m—ZmﬂLm—3w+Qﬁl—x+ﬁﬂ—f}%+£wu+nmkﬂ%
. {[S(Z,n —2,y+2b,1—y)— (n—2)bS(2,n—3,y+2b,1 —y + )] —yz}% + 1}w(F;51,52).

Denoting

Apm=x(1+mp)r"[S(2,m—2,x+2B,1—x) — (m—2)BS(2,m —3,x+28,1—x+B)],
By =y(1+nb) " "[S(2,n —2,y+2b,1—y) — (n —2)bS(2,n — 3,y +2b,1 — y + B)]

and, taking 6; = \/ﬁ and §, = \/ﬁ, we get (11). O

We consider the Boolean sums of the operators Qy, and o1,

St = Qb ® QL= Q% +Ql — QLQN,
S2, = Qn® QY =Qh+ Qb — QnQp.

Theorem 17 ([18)). If F is a real-valued function defined on Ty, then

S F

. ::F‘~

s2 . F

o, :F‘afh'
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Proof. We have
(QHQIF) (x,0) =(Q}F)(x,0),
(QhQuF)©.y) =(
(QiF)(x,h = x) =(QUF) (x,h — x)
= (BhF)(x,h = %) = (PR, F)(x,h = x) = F(x,h = x),

and, taking into account Theorem 11, the conclusion follows. O

We consider the following approximation formula
1 st
F=S;,,F+R,,F,
1
where ann is the corresponding remainder operator.

Theorem 18 ([18]). IfF € C(Tj,) then

(R0 F) (x,y)| < (13)
<

(1+Amfx2)w(F(v}/);m)+(1+3n*yz)w(P(xw); —)

+ (A + By — x> —* + 1)w(

By —y?

E \/Ai—le \/B:7y2>/
with Ay, and B, given in (12).
Proof. The identity
F— Sy F = (F— QF) + (F — Q4F) — (F — P,,, F)

implies that

(RoF) (x,9)| < |(REE)(x, )| + | (RUF) (x,y)| + | (RELF) (x, )

and, applying Theorems 13 and 16, we get (13). [

4. Cheney-Sharma Operator of the First Kind

Let m € N and B be a non-negative parameter. In [36], based on the following Jensen’s
identity

m

oty gy = 3 () xCe )y + (= 0B () () € B2
k=0

it was introduced the Cheney—Sharma operators of the first kind G, : C[0,1] — C[0,1],
given by

(Guf)() = Lani(Rf (),

with

x(x +if) 1 — x + (m — i),B]m*i'

Gm,i(x) = (r:l) (1+ mp)™
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For F a real-valued function defined on Th, m,n €N, B,b € R, we consider here the
new extensions of the Cheney-Sharma operator of the first kind,

(GHE)(&y) = L rnile ) (152 ), (14)

n
(GIF) () = X y)F (3157,
j=

with
- oL o L A =y L
rm,z(x,y) - (1) (1 T m/%)m ,
gt T = g (= b
rn,;(x,y) = (]) (1 +nb)” ,
where

Ay = {iM‘i:O,m} and A}, = {]@ ij,n}

m

are uniform partitions of the intervals [0, g(y)] and [0, f(x)].

Remark 7. The new extensions of the Cheney—Sharma operator of the first kind, introduced here,
have similar properties as the ones of the Cheney—Sharma operator of second kind from Section 3.

5. Numerical Examples

In this section, we consider two test functions for which we plot the graphs of the
approximants using the methods presented here, and also we study the maximum approxi-
mation errors for the corresponding approximants.

Example 1. We consider the following test functions, generally used in the literature (see, e.g., [40]):
Gentle: Iy (x,y) = $exp[— 8 ((x —0.5)2 + (y — 0.5)2)],

1.25 + cos 5.4 "
Saddle: F>(x,y) = m

Using Matlab, in Figure 3 we plot the graphs of Fy, By, Fi, PunF1, SunF1, defined on Ty,
consideringh =1,m =5,n=6and f : [0,1] — [0,1], f(x) = V1 — x2.

In Figure 4 we plot the graphs of Qj,F, QuFy, P,}mFl, S}mFl, on Ty, considering
h=1m=5n=6=0b=1

Table 1 contains maximum errors for approximating the functions given in (15) using
some Bernstein- and Cheney-Sharma-type operators.
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Figure 3. The Bernstein extensions for Fj.

QmF QuF

034

0§
w7

PL.F

Figure 4. The Cheney-Sharma extensions for Tj,.
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Table 1. Maximum approximation errors.

Max Error F I3
BXF 0.0525 0.0821
BJF 0.0452 0.0692
PunF 0.0858 0.0943

QumF 0.0857 0.0944
SunF 0.0095 0.0144
TumF 0.0095 0.0112
QXF 0.1645 0.1921
Q'F 0.1670 0.2266
pL,F 0.2403 0.1937
Sl F 0.0900 0.1125

6. Conclusions

By Table 1, Figures 3 and 4 we remark the good approximation properties of the con-
sidered Bernstein- and Cheney-Sharma-type operators, especially of the starting operators
and the Boolean sum operators, the last being the ones that interpolate on the entire frontier
of the domain.
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