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1. Introduction

Although fixed point theory has many applications, it was primarily used to show
the establishment and, in certain circumstances, uniqueness of a particular class of points
obeying a given criterion. It depicts the solution of an equation, which can be of several
types: integral equations, differential equations, matrixial equations, and so on. These
elements are referred to as fixed points since they must be associated with an operator.
The fundamental space in which a fixed point issue is given must have an abstract metric
context, that is a mapping that specifies the distance between two random points. Initially,
only metric spaces were studied since they fulfilled the important qualities that ensure the
presence and uniqueness of fixed points: non-negativity, the identity of indiscernible, sym-
metry, and triangle inequality. It is worth mentioning here two recent references wherein
fixed point theory has been used to study symmetry/gemological shape of fractals [1,2].

The Banach contraction principle was one of the most well-known and significant
mathematical findings of the previous century. However, over time, various scholars
have made a wide range of minor adjustments that have broadened and extended the
concept of Banach in several ways. Studies are commonly conducted in the context of
extended real metric spaces, semi-metrics, quasi-metrics, pseudo-metrics, fuzzy metric
spaces, probabilistic metric spaces, partial metric spaces, G-metric spaces, and M-metric
spaces nowadays.

In 1969, Meir and Keeler [3], discovered an intriguing result that is an extension
of the well-known Banach Contraction Principle [4]. The strong Meir-Keeler function
and the weaker Meir-Keeler function were introduced by Chen and Chang [5], based on
observations made by Meir-Keeler [3]. These contraction has been extended by the many
authors for which reader may refer [6-13]. Das and Gupta [14] proved some fixed theorems
by using the rational expression. Further, Gupta and Saxena [15] and Samet et al. [16]
generalized the results due to Das and Gupta [14]. In 2013, Samet et al. [16] proved a fixed
point theorem of Meir- Keeler type that extends the result of Das and Gupta [14]. In 2015,
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Najeh et al. [17], established a fixed point theorem of the Meir-Keeler type, which extended
the result of Gupta and Saxena [15]. The results of Najeh et al. [17] and Samet et al. [16] are
further improved by Koti et al. [18].

Matthews [19] defined partial metric space for the first time in 1994. Eventually, many
mathematicians worked on establishing partial metric spaces and fixed point theorems.
In a recent study, Haghi et al. [20] noted that one should “be cautious when working
with partial metric fixed point results” and prove certain fixed point theorems, which
show that the analogous results in ordinary metric spaces may be used to get fixed point
generalization to partial metric spaces. Asadi et al. [21] proposed the concept of M-metric
space in 2014, which expanded the partial metric space and certain fixed point theorems
proven there. Patle et al. [22] are the first to investigate the Pampaiu Hausdorff distance
as a result of M-metric. Recently, Asim et al. [23] extended M-metric by introducing the
M, -metric. In the literature on fixed point theory, there are numerous new advances on
M-metric space.

Recently, Gordji et al. [24] expanded the literature on metric space by introducing
the concept of orthogonality and establishing the fixed point result. There are several
uses for this novel idea of an orthogonal set, as well as numerous forms of orthogonality.
Eshaghi Gordji and Habibi [25,26] proved the fixed point in generalized orthogonal metric
space and related results in orthogonal metric spaces. Furthermore, for more information,
we refer the reader to [27-35]. Very recently, Uddin et al. [36] introduced the notion of
orthogonal M-metric space (briefly M| metric spaces). In this paper, we establish new
fixed point theorems for the Meir—Keeler type contractions in the context of M | -metric
space. Finally, an application of these results in proving fixed point theorems of integral
type contraction conditions is also given.

2. Preliminaries

Definition 1 ([24]). Consider a binary relation L defined on a non-empty set E. If binary relation
L fulfils the undermentioned criteria:

I9[(forall g € E,g L &) or (forall¢ € E, ¥ L ¢)],

then pair, (E, L) known as an orthogonal set and element Oy is called an orthogonal element. This
O-set or orthogonal set is denoted by (E, L).

Definition 2 ([24]). Let (E, L) be an orthogonal set (O-set). Any two elements ¥,¢ € E such that
¢ L ¢, then 9,¢ € E are said to be orthogonally related.

An orthogonal set is illustrated in the following non-trivial examples.

Example 1. Let E = 27 and set a binary relation 1 on 2Z asm L nif m.n = 0. Then (2Z, L) is
an orthogonal set with O as an orthogonal element.

Example 2. Let E be set of all matrices of order n over R that is E = My (R), a binary relation L
on M, (R) defined as A L B if AB = BA. For a scalar matrix S € M, (R), we have SA = AS for
all A € Myu(R).

An O-set may have a unique, more than one or infinite orthogonal element.

Consider a binary relation L on a non-empty set E with usual metric d defined on set
E then, triplet (E, L, d) is called O-metric space(briefly) or orthogonal metric space. Some
basic characteristics of an O-set and O-metric space are given below.

Definition 3 ([24]). Consider a binary relation L defined on a non-empty set E then, sequence
{0n} is called an orthogonal sequence (briefly O-sequence) if

(foralln € N, 8, L 0,41) or (foralln € N, 8,1 L O).
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Definition 4 ([24]). Assume that triplate (E, L,d) be an O-metric space. If every Cauchy O-
sequence is converges in E, then set E is called O-complete.

Remark 1 ([24]). Every complete metric space is O-complete and the converse is not true.

Definition 5 ([24]). Consider a binary relation L on a non-empty set E with usual metric d defined
on set E and assume that (E, L,d) be an O-metric space and f be a self-map on E. If for each O-
sequence {0y }yen — O implies f(8,) — f(0) asn — oo, then self-map f is called | - continuous
at ¥. In addition, f is said to be L- continuous on E if f is 1- continuous in each & € E.

Remark 2. The authors of [24] find, O-continuity in conventional metric spaces is weaker than
classical continuity.

Definition 6 ([24]). Consider a binary relation L on a non-empty set E and let pair (E, L) be an
O-set. A self-map f : E — E is called L-preserving if f(9) L f(g) whenever ¢ L ¢ and weakly
L-preserving if f(9) L f(g)or f(g) L f(®) whenever ¢ L ¢.

3. Main Results

For the discussion that follows, the following notation will be helpful:

@) rﬂg = min{r(ﬂr ﬁ)rr(g/ Q)},
(ii) Ty =max{I(8,8),T(cq)}.

Definition 7 ([36]). Consider a binary relation | defined on a non-empty set E and function

I':ExE— R"iscalled M, - if the undermentioned criteria are fulfilled:

(i) T(8,9)=T(cq)=T(0¢)=d=g

(i) Ty <T(8,¢), forall¥,c € E;

(ii) T'(d,¢) =T(c0), foralld,¢ € E;

(iv) Is(>1) € Rsuch that forall 9,¢ € Ewith® L ¢ L x, we have

(C(8,6) —Tog) < s[(T(8,2) = To) + ([, 6) = Tag)] = T, 5),
then (E,T) is referred as an orthogonal M-metric space or M | -metric space.

Definition 8 ([36]). Suppose that (E,T') be a M | -metric space and {8, } be a sequence in the set
E, then

(a) asequence

{ou} 2 0= T}ijglo(r(ﬁn,ﬂ) —Ty,0) =0; @

(b) sequence {0, } is called M -Cauchy sequence if

n}%rgoo(r(é‘n, l9m) — Fﬁn ﬁm) and n[}lgllloo(rignlgm — anlgm) (2)
both exist and are finite;
(c) if for every M | -Cauchy sequence {0, } — & such that

T (80, ) ~To,o = 0and Jim T g ~Toy0 =0,

then, (E,T') is referred as complete M | -metric space.

Definition 9 ([36]). Comnsider a binary relation L defined on a non-empty set E and assume that
pair (E,T') be an M | -metric space. If for each O-sequence {0, },en — O implies f(0,) — f(9)
as n — oo then a self-map f is L-continuous at ¢ € E. In addition, f is said to be L-continuous
on E if f is 1-continuous at each ¢ € E.
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Theorem 1. Let (E,T') be an complete orthogonal M-metric space with coefficient s > 1 and
f + E — E be L-preserving, |-continuous mappings and satisfying the following condition;
foralle > 0,36 > 0and for all ¢,¢ € Ewith ¢ L ¢ such that

e<TI(8,¢) <e+d=T(fY fc) <e. ©)]
Then T has a unique fixed point.
Proof. The orthogonality of a non-empty set implies that 3 ¢y € E, satisfying
(forallg € E, 09 L ¢) or (forallg € E, g L 8).

It follows that 89 L fdyor fdg L &y. Let &) = f&y, O = fty,... , 0,41 = fO, forn € N. By
(3) and _L-preservence of f, we have

dn = 19n/ 19n+1)
f&nflz fﬂn>

19nfl/ 1911)

—~ o~~~

so, the sequence {d,, } is bounded below and decreasing, thus d,, — d for some d € R*. On
contrary, suppose that d > 0, therefore I'(89y,,9,,1) > d. On the other hand for d > 0, there
exists §(d) > 0 such that

d <T(0p,0p41) < d+6(d) = T(fOn, fOu_1) =T (8, 0,_1) < d, )

which is contraction, so d = 0 that is

r}ggor(ﬁnr l9n+l) =0 ®)
then,
nll_I)Iolomln{r(lgl’l/ 191’1)/1-'(197171/197171)} = r}l_l;rolo Fl9n,l9n71 S nll_{rolor(l%’l/ 191171) = 0/
and

. o . / _
i Lo,0, =0, im T'g, o, = 0. ©)
Since, limy 00 (84, 9,) = 0. Now, we want to show that

Hm_ T(8,,8,) =0.

m,n—o0

Let, it is not true. So for some € > 0, we have

lim sup (0, 8,) > 2e.

=00
In addition, by hypothesis, there exists § > 0, such that

e<TI(8,¢) <e+d=T(fY f¢c) <e.
The aforementioned inequality is valid when ¢ is substituted with ¢/ = min{J, €}, by (5)

/
IN >0, foralln > N =T(8,,0,.1) < %
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and for m,n > N, T (8, 8,) > 25—6 This implies, since
(8, 8ys1) < g and e + ' < 2 < T (O, O),

such that 3i, m < i < n with

/

26
€+ 3 < 1”(19m, 191) - 1”19%,91, < €+5/, 7)

even so, for all m and i

T(Om, i) —Tg,,0,,, <5 [F(ﬁm/ﬂmﬂ) +T(Os1, 1) + F(@Hﬁi)]
554
3s s 3s

26/

3 e

<s

which is in contradiction to (7). So by (6) and limy, 0 I'(0, 9,) = 0, we see that the
O-sequence {9, } is a Cauchy O-sequence in E. Since E is O-complete, then there exists
¢* € E such that

lim (F(l%z, 19*) — 1"(9”,19*) =0.

n—oo
Further, we demonstrate that f has a fixed point in E. Beacuse I'(d,,89,) — 0, then
min{I'(8,,8,), [ (0*,9*)} — 0implies that I'(9,,, 9*) — 0 thus by the hypothesis I'(f8,, f¢*)
< T'(8,,9*) — 0and also min{T'(fd,, f0,), T(fo*, f0*)} < T(fO,, f0*) — O, this implies
that f¢, — fo*.

(o, fo*) < lgn supI'(9*,0,) + hm 0 sup (0, f9")
n—oo

(¢
(ﬁn,f %)
(
(¥

= lim n sup r

= lim supT(fd,_1, f0")

n—oo
< lim supT'(8;-1,9 ),
this implies that I'(¢*, f8*) = 0. Since min{I'(¢*,8*),T(f0*, f9*)} < I'(d* f9*) =0,
and also T'(f¢*, f8*) < I'(8%,0*), then T(f8*, f¢*) = 0 this implies that 'y« ro« = 0 thus
L(0%, f0%) = Ty« po- = L(fO*, f0*) = T(9*,0"); this implies that f¢* = &
Let ¢* be another point in E such that f¢* = ¢*. Then by choice of ¢y in the begining
of the proof, we have

(8o L 9" and 9y L ¢*) or (9 L dpand ¢* L 8).
Since f is L-preserving, we have
(f"% L f"0" and f"0y L f"¢*) or (f"0" L f"dyand f"9* L f"d), forall n € N.Thus
R(O%, ") = T(F8", fc") < T(#",¢"),
which implies that T'(9%,¢*) = 0,s0 * =¢*. O

Example 3. Let E = [0,2] and a function T : E x E — RY is defined as T(8,¢) = |9 — ¢, for all
®,¢ € E and binary relation L on E is given by ¢ L ¢ if 0¢ < 20 this implies that pair (E,T) is an
O-complete M-metric space. Now, a self-map f defined on set E is given as

[®,9e(01]
f®) = {04,196 (1,2].



Symmetry 2022, 14, 1856

6 of 14

Then the undermentioned conditions are met:

. 2

(i) Ifdo=0andg e [0,1], then f0 =0and fg =%,

() Ifo=0andge (1,2], then fo = fc =0;

2 2

(iii) Ifg € [0,1] and [0,1], then f¢ = % an¢21 fe="%

(iv) Ifg e [0,1]and 9 € (1,2], then fg = % and f8 = 0.

These cases implies that fOfc < 2f0, hence f is L preserving. In addition, |f9¢ — fg| = %2 -

%’ < |9 —¢]|. For given € > 0and 6 > Qwithe < |9 —¢g| < e+, we get |fO — f¢| < €, for

all 8, ¢ € E. Therefore all the condition of Theorem 1 are satisfied. Hence, f has 0 as unique fixed
point in E.

Remark 3. If we assume f as in Example 3, then it is easy consequence to verify that f satisfies all
the conditions of Theorem 1 and has fixed point 0. However, f is not continuous, so hypothesis of
theorem of [3] not satisfied. This ensure that main Theorem 1 has extension over thereom of [3].

Theorem 2. Consider a binary relation L defined on a non-empty set E and assume that (E,T') be
a complete M | -metric space with s € [1,00) and self map f is 1 -continuous and L -preserving on
E, satisfying the following condition, for all € > 0, there exists § > 0 such that

€ < ¢(max{ 1+ r((lﬁ;fg();’(;(;;,fg)), (F(ﬂ,f;?()gl(g)(g,fg)) ,T(9,6))} <e+6(e)
= I'(f9, fg) <e ®)

forall 8,¢ € Eor¢ # fgwith® L g, where ¢ : Ry — R is a continuous monotonic increasing
function such that ¢(t) < kt, forall t > 0,k € (0,1) and ¢(0) = 0. Then f has unique fixed point
0* € E. Moreover, for all ¢ € E the sequence { " (8)} converges 9* € E.

Proof. The orthogonality of a non-empty set implies that 3 ¢y € E, satisfying
(forallg € E, 8%y L ¢) or (forallg € E, g L §).

It follows that 9y L fdg or fOy = . Let & = fOy, S = fth, O3 = fr,..., Oys1 = fOn,
foralln € N.
From contraction mapping (8), we observe that

T(f9, f¢) <I(¥,¢), )
where

_ (L+T(8,f8)(T(s fg)) (¥ f9)(T(s fc))
J(ﬁrg) - (P(max{ (1 Jrr(ﬂlg)) 4 F(é‘,g) ,F(ﬂ,g)}).

Since f is L-preserving and {9, } is O-sequence, we get

J(ﬁn/ 1911+1) — ¢(max{ (1 + r(l9(‘rl1/ iﬂ;z;iféiitisfﬁn+l)) , (r(ﬁnl f?()g:igfj:-)lr fﬁn-i—l) ,
r(ﬁnflr 1971))}
— ¢(max{ (1 + r(ﬁn/ l9n+1)) (F(ﬁn—&-l/ l9n+2)) (r(ﬁn/ l9n+1)) (F(ﬁn—&-l/ l9n+2))

(14T (0, 8411)) ' T (0,04 11) '
T(8n,8411))}

— P (max{T(Bs1, 02), T(Bn1, 0s2), DB, B01)))
— P (max{T (B 41,0012, T(8, 81)}).
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Let
max{I'(y11,%n42), L (On, Oni1)} = T(@ns1, i),
then
J(Bn, Ont1) = (T (Gns1, Bns2))
(9) implies that

L(0n+1,0nv2) = L(fOn, fOn11)

(l9nll9H+l)

= ¢(T(0n+1, Ont2)
< kI (On+1, Ont2)

/\

which is in contradiction. Thus,

IO, Oni1) = ¢(T (01, 8111))

this implies that

T(f8u_1, fOn) < kT(8,_1,0,) < ... < k"T(8o,81),forall n € N.

For any j > n, where j,n € Z, we have

1—‘(1‘91’1/ 19]) = r(fﬂflfl/fﬁ]'*l)
< k[(8y-1,9j-1)

S knr(ﬁ()/ 19]4711)

Hence,
1"(19,1, 19]) — 1"19”/19], S kn(Sr(ﬁo, 191) + sl"(z91, j— n)
< K" (sT (8, 81) + s°T (8, 8) + s°T (8, 9;_,))
< K'(sT (09, 81) + 8T (01, 82) + ...+ "T(8;

< sk (1 + sk + (sk)%> +...)T (%, %)

sk
= mrwol ).

Since k € [0,1) and k > 0, it follows from the above inequality that
1"(19,1, 19]) — rlgnﬂgj — 0as Tl,j — 00,

Similary,
rl(ﬂn,ﬁj) - rﬂn,ﬂj —0asn,j— oo

j—n— 1/19] n))
< K" (sT(%, 81) + K"s2kT (9, 81) + ...+ k"sI "k ~1T(8, 1))

(10)

and so I'y, 9« — 0 as n — oo. Hence, we have I'(¢,,9*) — 0as n — oo. Then IT'(¢*,8*) =
0 = I'y, ¢-. Thus, 9, is a O-cauchy sequnce in E. Since E is O-complete M-metric, there

exists #* € E such that
['(8,,8%) —Ty, ¢ — 0asn — oo.
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Now,

(9%,9,)) + sup | 11m ( (8,, TO))
= lim sup(F(ﬂn,T )
(

= lim sup(T(f8,-1, f8%))
< lim supk(I'(8,-1,9")) =0.

n—o00

(9", T9%) < nlglgosup(l"

and by (iv), we have

T(0%, f9°) < sup k[T (81, f8%) — Ty, por + T(F8",8°) — Tppe 5] — T(f8", F87)
< KT(f8*,8%).
SoT(8*, f8*) = 0, Thus 0 < T(f8*, f6*) < kT (8*,8*) =0,

thus
L(fo*, f8*) =T(9%, fo*) =T (8%, 9") =0.

Therefore, f¢* = 9*. Let ¢* be another point in E such that f¢* = ¢*. Then by choice of ¢
in the begining of the proof, we have

(89 L 0*and 9y L ¢*) or (8" L dyorg* L ).
Since f is L-preserving, we have

(f"% L f"¥" and f"0 L f"¢*)or (f"0" L f*9pand f"¢* L f"8), forall n € N. Thus

(9%, ¢*) =T(f0% f¢*) < kI'(9%,¢),
which implies that T'(9*,¢*) = 0,s0 9* =¢*. O

Remark 4. Theorem 2 is M | -metric version generalization of theorem 2.1 Koti et al. [18], theorem
2.1 of Samet et al. [16] and theorem 2.1 of Najeh et al. [17].

Remark 5. Theorem 2.1 of Samet et al. [16] generalised theorem 1 of Das and Gupta [14], theorem
2.1 of Najeh et al. [17] also generalised theorem 1 of Gupta and Saxena [15], The above main
Theorem 2 generalised the main results of [14,15] due to M | -metric space version.

Remark 6. Theorem 2 is generalised version of theorem 3.1 of Asadi et al. [21] and Banach
contraction principle in the setting of M | -metric space via rational expression.

Corollary 1. Let E # ¢ be a O-set with binary relation L defined on E and mappingT : E X E —
R such that pair (E,T) is O-complete M-metric space. If self map f is 1-continuous and L-
preserving on E, meets with following exiom:

forall e > 0,36 > 0 satisfying

(1+T(9,f9)(c fg) , T8, fOT(, fo)
e e S

=T(fo,f¢) <e,
forall ¥,¢ € E,with® L gand & # ¢ or ¢ # fg, where ¢ : Ry — Ry is a continuous monotonic

increasing function such that ¢(t) < kt, forall t > 0, k € (0,1) and ¢(0) = 0. Then 3 a unique
point ¢* € E such that f¢* = ¢*. In addition, for all ¢ € E, the sequence { f"(8)} — ¢* € E.

I'(%,6)) <e+d(e)

Corollary 2. Let E # ¢ be a O-set with binary relation L defined on E and mappingT : E x E —
R such that pair (E,T) is O-complete M-metric space. If self map f is 1 -continuous and L -



Symmetry 2022, 14, 1856

9 of 14

preserving on E, meets with following exiom:
foralle > 0,35 > 0 satisfying

e < a(UFT@O O fo) | T, fOT(c fo)
N 1+1I(8,6) I'(®,¢)

=T(f9, fc) <e,

+T(%,6)) <e+d(e)

forall9,¢ € E,with® L ¢and © # gor¢ # f¢, wherea € (0, %) and k € (0,1). Then 3 a unique
point ¢* € E such that f¢* = ¢*. In addition, for all ¢ € E, the sequence { f"(8)} — ¢* € E.

Corollary 3. Let E # ¢ be a O-set with binary relation L defined on E and mapping I’ : E X E —
R such that pair (E,T) is O-complete M-metric space. If self map f is 1-continuous and L-
preserving on E, meets with following exiom:

forall e > 0,36 > 0 such that

(1+T(, fo))I'(s, fs)
1+T(9,¢)

=T(f0, fc) <e,

€ < ¢p(max{ ,T(8,6)}) <e+é(e)

forall ¥, € E,with® L gand § # ¢ or ¢ # fg, where ¢ : Ry — Ry is a continuous monotonic
increasing function such that ¢(t) < kt, forall t > 0,k € (0,1) and ¢(0) = 0. Then 3 a unique
point ¢* € E such that f¢* = ¢*. In addition, for all ¢ € E, the sequence { f" ()} — ¢* € E

Corollary 4. Let E # ¢ be a O-set with binary relation L defined on E and mappingT : E X E —
R™* such that pair (E,T') is O-complete M-metric space. If self map f is L-continuous and 1 -
preserving on E, meets with following exiom:

forall e > 0,36 > 0 such that

(1+T(9, fo))T(s f¢)
e < ¢ 1+1(0,¢)

=T(f9, fc) <e,

+T(8,¢)) <e+d(e)

forall 9,¢ € E, with® L gand O # ¢ or ¢ # fg, where ¢ : Ry — R is a continuous monotonic
increasing function such that ¢(t) < kt, forall t > 0, k € (0,1) and ¢(0) = 0. Then 3 a unique
point ¢* € E such that f¢* = ¢*. In addition, for all ¢ € E, the sequence { f"(¢)} — ¢* € E.

Corollary 5. Let E # ¢ be a O-set with binary relation L defined on E and mappingT : E x E —
R such that pair (E,T) is O-complete M-metric space. If self map f is 1 -continuous and L -
preserving on E, meets with following exiom:

forall e > 0,36 > 0 such that

MH+FWJQW@JQ
- 1+T(8,¢)

=T(f0, fc) <e,

forall 9,¢ € Ewith® L gand ¢ # gor¢ # fg, wherea € (0,5) and k € (0,1). Then 3 a unique
point ¢* € E such that f¢* = ¢*. In addition, for all ¢ € E, the sequence {f"(9)} — ¢* € E.

+T(8,6)) <e+d(e)

4. Fixed Points for Integral Type Contractions

Theorem 3. Let (E,T') be a O-complete M-metric space and let selfmap f is 1 -preserving on E.
Consider that 3amap h : Ry — Ry satisfying the following:

(i) h(0)=0,t>0=h(t) >0,

(ii)  h is non-decreasing and right continuous,

(iii) for every € > 0, there exists § > 0 such that
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e <h(J(9,¢)) <e+d=hT(fd fc)) <e (11)
forall 8,¢ € E, with ¢ L ¢ and ¢ # g, where

(1+T(9,f9)(T(s f¢)) (L(8,f8))(T(g, fc))
(1+T(8,¢)) ' NCAY))

and ¢ : Ry — Ry is monotonic continuous increasing function such that ¢(t) < kt,k €
(0,1),t > 0and ¢(0) = 0. Then Equation (8) is satisfied.

J(8,6)) = ¢(max{ T(8,6))}

Proof. Fix e > 0, so h(e) > 0. Hence, by (11), there exist § > 0 such that
forall 9,c with® L ¢, 0 # ¢, h(e) < h(I(9,¢)) < h(e) +46
= (T (9, f¢)) < h(e).

According to right continuity of I, there exist § > 0 such that

h(e+d1) < h(e) +9,
fix 9, ¢ € E with ¢ # ¢ such that

e <J(d,¢) <e+d.
Since h is a non-decreasing mapping, we have

h(e) < h(J(8,6)) < h(e+ 1) < h(e)+6

so, we have
h(L(f9, f¢)) < h(e)
which implies that
I'(f9,fg) <e.
O

Corollary 6. Let (E,T') be a orthogonal M-metric space and let self-map f is 1 -preserving on E
and a locally integrable function h : Ry — R4 with

@) fot h(s)ds > 0fort > 0;
(ii) and for each e > 0, 36 > 0 satisfying

J(0,6)
eg/ h(s)ds < e+ 46
0

L(f8,fc)
= / h(s)ds < €
0
forall 9,¢ € Ewith® L ¢and & # ¢. Then Equation (8) is satisfied.

Corollary 7. Let D = {O]O : [0,00) — [0,00)} such that

(i) O is continuous and non-decreasing,
(i) O(0) =0and O(t) >0, forall t > 0.

Consider (E,T) be a M | -metric space and let self-map f is L-preserving on E. Assume for every
€ > 0,3 d(e) satisfying
e <O(I(8,6)) < e +6(0)
= O(I(f9,f¢)) <e
forall ¥,¢ € Ewith ¢ L gand ¢ # ¢, where O € D. Then Equation (8) is satisfied.
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Corollary 8. Let (E,T') be a O-complete M-metric space and let self map f is L-preserving on E.
Let a locally integrable function h : [0,00) — [0, 00) satisfying

t
/ h(s)ds > 0,Vt > 0.
JO

Consider that f meets the undermentioned condition for all 9,¢ € Ewith ¢ L gand ¢ # ¢

T(fo.fc) J(3,)
/0 h(t)dt < ;4/0 h(t)dt,

where y € (0,1). Then f has a unique fixed point ¢* € E. Moreover, for any ¢ € E, the sequence
{f"} converges to ¢*.

Proof. Let e > 0, it is easy to observe that (8) is satisfied for d(e) = e(% —1). Then (11) is
holds and this completes the proof. [

5. Applications

Consider the following integral equation

u(t) = /uh H(t,s,u(s))ds+ g(t),Vt € [a, b] (12)

where t € [a,b], H: [a,b] X [a,b] xR — Rand b > a > 0.

In this part of study, we will propose an existence theorem for a solution of Equation (12)
that belongs to E = (C[a, b], R), set of all continuous function defined on I = [a, b] by using
the obtained main result in (8). Consider

b
(Fu)(t) = / H(t,s,u(s))ds + g(t),u € E, t € [a,b].

The existence of solution of (12) is equivalent to the existence of a fixed point of f. It is well
known that E endowed with M-metric defined by I' = sup,; [u(t) —v(t)|, forallu,v € E
withu L vif u(t) < o(t), forall t € [a,b] forms a O-complete M-metric space.

Suppose that the following condition holds:

(i) K:[a,b] x[ab] xR — Riscontinous and g : [4,b] — R;
b
(ii) H(t,s,.) >0 and/ H(t,s,.) : R — Ris increasing for all t,s € I;
a
(iii) forallu,v € E,s,t € [and « € (0,1), we have

2

[H(t,5,u(s)) ~ H(t,5,0(5))] < Mﬁ)z (|juts) ~ o))"

Theorem 4. Assume that condition (i)-(iii) are satisfied. Then integral Equation (12) has unique
solution.

Proof. As H(t,s,.) > 0 forall {,s € [a,b], we have

(fu)(t) = | H(t,s,u(s))ds +g(t),
H(t,s,v(s))ds + g(t),

v) ().

IA
T T
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Hence, f is L-preserving. Let {1, } be an O-Cauchy sequence converging to i € E. Then

po(t) < pr(t) < pa(t) < ps(t) <...... Ha(t) < ..ol < u(t),forallt € [0,A],

this implies that y, L p,forallt € [0,A]. As f is L-preserving then, f(u,) — f(u).
Therefore, f is O-continous. Now for u,v € E, we have

(fu)(t) — ‘/ H(t,s,u(s)) — H(if,s,v(s)))ds‘2

12ds H(t,s,u(s)) — H(t,s,v(s))) lzds

(H(t s,u(s)) —H(t,s,v(s)))rds

a2 b 2
< (b—a)4(b_a)2 u(s) —U(S)‘ ds
< [y
& (14w, fu)) (T (v, fo)) (T(w, fu))(L (v, fo)) 2
< [y max] 0+Two) ' T(wo) (o)}

and so

a (1+T(u, fu))(I'(v ﬁm (T(u, fu))(T(v, fv))
C(fu fo) < |5 max{ (14 T(1,0)) Tu,0) (o)}

Hence, by Equation (8) integral Equation (12) has unique solution. [J

6. Conclusions

In this paper, we proved fixed point results for a Meir-Keeler type contraction due
to orthogonal M-metric spaces. An application of the main theorem was established in
proving theorems for some integral equations and integral-type contractive conditions.
The fact has been substantially furnished with examples. Further, some problems can be
studied for these types of contractions. For example, the fixed-circle problem can be studied
using these new contractions on different generalized metric spaces. We hope that the
results examined in this paper will contribute significantly and scientifically to the theoy of
fixed point and will help researchers to further advance their research work in the field of
fixed point theory.

Author Contributions: Author Contributions:Funding acquisition, A.A.; Investigation, B.S.; Method-
ology, B.S.; Supervision, A.A., V.S. and 1.U.; Validation, I.U.; Writing-original draft, B.S. and L.U.;
Writing-review editing, A.A. and V.S. All authors have read and agreed to the published version of
the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: We are very thankful to the all the learned referees for their critical suggestions
and remarks. In addition, we are thankful to editor for very careful reading of the draft of manuscript.

Conflicts of Interest: The authors declare no conflict of interest.



Symmetry 2022, 14, 1856 13 of 14

References

1. Barnsley, M.E. Fractals Everywhere; Academic Press: New York, NY, USA, 1988.

2. Alihajimohammad, A.; Saadati, R. Generalized modular fractal spaces and fixed point theorems. Adv. Differ. Equ. 2021, 2021, 383.
[CrossRef]

3. Meir, A,; Keeler, E. A theorem on contraction mappings. J. Math. Anal. Appl. 1969, 28, 326-329. [CrossRef]

4. Banach, S. Sur les operations dans les ensembles abstraits et leur application aux equations itegrales. Fund. Math. 1922, 3, 133-181.
[CrossRef]

5. Chen, CM,; Chang, T.H. Fixed point theorems for a weaker Meir-Keeler type ¢-set contraction in metric spaces. Fixed Point
Theory Appl. 2009, 2009, 129124. [CrossRef]

6.  Gungor, N.B. Extensions of orthogonal p-contraction on orthogonal metric spaces. Symmetry 2022, 14, 746. [CrossRef]

7. Faruk, S.K.; Tom, M.A.O.; Qamrul, HK,; Faizan, A.K. On Presic-Ciric-type a-1 contractions with an application. Symmetry 2022,
14, 1166.

8.  Aydi, H; Karapinar, E. A Meir—Keeler common type fixed point theorem on partial metric spaces. Fixed Point Theory Appl. 2012,
2012, 26. [CrossRef]

9.  Agarwal, RP; O'Regan, D.; Shahzad, N. Fixed point theory for generalized contractive maps of Meir-Keeler type. Math. Nachr.
2004, 276, 3-22. [CrossRef]

10. Karpagam, S.; Agrawal, S. Best proximity point theorems for cyclic orbital Meir-Keeler contraction maps. Nonlinear Anal. 2011,
74,1040-1046. [CrossRef]

11. Mohamed, A. A Meir-Keeler type common fixed point theorem for four mappings. Opuscula Math. 2011, 31, 5-14.

12.  Piatek, B. On cyclic Meir-Keeler contractions in metric spaces. Nonlinear Anal. 2011, 74, 35-40. [CrossRef]

13.  Asadi, M. Fixed point theorem for Meir-Keeler type mappings in M-metric spaces with application. Fixed Point Theory Appl. 2015,
2015, 210. [CrossRef]

14. Das, B.K.; Gupta, S. An extenstion of Banach contraction principle through rational expression. Indian |. Pure Appl. Math. 1975, 6,
1455-1458.

15. Gupta, A.N,; Saxena, A. A unique fixed point theorem in metric spaces. Math. Stud. 1984, 52, 156-158.

16. Samet, B.; Vetro, C.; Yazidi, H. A fixed point theorem for a Meir—Keeler type contraction through rational expression. J. Nonlinear
Sci. Appl. 2013, 6, 162-169. [CrossRef]

17.  Najeh, R.; Abdelkader, D.; Erhan, M. A fixed point theorem for Meir—Keeler type contraction via Gupta - Saxena expression. Fixed
Point Theory Appl. 2015, 2015, 115.

18. Koti, N,; Vara, V,; Singh, A.K. Meir-Keeler type contraction via rational expression. Acta Math. Univ. Commenianae 2020, 1, 19-28.

19. Matthews, S.G. Partial metric topology. Ann. N. Y. Acad. Sci. 1994, 728, 183-197. [CrossRef]

20. Haghi, R.H.; Rezapour, S.; Shahzad, N. Be carefull on partial metric fixed point results. Topol. Appl. 2013, 160, 450-454. [CrossRef]

21. Asadi, M.; Karapinar, E.; Salimi, P. New extension of P-metric spaces with some fixed results on M-metric spaces. J. Inequal. Appl.
2014, 2014, 18. [CrossRef]

22. Patle, P.R; Patel, D.K,; Aydi, H.; Gopal, D.; Mlaiki, N. Nadler and Kannan type set valued mappings in M-metric spaces and an
application. Mathematics 2019, 7, 373. [CrossRef]

23.  Asim, M.; Uddin, I.; Imdad, M. Fixed point results in M,-metric space with application. . Inequalities Appl. 2019, 2019, 280.
[CrossRef]

24. Gordji, M.E.; Rameani, M.; De La Sen, M.; Cho, Y.J. On orthogonal sets and Banach fixed point theorem. Fixed Point Theory 2017,
18, 569-578. [CrossRef]

25.  Gordji, M.E.; Habibi, H. Fixed point theory in generalized orthogonal metric space. J. Linear Topol. Algebra 2017, 6, 251-260.

26. Gordji, M.E.; Habibi, H. Fixed point theory in e-connected orthogonal metric space. Sahand Commun. Math. Anal. 2019, 16, 35-46.

27.  Gungor, N.B.; Turkoglu, D. Fixed point theorems on orthogonal metric spaces via altering distance functions. AIP Conf. Proc.
2019, 2183, 040011.

28. Sawangsup, K,; Sintunavarat, W. Fixed point results for orthogonal Z-contraction mappings in O-complete metric space. Int. |.
Appl. Phys. Math. 2020, 10, 33—40. [CrossRef]

29. Sawangsup, K,; Sintunavarat, W.; Cho, Y.J. Fixed point theorems for orthogonal F-contraction mappings on O-complete metric
spaces. J. Fixed Point Theorey Appl. 2020, 22, 10. [CrossRef]

30. Senapati, T.; Dey, L.K.; Damjanovi¢, B.A. New fixed results in orthogonal metric spaces with an application. Kragujev. J. Math.
2018, 42, 505-516. [CrossRef]

31. Yang, Q.; Bai, C.Z. Fixed point theorem for orthogonal contraction of Hardy-Rogers-type mapping on O-complete metric spaces.
AIMS Math. 2020, 5, 5734-5742. [CrossRef]

32. Singh, B; Singh, V.; Uddin, I.; Acar, O. Fixed point theorems on an orthogonal metric space using Matkowski type contraction.
Carpathian Math. Publ. 2022, 14, 127-134. [CrossRef]

33. Harsh, V.S.C,; Singh B.; Tunc, C.; Tunc, O. On the existence of solutions of non-linear 2D Volterra integral equations in a Banach
space. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 2022, 3, 116.

34. Salim, A.; Benchohra, M.; Lazreg, J.E.; Gaston, N. Existence and k-Mittag-Leffler-Ulam-Hyers stability results of k-generalized

yp-Hilfer boundary value problem. Nonlinear Stud. 2022, 29, 359-379.


http://doi.org/10.1186/s13662-021-03538-y
http://dx.doi.org/10.1016/0022-247X(69)90031-6
http://dx.doi.org/10.4064/fm-3-1-133-181
http://dx.doi.org/10.1155/2009/129124
http://dx.doi.org/10.3390/sym14040746
http://dx.doi.org/10.1186/1687-1812-2012-26
http://dx.doi.org/10.1002/mana.200310208
http://dx.doi.org/10.1016/j.na.2010.07.026
http://dx.doi.org/10.1016/j.na.2010.08.010
http://dx.doi.org/10.1186/s13663-015-0460-9
http://dx.doi.org/10.22436/jnsa.006.03.02
http://dx.doi.org/10.1111/j.1749-6632.1994.tb44144.x
http://dx.doi.org/10.1016/j.topol.2012.11.004
http://dx.doi.org/10.1186/1029-242X-2014-18
http://dx.doi.org/10.3390/math7040373
http://dx.doi.org/10.1186/s13660-019-2223-3
http://dx.doi.org/10.24193/fpt-ro.2017.2.45
http://dx.doi.org/10.17706/ijapm.2020.10.1.33-40
http://dx.doi.org/10.1007/s11784-019-0737-4
http://dx.doi.org/10.5937/KgJMath1804505S
http://dx.doi.org/10.3934/math.2020368
http://dx.doi.org/10.15330/cmp.14.1.127-134

Symmetry 2022, 14, 1856 14 of 14

35.  Frechet, M.M. Sur quelques points du calcul fonctionnel. Rend. Circ. Matem. Palermo 1906, 22, 1-72. [CrossRef]
36. Uddin, F; Park, C.; Javed, K.; Arshad, M.; Lee, ].R. Orthogonal M-metric space and an application to solve integral equations.
Adv. Differ. Equ. 2021, 2021, 159. [CrossRef]


http://dx.doi.org/10.1007/BF03018603
http://dx.doi.org/10.1186/s13662-021-03323-x

	Introduction
	Preliminaries
	Main Results
	Fixed Points for Integral Type Contractions
	Applications
	Conclusions
	References

