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Abstract: In this paper, we study a new negative-order KdV-CBS equation in (3 4 1) dimensions
which is a combination of the Korteweg-de Vries (KdV) equation and Calogero-Bogoyavlenskii-Schiff
(CBS) equation. Firstly, we determine the Lie point symmetries of the equation and conservation
laws by using the multiplier method. The conservation laws will be used to obtain a triple reduction
to a second order ordinary differential equation (ODE), which lead to line travelling waves and
soliton solutions. Such solitons are obtained via the modified form of simple equation method
and are displayed through three-dimensional plots at specific parameter values to lend physical
meaning to nonlinear phenomena. It illustrates that these solutions might be extremely beneficial in
understanding physical phenomena in a variety of applied mathematics areas.

Keywords: lie symmetries; exact solutions; invariant solutions

1. Introduction

The analysis of higher-dimensional nonlinear systems, particularly integrable systems,
has exploded in popularity in recent years. Solitary waves theory finds applications in a
wide range of scientific domains, including telecommunications, transport phenomena,
ocean waves, quantum mechanics, plasma physics, nonlinear fibre optics, and many more.
In latest years, research into generating higher-dimensional integrable equations has got-
ten greater attention, with various integrable models established in the setting of (2+1)
and (3+1)-dimensional equations [1,2]. The domain of integrable equations is crucial to
investigate as it clarifies the true nature of nonlinearity in science disciplines and reveals its
scientific nature.

A variety of chemical, biological and physical phenomena are modeled via nonlinear
partial differential equations (PDEs) which contribute a key role in nonlinear science [3].
It provides an abundance of physical data and a deeper understanding of the problem’s
physical characteristics, resulting in additional applications [4-7]. Many tracks have been
established for physical issues in recent years in order to come up with exact solutions
for nonlinear PDEs using modern computer technologies. There are a number of effective
approaches, for instance, the modified extended tanh-function technique [8], the extended
modified auxiliary equation mapping method [9,10], the Riccati-Bernoulli Sub-ODE tech-
nique [11], the auxiliary equation technique [12], the (G’/G)-expansion technique [13],
homotopy perturbation technique [14], the unified technique [15], the generalized uni-
fied technique [16], modified simple equation technique [17], the extended trial function
technique [18], the homogeneous balance technique [19], the extended direct algebraic
technique [20], the modified extended direct algebraic technique [21] and the collective
variable technique [22].

Among the most powerful strategies for constructing nonlinear PDEs solutions is Lie
group transformations theory. The investigation of the invariance property of a particular
differential equation under a continuous group of transformations is the core principle
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behind this theory. The application of Lie symmetry transformation technique to PDEs,
results in reductions and invariant solutions. Invariant solutions are frequently employed
to investigate analytical features. Conservation laws are well acknowledged to participate
actively in the solution of a PDE. Not all PDEs obeying conservation laws have physical
interpretations, but they are crucial in investigating the integrability of PDEs.

In a wide range of scientific and technical domains, the classical Lie symmetry the-
ory is frequently used [23,24]. This idea was originally suggested by a mathematician
named Sophus Lie in the early nineteenth century [25,26]. It has significantly increased
applications in nonlinear PDEs and has proven beneficial in various fields of differential
equations [27]. The fundamental purpose underlying Lie group theory is to use the in-
variance requirement of nonlinear PDEs to achieve the similarity variable and reduction
equation, and subsequently to derive similarity and solitary wave solutions [28]. These
solutions explain a fundamental and significant physical phenomenon. The Chen-Lee-Liu
equation, Sawada—Kotera equation, Boussinesq equation, and many more models have
recently been studied using the Lie symmetry technique [29-32]. In 2017, Wazwaz investi-
gated the (2+1)-dimensional modified KdV-Calogero-Bogoyavlenskii-Schiff equation to
discover abundant solutions with various physical features [2].

We consider a new negative-order KdV-CBS model in (3 4 1)-dimensions given by

Uyt + Uxxxy + 4uxuxy + 2Mxxuy + Ay + Hixy + vy, =0, (1)

where A, y and v are unspecified coefficients. Equation (1) is the combination of the
Korteweg—De Vries (KdV) equation and Calogero-Bogoyavlenskii-Schiff (CBS) equation.
It should go without saying that for v = 0 and p = 0, Equation (1) will be simplified to
the negative-order KdV equation. Although, for v = 0 and A = 0, Equation (1) will be
simplified to the negative-order CBS equation. In addition, the investigated model passes
Painlevé test with no restrictions on the compatibility criteria or the variables used in the
equation. The considered equation has been recently modeled by Wazwaz [33].

The aim of this paper is to determine the conservation laws, symmetries, line travelling
waves and line soliton solutions admitted by the negative-order KDV-CBS equation in
(3+1) dimensions. First, in Section 2 all Lie point symmetries are derived. In Section 3
the conservation laws arising from the low order multipliers are obtained. In Section 4
travelling wave reduction and first integrals are constructed. The line travelling waves
u = U(x + by + cz — at), where a,b and c are arbitrary constants, and ¢ is a travelling
wave transformation are considered for the negative-order KDV-CBS equation in (3+1)
dimensions. The resulting fourth-order nonlinear differential equation for U is directly
reduced to a first-order differential equation by using the multi-reduction method [34]
to the invariant under translation conservation laws. These differential equation is then
integrated to get the explicit form of the line travelling wave solutions. For some particular
cases of the parameters the general solution is obtained in terms of the Weierstrass P
function and the Weierstrass ¢ function .

This paper then concentrates in Section 5 on the use of the extended simple equation
method (ESEM) to extract solitons from the negative-order KdV-CBS equation in three
dimensions. The ESEM method is a powerful mathematical technique for finding exact
solutions to nonlinear partial differential equations (NLPDESs). Soliton solutions in three
dimensions are established. Section 6 concludes with a few closing remarks.

2. Lie Point Symmetries

A one-parameter Lie group of transformations on (¢, x,y, z, u) introduced by a vector
field leaves the invariant solution space of the equation specified by Equation (1).

Each admitted point symmetry may be exploited to minimize the number of indepen-
dent variables in Equation (1). For example, we might convert PDEs to ODEs. There may
be symmetries of these ODEs that allow us to reduce the order of the equation and whose
solutions appear to be related to invariant solutions u(t, x,y, z) of Equation (1).
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We consider a one-parameter Lie group of infinitesimals transformations acting on
independent and dependent variables of the new (3 + 1)-dimensional negative-order
KdV-CBS (nKdV-nCBS) Equation (1) given by

F= t +et(t,xyzu)+0(),
¥ = x +efl(t,xyzu)+0(2),
7=y +e(txyzu)+0(?),
2=y +e&(txyzu) +0(),
ii u +en(t,x,y,zu)+ O(e),

where ¢ is the group parameter and the accompanying vector field looks like

X =1(t,x,y,2z,u)o + §1(t, X,Y,2,u)0x + {fz(t, X,Y,2,1)0y + §3(t, X,Y,2,u)0; +1(t,x,Y,2z,u)0y. )

The resulting transformation group will be a point symmetry if and only if
P”(4)X(uxt + Uxxxy + 4”xuxy + 2uyytty + Allyy + MPuxy + V”xz) le =0, 3)

where pr® X is the fourth prolongation of the vector field Equation (2), and ¢ denotes
the solution space of Equation (1). This determining equation Equation (3) splits with
respect to derivatives of u, yielding an over-determined linear system of 168 equations
for the infinitesimals (¢, x,y,u), &(t, x,y,u), ¢(t,x,y,u) and 5(t, x,y, u) called determining
system. The following are the outcomes of solving the determining system:

T = fo(z— v + f3(z — vt) + fa(z — vt),

V= _1hGz—vx+ iz —vhtx+ L fa(z — vt)x + Fs(t,2),
&= fi(z—vt)y+ folz —vt)ty + fe(z — vt) + fr(z — vi)t,
3= fo(z — vt + fy(z — vt)vt + f5(z — vt),

—3f(z— ut)tu — 2 falz—vu+ 3 fi(z —vt)u
1h(z—vt)xy — 1 fo(z —vt)uxt — % falz — vt)ux + } f1(z — vt)pux
%f (z—vt)x — 3 fa(z — vt)Ayt + 3 Fsry + 3 Fsavy — g fa(z — vi)Ay
—ih
1

¢
4
7= (4)
_l’_
_l’_
(z—vt)Ay + F1(t,2),
where fi(z —vt)(i=1,2,...,7), Fs(t,z) and Fy1(t,z) are arbitrary functions.

Theorem 1. (i) The point symmetries admitted by the (3 + 1)-dimensional negative-order KdV-
CBS Equation (1) [33] are generated by:

X1 =to; + x0x + (2ut — x)9y + vtd,; — udy,
Xp =toy,

X3 =0z,

Xy =4tdy + xdu,

X5 =0,

Xp =F(t,2)0x + (3Fiy + 3F-vy)oy,

Xa :G(f,Z)au.
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(ii) These symmetries comprise a five-dimensional algebra
Xl/ X2/ X3/ X4/ X5' (5)
(iii) These symmetries comprise two infinite-dimensional generators

Xp =F(t,z)0x + (AFy + 1Evy)u,

XG :G(t,Z)au.

Their commutator is given by

(X1, Xo] = —2uXs5 — vXs, 6)
(X1, Xy4] =2X4, 7)
[X1, X5] = = Xs, ®
(X5, Xy] =4Xs. 9)

3. Conservation Laws

A local conservation law of a scalar PDE
G(t,x,y,z,u,up, Uy, Uy, Uz, ...) =0,
for u(t, x,y,z) is the equation of continuity
DT + Dy®* 4+ Dy®" + D,®* =0, (10)

keeping on the space £ of solutions of the PDE, where T is represents the conserved density
and ® = (P, PY, D7) is the spatial flux vector, which are functions of ¢, x,y,z,u, and
derivatives of u. While, (T, ®) indicates the conserved current.

Every non-trivial conservation law of the PDE G = 0 derives from a multiplier, and
there establish one-to-one correspondence between non-trivial conserved currents (T, ®)|¢
modulo trivial ones and non-zero multipliers Ql|¢, with QG = D;T + D, ®* + D, ®Y +
+D,®* retaining as an identity. Here, Q is a function of ¢, x, y, z, u, with u derivatives, such
that Q|¢ is non-singular. Several explicit approaches may be used to produce a conserved
current (T, ®)|¢ for each solution Q.

For the negative-order KdV-CBS equation in (3 + 1)-dimensions (1), conservation laws
have the characteristic form

DT + Dy ®* + Dy®Y + D, D* = (tixt + Uyrxy + 4lhxllay + 2thyytly + Ay + gy + Vityz) Q. (11)
Taking into account the following form of low-order multipliers:
Q(x,z,u, up, Uy, Uy, Uz, Uxy, Uxy, Uxxx, Uxxy), (12)

all the previous form low-order multipliers are found by requiring that the divergence
condition

Ey ((uxt + Uxxxy + 4uxuxy + Zuxxuy + Auyy + My + vuyz)Q) =0, (13)

is satisfied, where E, represents the Euler operator with respect to u [35-37]. The divergence
condition for the multipliers (12) splits with respect to the derivatives of u(t, x, v, z) leading
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to an overdetermined system of 476 equations for Q with A # 0, u # 0, v # 0, which can
be easily solved. This yield the following proposition

Proposition 1. The low-order multipliers admitted by the (3 + 1)-dimensional KdV-CBS Equation
(1), with A # 0, u # 0, v # 0, are given by

Ql = P(Z), (14)
Q2 = uy,
Q3 = uX/
Q4 = uyl
Q5 = uZ/
. 4zuy,
Q6 =X— v’

Q7 = 3“% + Uxxx.

These multipliers generate non-trivial low-order conservation laws, which are listed
below:

Theorem 2. The conservation laws for the (3 + 1)-dimensional KdV-CBS Equation (1), with
A #0, 1 #0, v # 0are given by:

T = F(z2)uy,
X1 = —vF (z)u+F(2)(A+2uy)uy, -
Y1 = F(Z>(VuX+u32c+uxxx)/
Z1 = vF(2)uy.

Ty = — 5(A+ 2uy)us — 3 (paty + vitz)ux + 3 (uytixx),

2

Xy = 4+ % ((2A +4uy)uy + vy + puiz + 2ty )y — 3 (Uaytise), .
Y2 = %utux(y—i—Zux) - %(utxuxx)/
Zy = %vutux.

T, = 1,
X3 = Sux(A+2uy)uy + 2uxy, W)
[ 1 )

Z3 = tvid.

T, = L

4 = ZUxlUy,
Xy = 3(u+ 4wy + 5 (2 + vtz + g + 2uixey) — FUi3,, (18)

Yy = —%(/\uervuerut)ux,

Zy = %vuxuy.
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1
Ts = sUxUz,

X5 = %vug + %((2/\ + Ay )y + pity + 2y + U Uz — %uxzuxy,

. . (19)
Ys = j(ﬂ + 2ux)uxuz — s UxxUxz,
Zs = — (A +2uy)ud — L (up + puty ) ux + Sty
Te = L(vx —2zuy)uy,
Xo = vxuy + (2xuy — 221tz )y + XAUy + Xlyyy — AUl — Uyy
+ 272((—;4 — 4ux)u§ + (—2Auy — tp — 2uprytiy + u,zcy), (20)
Yo = (px + xuy +2zuz) + 272(1/!1% + Auy)uy,
Ze = —2zUxuy — VUL,
T, = — %u%x + ui,
X, = %(/\ + Zuy)uix + %(2yuxy + 2Vt — dUyllyy + 2y Uy + (A + Zuy)u?(, 1)

_ 2 1,,2 1 2 2 3 5,4
Y7 - 3ux”xxx + yUxxx — 7 HUXx + Uxlyy + Huy + Uy,

Z; = — v +vid.

4. Travelling Wave Reduction and First Integrals

It is well-known that the most popular application of symmetry reduction is the
reduction to ODE.
A line travelling wave takes the following form:

u(t,x,y,z) =U(E), &=x+by+cz—at, (22)

where 4, b and ¢ are arbitrary constants, and ¢ is a travelling wave transformation [38].
By plugging (22) into Equation (1) gives a nonlinear fourth-order ODE

bu"" + (6bU’' + A + by +cv —a)U” = 0. (23)

Since this ODE arises from a symmetry reduction under translations of equation (1),
the corresponding conservations laws of the equation invariant under translations will
similarly reduce to a first integral of the ODE [39-41]. Furthermore, all first integrals
that arise from symmetry invariant conservation laws can be found directly, by using the
symmetry, through the general multi-reduction method introduced in [34]. This reduction
yields two first integrals. The resulting first integrals of ODE (25) are derived from the
corresponding symmetry invariant multipliers

Qi=u; Q=1
and are given by

Y, = —20U'U" + bU"* — 4bUP + (a — by — cv — A)U? = Cy,

) (24)
Yo =bU" +3bU” + (A + by +cv—a)U' = Cy.
Eliminating U"’ yields a second-order ODE
—a- 2 2
W 42 + (ot Ly - 22 2 <o (25)
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Consequently we have a direct triple reduction from the fourth-order PDE (1) to a
second-order ODE (25).

Setting U’ = V yields a first-order ODE
cv—a—A

. W2y 4T =, (26)

(V2 +2V3 4+ (u +

For a = by + cv + A, the general solution can be given in terms of the Weierstrass P
function, i.e.the general solution is

V() = Py~ 54 82.99)
G

with g0 = 47 and g3 = —%. Consequently, integrating once with respect to ¢ yields

uGe) - Y2 42, 1)

where P(¢; g2, ¢3) is the Weierstrass elliptic function, general solution of
P2 =4P% — 0P — g3

with gy, g3 arbitrary constants (cf. ref. [42] ), and {(¢; g2, ¢3) is the Wierstrass zeta function

defined by (&) = — fg P(s)ds, (cf. ref. [43], p. 641).
Setting C; = C; = 0, « = 2B and B = J;(—by — cv +a — A) in (26) an exact solution is

V() = asech(y/ ()8

Consequently an exact solution for (25) is

U() = 2y/Btanh(y/(B)2),

yielding the line-kink solution

u(t,x,y,z) = Zﬂtanh(\ﬂﬁ)(x + by + cz — at)),

where a, b and c are arbitrary constants, for the (3 + 1)-dimensional negative-order Kd V-
CBS Equation (1).

5. Extraction of Solitons from a Negative-Order KdV-CBS Equation

In this section, we find the optical solitary wave solutions for Equation (26) using the
extended simple equation method (ESEM). Using this method, the initial solution takes the
following form [44]:

N .
u@) = ), Bi¢'(%), (27)
i=——N

where Bj(i = —N,—-N+1,...,-1,0,1,...,N — 1, N) are the unknown coefficients to be
found and N is the positive integer which can be calculated using balance principle on
Equation (26). By applying balance principle, we get N = 1 and therefore, Equation (27)

takes the form B
ug) = W_cl) + By + Bigp(2), (28)

which satisfies the ansatz equation given by

¢’ (&) = bo + b19(&) + o™ (2), (29)
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where by, b and b; are arbitrary constants.
If we take b; = 0 in Equation (29), then the ansatz Equation (29) converts to Riccati
equation, and we have

@(g) = igbz tan (\/boba (¢ +8o)), boby > 0, (30)

(P(C):—”_biob (\/ bobaC — ml’“g‘))), & > 0,boby < 0,m=+1.  (31)

If we take by = 0 in Equation (29), then the ansatz Equation (29) becomes Bernoulli
equation, and we have

byehié 32

¢(G) = W’ by >0, (32)
. bleblé

P(¢) = —W, b <0. (33)

If we take by = b; = 0 in Equation (29), then the ansatz Equation (29) converts to
sparable equation, and in this case we have

-
—bl + &0’

Thus, following is the general solution to ansatz Equation (29):

by — \/4boby — Btan (V21 b4 g ))

9(&) = by # 0. (34)

35

(&) = — b, . dboby > B by >0, 3D
bob b

b1 + \/4boby — Btan (V2 (8 + &) 2

@(6) = 2b<2 ), 4boby > b%, by, <0, (36)

where 1) represents the constant of integration. Now, after putting Equation (28) along
with Equation (29) into Equation (26) generates a system of algebraic equations and further
doing some algebra calculations, we get the following cases:

Case 1. When by =0,
a—A—cv—bu A+co+by—a
8bby ’ 16b,b

By using parameters defined in Equation (37) along with the corresponding ansatz
equation yields the following solution

A =F A1 =F2by, by = (37)

—a+ A+ co+bu +8Agtan (\ﬁbobz(é + é’o)) Vbobab — 16D, tan (\ﬁbobz(g + ffo))zbob

Ui(¢) =+ , (38)
8b tan (\/bobz(g + 50)) Vboby
2boby + Agy/—bobs tanh (”““ %) _ \/“Bobs g) + 2bybg tanh (”““ %) _ \/“bob, g)
(%) =F , (39)

V=bob tanh (= v/ZBybag + )

where by = M%bzbb”_”, ¢ = x+ by +cz —at and m = £1 (Figure 1).
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5

0y

(b)

Figure 1. Graphical representation of Equations (38) and (39) with suitable parameters b = 0.2,
c=01L,v=04A=01L,py=1A0=01¢ =1m=-1y=02z=0:(@a= —-05Db =02
(b)a=0.5b, =—-0.2.

Case 2. When by =0,

A 1=0, A =F2by, b= ,/”_b"#. (40)

By using paramors defined in Equation (40) along with the corresponding ansatz
equation yields the following solution

Agy/ A0y — (Aghy — = W%)e@c

a—byu—A—cv
I‘b z

Us (%) = , b#EO0 (4D)

a—bu—A—co
R — e

where A1 = F2bp and ¢ = x + by + cz — at (Figure 2).
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5
Figure 2. Graphical representation of Equation (41) with suitable parameters b = —0.1,c = 0.3,v =
12,A=01L,u=1A0=01¢p=1m=-1,y=0,z=0,a=—-04,bp =0.2.
Case 3. When by = by =0,
a—A—cvo—bu
6byb ’

By using paramors defined in Equation (42) along with the corresponding ansatz
equation yields the following solution

A1=F Ay = F2b,. (42)

A_1b38% — 2A 10280 + A_185 — Aobag + Aolo + A

43
Co — bag @

Uy(§) =

where A_; = $%, Ay = F2by and & = x + by + cz — at (Figure 3).

Figure 3. Graphical representation of Equation (43) with suitable parameters a = 0.5,b = 0.1,c =
01,v=02,A=04,u=1A=06Cp=1bp=1m=-1,y=0,z=0.

Case 4.
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bbb+ At cotby—a
a 2byb

bb? + A+ co+bu—a
4byb ’
bb? + A by —
(11) . A_1 = 0, A1 = —sz, b() = 1 + —Zbcvb_’_ s a, b, bz 7'é 0.
2

By using paramors defined in Equation (44) along with the corresponding anstaz
equation yields the following solution

24 10y — Agby + Ag tan (/T ¢ 4 gy) ) A

Us(G) =
—by + tan (% A-cotbu—a (‘: + 50)) Acv+bu—a

/Al :Orbo =

(i): A

(44)

, 4boby > b2,by >0, (45)
b b

2A_1by + Apby + Ap tan (%\/@@ n @'o)) \/W

Ue(8) = . 4boby > b7, by <0, (46)
by + tan (%\/@(54_ CO)) \/@
and
2Aghy — Arby + Avtan (3/IEETH 5 y g)) A w
u7(€) = 2b2 , b2 >0,
2Apby + A1by + Aq tan (%\/@(C—i—%))\/ﬁ’\*—w?”*” us)

b2 Ao
where A_; = $W, A1 = F2by and & = x + by + cz — at (Figures 4 and 5).

Ui Uslr,

(a) (b)

Figure 4. Graphical representation of Equations (45) and (46) with suitable parameters a = 1.5,b =
02,c=02v=03A=04u=1A0=01¢ =1b =02,m=—-1y=0,z=0:(a) b =02
(b) bp = —0.2.
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References

@) (b)

Figure 5. Graphical representation of Equations (47) and (48) with suitable parameters a = 1.5,b =
02,c=02v=03,A=04u=1A=013% =10 =02,m= -1,y =0,z=0: (a) bp = 0.2
(b) b, = —0.2.

6. Concluding Remarks

The present work has obtained several new results for the (3 4 1) negative-order
KdV-CBS equation. Firstly, Lie point symmetries and low-order conservation laws have
been derived. From the translation symmetries, travelling wave reductions are obtained.
Moreover, from the invariant conservation laws under translations two first integrals
are obtained for the travelling wave ODE. It happens that these two first integrals are
functionally independent and a triple reduction has been derived, yielding a first-order
ODE. For some particular cases of the parameters, the general solution is obtained in terms
of the Weierstrass function and a line-kink solution is obtained for the (3 + 1) negative-order
KdV-CBS Equation (1). These explicit invariant solutions can be expected to be important
in understanding the asymptotics of more general solutions of (1).

Secondly, the extended simple equation approach has been used to obtain the exact
solutions for the negative-order KdV-CBS equation, which is a powerful method to solve
nonlinear PDEs. These solutions include solitary wave solutions, specifically singular and
dark solitons. In addition, numerical solutions are represented in 3D plots as shown in
Figures 1-5 to provide physical meaning of nonlinear phenomena. These solutions could
be highly useful in comprehending physical phenomena in several disciplines of applied
mathematics.

Author Contributions: All authors contributed equally to the study conception, All authors have
read and agreed to the published version of the manuscript.

Funding: MG is supported by FQM-201 from Junta de Andalucia and Cadiz University Plan propio.
Data Availability Statement: All the data included within the manuscript.

Conflicts of Interest: The authors declare no conflict of interest.

1.  Wazwaz, A.M. A new (2+1)-dimensional Korteweg-de Vries equation and its extension to a new (3+ 1)-dimensional Kadomtsev-
Petviashvili equation. Phys. Scr. 2011, 84, 035010. [CrossRef]

2. Wazwaz, AM. Abundant solutions of various physical features for the (2+ 1)-dimensional modified KdV-Calogero—
Bogoyavlenskii-Schiff equation. Nonlinear Dyn. 2017, 89, 1727-1732. [CrossRef]

3. El-Kalaawy, O.H.; Ibrahim, R.S. Solitary Wave Solution of the Two-Dimensional Regularized Long-Wave and Davey-Stewartson
Equations in Fluids and Plasmas. Appl. Math. 2012, 3, 833-843. [CrossRef]

4. Al-Amr, M.O. New applications of reduced differential transform method. Alex. Eng. J. 2014, 53, 243-247. [CrossRef]


http://doi.org/10.1088/0031-8949/84/03/035010
http://dx.doi.org/10.1007/s11071-017-3547-5
http://dx.doi.org/10.4236/am.2012.38124
http://dx.doi.org/10.1016/j.aej.2014.01.003

Symmetry 2022, 14, 1861 13 of 14

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

Helal, M.A; Seadawy, A.R. Variational method for the derivative nonlinear Schrédinger equation with computational applications.
Phys. Scr. 2009, 80, 350-360. [CrossRef]

Salman, F.; Raza, N.; Basendwah, G.A; Jaradat, M.M. Optical solitons and qualitative analysis of nonlinear Schrodinger equation
in the presence of self steepening and self frequency shift. Results Phys. 2022, 39, 105753. [CrossRef]

Jhangeer, A.; Raza, N.; Rezazadeh, H.; Seadawy, A. Nonlinear self-adjointness, conserved quantities, bifurcation analysis and
travelling wave solutions of a family of long-wave unstable lubrication model. Pramana 2020, 94, 1-9.

Taghizadeh, N.; Mirzazadeh, M. The modified extended tanh method with the Riccati equation for solving nonlinear partial
differential equations. Math. Aeterna 2012, 2, 145-153.

Cheemaa, N.; Chen, S.; Seadawy, A.R. Propagation of isolated waves of coupled nonlinear (2+ 1)-dimensional Maccari system in
plasma physics. Results Phys. 2020, 17, 102987. [CrossRef]

Lu, D,; Seadawy, A.R.; Igbal, M. Mathematical methods via construction of traveling and solitary wave solutions of three coupled
system of nonlinear partial differential equations and their applications. Results Phys. 2018, 11, 1161-1171. [CrossRef]

Yang, X.E; Deng, Z.C.; Wei, Y. A Riccati-Bernoulli sub-ODE method for nonlinear partial differential equations and its application.
Adv. Differ. Equ. 2015, 2015, 1-17. [CrossRef]

Jiong, S. Auxiliary equation method for solving nonlinear partial differential equations. Phys. Lett. A 2003, 309, 387-396.
Zhang, H. New application of the (G'/G)-expansion method. Commun. Nonlinear Sci. Numer. Simul. 2009, 14, 3220-3225.
[CrossRef]

Liao, S. Comparison between the homotopy analysis method and homotopy perturbation method. Appl. Math. Comput. 2005, 169,
1186-1194. [CrossRef]

Raza, N.; Rafig, M.H.; Kaplan, M.; Kumar, S.; Chu, Y. The unified method for abundant soliton solutions of local time fractional
nonlinear evolution equations. Results Phys. 2021, 22, 103979. [CrossRef]

Wazwaz, A.M.; Osman, M.S. Analyzing the combined multi-waves polynomial solutions in a two-layer-liquid medium. Comput.
Math. Appl. 2018, 76, 276-283. [CrossRef]

Javid, A.; Raza, N. Singular and dark optical solitons to the well posed Lakshamanan-Porsezian-Daniel model. Optik 2018, 171,
120-129. [CrossRef]

Ekici, M.; Sonmezoglu, A.; Zhou, Q.; Biswas, A.; Ullah, M.Z.; Asma, M.; Moshokoa, S.P.; Belic, M. Optical solitons in DWDM
system by extended trial equation method. Optik 2017, 141, 157-167. [CrossRef]

Wang, M.L.; Zhou, Y.B.; Li, Z.B. Application of homogeneous balance method to exact solutions of nonlinear equations in
mathematical physics. Phys. Lett. A 1996, 216, 67-75. [CrossRef]

Vahidi, J.; Zabihi, A.; Rezazadeh, H.; Ansari, R. New extended direct algebraic method for the resonant nonlinear Schrédinger
equation with Kerr law nonlinearity. Optik 2021, 227, 165936. [CrossRef]

Arshad, M.; Seadawy, A.R.; Lu, D. Optical soliton solutions of the generalized higher-order nonlinear Schrédinger equations and
their applications. Opt. Quantum Electron. 2018, 5, 1-6. [CrossRef]

Alhussain, Z.A.; Raza, N. New Optical Solitons with Variational Principle and Collective Variable Strategy for Cold Bosons in
Zig-Zag Optical Lattices. . Math. 2022, 2022. [CrossRef]

Kumar, M.; Kumar, R.; Kumar, A. On similarity solutions of Zabolotskaya-Khokhlov equation. Comput. Math. Appl. 2014, 68,
454-463. [CrossRef]

Ray, S.S. Lie symmetry analysis and reduction for exact solution of (2+ 1)-dimensional Bogoyavlensky-Konopelchenko equation
by geometric approach. Mod. Phys. Lett. B 2018, 32, 1850127. [CrossRef]

Vinita; Ray, S.S. Optical soliton group invariant solutions by optimal system of Lie subalgebra with conservation laws of the
resonance nonlinear Schrodinger equation. Mod. Phys. Lett. B 2020, 34, 2050402. [CrossRef]

Wazwaz, A.M. Exact solutions of compact and noncompact structures for the KP-BBM equation. Appl. Math. Comput. 2005, 169,
700-712. [CrossRef]

Olver, PJ. Application of Lie Groups to Differential Equations; Springer: New York, NY, USA, 1993.

Kumar, S.; Kumar, D.; Wazwaz, A.M. Group invariant solutions of (3+ 1)-dimensional generalized B-type Kadomstsev Petviashvili
equation using optimal system of Lie subalgebra. Phys. Scr. 2019, 94, 065204. [CrossRef]

Bai, Y.; Bilige, S.; Chaolu, T. Potential symmetries, one-dimensional optimal system and invariant solutions of the coupled
Burgers? equations. J. Appl. Math. Phys. 2018, 6, 1825. [CrossRef]

Kara, A.H.; Biswas, A.; Zhou, Q.; Moraru, L.; Moshokoa, S.P,; Belic, M. Conservation laws for optical solitons with Chen?Lee?Liu
equation. Optik 2018, 174, 195-198. [CrossRef]

Jafari, H.; Kadkhoda, N.; Azadi, M.; Yaghobi, M. Group classification of the time-fractional Kaup-Kupershmidt equation. Sci. Iran.
2017, 24, 302-307. [CrossRef]

Kadkhoda, N.; Jafari, H.; Moremedi, G.M.; Baleanu, D.; Qaenat, I.R.; Babolsar, I.R. Optimal system and symmetry reduction of
the (1+ 1) dimensional Sawada—Kotera equation. Int. |. Pure Appl. Math. 2016, 103, 215-226. [CrossRef]

Wazwaz, A.M. Two new Painlevé integrable KdV-Calogero-Bogoyavlenskii-Schiff (KdV-CBS) equation and new negative-order
KdV-CBS equation. Nonlinear Dyn. 2021, 104, 4311-4315. [CrossRef]

Anco, S.C.; Gandarias, M. Symmetry multi-reduction method for partial differential equations with conservation laws. Commun.
Nonlin. Sci. Numer. Simul. 2020, 91, 105349. [CrossRef]

Olver, PJ. Applications of Lie Groups to Differential Equations; Springer: Berlin/Heidelberg, Germany, 1986.


http://dx.doi.org/10.1088/0031-8949/80/03/035004
http://dx.doi.org/10.1016/j.rinp.2022.105753
http://dx.doi.org/10.1016/j.rinp.2020.102987
http://dx.doi.org/10.1016/j.rinp.2018.11.014
http://dx.doi.org/10.1186/s13662-014-0331-4
http://dx.doi.org/10.1016/j.cnsns.2009.01.006
http://dx.doi.org/10.1016/j.amc.2004.10.058
http://dx.doi.org/10.1016/j.rinp.2021.103979
http://dx.doi.org/10.1016/j.camwa.2018.04.018
http://dx.doi.org/10.1016/j.ijleo.2018.06.021
http://dx.doi.org/10.1016/j.ijleo.2017.05.057
http://dx.doi.org/10.1016/0375-9601(96)00283-6
http://dx.doi.org/10.1016/j.ijleo.2020.165936
http://dx.doi.org/10.1007/s11082-017-1260-8
http://dx.doi.org/10.1155/2022/3229701
http://dx.doi.org/10.1016/j.camwa.2014.06.020
http://dx.doi.org/10.1142/S0217984918501270
http://dx.doi.org/10.1142/S0217984920504023
http://dx.doi.org/10.1016/j.amc.2004.09.061
http://dx.doi.org/10.1088/1402-4896/aafc13
http://dx.doi.org/10.4236/jamp.2018.69156
http://dx.doi.org/10.1016/j.ijleo.2018.08.067
http://dx.doi.org/10.24200/sci.2017.4034
http://dx.doi.org/10.12732/ijpam.v108i2.3
http://dx.doi.org/10.1007/s11071-021-06537-6
http://dx.doi.org/10.1016/j.cnsns.2020.105349

Symmetry 2022, 14, 1861 14 of 14

36.

37.

38.

39.

40.

41.

42.

43.
44.

Bluman, G.W.; Cheviakov, A.; Anco, S.C. Applications of Symmetry Methods to Partial Differential Equations; Springer: New York, NY,
USA, 2009.

Anco, S.C. Generalization of Noether’s theorem in modern form to non-variational partial differential equations. In Recent
Progress and Modern Challenges in Applied Mathematics, Modeling and Computational Science; Springer: New York, NY, USA, 2017;
pp. 119-182.

Anco, S.C.; Gandarias, M.L.; Recio, E. Line-solitons, line-shocks, and conservation laws of a universal KP-like equation in 2+1
dimensions. J. Math. Anal. Appl. 2021, 504, 125319. [CrossRef]

Sjoberg, A. Double reduction of PDEs from the association of symmetries with conservation laws with applications. Appl. Math.
Comput. 2007, 184, 608-616. [CrossRef]

Sjoberg, A. On double reduction from symmetries and conservation laws. Nonlin. Analysis Real World Appl. 2009, 10, 3472-3477.
[CrossRef]

Bokhari, A.H.; Dweik, A.Y.; Zaman, F.D.; Kara, A.-H.; Mahomed, FM. Generalization of the double reduction theory. Nonlin.
Analysis Real World Appl. 2010, 11, 3763-3769. [CrossRef]

Whittaker, E.E.; Watson, G.M. Modern Analysis, 4th ed.; Cambridge University Press: Cambridge, UK, 1927.

Abramowitz, M.; Stegun, I.A. Handbook of Mathematical Tables; Dover: New York, NY, USA, 1965.

Lu, D.; Seadawy, A.; Arshad, M. Applications of extended simple equation method on unstable nonlinear Schrédinger equations.
Optik 2017, 140, 136-144. [CrossRef]


http://dx.doi.org/10.1016/j.jmaa.2021.125319
http://dx.doi.org/10.1016/j.amc.2006.06.059
http://dx.doi.org/10.1016/j.nonrwa.2008.09.029
http://dx.doi.org/10.1016/j.nonrwa.2010.02.006
http://dx.doi.org/10.1016/j.ijleo.2017.04.032

	Introduction
	Lie Point Symmetries
	Conservation Laws
	Travelling Wave Reduction and First Integrals
	Extraction of Solitons from a Negative-Order KdV-CBS Equation
	Concluding Remarks
	References

