symmetry

Review

New Developments in Relativistic Magnetohydrodynamics

Koichi Hattori **(J, Masaru Hongo 3** and Xu-Guang Huang

check for
updates

Citation: Hattori, K.; Hongo, M.;
Huang, X.-G. New Developments in
Relativistic Magnetohydrodynamics.
Symmetry 2022, 14, 1851. https://
doi.org/10.3390/sym14091851

Academic Editor: Sergei D. Odintsov
and Sam Vinko

Received: 6 June 2022
Accepted: 5 August 2022
Published: 5 September 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

5,6,7,%

Zhejiang Institute of Modern Physics, Department of Physics, Zhejiang University, Hangzhou 310027, China
Research Center for Nuclear Physics, Osaka University, Osaka 567-0047, Japan

Department of Physics, Niigata University, Niigata 950-2181, Japan

RIKEN iTHEMS, RIKEN, Wako 351-0198, Japan

Physics Department and Center for Field Theory and Particle Physics, Fudan University,

Shanghai 200438, China

Key Laboratory of Nuclear Physics and Ion-beam Application (MOE), Fudan University,

Shanghai 200433, China

Shanghai Research Center for Theoretical Nuclear Physics, National Science Foundation of China and
Fudan University, Shanghai 200438, China

*  Correspondence: koichi.hattori@zju.edu.cn (K.H.); hongo@phys.sc.niigata-u.ac.jp (M.H.);
huangxuguang@fudan.edu.cn (X.-G.H.)

G W N =

Abstract: Relativistic magnetohydrodynamics (RMHD) provides an extremely useful description
of the low-energy long-wavelength phenomena in a variety of physical systems from quark-gluon
plasma in heavy-ion collisions to matters in supernova, compact stars, and early universe. We review
the recent theoretical progresses of RMHD, such as a formulation of RMHD from the perspective
of magnetic flux conservation using the entropy—current analysis, the nonequilibrium statistical
operator approach applied to quantum electrodynamics, and the relativistic kinetic theory. We
discuss how the transport coefficients in RMHD are computed in kinetic theory and perturbative
quantum field theories. We also explore the collective modes and instabilities in RMHD with a special
emphasis on the role of chirality in a parity-odd plasma. We also give some future prospects of
RMHD, including the interaction with spin hydrodynamics and the new kinetic framework with

magnetic flux conservation.

Keywords: relativistic magnetohydrodynamics; magnetic-flux conservation; nonequilibrium statisti-
cal operator; chiral magnetohydrodynamics; anisotropic transport coefficients

1. Introduction

Relativistic hydrodynamics provide an incredibly successful description of the macro-
scopic dynamics of interacting many-body systems in a relativistic arena since its birth [1-5].
Its applicability ranges from very small systems such as the quark-gluon plasma (QGP)
created in high-energy heavy-ion collisions to very large systems like the expanding uni-
verse and the explosive supernovas [6,7]. From a theoretical point of view, relativistic
hydrodynamics is a typical example of effective field theories which is valid at low-energy
and long-wavelength limit. The dynamical variables in relativistic hydrodynamics are the
coarse-grained conserved quantities stemmed from the underlying symmetries. As such,
there exist a variety of ways to systematically construct relativistic hydrodynamics when
an appropriate derivative expansion is employed.

Strong magnetic fields exist and play critical roles in a number of systems where the
relativistic hydrodynamics can be applied. Examples range from high-energy heavy-ion
collisions to supernovas, neutron stars, and the early universe. In heavy-ion collisions,
the colliding nuclei induce very strong transient magnetic fields exerting on the produced
QGP [8-15]. The peak strength of such magnetic fields can reach 10! Gauss in Au + Au
collisions in a Relativistic Heavy Ion Collider (RHIC) and 1020 Gauss in Pb + Pb collisions
in a Large Hadron Collider (LHC). Given that the QGP is also an electromagnetic (EM)
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plasma, such magnetic fields can strongly influence the dynamics of QGP and induce
novel transport phenomena in QGP such as the chiral magnetic effect which provides a
valuable machinery to access the quantum chromodynamics (QCD) topological sector in
an experimentally feasible way [16,17]. (For reviews of strong magnetic-field effects in
heavy-ion collisions, see Refs. [18-22].)

In compact stellar objects such as the neutron stars, the surface magnetic fields can
reach the order of 10'2-10'3 Gauss [23], with a subclass of neutron stars (called magnetars)
having surface magnetic fields of the order of 101*~10'° Gauss [24] (Even stronger tran-
sient magnetic fields may be created in binary neutron star mergers [25,26]). The internal
magnetic fields could be orders of magnitude stronger than the surface magnetic fields.
Although the origin of magnetar magnetic fields is not fully understood, one widely ac-
cepted theory is that they result from the magnetohydrodynamic dynamo processes in the
interior fluids of some newly born neutron stars [27]. Observationally, soft gamma ray re-
peaters (SGRs) and anomalous X-ray pulsars (AXPs) are commonly identified as magnetars.
The strong magnetic fields are crucial for understanding the phenomenology of neutron
stars, particularly magnetars, such as radio emission, cooling properties, equations of state,
shape deformation and gravitational-wave emission, merging processes, and post-merger
evolution of binary neutron stars, among other things. (See Refs. [28-34] for reviews.)

Although conclusive evidence for primordial magnetic fields in the early universe
is still lacking, astrophysical studies of the large-scale intergalactic magnetic fields in the
current universe strongly support their existence. The origin of the primordial magnetic
fields has been pursued over the last three decades with possible scenarios stemming from
the big-bang era [35-37] and cosmic phase transitions like the QCD phase transition and
the electroweak phase transition [38-43]. In addition, the strong primordial magnetic fields
may have played an important role in understanding the cosmological structure formation,
the thermal spectrum, and polarization anisotropies of the cosmic microwave background,
the big-bang nucleosynthesis and baryogenesis, and so on. (For reviews of the primordial
magnetic fields, see Refs. [44-46].)

The relativistic magnetohydrodynamics (relativistic MHD or RMHD) is often used
as a standard tool to analyze the physical processes in the systems mentioned above. It
provides a macroscopic framework to self-consistently describe the evolution of the mat-
ter coupled with either dynamical electromagnetic (EM) fields or in external EM fields.
There is a long history of astrophysical and cosmological applications of RMHD (typ-
ically in the presence of gravity), and there are already a number of excellent reviews
and textbooks (see, for example, Refs. [47-51]). Over the last decade, due to the realiza-
tion of strong magnetic fields in heavy ion collisions, various aspects and applications
of RMHD in the context of heavy ion collisions have been extensively investigated, in-
cluding the study of evolution of magnetic fields in the QGP [52,53], the computation of
RMHD transport coefficients in QCD matter using perturbative field theory [54-58], kinetic
theories [59-66], and holographic models [67-70], the anisotropic evolution of the QGP
coupled with magnetic fields [71-81], the simulation of chiral magnetic effect and other
anomalous transport phenomena [82-91], among other things. In particular, the presence
of the axial charge induced by a topological nature of the system motivated people to
extend RMHD to the chiral magnetohydrodynamics (chiral MHD) [92], which gives a
potential theoretical tool to investigate the dynamical origin of the primordial large-scale
magnetic field [93-98] (see also Refs. [99-104] for earlier approaches to this problem based
on RMHD).

Instead of exploring into the details of RMHD applications in many subfields of
physics, the goal of this article is to present a two-fold overview of the theoretical aspects
of the special relativistic MHD: one based on the recent formulation of RMHD motivated
by the generalized symmetry viewpoint, and the other with the conventional approach in
which the matter components and the EM fields are separated. We will present our view to
relate these two formulations with each other.
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As a branch of relativistic hydrodynamics, the RMHD can also be considered as
an effective theory of low-energy long-wavelength modes of the system. Such modes
are usually the conserved modes like the energy and momentum modes. When the
EM fields are dynamical, it has been suggested recently that the Bianchi identity for
EM fields can be regarded as a conservation law (associated with a one-form magnetic
U(1) symmetry) [92,105-109], allowing a formulation of RMHD based solely on symmetry
argument and derivative expansions of conserved quantities (in this case, called hydro-
dynamic variables). (See also Refs. [110-115] for several applications of higher-form (and
higher-group) symmetry to hydrodynamics.) We will give detailed discussion about the
construction of RMHD in this manner in Section 2 using a phenomenological method based
on entropy—current analysis and in Section 3 using a nonequilibrium statistical operator
method. A crucial observation of such a construction is that the magnetic field, like tem-
perature and fluid velocity, persists at thermal equilibrium and can thus be assigned as a
leading-order variable in derivative expansion. This is known as a strong magnetic field
and is the scenario that we are concerned with. (We will not discuss the scenario with
weak magnetic fields at sub-leading orders in derivative expansion because the results
are less novel, though it is also very useful in practical applications.) As a result, the
constitutive relations exhibit anisotropies at both the ideal and dissipative levels, which is a
distinguished feature of RMHD (also non-relativistic MHD, in fact) [116-120].

We will then examine how this new formulation is connected to the conventional
approach in Section 4, and proceed with the evaluations of transport coefficients in kinetic
theory and in perturbative quantum field theories (QED, as an example) in Sections 5 and 6,
respectively. More novel features can appear in RMHD when the system allows parity
violation, leading to the chiral MHD. This will be explored in Section 7. We note that
there is a significant difference between the treatments of EM fields in Sections 2, 3, 7,
and that in Sections 5 and 6. In Sections 2, 3 and 7, we treat the EM fields as dynamical
variables following a recent formulation of RMHD. On the other hand, the EM fields
in Sections 5 and 6 are considered as backgrounds, and formulations are closer to the
conventional approach with the EM fields treated separately from the matter components.
Considering this difference, we compare the result of Sections 2 and 3 to the conventional
one to clarify these two formulations in the intermediate Section 4. Finally, we discuss the
future prospects of RMHD in Section 8.

Here is a summary of our notations. We use the natural units, i = ¢ = kg = 1.
For the electromagnetism, we use the Heaviside-Lorentz convention g = yg = 1 and
a = €%/ (47r)=1/137. Other notations are:

*  Minkowski metric: 17,y = " = diag(1,—1,—1,—1). A curved-spacetime metric is
denoted by g;

e Levi-Civita tensor in Minkowski spacetime: ¢*'P? with ¢ —go13 = 1;

e Fluid velocity four vector: u* =y (1, v)T withy =1/v1—-0v2and u?® = 1;

Direction of the magnetic field: b* = B//B with B = /=B, BF. Note that b* = —1
and b-u =0;

*  Projector transverse to u: A¥ = y* —utu";

*  Projector transverse to both u* and b#: EF = A*Y 4 bHDbY;

*  Cross projector: Y = —pit = e"P7u,bs. Note that uybiw =0= bﬂbfv, bf)‘bz/\ = 8",

¢  Co-moving derivative (or material derivative or proper-time derivative) of A: DA =
A=dA/dT = uta, A;

*  Spatial gradient of A: V,A = Ay,0" A;

*  Symmetrization, anti-symmetrization, and traceless symmetrization of a rank-two ten-
sor A AU) = (A 4 AYF) /2, Al = (Al — AYF) /2,and AW = (1/2)A[ A (A
+AY) — (1/3) A Ay g A™P;

*  Decomposition of velocity gradient: d,u, = u,Duy, + wyy + wy,y where wy,, = V[

0123 _

MV]

K
is the vorticity tensor and wy, = V,u,) = Vu,y + %AWG with V,u, the shear

tensor and 6 = Aargw"‘ﬁ the expansion rate of the fluid.
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2. Macroscopic Approach: The Entropy—Current Analysis

In this section, we review a phenomenological way to derive the RMHD equations
based on the second law of local thermodynamics. In Section 2.1, we first give a brief
overview of how one can build relativistic hydrodynamics without coupling to the EM
fields before going into the discussion of RMHD. This can help us understand some basic
ingredients that are essential to the construction of RMHD. In Section 2.2, we generalize
our discussion to RMHD based on the symmetry associated with the Bianchi identity.

As mentioned in Section 1, hydrodynamics is regarded as a low-energy effective theory
that describes the dynamics of gapless modes. In other words, hydrodynamics describe
the macroscopic behavior of conserved charges that do not dissipate away. Therefore, it is
crucial to identify symmetries of the system and associated conservation laws that serve as
the equations of motion (EOMs) in hydrodynamics. This observation allows us to derive
hydrodynamics from the viewpoint of the symmetry and thermodynamics of irreversible
processes [5,121] without going into details of the system. This macroscopic (phenomeno-
logical) approach is often called the entropy—current analysis since the constitutive relations
(see definition below Equation (3)) are derived by requiring the semi-positivity of the
entropy—current divergence, or the second law of local thermodynamics.

2.1. Primer to the Entropy—Current Analysis

For the sake of simplicity, let us consider a relativistic system that only enjoys spacetime
translational symmetries, and thus respects the energy—-momentum conservation law:

0,T" =0, )

where T#" denotes the energy—momentum tensor.Throughout this paper, we always con-
sider relativistic systems respecting the Lorentz symmetry, so that one can write down the
hydrodynamic equations in a Lorentz covariant manner. One may think that the Lorentz
symmetry itself leads to the angular momentum conservation law, which should give
independent hydrodynamic equations as well. However, in the strict hydrodynamic limit
(i.e., the long wavelength and low frequency limit), the angular momentum conservation
law reduces to the constraint equation that forces the energy—-momentum tensor to be
symmetric under the exchange of its two Lorentz indices. We thus use the symmetric
energy-momentum tensor T#" = T in the following discussion In the transient time
scale, called the spin hydrodynamic regime in Refs. [122-124], the spin density of micro-
scopic constituents may show its intrinsic dynamics, and the energy—-momentum tensor has
the anti-symmetric components. This is the main topic of relativistic spin hydrodynamics
which we will briefly discuss in Section 8. We also note that the discrete charge-conjugation
(C), time reversal (T), and parity (P) symmetries also impose strong constraints on the
transport phenomena. As will be seen in Section 7, breaking one or two of them will allow
the appearance of new transport terms in the constitutive relations. In this section, however,
we assume that C, P, and T symmetries are not violated.

Dynamical variables of hydrodynamics are the conserved energy—-momentum den-
sities, or the corresponding thermodynamic conjugate variables given by the fluid four-
velocity u¥—normalized as 7, u*u" = 1 with the Minkowski metric 7, = diag(+1, -1,
—1,—1)—and the local inverse temperature p = 1/T. In this paper, we employ the
Landau-Lifshitz frame [5] to define the fluid velocity by

Thu' = eu”, )

with the energy density €. The local inverse temperature is related to the energy density €
through the usual thermodynamic relation. We will later give a concrete definition of the
inverse temperature in Equation (8) when we start to consider the entropy density.
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Then, as a long-wavelength low-frequency effective theory, one can formulate hydro-
dynamics based on an expansion of T#” with respect to the small derivatives of u* and

B as

T =Ty + T +0(2%), ©)
where the subscripts (0) and (1) denote numbers of derivatives. This equation, which
expresses TH" in terms of the dynamical variable u¥ and B (or €), is called the constitutive
relation. We will construct the constitutive relation on an order-by-order basis.

In the leading-order derivative expansion, one can uniquely decompose the zeroth-
order term T(”OV) as

T(;S; = eulu’ — pA", 4)
with the projection tensor A, = 17,y — uyuy satisfying u# Ay, = 0. This is because no other
rank-two symmetric tensors can be constructed from algebraic combinations of available
building blocks u#, #"", and Levi-Civita tensor ¢*'P (normalized to be M2 — _gpi3 = 1).
The scalar coefficient functions € and p are regarded as the energy density and pressure
in the fluid rest frame. This interpretation becomes manifest, T(PS; = diag(e, p, P, p), when

we take u* = (1,0). We note that we have already imposed the matching condition
for e, T"uyu, = T(”OV) uyuy, in Equation (4), which enforces that T”lv u, = 0 following
Equations (2). On the other hand, no such matching condition is required for p, and there
could be O(d') correction to the physical pressure in the fluid.

At this stage, Equation (4) is just a parameterization of T(”OV) using the unknown function
p. In order to organize Equation (1) in a solvable leading-order hydrodynamic equation

with Tég/), we have to relate the pressure p to €. If our system is close to the local thermal

equilibrium, we can expect that such a relation is provided by the equation of state (EOS),
p = p(e), so that p is identified as the thermodynamic pressure. As we will see shortly,
p(€) has to satisfy a certain thermodynamic relation in order to respect the second law of
thermodynamics. Then, substituting the leading-order constitutive relation (4) into the
conservation law (1), one obtains the relativistic Euler equations:

(e+p)Dut —V¥p=0, (5a)
De+ (e +p)0 =0, (5b)

where we defined the material (or co-moving time) derivative D = u/9,, the spatial
gradient V;, = A;,0", and the expansion rate of the fluid 6 = 9, u*.

In the same manner, we can continue to perform the tensor decomposition of the
first-order term T(Hll; Noting that T(ylv) satisfies T(Hlv) u, = 0 enforced by the Landau-Lifshitz
frame condition and the matching condition for €, we use A" to decompose the rank-

two symmetric tensor Tgllv) into the trace part Il and symmetric traceless part /¥ (or
Ay, = 0) as

Tg”l“) = —AMTI 4 7. (6)
This equation gives the decomposition of the rank-two symmetric tensor into irre-
ducible representations of the SO(3) rotation, and thus A*'IT and 7#¥ do not mix under the
SO(3) rotation. Here, we can regard IT as the derivative correction to the pressure because
it appears at the same place as the thermodynamic pressure p does. As we will see, I1
describes a viscous correction of the pressure proportional to the expansion rate 8, while
¥ gives the shear viscous contribution describing a friction-like process induced by the
velocity gradient. As being O(9)-order quantities, I'l, and 71#¥ should be structured linearly
in the gradients of u* and B (or, equivalently, €).
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The entropy—current analysis gives an elegant way to work out such linear structures
based only on the thermodynamic laws. First, we write down the entropy current in a
similar manner as that for TV,

st = sut + 5?1) +0(9?), (7)

where s = s(¢) is the thermodynamic entropy density in the fluid rest frame, and S?l) isa
derivative correction transverse to u¥. Note that the thermodynamic entropy density is a
function of the energy density €, whose derivative with respect to € gives a definition of the
local inverse temperature f(x) = 1/T(x) as

9s(e)

B(x) := % |oeir & T(x)ds(x) = de(x). 8)

Then, using the chain rule for the material derivative of the entropy density, and
the contracted equation of motion u,d, T"" = 0 with Equations (4) and (6), we find the
divergence of the entropy current to be

dus! = B(Ts — € — p)0 — BIIO + B0, u,, 7" + Bys?l) +0(2%), 9)
where we introduced the symmetric traceless projection of the velocity gradient 0,11,
(called shear tensor) as

1

M) = vikyY) = (VMY + VVul) — 300, (10)

N —

Since the divergence of the entropy current gives a local entropy production rate,
the second law of local thermodynamics requires d,s* > 0 for any configuration of the
hydrodynamic variables § and u*. This is achieved by identifying the first-order entropy
current as 5?1) = 0 and the following conditions:

Ts = €+p, (11a)
I = -26, (11b)
™ = 2y oty (11¢)

Here, Equation (11a) gives the thermodynamic relation, which restricts p(e) ap-
pearing in the leading-order constitutive relation to be the thermodynamic pressure.
Equations (11b) and (11c) complete the first-order constitutive relations with the phe-
nomenological parameters (, 7 identified as the transport coefficients called bulk viscosity
and shear viscosity, respectively. The second law of local thermodynamics d,,s* > 0 requires
the semi-positivity of those transport coefficients.

With the identification of IT and 7t#* given in Equations (11b) and (11c), we obtain the
hydrodynamic equations up to O(9?) by substituting the derived constitutive relations into
the conservation law (1). By projecting the obtained equation into the spatial and temporal
directions, we have

(e+p—0)Dut —V¥(p—26) + 2A58p(178<”up>) =0, (12a)
De + (€ + p — {8)0 — 2721, 0% u¥) = 0. (12b)

These are the relativistic Navier-Stokes equations.

One can continue the above procedure to higher orders in derivative expansion.
The resultant constitutive relations and the hydrodynamic equations become complicated,
and we do not report these higher order results here. The readers who are interested in
such results can find excellent discussions in, e.g., Refs. [7,125,126].
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2.2. Relativistic MHD from the Magnetic Flux Conservation

We now proceed to the discussion of RMHD. Here, what is different from the usual
relativistic hydrodynamics is the existence of the U(1) gauge field, or dynamical electric
and magnetic fields. We thus first need to examine whether or not those fields deserve to
be qualified as hydrodynamic variables that persist in the low-energy long-wavelength
limit without being damped out in a fluid.

Firstly, one finds that the electric field is not a hydrodynamic variable. To see this,
notice that electric fields are subject to the Debye screening, which is a static screening effect
in the long spacetime limit [127,128]. Namely, an electric-charge density is redistributed
so that the Coulomb field offsets the electric field in an equilibrium state. Therefore, an
electric field is a gapped excitation due to the Debye screening mass and does not deserve
a hydrodynamic variable. One also finds the same conclusion from the Maxwell equation
J,F"W = ]V, where F,, := 9, Ay — dy Ay is the field strength tensor and J# is the electric
current. The Maxwell equation indicates that the electric flux is not conserved due to the
presence of the electric current. With a given constitutive relation for J# describing the
Ohmic current, as shown in Appendix A, the electric field behaves like a decay mode in
neutral plasma.

In contrast, there is no static screening effect on a magnetic field, meaning that magnetic
field enjoys its intrinsic dynamics in the macroscopic scale even in a medium. This quali-
tative difference from the electric fields stems from the absence of a magnetic monopole.
Namely, there is no “magnetic charge” distribution that can screen magnetic fields. This is
a consequence of the Bianchi identity 9, FM = 0, where we defined the Hodge dual of Fu
by F1V = L1elPoF,,.

The novel formulation of RMHD reviewed in Sections 2 and 3 of this paper is based
on this simple observation that the magnetic flux is a conserved quantity [92,105-109,129]
due to the Bianchi identity. This observation allows us to straightforwardly derive RMHD
according to the philosophy of hydrodynamics that motivates us to keep only the con-
served quantities resulting from the associate symmetries. (The corresponding symmetry
associated with the conserved magnetic flux is called a one-form magnetic U(1) symme-
try [130]. This gives a generalization of the usual global symmetry because the conserved
magnetic flux acts on a one-dimensional extended object, or a "t Hooft loop, rather than
a conventional local operator having a point-like charge.) In this section, we formulate
RMHD by plugging the magnetic-flux conservation law into the entropy—current analysis.
In Section 3, we identify the symmetry for the magnetic-flux conservation inherent in QED
and provide the derivation of RMHD on the basis of the nonequilibrium statistical method.

Before diving into the entropy—current analysis, it is useful to pay our attention to a
basic difference with the conventional formulation of MHD [131-136]. In the conventional
formulation of MHD, the starting point is to couple the Navier-Stokes (or Euler) equation
with the Maxwell equation and Bianchi identity. This means that we also keep the electric
field as a dynamical variable, which shows a non-hydrodynamic relaxational behavior
according to our identification. Thus, the conventional MHD describes the transient
dynamics including the electric field. On the other hand, the new formulation only keeps
conserved quantities as the dynamical variable, and gives a low-energy effective theory in
a strict hydrodynamic limit.

2.2.1. Entropy Production Rate with Magnetic Flux

Let us perform the entropy—current analysis to derive the RMHD equation. This is
carried out as a direct extension of the simple analysis in Section 2.1 by additionally
considering the magnetic-flux conservation law.

First of all, the energy—-momentum and magnetic-flux conservation laws are given as

0,T" =0, 9,[" =0. (13)
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Here, we note that T is the total energy-momentum tensor of the system that includes
not only the matter part but also the contribution from the EM fields. The second equation,
or the Bianchi identity, indicates the conservation of magnetic flux, which corresponds to
the Gauss’s law for the magnetic flux in the absence of a magnetic monopole. Following
the philosophy of hydrodynamics discussed above, we do rnot include another Maxwell
equation into the set of hydrodynamic equations because it describes the time evolution of
the gapped electric fields.

We then introduce the dynamical variables of RMHD. Associated with the conserved
energy-momentum density, we again employ the Landau-Lifshitz frame to define the
energy density € and the normalized fluid four-velocity u# by Equation (2). In addition,
we define a magnetic flux density by B¥ = F*’u, in a covariant manner. This four vector
reduces to B* = (0, B) in the local rest frame with u* = (1,0,0,0). Thus, the number of
independent components of it is not four but three, which is manifest by noting that B¥ is
transverse to the fluid velocity, i.e., u, B¥ = 0.

Let us next introduce the conjugate variables based on the first law of local thermody-
namics. Relying on the thermodynamic entropy density s(e, B") in the rest frame, which is
a function of the energy density € and magnetic flux density B¥, we define the local inverse
temperature B and (in-medium) magnetic field H as

iz B

With the help of these variables, we will derive the constitutive relations for T#" and
1. Here we note that, in Section 2, 3 and 7, we call H,, the magnetic field and B the mag-
netic flux density, but, in other sections, we call B! the magnetic field
without confusion.

To perform the entropy-current analysis with Equations (13) and (14), it is useful to
decompose T* and F* into possible tensor structures. In the present setup, we have the
magnetic flux vector B* in addition to the flow vector u* as available zeroth-order vectors.
It is then convenient to introduce a normalized vector b* = B¥/B with B = /—B,BF
such that 7,,,b#b" = —1 and u,b* = 0. With this vector, we also introduce a projector
EMV = AW 4 bFbY transverse to both ¥ and b¥ (E#u, = 0 = E*by). By the use of those
tensors, we parameterize the constitutive relations as

T = eutu’ —p B + p b'bY + Tg‘lv) (15a)

Ew = BFyY — BYul + F(”l”) ) (15b)

Here, we assume that p |, p| are zeroth-order in derivatives. The first-order corrections

are collectively denoted as T(ylv) and 15(;111; Considering a charge-neutral and parity-even

plasma, we assume the charge—conjugation symmetry and require the energy-momentum
tensor T'” not to have a charge-conjugation odd term proportional to u(*b") at the zeroth-
order in derivatives. Likewise, F*V could not have a term 8”“"5uab/5 at the zeroth-order
because the resulting scalar coefficient for such a term is parity odd. Plugging those
expressions into the equations of motion (13) and contracting those with Bu, and Hy,
we obtain

v

0= uyd,T" = De+ (e +p1 )0+ (pL — p|)bub"0,u’ + uvay% , (16a)

0= HyduF" = —H,DB" — B"H0 + B! Hydyuu" + Hyd, F(}) - (16b)
Here, we note that our definitions of €, u¥, and B* lead to the matching conditions

uVT(Hlv) =0= uvﬁ(yﬁ (see Appendix B).
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Now, let us compute the divergence of the entropy current s# = su* + s'. 1)- Asin the

previous section, we use the chain rule and the equations of motion (16) to eliminate De
and —H, DB¥. Then, we obtain

_ M
dus! = s6+4Ds+ ays(l)

— H
= s6+ pDe — BH, DB + IS (1)

= B(Ts—e—pyL+B'Hy)0 — B! [(pL — Pn)bv + Hv]ay”v
+T13 (Buw) + FlY0, (BHy) + 3y (sfy) — Bu Tl — BHLESY) . (17)

Applying the second law of local thermodynamics d;,s* > 0 to Equation (17), we will
derive the RMHD equation in the leading and next-to-leading orders in derivatives.

2.2.2. Zeroth-Order in Derivatives: Nondissipative RMHD

At the leading order in derivatives, we find a set of constraints by requiring the
absence of entropy production. For this requirement to be satisfied in any hydrodynamic
configuration, all the leading-order terms should vanish independently because they are
proportional to the irreducible tensor decomposition of 9,1, and a non-derivative form of
u, in Equation (17). We thus find the following four constraints:

Ts+B'H, =€e+p,, (18a)

The first constraint serves as an extension of the thermodynamic relation with the
magnetic flux. The second constraint indicates that there is a pressure anisotropy p, — p =
BMH, (> 0) induced by the finite magnetic flux (cf. Figure 1). In addition, noting that the
magnetic field H* is parallel to B¥ and recalling that the (in-medium) magnetic field is
parameterized by H* = —u,,! B* with the magnetic permeability y,,, one identifies that
the pressure difference gives the magnetic permeability, ! = (p, — P/ |BJ2.

Figure 1. Anisotropic pressure induced by the magnetic field and the magnetization.
We conclude that the leading-order analysis leads to the following constitutive relations:

T = eulu’ —p E" + (p, — BYH,)b"b", (19a)
" = BfuY — BYut. (19b)

Note that the derived constitutive relation for F(Pg; indicates that the electric field is

absent at the leading order because it is given by Eé’o) = — %d‘”‘ﬁuylf(o) ap = 0. This result is

consistent with our starting point treating the electric field as a non-hydrodynamic gapped
variable. We will find that an electric field (and corresponding electric current) appears as
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a first-order derivative correction. This will clearly show that they are slaved to the true
hydrodynamic variables in the strict hydrodynamic limit as shown below in the form of
the first-order constitutive relation.

2.2.3. First-Order Derivative Corrections: Dissipative RMHD
We proceed to the derivation of the first-order corrections T(Vlv), IE(”lv) Being equipped
with the identified constraints (18), we can simplify the entropy production rate (17) as

oust = /ZT(H;;BVMV + ﬁg‘lv)aﬂ(/sHv) + 9y (s?l) - ﬁuvT(”l]; - /sHVﬁ(”l”)) , (20)

where we used T(”;; u, = 0. Noting that u, and fH, are independent variables, one can

ensure the semi-positive entropy production, or the local second law aysﬂ > 0, in any
hydrodynamic configuration by requiring that

Ry = /sT(P‘lv)ayu,, >0, (21a)
Re = F})ou(BHy) >0, (21b)
si(‘l) = ﬁuvir(”l'; + 5HVF("1”) ) (21c)

As we will see, the first two conditions are satisfied by requiring each term to be a
semi-positive bilinear form, which determines the first-order constitutive relations. With
the resulting constitutive relations, we can also find the derivative corrections to the entropy
current from Equation (21c). Below, we will separately analyze the constitutive relations
for Tg‘f; and l:"(yl).

Electric Field and Resistivities
Let us first derive the constitutive relation for I:“(”ll;, focusing on Equation (21b). To

make R a semi-positive bilinear, we can express Fgllv) as

F(”l”) = Tp""*791,(BH,)- (22)
Here, we introduced a rank-four tensor p#'*?, which will be identified as a resistivity
tensor. As we will see, the semi-positivity of Rg and the anti-symmetric property in the
Lorentz indices restrict possible structures of the resistivity tensor p#"f7.
To identify the tensor structure of p#"?’, we first recall that 1:"(”11; is transverse to u",
EY
(1)
Moreover, we note that it is anti-symmetric with respect to the exchange of its Lorentz
indices p <+ v and p < ¢. Taking into account these properties, we can write down the
most general form for p#"?? in a neutral plasma as

uy = 0. Thus, we can use b* and E#¥ to perform the tensor decomposition of p#f7.

plPT =2p | (bP‘E”[Pb"] - bVaP‘[Pb"}) +2p) BHPEI. (23)

The two coefficients p | | will be identified with two components of the electric resis-
tivity (see Section 4.2). Those tensor structures project out the gradient of the magnetic field
in parallel and perpendicular to b* as opposed to what the subscripts of p,| | denote. This is

because the electric field is defined with fé‘lv and the antisymmetric tensor that swaps

the directions (see Equation (25) below). Note that p#'?” cannot have a tensor structure
including b}’ := ervep uybp because any such term would violate the charge-conjugation
symmetry. To respect the second law of local thermodynamics, we require semi-positivity



Symmetry 2022, 14, 1851

11 of 63

of the two resistivities, p =0 and p; > 0. In fact, substituting Equations (22) and (23) into
Equation (21b), we find

RE:STpL(b[ e (ﬁHa]))z—i—szH( mHb eV, (ﬁHa]))z (24)

which is positive semi-definite. Equations (22) and (23) complete the constitutive relation
for F{ 1)" The first-order corrections to F( 1) give rise to an induced electric field

1 . =
E?l) = —ESHWC‘BMVF(U&IB = (prbe - pLa””)Tvaﬁu)‘a“(ﬁHﬁ), (25)

where we used an identity 2b} wppl = Ez fV*Pu,, obtained from the Schouten identity.

Stress Tensor and Viscosities

One can derive the first-order corrections to the energy-momentum tensor Tg‘lv) in the
same manner. To ensure the semi-positivity of (21a), the left-hand side should also be a
positive semi-definite bilinear. Introducing the rank-four viscous tensor #/"*?, we now
express Té‘lv) as

T(“l'; "1, (26)

and identify the tensor structure of ##*7.

We first recall that we employ the Landau-Lifshitz frame (see Appendix B for a detailed
discussion on the frame choice), in which Tgllv) is transverse to u" as T(Vlv) u¥ = 0. Thus, we
can only use b* and Z*¥ as a possible vector and tensor to decompose the viscous tensor
7M. Note that b, cannot be used to decompose 7#*” because of charge-conjugation
symmetry. Moreover, recalling that T#" is the symmetric energy—momentum tensor, one
finds that the viscous tensor should be symmetric with respect to the exchanges between
its Lorentz indices y <+ v and p <+ o. These properties allow us to perform the tensor
decomposition as

ntPT =g brb bPbY + ¢y BFVERT — O (BMDYEPT + EFYDPDT)

_ 47]”},@31/)(%‘7) + WL( mpemvp | mvemHB ﬂvaﬂﬁ), (27)
where we introduced five viscosities—three bulk viscosities { |- ¢1,Cx and two shear vis-
cosities 77, 17 .. As we will specify, these viscosities must satisfy a semi-positivity constraint
to ensure the second law of local thermodynamics.

To get a physical intuition of the dissipative processes and find the semi-positivity
constraint attached to each viscosity, it is useful to decompose the velocity gradient as

1
O(ytty) = —6)byuby + 01 Eyw — 2bab(,Ey g0 uP) + 3y, (28)

where we defined o) := (=b*b")0yuy, 0, := EF9,u,, and

[1]

1 L) Lanl Lanl ~ -
Oty = 5 (ZanBup + BavByp — Epuup) 0" (29)

Using this decomposition, we find the first-order derivative corrections to the consti-
tutive relation (26) to be

Thy = = (610 +8x0.)0"b" + (£161 + 56"

- 417”b(V.EV)(pb‘7)apug + 25 9lmyt, (30)
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Equation (30) allows us to get a physical intuition on the dissipative process attached
to each viscosity. Without the magnetic flux, an expansion/compression rate is given
as § = V,u. In the presence of the magnetic flux, the expansion/compression in the
parallel and perpendicular directions should be distinguished from each other, and thus
we have GH and 6, . Two viscosities { I and (| describe a resistance to such two expan-
sions/compressions, respectively. Similarly, the flow gradient for the shear deformation is
projected into the parallel and perpendicular directions, which leads to the two friction-like
processes described by 77 and 77, (cf. Figures 2 and 3). Based on these observations, we iden-
tify two coefficients (|| and ¢, with bulk viscosities and another two coefficients 7 and 77
with shear viscosities. In addition, there is an off-diagonal cross response proportional to { .
We also identify { « as one of the bulk viscosities since the associated term describes the cross
response of the anisotropic pressures to the two expansion/compression rates (cf. Figure 4).
These processes are reciprocal to one another, and the associated transport coefficients
should be the same according to the Onsager’s reciprocal relation [105,121,137,138]. Putting
4 | = (| = (x and 1| = 1L, one can confirm that the anisotropic viscous corrections in
Equation (30) reduce to the isotropic form (6) by the use of 6 = 0)+6. and the identity (28).

q vl €y

s
-

V- K V-uy

Figure 2. Longitudinal and transverse bulk viscosities that are the off-equilibrium responses of the
pressure (green arrows)in the direction of the expansion/compression (blue arrows) of the system.

nL

|
_%| ﬁ'///
77 ~

8J_’LL||

—

Figure 3. Shear deformations in and out of planes with respect to the magnetic field direction.

CX P C; | -

-

bt s — - —
- = - -2
S - >

Figure 4. Cross bulk viscosities that are the response of the pressure (green arrows) in the orthogonal
direction to the expansion/compression (blue arrows) of the system. Those two cases are reciprocal
processes to each other.Compare those two with Figure 2.
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We next investigate the positivity constraint required for the viscosities. Substituting
the decomposition (28) into Equation (21a), we obtain

Ru = Byt 0,u,0,u0

N (0 i .
=P GL)@X é) (m) o+ 2611 (260,20 bedu) 4 28011 (D) (3D

Firstly, the last two terms are positive semi-definite by requiring 77y > 0 and 17, > 0.
On the other hand, for the first term to respect the local second law, the matrix composed
of the bulk viscosities should be positive semi-definite. This means that the eigenvalue

of that matrix needs to be non-negative: {; + 7, > i\/ (¢ |1—¢ 1)?+47%. Notice also
that the semi-positivity should be separately ensured in a parallel expansion/compression
(QH # 0, 8, = 0) and in a perpendicular one (8, # 0, GH = 0) as necessary conditions,
requiring that ¢ I > 0and ¢; > 0. Then, we find an inequality, { Hé - QZX > 0, from the
above eigenvalues. Summarizing, we found five inequalities

n =0, 7.>0, §=0, {1 >0, {jgL—C%>0. (32)

Since the third and fifth (fourth and fifth) inequalities imply the fourth (third) inequal-
ity, one can get rid of either third or fourth inequality. See Appendix D for more discussions
and comparisons to the results in the literature. We also note that the second law of lo-
cal thermodynamics does not require the sign of {« to be semi-positive, but requires an
inequality among {x and {| ; .

3. Nonequilibrium Statistical Operator Method for Relativistic MHD

From the underlying quantum field theory, one can also derive RMHD equations by
generalizing the nonequilibrium statistical operator method which was initiated by some
Japanese physicists in 1950s [139,140], further developed in the 1960-1970s [141-146], and
sophisticated quite recently [109,147-153]. We here review such an approach for deriving
RMHD (see Ref. [109] for more details).

3.1. Optimized Perturbation with Local Gibbs Distribution

The vital point in the nonequilibrium statistical operator method is to correctly identify
the appropriate form of the density operator. As we already discussed, the dynamical
variables in RMHD are the energy—-momentum density T(;l and the magnetic flux density

F% in a given coordinate system. Let us first identify these operators by considering QED
as an underlying quantum theory. The QED Lagrangian is given by

. - 1
Laep = i7" Dutp — mipp — 1" y*PFuaFop, (33)

where we introduced the Dirac field ¢ with electric charge g, its Dirac conjugate ¢ = ¢f+9,
and the U(1) gauge field A,. We also defined the covariant derivative D, := 0, —igA,p
and the field strength tensor Fy,, := 9, Ay — dyAy,. The Poincaré symmetry and the Bianchi
identity enable us to find that the operators,

T = iy Doy + F0Fyy — 8l Lqu, B = 26" Ey, 69
satisfy the following Ward-Takahashi identities:
0, Th(t,x) =0, 9,F"(t,x)=0. (35)

Note that in order to keep the notations simple, we use the same symbol for operator
[ and its expectation value, (F*V), the meaning should be self-explained in the context.



Symmetry 2022, 14, 1851

14 of 63

One may wonder how the Bianchi identity is related to the symmetry of QED. In fact, it is
not so obvious how the QED Lagrangian is equipped with the corresponding symmetry—
the magnetic U(1) one-form symmetry—since it does not act on the local operator sitting in

Equation (33). Rather, it acts on the line operator exp (i / dux Ay> , called the t'Hooft line
C

operator composed of a dual gauge field ﬁy defined by fﬂ‘/ =0dy A, — avﬁy. The insertion
of the t'Hooft line is regarded as putting the test particle with the magnetic charge and is
analogous to the insertion of the Wilson line [130]. Thus, consider that Equation (35) as
the equations of motion is on the canonical line to set the starting point in constructing a
symmetry-based effective theory.

We then identify T#' and F*' in the previous section with expectation values of
the above quantum operators T#" and F*. This identification motivates us to specify
the appropriate density operator as the one describing fixed expectation values of our
dynamical variables (19 (t, x)) and (FO¥(t,x)). The so-called local Gibbs (LG) distribution
pLG[At; t] realizes such an density operator, which is parameterized by a set of the Lagrange
multipliers Ay := {BF(t,x), Hy(t,x)} as

prclAe t] := exp(=S[As t]), (36)

where we introduced the entropy functional operator
S[Apt] = — /d3x [Tov(t,x)ﬁ”(t,x) + FO(¢, x)?-tv(t,x)] +¥[Ad]. (37)

Here, the first argument A; in prg[As; t] and S [A¢; t] describes their functional depen-
dence on the Lagrange multipliers, A; := {B¥(t, x), H,(t, x)}, while the second one t repre-
sents the time argument for a set of the conserved charge-density operators
¢ := {T9(t,x), F%%(t,x)}. One finds that these Lagrange multipliers can be decomposed as
BH(t,x) = B(t, x)ut(t,x) and H,(t,x) = B(t,x)Hy(t, x) with the local inverse temperature
B(t, x), the fluid four-velocity u*(t, x), and the magnetic field H,, (¢, x). In the following, we
express the average of a quantum operator O over the LG distribution as

(O)5S = Tr(pLclAi; t]O). (38)

In Equation (37), we also defined the local thermodynamic functional ¥[A;], called the
Massieu—Planck functional, as a normalization factor of the LG distribution

¥[A¢] :=log Trexp (/ d3x {T(L(t,x)ﬁ”(t,x) + FO(t, x)Hu(t, x)} > (39)

This functional is used to extract the average charge densities

(M = iy )0 - % "

In addition, we define the entropy functional S[c;] by taking the average of Equation (37)
over prg[As; t] as

See] = — / A [ (1 (1,2)58B" (1) + (F (1, 0)) 55, (1,2)| + WAL 41)

In other words, the entropy functional S[c¢| is defined by the Legendre transform
of the Massieu-Planck functional ¥[A;], and thus its argument is the averaged charge
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densities ¢; = {(T9(t, x))ktG, (foﬂ(t,x))%tc}. One then finds the Lagrange multipliers, or
local thermodynamic variables conjugate to the conserved charge densities, as

. (SS[Ct}
6T, (t,x)

(SS[Ct]

Bt (t,x) = _7(51?()?‘(1‘,96),

Hy(t,x) = (42)

which are consistent with Equation (14) in the previous section.

To describe the dissipative transport phenomena with the nonequilibrium statistical
operator method, we require a crucial assumption that the density operator gy at the initial
time t be given by the LG distribution gy = prg[A+y; to] [109,144-147,149]. Using the
Heisenberg picture, we define the expectation value of an arbitrary Heisenberg operator
O(t) at time t(> tg) as

(O() :=Te[poO(1)] = (O(1))37, (43)

where we expressed the rightmost side using the above assumption and Equation (38).
Then, according to our identification, the averaged Ward-Takahashi identities,

9u(Th(t,x)) =0, 9,(F"(t,x)) =0, (44)

should provide the RMHD equations after an appropriate derivative expansion is employed.

From this microscopic point of view, we have already fixed the definition of expectation
values (T4 (t,x)) and (F*(t,x)) by Equation (43). Thus, the remaining problem is to derive
the constitutive relations for Equation (43) based on our density operator pg = prg[A+; fo]-
However, recalling the result in the previous section, one realizes that this is a tough
problem; we expect that the resulting constitutive relations should be expressed by the
conjugate variables A; at time f, whereas our density operator pg = prG[A+; to] only contains
those Ay, at the initial time #(. In fact, the expectation value at time ¢ (> f) in the present
setup is always defined by taking average over the initial density operator g = pr.G[A¢y; to),
which only contains conjugate variables at the initial time. Thus, it sounds impossible to
express (1% (t,x)) and (F*(t,x)) in terms of A; at time t as we did in the previous section.

The above observation implies that the initial density operator py = prg[As,; to] does
not give a useful starting point to evaluate the expectation value at later time (> ty).
Instead, one immediately finds that the better starting point is the local Gibbs distribution
at time ¢. The question is how we can shift into such a different distribution when we do
not even have conjugate variables other than those at initial time f.

We can resolve this problem by invoking the optimized (or renormalized) perturbation
theory (see, e.g., Refs. [154-156]). Suppose that we know the configuration of the conserved
charge densities at time ¢. With the help of the entropy functional S[c;], we first define the
conjugate variable A; by Equation (42). One can show that this definition is equivalent to
requiring the following matching conditions:

(TY) = (T9)5¢,  (F%) = (F™)5C. (45)

Using the defined conjugate variables A;, we rearrange our density operator as

=N

\ . . 1 A .
o = e~ SAHEItA] — o=SINAIT, exp < / dreTSIAS [ 10: A] eTS[/\t;t]>’ (46)
0
where we just added and subtracted the entropy operator S[t; A;] at time t and defined the
entropy production operator %[t, to; A] as
B[t to; A] := S[As; t] — S[Aty; to)- (47)

The rightmost side of Equation (46) gives a useful formula for the derivative expansion
since the entropy production operator %[t, ty; A] will be shown to be O(3!). Thus, we can
regard 3[t, to; A] as a derivative correction, and Equation (46) gives a familiar perturbative
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expansion formula in the interacting picture, which we learn in the elementary course
of quantum mechanics. As a result, we see that the nonequilibrium statistical operator
method gives one useful expansion scheme relying on the new optimized (or renormalized)
parameter A;.

Expanding the rightmost side of Equation (46) at the first-order in £[t, fo; A], we obtain

(T (1)) = (T (1, )56 + (19 (t, %), £[t, to; A] )¢ + O(£2),

N ~ - . . (48)
(FM(t,x)) = (F" (£, 2))5C + (F'(t,x), £[t, to; )¢ + O(£2),
where we introduced the Kubo-Mori-Bogoliubov inner product:
A A 1 & . ~ & N
(A,B)::= [ ar(emshl de Mg LC, (49)

Equation (48) indicates that we have separated the problem into two parts: The first
one is to evaluate the expectation value of currents with the LG distribution describing the
local thermal equilibrium

T =

= (P a)NG, Bl = (B ()G (50)

0
which will be shown to contain the leading-order terms in derivative. The second one is to
find the dissipative corrections

Ty = (T"(tx), £t o AD), - Fyy = (F"(6,%), [t to; Ay, (51)

by computing the entropy production.

3.2. Evaluating the Local Gibbs Averages

Let us first investigate the LG-averaged currents given in Equation (50). In evaluating
these expectation values, it is useful to put our system in the curved spacetime described

by the vierbein e,/ and introduce a background two-form gauge field b, that couples to

F™. In the presence of these background fields, one can show the following variational
formulas [109]:

<Tﬂv(t,x)>/\t = ‘Boﬁ&ﬁ‘(t,x) as 52)
v X LG L V} 5T[/\t] 5T[/\t]
(FM(t,x)) 3, B /7 (ﬁ % 5H,( )+(5bw(t,x)>'

where ¢', is the inverse of vierbein and B° denotes the zeroth-component of the four vector
p¥. Here, we also used 1y := det g;; with a spatial part of the metric g;; = ei“e]»b 2. Thus,

LG once we obtain

we can derive the LG expectation values (T"(t,x))}" X, and (Frv(t, X))x
the form of the local thermodynamic functional ¥[A;] under the background fields.

To specify the form of the Massieu—Planck functional ¥[A;], we can rely on the path-
integral formula [109,150]. Substituting Equation (34) into the definition (39) of ¥[A¢] and
following the usual procedure of deriving the path-integral representation for the partition

function, we obtain

¥[Ai] = log | DYDFDALS(F) det(dF /a) exp ( /O P drd3x\/7gZQED>, (53)

where B is an arbitrary constant reference inverse temperature, and F denotes a gauge
fixing condition F = 0 with a gauge parameter a. Due to the inhomogeneity of the local
thermodynamic variables A;, we need to perform the path-integral not in the flat Euclidean
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spacetime but in the emergent curved spacetime with the two-form gauge field. In fact, we
find the Lagrangian density in Equation (53) to be

= S PTEN - 1 . 1. -
Laep = if7"e/ Dytp — mipyp — 18" FuaFup + 5by F, (54)

and the background fields—the thermal vierbein ¢ and thermal two-form gauge field

by, —are given by

an =e%u?, é%:=¢" by :=¢e"H, bl] = bij/ (55)
where we defined e”(*) = B(x)/Ber. We also defined the thermal metric g, := e,/ e ap
with § := det gy, and the covariant derivative

~ = . i
Dyt := dutp — 10 Aup — 5@, T, (56)

with the representation matrix of the Dirac spinor under the Lorentz transformation X, :=
i[va,v5]/4. The derivative in the thermal space is given as 0, = (id,d;) and the spin

connection @y“b is determined by the thermal vierbein EH” as [150]

@t = %éwébp(cw — Coup — Cuup)  with Cpyp 1= (9y8pc — pPuc).  (57)

In short, the Massieu-Planck functional is described by performing the path integral
for QED in the presence of the curved and two-form backgrounds. This result is a general-
ization of the background field method to the locally thermalized system. We can read off
the symmetry properties of the Massieu-Planck functional as follows. To see this, note that
the line element d§? and two-form gauge connection b,

ds? := g d# @ di’ = —e*(df + a;dx’)® + g:dx’ @ dod, (58)
- 1-~ - » . , 1. . .
b= Sbudf AdT’ = boi(dT + ajda’) A da’ + Ebfjdxl Adx, (59)

describe the backgrounds. Here, we defined (df,d¥) = (—idt, dx) and expressed d&? and
b using the Kaluza—Klein parameterization

a; = —e_”ui, g:] = g1] + uiuj, El,] = bz] - Eo]'ﬂi - Eioﬂ]‘. (60)

The apparently complicated Kaluza—Klein parameterization is, indeed, useful because
the Massieu—Planck functional is invariant under the Kaluza—Klein gauge transformation

x—x =ux, (61)

and e’, ’yfj and by; and b/; are all invariant under the Kaluza—Klein gauge transformation.
In addition, the Massieu-Planck functional is invariant under the spatial diffeomorphism
and gauge transformation acting on b;;,

X = = fl(x), (62)
The crucial point here is that the Massieu-Planck functional has to respect the symme-

tries under the transformations (61)—(63). Using this symmetry property and relying on the
derivative expansion, one can write down the most general form of the Massieu-Planck
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functional in an order-by-order basis in derivative. In the leading-order expansion, we

have two zeroth-order invariant scalars e”*) = B(x) /B¢ and (1501'(9())2 =e"MH(x) =
H(x)/ Bref, where we decomposed the magnetic field as H, = —Hb, and H, = —Hb,
with the normalized spatial vector b*. Moreover, there is no invariant scalar at O(d'), and
thus the most general form of ¥[A] in the leading-order expansion is given by

¥ = [ drde /(B H) +0@) = [ @B H) +O@). (69

Recalling the variational Formula (52), we find that the functional derivative of
Equation (64) leads to

(T (8, 2))5C = eutu? — p (g — utu¥ +bFBY) + p bFD,

~ (65)
(FF (¢, %))5C = B(bMu? — b'ul),

where we have taken the flat background limit and introduced a set of the scalar functions

=200, o=y p=p-puE B=psh. )

All of them can be extracted from the single function p(B, ). Equations (65) and (66)

give the leading-order constitutive relations of RMHD, which agree with Equation (19) in

the previous section (recall B~!HB = H"B,,). In contrast to the entropy—current analysis,

we now have the microscopic path-integral formula for p(f, 7). One can thus, in principle,

compute all coefficient functions in Equation (66), or the equations of state, from the
underlying microscopic theory, i.e., QED.

3.3. Evaluating the Dissipative Corrections

We next evaluate the dissipative corrections given in Equation (51). For this purpose,
we first rewrite the entropy production operator by using the Ward-Takahashi identity (35)
and performing integration by parts. The resultant expression reads

A A A t A
[t to; A] == S[As; 1] — S[Aw; fo) :/ A9, S ]
to

ot _
- _ dt’atl U d3x/ ﬁ”(t’,x’)TOV(t’,x’) +Hv(t’,x')F0V(t’,x’)) +‘I’[)\y]}

v [oT (1, )0, () + ST (1, )3, ()], (67)

to

where we defined a deviation §O(t) := O(t) — <(’j(t)>}f To obtain the third line, we also
used the following identity:

A¥[A] = / ﬁVTO +HE OV> >;G (68)

- / & (1§ 50,B, + ()50, ).

Note that the entropy production operator %[t, to; A] in Equation (67) contains the time
derivative of the parameters A,. This can be explicitly seen by using the projection tensor,
O = utu, + AL, that decomposes a derivative as

oy =uyD+V, with D:=u9,, V,:= A;av. (69)

Substituting this decomposition together with g# = pu# and H, = —Hb,, we obtain
the following expression for the entropy production operator:
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t . _
£lt 1A = — [ df @ [u},uV(STWD,B + 1, 6TH D, — u, b, 6F* DM
0

— HuuSF* Dby, + BSTHV yuy + 1, 6TH'V B (70)
+ HOFM b,V + OF AV My .

Here, it is important to eliminate time-derivative terms in the first line. Otherwise, the
resulting Green-Kubo formulas pick up contributions from gapless linear hydrodynamic
modes, which prevents us from obtaining convergent time integrals for the transport
coefficients. In Ref. [109], we accomplish such a procedure by a formal manipulation. To
complement that formal manipulation, we will explicitly demonstrate this procedure here.

To eliminate the time-derivative terms, we solve the leading-order RMHD equations
following the leading-order constitutive relations (65). Using Equation (65), we find the
leading-order equations of motion

0= SHT(}S; =0y [eu'u’ —p, (y" —utu”) + B*H'], (71a)
0 = 9, Fly) = ou[B"u’ — B'ul], (71b)

where we used p| = p, — HB to express p| in terms of B¥ = Bb” and H” = —HDb". After
contracting these ideal RMHD equations with appropriate tensors such as b, we obtain
the following set of equations:

De = —(e+p.)0 + HBY), (72a)

(e+pr)Duy, = Vyp, — Hy0,B" — A,,B'9, HF, (72b)

DB = —Bf,, (72¢)

Db’ = E"Pb'9,u, + B~ 1u'0, B, (72d)

where we used 6 = 6 + 6, with 6 = —b"boyuy and 0 = E'9,u,. Combining these

equations with thermodynamic relations, we can further simplify Du, and also find the
time derivatives of conjugate variables D and DH as (see Appendix C for a derivation)

9 9H )
op = (% -5 Jo %0, o
_ %Ly _p(%L _poH
DH = —pT20, /3( T B )y, (73b)
- 11
Duy = ' Vip— (267 Bb" Y, M, + 0 HBu, |, (73¢)
Db, = Eb"V u, + B u,9,B". (73d)

These leading-order equations of motion for thermodynamic parameters enable us
to eliminate the time-derivative terms in the entropy production operator. Substitut-
ing them into Equation (70) and rearranging terms, we eventually obtain the entropy
production operator

A t ~ ~ ~ ~

B[t to; A = — /t dt’d%[&;a” Oy +8p1 pOL + 267" BV yuy + 52 BV 1, -
0

+ 25161V H, + SDM VM, + O(V2)),
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where we defined the projected components of the operators §T*" and §F*” as

dp,  ,0H HB

dl
o ]/11/7
F) 5 +uyby6F o3 >, (75a)

SﬁH = —bybv(STW + MVMV(STHV(

5p, = %mws,w + uyuv(sTWa(% + uybvéfﬂ"%, (75b)

Sat = (—bgéTP” + H(Sfp”ug) gl (75¢)

e = (e, - %EP‘“EPU)(STP”, (75d)

SEM = b 6FFE) + 25 u 6 TP, (75€)
€E+p,

FDM = B g e (75f)

We then substitute the obtained entropy production operator into Equation (51). As-
suming that the correlation of projected operators §T#" and §F*¥ decays with the micro-
scopic scales, we perform the Markovian approximation for the integration kernel. As we
emphasized, this approximation does not work if we do not solve the ideal RMHD equa-
tions to obtain the projected operator (75). After this procedure, we eventually obtain the
dissipative corrections to the constitutive relations

Thy = = ()6) +&x6.)0"b" + (216, + 6"
— 20y (b1 Pb7) + BEHOH) ) Vg + 29, V), 76a)

FlY =20, T (bHEV[Pbﬂl — prEtlepel ) VoHo + 20 TEMPE T 2, (76b)

Those tensor structures are the same as those in Equations (23) and (30). We defined a
set of transport coefficients which are expressed in the form of the spacetime integral of the
Kubo-Mori-Bogoliubov inner product:

g = B(tx) /_:O dr'd®x’ (3 (t,x),6p (', %), (77a)
C1= Bl [ vV (@ (x), 800 (1)) 77b)
Ix = B(t,x) [w dr'd>x (6p) (t,x),6p L (', x"))s, (77¢)
= Blt) [ (5p(1,,5) (%)) 774
n = P (tz’x) /_t A (BAM (4, x), 5RY (1, ¥)) By, (7€)
N = P (’Zx) /j . dt'd®x’ (681 (t,x), 6277 (¢, x') ) 1EppBEue, (77f)
pL = ,B(tz,x) /jw dt'd3x’(512"”(t,x),XEV(t’,x'))tEW, (77g)
o= P (tz’x) /_t A (B (1), 5D (¢, ')y Eu. (77h)

They are the Green—Kubo formulas [157-159] for the seven transport coefficients—
three bulk viscosities ({ I C1,Cx), two shear viscosities (;7H, 17, ), and two electric resistivities
(pH,pJ_) in RMHD (see Section 4.2).

Two remarks are in order. In the previous section, we do not count {’, as an inde-
pendent transport coefficient. This is because the corresponding Green—-Kubo formula
in (77) respects Onsager’s reciprocal relation [137]: {’, = {x. This can be shown by per-
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forming an expansion around the global equilibrium and using the charge-conjugation
and time-reversal symmetries applied to the above Green—Kubo formula for . We also
note that the Green—Kubo formulas (77) automatically provide a set of the semi-positivity
constraints given by Equation (32) specified in the previous section. This stems from the
property of the Kubo-Mori-Bogoliubov inner product. Here, it is worth emphasizing that
the semi-positivity constraints (and Onsager’s reciprocal relation) are not required but
derived in the nonequilibrium statistical operator method.

While the expressions in Equation (77) are given in terms of the Kubo-Mori-Bogoliubov
inner product, one can derive a set of more familiar Green-Kubo formulas in terms of the
retarded Green'’s functions. For this purpose, we again expand Equation (77) on top of the
global equilibrium. By inserting the convergence factor e<('=t) which will be eventually
turned off by taking € — 0 after the whole calculation, we generally obtain

-t / N N 1 [dw 1\ o
1 e(t'—t) / __ = - A,B
/mdte (A1), B1)ea =~ 5 2np<w>ach (w)
i . d A,B
2p a5, Cr” (@),

(78)

where P stands for the principal value, (A(t), B(Y))eq is the global equilibrium limit of
the inner product (A(t), B(t')), and Gl‘g’B is the retarded Green's function, GI‘Q’B (t—t)=

N A~

—i0(t —t')([A(t), B(t')])eq. With the help of this identity, we can replace the inner products
in Equation (77) with the retarded Green’s functions Gl‘g’B .

4. Interlude: Connection to the Conventional MHD

In previous sections, we have reviewed the recent formulation of the RMHD with only
the energy-momentum conservation law and the Bianchi identity as relevant equations of
motion from the very beginning. On the other hand, the RMHD can also be formulated in
a conventional approach in which the Maxwell equation and electric charge conservation
law enter as additional dynamical equations. In the following two Sections 5 and 6, we will
review hydrodynamics under the strong background magnetic field that is closer to the
latter formulation though the magnetic field is non-dynamical. Thus, in this intermediate
section, we discuss the relation between the two formulations, focusing on the anisotropic
pressure and the first-order constitutive relations. The second topic also serves as a basis
for the following two sections.

4.1. Anisotropic Pressure

We start with the correspondence of the zeroth-order terms, especially the anisotropic
pressure, between the conventional formulation and the formulation we discussed in
Sections 2 and 3. In the conventional formulation, one needs to separate the matter and
EM components in the system, and connect the two components via the Maxwell equation
9,F" = ] and energy-momentum non-conservation equation 9y, Th. = F'*],, where
J# is the electric current and T, is the matter energy-momentum tensor. To make a
connection with our formulation in Sections 2 and 3, let us decompose the total energy
density and pressure presented in Section 2 into the matter and magnetic components as
€ ~ €matt + |B|?/2— M -Band p ~ pmart + |B|?>/2 — M - B, respectively. (Note that the
Lorentz scalars here are given in the rest-frame expressions for clarity. The energy density
including the magnetization €matt — M - B corresponds to the definition of € in Ref. [119] as
stated there.) Then, inserting those expressions into Equation (19), we have

1
T(VOV) ~ (ematt+§|B|2—M~B)uVuV

1 1
—(Pmatt + E\B|2 — M -B)E" + (Pmatt — §|B’2)bybv- (79)
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The above expression agrees with those in Equations (14) and (15) of Ref. [119] (see
also Refs. [132-136] for classic works): the terms with |B|? are combined into the Maxwell
energy—-momentum tensor (see below) and the rest terms give Tf; 1;tt(0)' In this way, the
conventional “ideal MHD limit” is reproduced from the leading-order result in the new
formulation that generalizes the conventional formulation in the following points.

*  The right-hand side of the energy-momentum non-conservation law, 9, Th = F'F] 1w
describes the Joule heat and Lorentz force which provide the source and/or dissipa-
tion of the energy and momentum, respectively. Similarly, the electric current in the
Maxwell equation 9, FF"" = ]V provides a source of EM fields. This latter equation
constrains the electric field as a gapped mode excited by the source term. The new for-
mulation does not contain such a redundancy and can work in the strict hydrodynamic
limit.

*  The pressures p, and p| in Equation (19) satisfy p, — p; = B*H,(> 0). Subtracting

the magnetic pressures pg, = |B|*/2 and pg| = —|B|*/2, we obtain the anisotropic
matter pressures as Ppay| = Pmatt and pmattl = Pmatt — M - B, respectively. One
thus finds that pmatt1 — Pmaty) = —M - B in the rest frame of the fluid. This leads to

PmattL < Pmatt Since the magnetic susceptibility is usually positive.

¢  These non-conservation equations can be combined together into the form 9, (Tl +
Tﬁ;xw o) = 0, where Tﬁ;xw o is the Maxwell tensor. Explicitly, this means that
F'"], = 0, (F'*F', — g”"F”‘ﬂFaﬁ /4) =1 =0y Tﬁ;xwell' Therefore, this equation can be
reduced from the first equation in Equation (13) if one assumes a clear separation
between the matter and electromagnetic contributions to the energy—-momentum
tensor as in Equation (79). However, it would not be possible to separate those
contributions in a strongly coupled system where excitations are composed of mixture
of matter and electromagnetic fields. Moreover, hydrodynamic framework itself
should not care such microscopic details of the system, and the translational symmetry
of the system only tells us the conservation of the fotal energy-momentum. Those
facts should be respected in the formulation.

*  Excluding an electric field from the set of hydrodynamic variables, one does not need
to assume an “infinite electric conductivity” as in the conventional formulation (see,
e.g., Refs. [134,160]). Note that the electric conductivity is a dimensionful quantity and
is, moreover, not defined a priori in the formulation of hydrodynamics. If it implies an
infinitesimally short relaxation time, there would be also a conceptual conflict when
one tries to include (finite) dissipative effects such as a viscosity in the derivative
corrections. The formulation in Sections 2 and 3 is free of such a dilemma.

4.2. First-Order Constitutive Relations Including Hall Transports

We next discuss the correspondence between the two formulations at the first-order
in derivatives and show how the electric field and current arises in the new formulation.
We also include the charge-conjugation odd terms in T(ylv) and 1:"(”1'; to identify how the Hall
components could appear when a finite charge density is allowed in a finite time scale.
When charge-conjugation odd terms are allowed in the tensor decomposition (23), we have

an additional term as

o7 =20, (b2 P07 — b & i) + 20 BRI 1 20, (610)6) — 50l PET),  (80)

where b}’ = e"v*f uybg. The charge—conjugation odd term does not create entropy in
Equation (21b). Thus, the additional coefficient py can be both positive and negative values,
while p | should be positive semi-definite as we have seen. The first-order correction 1:"(”113

provides the constitutive relation of the electric field

Ef’l) = —[p(=b"b) +p B + pubk | Tepyapu’ @ (BHF), (81)
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where we used identities bim by, = &M, 20! [abﬂ] = EMPeyyqpu’, and 2oHlaphl = _pkP €ovaptt’.
This is an extension of Equation (25) with the Hall term. On the other hand, the in-medium
Maxwell equation provides the relation between the zeroth-order field strength tensor and
the free electric current (also called conduction current) as

1
H —
Jray = 5€""P0u(Haug — Hpuy)

= —Te"*Pu,V,(BHp) + &P H,Vup — e""*Fu,Hy(Dug — VgInT). (82)

Note that, using H* = —pu;,! B¥ with p,, the magnetic permeability, one can find that
the free current ]?(1) is related to the total current ](”1) = —(1/2)er*Pg, (Baug — Bgua) by
]}‘( = Uy, ] + eF‘V"‘/gH,xulgVV In py.

The f1rst term in Equation (82) is generated by a nonzero curl of the magnetic field.

The second term is along u* direction and thus generates a non-zero charge density in
the rest frame of the fluid, u,, ]}l(l) = s”””‘ﬁu,,HVVauﬂ = —2w, H" with the vorticity vector

wh = (1/2)e"*Pu,V u p- The rest of terms are Hall-like currents that are driven by the
acceleration and the temperature gradient, which, upon using Equation (73c), can be
re-written as

2T

—el"*Pu,Hy(Dug — VgInT) = et L ———&"*Fu, H,B*V |, (BHp))
TBH _, ,
= m&ﬁg U“‘Buyle(ﬁHﬂ). (83)
Therefore, we have
€E+p,

—Tel"*Fu, V,(BHp) = —b'b, ]?(1). (84)

e+p,L BH“A]f

Plugging those expressions, one can rewrite the entropy production rate (21b) as

_ _pph €E+pL o A A 3
Rg = ﬁE(l) e+p.L — npg BH\—'y/\]fm byb/\]f(1) + O(a ) : (85)
The origin of the entropy production R is identified with the Joule heat due to the
induced electric field and current.
To get a direct relation between the electric field and current, we eliminate the magnetic
fields in Equation (81) using Equation (82) to find

Ely = [=0)0"0" +p.1E" +publ sy, (86)

where p) :=p|,p1 :==p1(e+pL)/(e+pL —BH) and py := p(e+pL)/(e+pL — BH).
Note that, the same as p and p, f| and §, are positive semi-definite as well. The structure
of Equation (86) becomes more transparent if we write it in three-vector form in frame
ut = (1,0). The result is

- PH pL
Eqy =Py + =g (B-Jra)B+ |B|ff1)><B

where J¢(q) = i ( Jay — VInp, x B) in terms of the total current J;). When order-zero
effective background charges are present, E(;) may also contain terms proportional to the
gradient of the effective background charge potential. Similar results have recently been
obtained by using the method of effective field theory [161].
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It is more convenient to express the free electric current in terms of the electric fields
and we obtain

Ty = —2w-Hu'+[—oyb"b" + 0 " +oybl"|Eq), - (87)

The three coefficients are given by the coefficients p | || ; as

‘7\|:~if o1 = e, on= (88)
o P71+ Pu Pl +Pu
The Hall term o 07y identically vanishes in Equation (85) and does not create entropy.
The other coefficients 0 and 0 are the parallel and perpendicular components of the
Ohmic conductivity with respect to the direction of the magnetic flux. The Ohmic conduc-
tivities should be positive semi-definite o),L > 0, while the Hall conductivity oy can be
both positive and negative values.
Next, we discuss the Hall components in the viscous tensor. One can divide the
energy-momentum tensor into the dissipative and nondissipative components as

T n
Ty = Trnyais T Tayee (89)

In the preceding sections, we have already discussed the dissipative component Tg‘lv) dis
that creates an entropy. Here, we focus on the nondissipative component T(Vl];* that can be
further decomposed as

™

(1) = [2’7H|\(—bab(”)bz)/5 +2’7HLE“(ybz)ﬁ]waﬁ, (90)

where wyg = V(,u5). This term does not create entropy, and the Hall viscous coeffi-
cients 7 Hy,L can take both positive and negative values. (This can be verified by notic-

ing that bbb Pw,pwu = 262 (0*w,s) (0wyy) = 0, and then that 400} w,gw,, =

g bz)ﬁ wapwyuy = 0.) The presence of the antisymmetric tensor bL" implies that the direc-
tion of the stress is orthogonal to both the flow velocity and the magnetic field.

We briefly demonstrate the mechanisms that generate the Hall viscosities in magnetic
fields (assuming that there is a possible electric-charge density). In Figure 5, the direction of
a magnetic field is taken along the z direction, and the flow velocity and the Lorentz force
are shown with green and orange arrows, respectively. When there is a gradient of the
transverse flow along the magnetic field 0,1y (z) > 0, the Lorentz force exerting on the fluid
volume is oriented in the y direction and has a gradient along the magnetic field (see the
left panel). This configuration corresponds to the term proportional to 77y The gradient of
the Lorentz force gives rise to a shear stress in the plane orthogonal to the flow-velocity and
magnetic fields. On the other hand, when there is a flow gradient in the transverse plane
dyux(y) > 0, the Lorentz force is oriented in the y direction and has a gradient in the same
direction (see the right panel). Therefore, the fluid volume is stretched in this direction
according to the term proportional to ;. This term also induces a shear deformation
in the x-y plane in response to an expansion/compression in the x direction, dyux(x) # 0.
This effect can be understood in a similar manner.

In the nonrelativistic theory, it has been known for some time that there are seven
viscous coefficients [117,138] (see also Ref. [121]). In this paper, we have obtained the
breakdown of the seven viscous coefficients in the relativistic extension. Including the five
dissipative viscosities discussed in the previous sections, we identified three bulk, two
shear, and two Hall composnents. The relativistic extension was also carried out earlier
in Refs. [105,109,119,120]. However, those authors use different tensor bases. For readers’
convenience, we provide an explicit comparison among those tensor bases in Appendix D.
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= —p =

MHall|: Shear deformation when 0,uy,(z) > 0.  nuani: Strecthing deformation when dyu,(y) > 0.

Figure 5. Hall viscosities induced by the Lorentz force exerting on charged fluid cells. The flow
velocity and the Lorentz force are shown with green and orange arrows, respectively. The length and
thickness of the arrows denote the magnitudes of the vectors. The direction of a magnetic field is
taken along the z direction.

5. Towards Relativistic MHD from Kinetic Equations

In addition to hydrodynamics, kinetic theory is also often used for the studies of
many-body systems (See Refs. [117,162] for the standard textbooks of kinetic theory). It is
valid in the regime where the system permits well-defined particles (or quasi-particles)
and when the densities of these particles are low enough. More precisely, let the typical
microscopic scales be set by the interaction range r. ~ /0 with ¢ the scattering cross
section, the inter-particle distance 7, ~ n~1/3 with n the number density, and the mean-
free path Apg, ~ 1/(no). The applicability of kinetic theory requires Apg, > 75 > 7¢
(dilute condition). The scatterings of the particles drive the system to evolve towards
global thermal equilibrium, a process called kinetic thermalization. This process is usually
associated with the arising of a new, macroscopic scale, L, over which the macroscopic
properties of the system vary. In the late stage of the thermalization, the scale L will
be clearly separated from the microscopic scales. This gives a characteristic parameter
Kn = Apgp /L (the Knudsen number). When Kn < 1 or equivalently when the derivative
d is much smaller than 1/A g, the macroscopic properties become insensitive to the
microscopic details of the system and the hydrodynamic description is expected to arise.
Therefore, when the kinetic theory is applied to the regime where Kn « 1, its solution
is expected to be expressed by the local hydrodynamic variables and their derivatives.
This gives a systematical way to derive the hydrodynamic constitutive relations (including
expressing the transport coefficients in terms of kinetic-theory parameters) and EOMs
by expanding the kinetic equation and the distribution functions in Kn or 0. This is the
essential idea of the Chapman-Enskog method [163] which we will now discuss. Another
frequently utilized approach to hydrodynamics from kinetic theory is the Grad’s method
of moments [164] which we will explore in Section 5.2.

5.1. Chapman—Enskog Method

Before studying RMHD using kinetic theory, in order to demonstrate the methodology,
let us consider a simpler case in which the EM fields are absent. The starting point is the
relativistic Boltzmann equation for on-shell particles:

k9, fr = C[f], 91)

where k¥ = (k° = k2 +m2, k) with m being the mass of the particles, fi(x) is the
distribution function, and all external forces are omitted. For the sake of simplicity, we
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consider only one species of particles. We assume that the collisional process conserves the
energy—-momentum and also the particle numbers, so that the collision kernel satisfies

/ dKC[f] = / dKK'C[f] = 0, 92)

where dK = ¢d®k/[(271)3k] is the invariant momentum-space measure with ¢ = 25 + 1
the spin degenerate factor with S spin of the particles. By using Equation (91), Equation (92)
leads to the conservation of particle-number current N# and energy—-momentum tensor T#?,

Nt = 0, (93a)
9, T" = 0, (93b)
where N¥ and T"" are expressed by
N¥ = (k') = nut + ¥, (94a)
™ = (kFK") = eutu’ — A" (p +11) + W'u” + hW'ut + 7", (94b)

with (...) = [dK(...)fx. Here, we introduced a timelike unit vector field u* which will be
identified as the fluid velocity. Using u#, the momentum can be decomposed into two parts
(following the notations of Ref. [165]): k# = Exut + k"), with Ex, = u - k and k() = APk,
We have also introduced the number density #, the number diffusion current v¥, the energy
density €, the thermodynamic pressure p, the viscous pressure I1, the shear viscous tensor
m*¥, and the heat flux h¥,

n=(E), v = (k"), e = (E}), p+ 11 = — 1AM (kk,),

T — <k<ﬂkV>>, W = (Ekk@‘)), (95)

where A) = (1/2)A§A}§(A"‘ﬁ + APY) — (1/3)N“’A,X/3A”‘5 is the spatial traceless sym-
metrization of A*. The expression for p itself will be determined later. To specify the rest
frame of the fluid, we use the Landau-Lifshitz choice so that T#'u, = eu/. This imposes
the constraint

h' = (kM) = 0. (96)

To proceed, one takes the Chapman-Enskog expansion of the distribution function,

frk = f,EO) + f,El) + ..., and of the Boltzmann Equation (91) order by order in Kn or equiva-
lently in derivatives. At zeroth order in the derivative expansion, Equation (91) reads

0= C[f]. (97)

Its solution is called the local-equilibrium distribution f,EO) = fox because it saturates
the local detailed balance. We assume that for = 1/[exp(BEx — «) +a] witha = 1,0 and
—1 for fermions, classical Boltzmann particles, and bosons. Here, f and & = By are the
local inverse temperature and the ratio of the chemical potential to temperature. Their
values are fixed by matching conditions [162,166]:

e = (E}) = (E)o, n = (Ex) = (Ex)o, (98)

where (...)g = [ dK(...)fox. Substituting fo into Equations (94a) and (94b), one obtains
the zeroth-order N* and TH":
M — H
N(o) nut, (99a)

T(HOV) = eulu’ — pA", (99b)
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where p = — %AV’/(kka)O, and Equations (93a) and (93b) become the ideal hydrody-
namic equations.
At first order in derivative expansion, the collision kernel becomes a linear integral

operator acting on f,El), cO[f]=L f,El). The Boltzmann Equation (91) at O(Kn) thus reads
K9, fox = LEL. (100)

Once f,El) is solved out from this equation, the first-order constitutive relations are
then obtained:

vt = (k1)) TT = —%Amkykm, " = (k) (101)

with (...); = [dK(...) f,gl). To see how this procedure works in practice, let us consider a
collision kernel in relaxation-time approximation (RTA),

Clf] = —E Le—fok ;Rf Ok (102)

Note that this collision kernel does not automatically conserve particle number and
energy—-momentum, Equation (92). However, these conservation laws are recovered once
the matching conditions (98) and Landau-Lifshitz frame constraint (96) are imposed.

Writing f,El) as f,El) = foxfox¢dx with ¢ at O(Kn) and fi = 1 — afy, one obtains
ﬁf,il) = —TlglEkakaquk. From Equation (100), one finds

_ ‘BTR 1 UL Zaj al
(Pk n Ek 3A}Wk k +Eka€ n+EkaTl € 0
TlEk
+T(e+p —1>k”V},a+k<?‘k”>§W}, (103)

where we defined ¢y, 1= w (uv)r which is the shear tensor, and the terms are organized in
such a way that they are mutually orthogonal under integral [ dK(...)F(Ey) with F(Eg) an
arbitrary converging function of Ej. (Note that the symbol ¢}, for shear tensor is used only
in this section in order to simplify the equations. In other sections, we simply use w/,,,y or
V (,ly) to denote the shear tensor.) Substituting ¢y into Equation (101), one finds

. 2e¢—3p n? m2<1>>
v = xV'a, with K—TRT< — +—( = , (104a)
3 m? etp 3 \E/,
1 = -6, with gTR[(écg)(eer)g(eC’ap)"5<é%>0], (104b)
4 1 ‘)1
v = 2p¢t, with 5 =1g 5p+15(e—3p)—q15<]£2>], (104c)
k/o

where ¢2 = 9p/d¢ls/, = Op/d€|n + (€ + p) 'ndp/on|e is the sound velocity squared,
x,{,n are conductivity of number diffusion current, bulk viscosity, and shear viscosity.
Note that, when m = 0, the bulk viscosity vanishes because ¢ = 3p and cg = 1/31in
massless limit. Thus, at O(Kn), we recover the relativistic Navier-Stokes hydrodynamics.

With the above preparation, let us now consider RMHD in the Chapman-Enskog
method. In this case, the Boltzmann equation contains the EM force term:

k9 fi + qF" ko fre = CIf], (105)

where g is the charge of the particles (we consider only one species of particles and assume
g > 0). We assume that the particles are under binary elastic collisions and the colliding
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processes are not interfered by the external EM field F*Y. Hence, the collision kernel
preserves the particle number (and the electric charges as well) and energy—-momentum,
i.e., Equation (92) still holds, which implies

QN = 9, [ dKKfi =0, (106)
awwzajﬂwmzwwﬁﬂm, (107)

where [} = gN¥ is the charge current. We emphasize that the EM fields appear in our
kinetic approach as external fields which is very different from Sections 2 and 3 in which
the dynamics of the EM fields plays an important role. This leads to different leading-order
constitutive relations, but they share the same structures of the dissipative constitutive
relations for the fluid (namely, the viscous and conductivity tensors).

Let us clarify a significant distinction between how the EM fields are treated in this
section and how they are treated in Sections 2 and 3. In Sections 2 and 3, the EM fields
are dynamical and the energy—-momentum tensor include contributions from the EM
fields as well, resulting in a conserved energy-momentum tensor. The RMHD derived in
Sections 2 and 3 is therefore a strict hydrodynamic theory. This is not the case with this
section, where the EM fields are external fields (as clearly seen in Equation (105)), hence N#
and T"" obtained from the kinetic theory only include contributions from the matter. As
shown on the right-hand side of Equation (107), matter exchanges energy and momentum
with EM fields, causing the T#" to be non-strictly conserved. For this reason, the pressure
and energy density include only the matter contributions.

The presence of the EM fields introduces new scales into the kinetic equation (and also
the hydrodynamic equations). Thus, let us clarify the range of scales that we will focus on in
this case. The typical microscopic scales are still set by the interaction range r., inter-particle
distance r, and the mean-free path A,,¢p. In terms of Kn or the gradient d of the conserved
densities, the electric field in the rest frame of the fluid, E# = F*Vu,, is considered as O(9d),
while the magnetic field in the rest frame of the fluid, B¥ = 8;41/&;%”]/1:“!3 /2, can be an O(1)
quantity, as we already emphasized in Section 2. This amounts to the fact that the electric
field is screened by the gradient of charge distribution in a plasma, while the magnetic
field is not. The magnetic field makes the motion of charged particles curvilinear with
radius Ry = k; /(qB) (the Larmor radius) with k; being the momentum of the particles
transverse to the magnetic field. For hot relativistic plasma, k;, ~ T, so Rt = T/(qB) sets
the magnetic cyclotron scale. We will always assume that the thermal wavelength p =1/T
of the particles and the interaction range r. are much smaller than Rt, B < R, and r. < Rr.
The first inequality means that the Landau quantization effect is not significant, and we can
safely use a classical treatment. The second inequality means that, in the collision process,
the magnetic field can be neglected so we can use a magnetic-field independent collision
operator C (but the distribution function fj can certainly depend on B¥). The situation with
an even stronger magnetic field, Rt < B, that can make the Landau quantization effect
significant will be discussed in Section 6.

We will always use the Landau-Lifshitz frame for the fluid and use the matching

conditions for € and n. The zeroth-order distribution function is still chosen as flgo) = foxr =
1/[exp(BEx — «) +a] with a = 1,0 and —1 for fermions, classical Boltzmann particles,
and bosons. Choosing such an equilibrium distribution amounts to assuming that the
magnetization pressure —MB is much smaller than thermodynamic pressure p and thus is
omitted. This also implies that the magnetization current is vanishing and we thus do not
distinguish the free electric current and the total electric current in this section. Therefore,
the ideal-fluid constitutive relations are still given by Equations (99a) and (99b). To obtain

f,il), let us again take the RTA for the collision kernel,

ﬂﬂ:—hﬁiﬁﬁ (108)
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First, we consider a situation in which both E# and B* in Equation (105) are of order
O(0), namely, when both the electric and magnetic fields are very weak. This is not in the
MHD region but let us make a case study first. Writing f,El) as f,il) = fox foxPx with ¢y at
O(9) and fi = 1 — afy, one obtains from Equation (105),

T = _ v
P = 7E71,i(f0kf0k) ! (k"9 for + qF" kg for)

_ Bw nEx .\
= E T e 1)k* (Va4 BGE,)

+( Ak k”+1—:za’”( 1 E, ap‘ )9+k "k”gw] (109)

Compared with Equation (103), the only new term is the electric-field term which is
always accompanied with V& and the magnetic field drops out. To obtain ¢, we have
used the EOMs at O(1) order (ideal hydrodynamic equations):

1
| C— I M

Du €+p(V p + nqE"), (110)
Da = —ﬁa”](a (111)
D = ﬁg 0 (112)

Substituting f,gl) into Equations (101), we find that the IT and 7#¥ are still given by
Equations (104b) and (104c), but v* is given by v/ = x(V#a + pgE") with the number
diffusion constant « given in Equation (104a). The charge diffusion current j# = q(k<”>>1 is

=gt = g(VFa + BgE!). (113)

This relation gives that the electric conductivity (the coefficient in front of EV) is
determined by number diffusion conductivity, ¢ = Bg°k, a relation representing the Wiede-
mann-Franz law.

The above situation with B¥ ~ O(9) is not in the MHD region. Let us now consider
the MHD region in which E¥ is at O(d) but B* is at O(1). The Boltzmann equation at
O(9) reads

E
k0, fox — qE kyu! O for = —qu’ijVak;,f,El) - ?;fzgl)/ (114)

where B = |/—BFB,, is the strength of the magnetic field and by’ = etvap uybp is the cross
projector. The solution for flil) is flEl) = fox foxpx with

A
P = ¢\|+Ek1fCZ(V”+€kb"” )kl+Ek1+’j§2( " 426, bl wM)k{ikVL}, (115)

Br (1, 8 dp zap
£ | ( 52k ¥+ ELSE| 4B ‘ 0.+ (- +EE| +ESE| )
nEg ]
Ty (5 1) (Ve + BaE,) |, (116)

_ nEg _— A qB pA
vk = |:T(€+P —1)‘_}‘ (Vaa+ BgEy) —?.kH\_.” wApbP+ €+PEkb* vy, (117)
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where ¢} := gBTtr/E, and we have introduced
1
ky="b-k E" =AM 4b'", K| =E"k, K = ey — anawk“kﬂ,
1 -
Wyy = E(v]ﬂ/{y + VUMH), 0, = :.,X,gw"‘ﬁ, 9“ = —bybvw”‘/, (118)

1
W _ | mpagvp _ Zguvgep
w, = <._4 fa 2._. il w,xﬁ.

Note that, to derive Equation (115), we use again Equations (110)—(112), but Equation (110)
is replaced by

1 A
- Iz 2 H
Du P (V p +nqgE" 4- qBb 1//\>, (119)
because now B¥ ~ O(1) and is kept in the ideal EOMs.

We can check explicitly that the matching conditions (Ex); = 0, (EZ); = 0 are satisfied

with flgl). The Landau-Lifshitz frame-fixing condition (Exk™))1 = 0 is, however, not

satisfied. In fact, because f,El) depends on v* explicitly, the Landau-Lifshitz condition must
be coupled with the defining condition for v to determine u* and v#. A simpler way
to solve out v¥ from these complicated coupled equations is by considering the frame-
independent vector (See Appendix B for the discussion of the transformation among
different choices of the fluid velocity)

n

"= (k<”>>1 Sl

(Exk'))y, (120)

which depends on v# and should equal to v# once the Landau-Lifshitz condition is fulfilled.
Therefore, v* in the Landau-Lifshitz frame should be determined by

v — gy, - P 121
(K — By (121)
This is a linear equation for v* and can be directly solved. To demonstrate this
and for simplicity of the discussion, we assume that the magnetic cyclotron frequency
wp = 1/Rt = qB/T is much larger than the collision rate w., = 1/7r (or equivalently,
& = Amfp/Rr > 1). In this case, {x ~ ¢ > 1 and we can expand f,gl) in 1/¢. Solving
Equation (121) order by order in 1/¢, we obtain

v = (9 + BqEy), (122)
k= kBN —xbMbY + kb, (123)
where the conductivities read

1 e+p( Js)s 4 1 J31Dy —4
K| = —114+0() = +0(&™%), (124a)

LT RwBE P ( 7 ) C =@ g ¢

n D

K= T (]11 - €+p]21> =T ]3211, (124b)

_ 1 (n_J5 —3y_ 1 Ds1 -3
Ky = qB<ﬁ ]41>+o(§ )_qB o +0@E3). (124c)
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We have introduced the thermodynamic functions [, and Dy, to simplify the expres-
sions. For the later use, we also introduce another two thermodynamic functions I,; and
Gum. They are defined by [165]

Ly = (Z(q—i—l” / AKE] 21 (Dopk®kP)7 foy, (125a)
Jng = (2(q+1” / AKE] 21 (DopkkP) for fore, (125b)
an = ]nJrl,q]nfl,q_]nqr (125¢)
Gnm - InO]mO_]n—1,0]m+l,O/ (125d)

where J,; and I, are related by Bl = I;-1,4-1 + (n— Zq)ln_lfq. Note that K| = xin
Equation (104a) (which can be directly shown using Equation (125b)), meaning that the
charge diffusion along the magnetic field is unaffected by the magnetic field. Note that the
leading-order Hall conductivity xp is independent of the relaxation time tp; it is purely
due to the Lorentz force. The first term in xp gives the classical Hall conductivity for a
stationary material while the second term is due to the fluid flow and thus depends on how
we approximate the dynamic kinetic and hydrodynamic equations.

Substituting f,El) into T := (kMKW = 7"’ — AMII, we obtain the viscous stress
tensor ™"V as

7
Y it wpe, (126)
i=1

where the tensor forms of ;71” "7 are already defined in Equation (27) and Equation (90) but
listed here for convenience

g e, (127a)
e (127b)
’7?;;11/,0(7 — MR — EPOBIRY, (127¢)
P = afplEvepe 4 pleg >obp} (127d)
gl = 2EPlEne _ mpvERe, (127e)
e = —ppPp — plep)ope (1271)
g = w7 4 melepe, (127g)

and the viscosities are given by

mo= €|:/37R(3]32_]313p‘ _]218 ]) (128a)
M = {1 =pw <2]32—]31 e \ ]zla ]) (128b)
o= ax—ﬁrR(faz—fslae] ~m3). (1280)
Na = 1= R(q )2152+O(§ ), (128d)
N5 = m=4TR(ﬁWIsz+O(C4), (128e)
e = ’7H=2g]42+0(5_3)r (128f)

N7 = HHL = 253142 +0(&7), (128g)



Symmetry 2022, 14, 1851

32 of 63

where {’s and #’s are bulk and shear viscosities whose physical meaning has been discussed
in Section 2.2. The above result automatically satisfies the Onsager relation for { that was
assumed in Section 2.2. Note that 7, and 7, do not depend on tx at the leading order
in 1/¢; they arise due to the Lorentz force and are thus called Hall viscosities; see more
discussions in Section 4.2.

For massless Boltzmann gas, using J,; = (n+ 1)!p%"p/[2(29 + 1)!1] [59] and
TR = 9Amip/4, the transport coefficients become

3 16 )\mfpn 1 n 12 3
K| = 1 mpMs KL= 45 @2 T 5 81 = 5 AmpPr G0 = 5AmipPs

(129)
B 6 B 32 )\mfpp N 8 )\mfpp . 8p B
Ex = —gAmpps N =75 @ =37 @ o MHIT g THL T g

Note that {;, — 7% = 0 due to the conformal invariance in three-dimensional space in the
massless limit.

Recently, there has been intensive use of the Chapman-Enskog method to study the
constitutive relations and transport coefficients in RMHD; see Refs. [62,63,65,167-174] (also,
e.g. Refs. [175,176] for related Kubo-formula calculations). Our discussions here serve as a
simple overview and summary of how the Chapman-Enskog method is used to derive the
constitutive relations of the first-order RMHD. For more information, the reader is referred
to the list of references for recent works.

The above iterative procedure of solving Boltzmann equation can continue to the
higher orders in gradient, but the calculations become much more involved. For exam-
ple, at the second order, one obtains the Burnett-type equations [177,178]. However, the
relativistic EOMs from the Chapman-Enskog expansion are in general unstable [179-184]
(though there could exist special rest frames where the first-order relativistic dissipative
hydrodynamics can be stable; see Refs. [185-190]). For the Burnett equations, even at the
non-relativistic limit, they suffer from the so-called Bobylev instability [191]. For this reason,
instead, the method of moments are widely used in recent years because it can avoid this
problem [165,192-195].

5.2. Grad’s Method of Moments

This approach was first established by Grad for non-relativistic systems [164] that
can be viewed as an expansion of the distribution function in terms of momenta k" and
was then generalized to relativistic systems by Israel and Stewart [125,166,196,197] among
others. Recently, a variant of this method was developed and widely adopted to derive
the causal second-order hydrodynamics [59,60,165,192-195,198-205]. The following discus-
sions closely follow Refs. [59,60,165,195]. We first discuss the simpler situation without EM
fields and then consider the effect of EM fields.

The ideal hydrodynamics is still generated by the local equilibrium distribution fo.
Write the dissipative part of the distribution function as 6 fx = fx — fox = fok fox$x- In the
method of moments, ¢ is expanded as a series of the irreducible tensors

1,k ki) kegveh ., O = Z{\io /\<"1"'1‘1>(Ek)k<m "'km)' These irreducible tensors

are defined by k(1. . k) = APv-tvi-vik, .ky, and form a complete and orthogonal set
in the spatial momentum space, satisfying [165]
m!0um

/ AKF(Ep )k ki) ) = WAW"'W”““W / dKF(Ex) (Aupk™kP)™, (130)

where (2m + 1)!! is the double factorial, F is an arbitrary converging scalar function, and
AF1-FmV1-Vm i the projection A¥Y when m = 1 and the symmetrized spatial traceless
projection when m > 2, e.g., AWV = L(AMAVE 4 APAVY) — IAMARE. The coefficients
Alm-14) (Ep) may be further expanded in Ey, conveniently with an orthogonal basis of poly-
nomials Pr(zl)(Ek), AMprp) (Ep) = Z;I;]I:() cffl"'”’)P,(,l)(Ek). Here, we have assumed that the
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coefficients A1) (E;) have no singularity at Ex — 0 so that they are Taylor expandable
(A singularity may appear when the system evolves towards, e.g., a condensate near Ej — 0).
The functions P,gl) (Ex) are n-th order polynomials in Ey, P,gl) (Ex) =Y a,(qlr) E};, where the

coefficients a,(qlr) can be determined order by order using the orthonormality condition

ND i )
[ [ AK(Bagk k) foefor P (B PR (k) = b,

L o711
where N'() = (21 - 1)!! [f dK(A,Xﬁk"‘kﬁ)lfOkfok} are the normalization factors. (Here, we

list a few of the coefficients a,(qlr) which are useful for the following calculations: a&)) =1lisby

. 1 1 0
setting, a%ﬁ = +Ji/ /D1, ﬂ§0) = Flas11//Das1 aéz) = ++v/JooD1o/
0 0 0 0 . .
vV J20D20 + J30G12 + Js0D1o, uél) = szgz) /D1o, ”go) = Dzoagz) /Dyg. For given n, the sign
()

of a;; can take either the upper or the lower convention without changing ¢ fy; we will use

the upper-sign convention. More details about P,gl) (Ex) can be found in Refs. [165,195].)

The remaining coefficients cffl 1) can be more conveniently re-expressed using the irre-
ducible moments:
Pl = (BT )y = / dKELK W k) fy, (131)
as cif1 M) = Nl—,(’) IR tad). Finally, the distribution function is expressed as
G R VAU
Fie = fox (1 +f YY) l—,u,(ﬂ)p,g >(Ek)pgl...yzk<m ok ) (132)
[=0n=0r=0

In principle, M and N; should be infinite, but, in practice, they are chosen to be finite
in order to truncate the expansion. Thus, the distribution function is solely determined by
the moments p/'*#! and, after substituting it in the Boltzmann equation, the Boltzmann
equation is turned into a set of coupled EOMs for the moments. For our purpose, we
focus on the three leading-order moments, py, pg ,and pgv because they are related to the
dissipative currents,

po = _%H, oy =¥, py = (133)

To get the first relation to 11, we used the matching condition for e. Together with the
matching condition for n and the Landau-Lifshitz frame condition, we find that

p1=p2=0, pf =0. (134)

To derive the EOMs for py, pg ,and pg Y or, equivalently, for 11, v¥#, and 7"¥, we re-write
the Boltzmann Equation (91) as

. . 1 1
Ofk = —fox — Fkkyvyfk + ch[f]' (135)
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where A := dA/dt := DA. Substituting this expression into Equation (95), one obtains a
set of exact dynamical equations for 11, v¥, and 7#":

. 1d m? :
n o= fga/dKAkak”(ka - f?/dK(ka

2
m
= *TC — B0 — Crrl10 + S ey — L9

m4 mz T’f’l2 y
+7p,20 + ?V;,plil + ?P}Ez(:w// (1363)
vl = Af)‘]’/f’ = /d[(k(}l>5f'k

3 1
= C'+B,Via—vto—v, (w”’ + ECM’) +o (Hiﬂ’ — VM + AﬁaAnAp)

2 (ot 0+ ot ) — ALV gt (136b)
3 p-1+p 50+ 5P—2§A o Vaply — 025 Gors
o d .
A= A / AKKKP 5 = / ARk 6 £,

4 10 6 2m*
= O 2Bl - S - — g, + 27t e 2T — %p,zgﬂv

2m? m? 4m?
=TVt 0 - S - A a0, (136c)

where w" = (VFu¥ — VVut)/2 is the vorticity. We have adapted the Landau-Lifshitz
frame (96) and the matching conditions (98) and defined the collision terms

et / dKEikkwl L KCL), (137)

To derive Equations (136a)—(136c), the exact EOMs (93a)—(93b) are used to eliminate
the time derivative of «, 8, and u/:

1
i = Do [—J30(n6 4 0,v*) + Jao(€ + p +11)0 — oot Epuv], (138a)
; 1
:8 = [_]20(719 + a},l/#) + ]10(6 +p+ H)G - hoﬂwéyu], (138b)
Doo
W = ;(;V”zx - vwz) - i ; (rma — v+ Abay ), (138¢)

where h = (e + p)/n is the enthapy per particle. The coefficients in Equations (136a)—(136¢)
are all thermodynamic quantities given by [165,193,195]

pn = m?z [101 —Ioo — DLZO(tho - G30)]
_ l(;—c§>(e+p)—3(€—3p)—n;4<Ellzc>O], (139a)
frm = % - ";ZIG)EE =1- (gi)n, (139b)
Crin = —njgi’) =3z - <gz>n, (139¢)

1
3
2
= TG _(ap) , (139d)
n €
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. 1. 2¢e—-3p n? m? [ 1
v = ]11_h]21_T(3rr12_e+p+3<E,2(> >, (139)
0
4 1 m* [ 1
,871' - 121 —Ip= gp‘i‘ E(e_?)P) - 15<E,2(>O (139f)

Note that Br1, Bv, B agree with the bulk viscosity, conductivity, and shear viscosity
given in Equation (104a)—(104c) obtained from the Chapman-Enskog method up to the
overall factor of . This is not surprising because they have the same origin: they both are
from the gradient of fy in the Boltzmann equation.

The EOMs (136a)—(136¢) are not closed because they contain the moments other than
IL v#, 1. To close them, we have to truncate the expansion (132) for J fox so that it is
expressed by the dissipative currents I'l, v¥, 7#V. The minimal truncation scheme adjusts
M =2,Ny=2,N; =1,and Np = 0, so that the distribution function is expanded in terms
of 14 moments which are py = —3H/m2,pg = v}‘,pgv = n",01 = 0,02 =0, pﬁ‘ =0
(The last two scalar and one vector moments vanish due to the matching condition
and Landau-Lifshitz frame choice). This scheme is called the 14-moment approxima-
tion, introduced first by Israel and Stewart. Generalization to include other moments
are possible, but it does not guarantee a better performance of the method. Now, us-
ing Equations (131) and (137), all the moments and the collision terms are expressed by
I, v#, i (In particular, o} with I > 3 are vanishing), and thus Equations (136a)-(136c)
are closed.

To see how the 14-moment approximation works in practice. Let us consider a massless
Boltzmann gas (i.e., 2 = 0 for fo;) and consider the RTA for the collision kernel, i.e.,
Equation (102). In this case, In; = Jng = % B>~ "p/2 and analytical expressions can be
obtained for all the transport coefficients. In the massless limit, the bulk viscous pressure
vanishes and each term in Equation (136a) vanishes as well. The dissipative part of the

distribution function reads,

N 1 2
Sf = fOkak[‘p(l—zpl(l)(Ek))VHky-i—gpﬂwkwkw, (140)

where Pl(l) (Ex) = BEx/2 —2. (We note that, though IT vanishes in the massless limit,
po = —3I1/m? may not vanish and Jf; still contain terms in the form of
fox forlco + c1 Pl(o) (Ex) +02P2(0) (Ex)] with ¢, < IT/m?. However, the contributions of these
terms to Equations (136a)—(136c) vanish at m? — 0 limit. Thus, we omit them.) The colli-
sion terms are thus given by

vk T

CH=—-——, CW=— .
TR TR

(141)

Similarly, all the moments appearing in Equations (136b)—(136c) are easily obtained.
The final results are [165,193,195]

wvi vl = kVFa — vy — S0 — AV &M+ lmAgV/\n/\P
+ Tyt My — Ay TV Ve, (142a)
AWM 4 = 2pEt 4 ZTRné,”wWP — OnprtVO — Tﬂﬂné”(;"wp, (142b)

where the transport coefficients are

g 3 T s
K = TRBy = énr Sy = TR, Ay = ETR/ lym = Ay = %,3/ Ty = gR,B/

g dm s Awmo 0 e
r]*TRlBﬂ'* 5 pr T — 3/ Tnnr = 7 .
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Here, x and 7 are the conductivity and the shear viscosity, respectively; they are the
first-order transport coefficients. All the other ones on the right-hand sides are the second-
order transport coefficients. The Navier-Stokes limit is reached when t >> 13, i.e., v¥ and
7t*Y relax to their Navier-Stokes values at the late time. Such relaxation dynamics is very
important for practical applications of relativistic dissipative hydrodynamics because it
cures the numerical instability stemming from the instantaneous responses represented in
the usual first-order Navier-Stokes constitutive relations.

With the above preparation, we now turn to Grad’s method of moments for RMHD.
The basic logic is the same as above, so that we will skip some of the intermediate steps.
We will always use the Landau-Lifshitz choice for the rest frame of the fluid. First, the EM
fields induce the Joule heat/Lorentz force term in Equation (107), and the exact EOMs of
«, B, and u*, Equations (138a)—(138c) are replaced as

. 1

“ T Dy [—J30(n6 +0,v") + Jao(€ 4 p +T1)8 — Jao7"'Epw + JaogEFvy], (144a)

. 1

B = Dy [—J20(n6 + 9,v#) + 1o(e + p +I1)0 — J1o7t* &y + J10gEH vy ], (144b)
B — %(1vm _VH 5) €+p ( [Tu# — VHIT 4 Aoy m'r — ngEF — qui”’vO. (144c¢)

These equations contain unknown dynamical variables I, v#, 7#" and are thus not
closed. The EOMs of I'T, v#, 'Y can be derived in the same manner as in the case without
EM fields. They can be conveniently expressed as the irreducible moments of rank 0, 1, and
2, which are pg, pg , pgv. These exact EOMs read [59,60]

. i’l’l G20 mz
I = =5 Dzoq u V**WEVP 2 {*?C*.BHQ*CHHHB (145a)

“'gl'lrr”w/gw/ - gl‘[va vt + 7P 29 + V}‘P 1 + 3 P}“/ g;n}
1
v = BpaEF +qufo<7“’ +pzl> + (gpo + 794)@" +p!59Ey (145b)
3 1
+ [C" + By Via — vl — vy (cﬂ + ch‘) +3 (Hu" — VM + A’;BMAP)

m? 6
3 (Vﬂp—l +p",0+ *PQ@%) - Ai;VAP Wmép)\]

= 24Bp (Vb*)A + qEqp™y + m qE<7‘p )+ qE<"v b+ [CW +2B,8H — %7‘[“”9
2
10 0 4 a + Srager — 2 )~ 2 0,
mZ 47112 A / ) A
*?Plivze - ?szygy - A}uaﬁvwiﬁ -p ﬁ‘;‘aﬁ} (145¢)

Note that only the EM related terms differ from Equations (136a)—(136c), and the other
terms between the square brackets are the same. Within the RTA, the collision terms are
given in very simple forms:

3 v# Y

I, Ch=——, CMW=-".
TRM TR TR

C= (146)

The above equations, together with Equations (144a)—(144c), are still not closed because
they involve the moments other than po,pg ,pgv. To close them, we again take the 14-
moment approximation in which the moment expansion of ¢ fy is truncated by choosing
the first 14 moments (i.e., by taking M = 2, NO =2, N1 = 1 and N = 0). In this scheme,
the independent moments are py = —3I1/m? ,p ,po =n",p1 =0,00 =0, pi’ =0
(The last two scalar and one vector moments Varush due to the matching conditions for
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n and € and Landau-Lifshitz frame choice). The other moments can thus be expressed in
terms of the first 14 moments:

3 0
p—r = = aM 11, (147a)
ot = M, (147b)
ot = P, (147¢)

)

and the moments of rank higher than 2 are all vanishing. The coefficients -y, ’ are thermo-
dynamic functions given by [165]

I -Df 1 & 7 el
% = (;Hi),,h” L [ aKofokEPL (B (Bagk' k7). (148)

With Equations (147a)—(147c), Equations (145a)—(145c) and Equations (144a)—-(144c) are
closed with given EM fields.

The peculiar feature of Equations (145a)—(145c) is that they show the relaxation be-
haviors of IT, v#, t*¥ towards the hydrodynamic constitutive relations at time scales much
larger that Tr. In order to make a comparison with the results from the Chapman-Enskog
method, we take the Navier—Stokes limit for Equations (145a)—(145c). In this limit, we
regard the dissipative fluxes IT ~ v# ~ #¥ ~ O(9) as well as E¥ ~ O(9), B* ~ O(1) and
discard all second-order terms in Equations (145a)—(145c). This leads to

I = —TR,BHG, (149a)
V= pu(Vat BgE") +gBrebl” (ﬂ” - ,11)1/ (149D)
= 2B+ qBTR'ygz) (bf)‘ ') + A na) (149c¢)

After solving Equations (149b)—(149c) for v# and 7#" and combining 7t/ and I into
T = ¥ — TIA", we obtain the following constitutive relations at O(9):

vt = «"(dya+ BgEy), (150a)
7
™= Y i wer, (150b)
i=1
with «#¥ and 5 Z.”Vp 7 given in Equations (123) and (127) and the transport coefficients given by
TR By 1 JaD% _4
K, = = +0(¢™), (151a)
1+ (gBwr)2(1\V —1/m)2  (4B)*Tr J§ D
D
K| = TPy = TRTH/ (151b)
31
Be3B, (v{" —1/h
Kx = 1BTRBy (11 o /h) 1 Dn +0(E73), (151c)
L+ (gB)* (1 —1/h2 45 Ju
4
m = {=mw <5H + 3,37r>/ (151d)
1
M = {1 =T <,3H + 3,37r>/ (151e)

o= =Tk </3n - éﬁn), (1519
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TRBn B o —4
T U 1+ (1\VqBr)2 (9B)*Tr J32 € &)
TRPr B ]4%2 —4
5 = = = 2= 4087, (151h)
! T 1 +4("}/§2)qBTR)2 4(q9B)*r J52
2qB72B 7\ 2 _ .
Mo = = — R Iff” = %I4z+0(§ ®), (1513)
1+ (1"gBtr)? 1
2 BTZ (2)
N7 = gL = 1 R(f)n% —ihz‘i‘o(f?’), (151j)

- 1+4(7,"qBR)? ~ 2qB

where we have used the relations 751) = (J11Js1 — J21J31)/ D31, 7§2> = J30/ Jap which can
be directly calculated from Equation (148) and B, = Ip; — Ipo = BJ32. Compared with
Equations (124) and (128), we find that the results from the method of moments in the
Navier—Stokes limit coincide with the results from the Chapman-Enskog method at the
leading-order in 1/ except for x|, 77 and 7, . For Boltzmann gas in the massless limit,
they are given by

. 16 Amfpn . 80 /\mfp;7 - @ /\mfpp

K| = 7757/ 77” - 9 (—;’2 ; N1 = 9 62 s (152)

and all the other transport coefficients are the same as those given in Equation (129). We note
that the results of method of moments here are in complete consistence with Refs. [59,60],
but one should be careful when making the detailed comparison because Refs. [59,60] did
not use the RTA which makes the relaxation time 7,; for the shear viscous tensor different
from ours.

In this section, we construct the RMHD constitutive relations at O(d) and gives explicit
expressions for the anisotropic transport coefficients using the RTA. In the next section, we
discuss a more rigorous calculation of these transport coefficients in QED or QCD going
beyond the RTA. To end this section, we note that, for practical calculations using kinetic
equations in, e.g., astrophysics, one may use the particle-in-cell method to perform the full
kinetic calculations going beyond the RTA; see, e.g., Refs. [206—-209].

6. Perturbative Evaluation of Transport Coefficients

In the previous section, we discussed the kinetic theory with the relaxation-time
approximation (RTA). This simple model provides us with an insight into how the balance
between the driving forces and the collision term is realized. However, this model has a
few drawbacks that should be improved so that one can push forward the kinetic theory.
For example, the RTA does not automatically satisfy the conservation laws of energy,
momentum, particle number, etc, since symmetries of the system are not implemented in
the collision term. In addition, the RTA collision kernel completely ignores the potential
effects of the magnetic fields on the scattering processes.

In case of weak-coupling theories, one can achieve more realistic evaluation
of the transport coefficients with the perturbation theories that respect the symmetries
and can take into account effects of the magnetic fields on the scattering
processes [54,55,57,58,210,211] (see also Refs. [67,69] for the strong-coupling methods).
In this section, we demonstrate the perturbative evaluation of the transport coefficients
in the strong magnetic fields where the energy eigenstates of the scattering particles are
subject to the Landau quantization. One finds that the chiral symmetry constrains the
scattering amplitudes among the particles in the ground states called the lowest Landau
level (LLL). This serves as a prominent example of the aspects that are not captured in the
RTA treatment in last section.
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6.1. Transport Coefficients in Strong Magnetic Fields

We provide a concise description of perturbative evaluation of the transport coefficients
in the strong magnetic field limit. We focus on the contributions from a single fermion
with an electric charge e and mass m for simplicity. Notice that the cyclotron radius is
inversely proportional to the magnetic-field strength. Therefore, it is expected that the
charged fermions can only serve as transport carriers for the currents along the magnetic
field in the strong field limit (cf. Figure 6). Indeed, one can show that the fermions in the
LLL can only contribute to the longitudinal electric current J, and the longitudinal pressure
p| [54,55,57]. Therefore, only the longitudinal conductivity o) and bulk viscosity (| take
nonzero values in the strong-field limit, while the other transport coefficients vanish in the
strong-field limit.

L]

Strong B

e

Figure 6. Induced currents in a strong magnetic field. Fermion carriers live in the (1+1) dimensions
(blue tubes), while photon scatterers in the (3 + 1) dimensions.

To see the induced currents, we apply an electric field E = (0,0, E;) and a flow
perturbation with an expansion/compression along the magnetic field, u ~ (0,0, u;(z)). In
the linear-response regime where the induced currents are linear in those driving forces,
the longitudinal transport coefficients o) and ) are given by

_ LB / ® dk; ks [0f (ks)

7= E. oy 2 e 2me| Er |’ (153a)
P By [~ dk ik Opofik

e T T A T o |’ (153b)

where ©p = (dp|/0¢€)p, and € is the one-particle energy in the LLL (see Equation (155)
for an explicit form). Here, the dominant contribution to the pressures comes from the
matter part, e.g., P = Pmay|- 10 simplify the notations, we omit the subscript ‘matt’
in this section. [We note that a factor of 1/3 was attached to { | in Ref. [57] according
to the convention in Ref. [119]. Here, we follow the present convention without this
numerical factor (see Equation (A20) for the correspondences). Note also that the color
factors are included in Ref. [57] for the QCD plasma, while we focus on the QED plasma for
simplicity.] We have assumed without losing generality that a homogeneous magnetic field
is oriented in the z direction with eB > 0. The two-dimensional transverse phase space
is degenerate with the Landau degeneracy factor eB/(27) since the energy eigenvalue
does not depend on the position of the cyclotron motion in a homogeneous magnetic
field. The momentum integrals come from standard definitions of the currents with the
one-particle distribution functions f(k;), where éf(k;) := f(k;) — feq(kz) denotes the
displacement from the equilibrium distribution function caused by the driving force. In
neutral plasmas, particles and antiparticles provide the same contributions, which results
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in the factor of 2 in front of the integrals. There is no spin degeneracy factor because the
LLL is the unique ground state with respect to the spin direction.

To extract the off-equilibrium component of the pressure j|, one needs to subtract
the equilibrium component because the pressure varies even in an adiabatic expansion/
compression [212]. In the operator form, the off-equilibrium component of the pressure
is p| = THbyby — @gTH uyuy = T3 — G)ﬁTOO. In the massless limit, the adiabatic ex-
pansion rate is given by ®g = 1 that agrees with an inverse of the number of spatial
dimensions (=1) in the presence of the effective dimensional reduction [57]. The bulk
viscosity vanishes in the massless limit due to the absence of a characteristic scale of the
dimensionally reduced system, where the scale invariance preserves the equilibrium state
at any step of the expansion/compression. Therefore, the bulk viscosity is sensitive to the
fermion mass that breaks the scale invariance. In the massive case, one finds a deviation as
©p = 1—3m?/(m*T?) [57].

The crucial part of the computation is evaluation of the off-equilibrium components of
the distribution functions ¢ f (k) that will be obtained as solutions of the kinetic equations.
In the presence of the electric field E; and the expansion/compression flow u;(z), the
explicit forms of the kinetic equations are, respectively, given as

eE, af;(ka) = C[f], (154a)
(0 +0,0;) f(k; t,2) = C[f], (154b)

where v, := k; /€y is the carrier velocity in the direction of magnetic field. We have taken
the steady and homogeneous limits in Equation (154a). The equilibrium distribution
functions are given by feq(k:) = [exp(Bex) 4+ 1]7! in the absence of the flow and by
feq(kz,t,2) = [exp{B(t)yu(ex —kzuz)} +1]71 in the presence of the flow u; with the gamma
factor v, = (1 — u2)~1/2. Note that one should take into account the time dependence of
temperature in Equation (154b) since the energy density decreases during the adiabatic
expansion/compression of the system [212].

6.2. Roles of the Chiral Symmetry

The electric and momentum currents reach steady states when the external driving
force and the collisional effects are balanced with each other. The transport coefficients
in the zero frequency and momentum limits characterize such steady-state currents in
response to the external forces. Therefore, the collision term C[f] plays a crucial role in
determining what steady state the system reaches. The collision term provides a bridge
between microscopic interaction properties and macroscopic hydrodynamic frameworks.

We consider the scattering processes among fermions and photons according to the
QED Lagrangian. To compute the collision term C[f], we use perturbation theory with
respect to the coupling constant e. As one can imagine from the familiar cyclotron radiation,
the leading-order contributions stem from 1-to-2 (2-to-1) scattering processes. This contrasts
to the ordinary perturbative expansion in the absence of an external magnetic field that
starts from the 2-to-2 processes (see, e.g., Ref. [213]). A simple reason for the absence of the
1-to-2 processes is the kinematics; The invariant masses in the initial and final states do not
match each other.

The kinematics in the presence of a magnetic field can be understood from the disper-
sion relation in the Landau quantization. The quantized energy levels are obtained from
the Dirac equation in a constant magnetic field as

ex = /K2 +m2 4 (2n+1£1)eB, (155)

with n and k; being the principal quantum number and the kinetic momentum along the
magnetic field. The Zeeman energy shifts for spin-1/2 particles are included with the
alternative signs. This dispersion relation has a (1 + 1)-dimensional form. On the other



Symmetry 2022, 14, 1851

41 of 63

hand, photons have the normal (3 + 1)-dimensional dispersion relations without being
subject to the Landau-level discretization. Because of this mismatch in the dimensions
(cf. Figure 6), the photons transverse momentum |q, |* = g5 — 42 can be regarded as an
“effective mass” in the (1 + 1)-dimensional kinematics. One may be then convinced that the
kinematics of the 1-to-2 processes with a “massive gauge boson” can be satisfied [54,55].
This is a general property in a magnetic field that is valid not only in the LLL but also in
the higher Landau levels (hLLs).

However, one needs to look into the kinematics more closely in the case of the LLL.
Actually, we recognize prohibition of those 1-to-2 processes when the massless LLL fermions
have the (1 + 1)-dimensional linear dispersion relations k” = +k.. (Note that the correct
dispersion relation that satisfies the Dirac equation is k” = £k, instead of k% = £ |k;| in the
massless case.) To understand the kinematics, we start with a particle scattering process
in the leftmost diagram of Figure 7, which is obviously understood as a transition from
one filled particle state to one of vacant states on the dispersion relation (see the rightmost
panel). One may regard an antiparticle as a hole of a negative-energy particle state, and
include both positive and negative particle states on the same footing. Then, all the 1-to-2
and 2-to-1 processes in Figure 7, including the pair creation/annihilation channels, can be
also interpreted just as a transition from one to another particle state (with either a positive
or negative energy). In the presence of the chiral symmetry, this transition has to occur on
one diagonal line due to the absence of the chirality mixing. The origin of energy is not
shown since it is not relevant here.

/V—/

k

Figure 7. The 1-to-2 processes in a strong magnetic field. Time goes from bottom to top. All
these processes can be interpreted as a transition on the diagonal dispersion relation (rightmost).
The chirality conservation at the vertices gives crucial constraints on the relaxation dynamics.

Now, notice that this diagonal transition does not change quantum numbers other than
the energy and momentum since the initial and final particle states carry the same quantum
numbers, especially the same chirality and spin. This means that an emitted photon
can only take away the energy and momentum with the same amount, i.e., g3 — g2 =
{£(q2 — 92)}*> — (g2 — q%)?> = 0, and is not allowed to carry a nonzero spin along the
magnetic field. This kinematical constraint readily implies that a transverse photon cannot
satisfy the kinematics of the 1-to-2 or 2-to-1 processes. Indeed, the kinematics is only
satisfied in the collinear limit (g || k || k') with |g | = 0, where the coupling between a
physical transverse photon and fermions vanishes. In other words, the angular momentum
along the magnetic field is not conserved with the transverse photons. (One may satisfy the
angular momentum conservation when the photon momentum is completely perpendicular
to the magnetic field, i.e., g, = 0. However, the on-shell conditions for the fermions and
photon cannot be satisfied simultaneously in this case.)

Following the above discussions, we conclude that the collision term vanishes in the
massless limit as a consequence of the chirality conservation and the linear dispersion
relation in the LLL. This is a expected from the fact that there is no transverse photon
in a purely (1+1)-dimensional system. On the other hand, a finite fermion mass allows
for chirality mixing at interaction vertices. Then, the kinematics is no longer limited to
the collinear configuration, and we find a finite collision term which is proportional to
the squared fermion mass m?. It is worth mentioning that a similar mass dependence
in the charged-pion decay rate is known as the helicity suppression [214,215]; this is the
essential reason why the muonic channel dominates over the electronic channel in spite of
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the smaller phase-space volume of the heavier particle. Technical details of the collisional
effects are given in Refs. [54,55].

We obtain the induced currents by inserting the solutions of Equations (154a) and (154b)
into Equations (153a) and (153b), respectively. Finally, the electric conductivity and the bulk
viscosity in the LLL and at the leading-log accuracy with respect to the coupling constant
are obtained as [54,55,57]

,eB AT
_ p¢B 1
N = 2n m2 In(T/M)”’ (1562)
B 4m? 1 14
(=3 | = — % (0.0304...)] . (156b)

2 e2In(T/M) |72 3

The logarithmic factor originates from the collision integral with the ultraviolet and
infrared cutoff scales at T and M? = min[m?,e?/(271)eB/(27)], respectively. The latter is
the Debye screening mass from the fermion loop. In addition to the above contributions
from the fermion carriers, there is a finite contribution from photon carriers to the bulk
viscosity. The latter contribution is, however, suppressed by a factor of 1/ (eB) because the
photon carriers are scattered by the abundant fermions of which the phase space volume
is enhanced by the Landau degeneracy factor. Moreover, the phase space volume of the
photon carriers is ~ T® instead of ~ TeB, so that there is no enhancement by the factor of
eB as compared to the fermion contribution included in the above result. Therefore, the
photon contribution is subleading to the fermion contribution in the strong-field limit.

We have discussed the fermion-mass suppression of the collision term and have
understood it as a consequence of the chirality conservation in the dimensionally reduced
system. This suppression is reflected in Equations (156a) and (156b) as an enhancement
by a factor of 1/m? when the fermion mass is small m? < eB. Note that the bulk viscosity
is suppressed by m* when eB = 0 [212] as a consequence of the conformal symmetry (or,
more restrictively, the scale invariance) as mentioned below Equation (153b). The power
dependence on the fermion mass is now reduced to m? as a consequence of the competition
between the scale invariance and the chirality conservation, both of which govern the
behaviors in the massless limit. It is remarkable that the dependences on the fermion mass
are important even in the high temperature limit T > m as long as eB >> T2.

6.3. Contributions of Higher Landau Levels

As we decrease the ratio eB/T?, contributions of the higher Landau levels become
significant. The fermion mass is less important for the kinematics in the higher Landau
levels because their dispersion relations are parabolic even for massless fermions. In
Refs. [210,211], the authors have elaborated dependences of the electric conductivity on
the fermion mass and magnetic field strength, and found a milder mass dependence after
including the higher Landau levels. (As in the above computation with the LLL, the 1-to-2
(2-to-1) scatterings, the leading scattering channels in the coupling constant, are included
in Ref. [210].) In particular, a smooth massless limit was observed. This result on the mass
dependence implies that the LLL fermion carriers acquire new scattering channels that
open via transitions to the hLL and are at work even in the massless limit. Indeed, thanks
to the parabolic dispersion relation of the hLL, the kinematics of the transition from the
LLL to a hLL are satisfied with a finite photon transverse momentum |g, | > 0 even in
the massless limit, and the hLL with a finite energy gap ~ |eB| has a smaller velocity than
the LLL. (Since the dynamics of the hLL, as well as of the LLL, is (1+1) dimensional in
the momentum space, relaxation of the longitudinal electric current occurs only when the
velocities of fermion carriers are changed.) The transition to the hLL occurs only when
assisted by absorption of thermal photons, so that existence of the thermal photons, as well
as of the hLL, is crucial for this relaxation dynamics. As for scattering processes among the
hLLs, one of the important scattering channels may be back scatterings which are allowed
again thanks to the parabolic dispersion relations in the hLL, but are prohibited for the
massless fermions in the LLL.
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In this subsection, we have discussed the perturbative computation of electric con-
ductivities and viscosities. In the strong field limit, they have a significant anisotropy and
their magnitudes depend on the magnetic field strength. In addition, a special kinematics
in the LLL gives rise to an interesting fermion mass dependence. The hLL contributions
become important in the weak to intermediate magnetic field strength. Evaluation of the
viscosities with the hLL contributions remains a challenging issue. Potential applications
include relativistic heavy-ion collisions, Dirac/Weyl semimetals, and neutron star physics.

7. Chiral Magnetohydrodynamics

The system composed of massless chiral fermions also supports the conserved axial
charge density when there are no electromagnetic fields. However, in the presence of
the electromagnetic field, a conservation law of the axial charge is broken by the source
term proportional to E,B¥, which induces the coupling between the electromagnetism
and dynamics of the axial charge [216-218]. This anomalous violation of the axial charge
conservation is a famous consequence of the chiral anomaly (see, e.g., [219,220] for a review).
When one treats the electromagnetic field as non-dynamical backgrounds, the effect of the
chiral anomaly should be also present in the low-energy effective theory due to the t'Hooft
anomaly matching condition [221,222].

In the last decade, there is a significant progress on understanding macroscopic
manifestation of the underlying quantum anomaly in the hydrodynamic regime. It has been
clarified that the consistency to the chiral anomaly requires the novel transport phenomena,
called the anomaly-induced transport (or anomalous transport), whose example includes
the chiral magnetic effect (CME) [16,17,223-225]. In Ref. [226], Son and Surowka provide
an elegant derivation of the anomaly-induced transport on the basis of the second law
of local thermodynamics, which has been further investigated along this line [227-230].
On the other hand, there also appear the fruitful applications of the anomaly matching to
the hydrodynamic effective action or thermodynamic functional [231-244] (see also, e.g.,
Refs. [18-21,153,245-249] for reviews).

In this section, we generalize those frameworks to include dynamical magnetic fields.
This can be also regarded as an extension of RMHD discussed in earlier sections with
the chirality imbalance. This extension provides a hydrodynamic framework called the
chiral magnetohydrodynamics (chiral MHD). In Section 7.1, we formulate the chiral MHD
and derive the CME on the basis of the entropy—current analysis [92]. Then, after briefly
reviewing the linear waves in RMHD in Section 7.2, we demonstrate the helical instability
in the chiral MHD in Section 7.3.

7.1. Entropy-Current Analysis with Chiral Anomaly

Let us generalize the entropy—current analysis to derive the chiral MHD equations.
Having the massless Dirac fermions as microscopic constituents in mind, we consider the
anomalous Ward-Takahashi identity for the axial current:

ouJly = —CAE'B,, (157)

where | Z and C4 = €?/(27?) denote the axial current and an anomaly coefficient for
a single (colorless) Dirac fermion, respectively. This equation together with those in
Equation (13) serves as the equation of motions.

It should be emphasized that the anomalous Ward-Takahashi identity (157) gives a
non-conservation law for the axial current due to the non-vanishing right-hand side. Thus,
Equation (157) implies that the axial charge density is, in general, not a hydrodynamic
variable, showing a transient dynamics towards the true hydrodynamic equilibrium. Note,
however, that the chiral anomaly is a quantum effect arising from the one-loop diagram,
which is suppressed by the Planck constant. Motivated by this observation, we assume
that the relaxation time of the axial charge density is longer than time scales of other
non-hydrodynamic modes and treat it as a quasi-hydrodynamic quantity. Based on this
assumption and the second law of local thermodynamics, we formulate the chiral MHD
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as an effective model describing the transient coupled dynamics of strictly conserved
quantities and non-conserved axial charge density. We keep track of the chiral anomaly
effect with C4 regarded as a small parameter.

Having identified the equations of motion, we then generalize the thermodynamic
relation Equation (14) by including the axial charge n4 := u; ] Z. Introducing the axial chem-
ical potential j14 as the thermodynamic conjugate of 1 4, we generalize the thermodynamic
relation as

de = Tds + HydBy +padngy. (158)

In this section, we assume a neutrality in electric-charge density as before. We parame-
terize the constitutive relation for the axial current as

Jh = naut + Tl g0 (159)
which enables us to rewrite Equation (157) as
—C4E"B, = 0,] = nab+ Dny + ayfz(l) . (160)

Including the axial charge contribution, we compute the entropy production rate. As
a result, the divergence of the entropy current (17) for RMHD is extended as

dust = PB(Ts—e—pyL +B'Hy+pana)d — Bl(pL — p))b!'b" + BYH"]ouuy
"‘T(yllgay(ﬁ”V) + ﬁ(}gay(ﬁHV) - ]Z(l)aM.BVA) + #ACAE?l)By
+0p (08" — puy T3y — BHVE(Y) + BitaTlyqy) -

Note that the induced electric field is at most the first order in derivative; see
Equation (25). We now require that the above expression satisfies the second law of
thermodynamics. At the leading-order in derivative and C,4, we find the constraints as in
Equation (18) but with the replacement of the thermodynamic relation by

Ts=e+p, —B'Hy —pana. (161)

This is an extension with the contribution of the axial-charge density. The other
constraints, the relation between p | and, p, and the absence of the zeroth-order electric
field EE‘O) = (0, are intact.

In the correction terms, we focus on the regime where 0 ~ C4. Then, the semi-positive
entropy production requires that [92]

S?l) = :BuVT(Vll; + ﬁHVﬁﬁ]; - ‘B]/lA]f:(l) ’ (162a)
R := —E{y) (—1aCaBy +J (1)) 2 0, (162b)
Ra= ]ffx(l)au(—ﬁﬂA) > 0. (162c)

The corrections to the energy-momentum tensor are the same as in Equation (21a), and
there is no modification of the energy—momentum tensor by either C4 or y 4 in the Landau
frame. This is, however, a frame-dependent statement, and the the energy-momentum
tensor in general can acquire anomalous contributions due to a redefinition of the flow
vector (see, e.g., Ref. [247]).

Let us focus on the chiral anomaly effect appearing in R . Compared with the parity-
even case (85), the electric current is shifted by the anomaly-induced term. The electric
current is, therefore, given as

]g‘l) = CapaB" + [—ob"b" 4+ 0 EM + bl |E ), - (163)
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The second term in the square brackets is the same as in Equation (87). What is new
and remarkable is the first term that reproduces the CME [16,17]. This term does not
depend on an undetermined coefficient like the Ohmic terms. The laws of thermodynamics
uniquely determines the relation between the CME and the anomalous term in the equation
of motion (157). Notice that the anomalous term in Rg can take an arbitrary value in
general hydrodynamic configurations. Therefore, unless this term is cancelled by the CME
in Equation (163), the entropy production is not necessarily positive semi-definite. As first
pointed out in Ref. [226], the existence of the CME is demanded to ensure the semi-positive
entropy production, and is more than allowed in the hydrodynamic frameworks. We have
seen that the same logic works for the dynamical magnetic fields.

As for the axial current, one can make a bilinear form

A
Ra=— Z(l)PW]Z;(l) , (164)
with all the possible tensor structures
ot = o1} (=buby) + p L B — p0L" (165)

The first two coefficients should be semi-positive quantities pﬁ‘ | = 0. Similar to the

Hall terms, the third term does not contribute to the entropy production, so that p# can take
both positive and negative signs. The constitutive relation of the axial current is obtained as

Ty = (020 (Bra) = xff o) + x| +xfjal, (166)

where we defined txﬁ = —b'bYo,(Bua), ocil_ = EM9y(Bua), and o = b¥w . The lon-
gitudinal components are simply related to each other as Kﬁq =1/ pﬁ‘, while the trans-

verse components are mixed with the Hall-like component, /! = p% /[(p1)? + (p4})?] and
ki = pi/ [(pf)2 + (p#)?]. Three diffusion constants k! may take different values in a
magnetic field. According to the sign constraints (165), two of the diffusion constants
should take semi-positive values, Kf,H > 0.

7.2. Linear Waves in Relativistic MHD

In general, it is far from a simple task to find solutions of hydrodynamic equations.
Nevertheless, one could find a solution near a stationary hydrodynamic configuration and
study a linear wave describing propagation of a weak disturbance on top of the stationary
state. Here, before investigating the linear wave in the chiral MHD, we briefly describe the
linear wave in RMHD. Starting from the stationary state €y, po, u* = (1,0), and B* = (0, By)
with a constant By, we apply perturbations, é¢, dp, éu¥, and 6B¥. Maintaining the linear
terms with respect to those perturbations in the MHD Equations (13) and (15), we obtain
the simple linearized wave equations. The resulting linearized equation describe six modes,
called the Alfvén wave and the fast and slow magnetosonic waves, which are three pairs of
the waves propagating in opposite directions. The number of modes coincide with that
of the dynamical degrees of freedom counted. Those waves have been well-known in the
non-relativistic theory [160,250] (see below and also Ref. [251] for relativistic cases).

One finds a simple physical mechanism that induces the Alfvén wave as follows. If
one applies perturbations to the flow velocity and the magnetic field perpendicular to the
static field By, the tension of the magnetic lines acts as a restoring force that tends to bring
the fluid volume back to the original stationary position (cf. Figure 8). However, the energy
density (or mass density in the non-relativistic case) provides an inertia, which prevents
the fluid volume from stopping at the original position. Consequently, the fluid volume
and the penetrating magnetic lines start oscillating just like a string. The Alfvén wave is,
thus, a transverse wave. Let us denote the perturbations du |, (t,z) and 6B (t,z) which are
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perpendicular to By and depend on time and the spatial coordinate along By = (0,0, By).
Then, the linearized MHD equations read

Boazéul — atéBJ_ = 0, (167&)
(6 + p)atéul — Bpdz0B, = 0, (167b)

where By = |Bp|, and we assumed that y,, = 1 for simplicity. Eliminating 6B | , we indeed
find a wave equation

2

B
02ou, = . +0pa§5u 1. (168)

This equation simply means that two transverse waves are propagating in opposite
directions along By with a velocity v4 = B%/(e + p) called the Alfvén velocity. This form is
anticipated since the tension is proportional to the magnetic field strength. Remember that
€ and p are the total energy density and pressure including the magnetic-field contributions.
When the magnetic field is so strong that its contribution dominates in the energy density
and pressure, the Alfvén velocity approaches the speed of light from below. Thus, the
propagation of the Alfvén wave respects the causality. Eliminating du, in Equation (167),
one obtains the same wave equation for 6B | . This means that the magnetic field lines are
“frozen-in” to the fluid volume. and their disturbances propagate together (cf. Figure 8).

Figure 8. Transverse Alfvén wave propagating along the magnetic field. A resorting force is provided
by the tension of the disturbed magnetic lines.

The disturbance of the magnetic field lines also induces the compression of the energy
density de ~ dematt + B - 6B and the pressure fluctuation dp ~ dpmatt + Bo - 6B. Therefore,
the velocities of sound modes are modified in RMHD. When the compression of the
magnetic field lines is in-phase (out-of-phase) to that of the fluid volume, the restoring force
becomes larger (smaller) as compared to the case without a magnetic field. Consequently,
the wave velocities are enhanced or reduced depending on the relative phases, so that the
sound modes split into the fast and slow magnetosonic waves (see, e.g., Ref. [250] for more
discussions). Their dispersion relations can be also obtained from the linearized MHD
equations in the same manner. The full linearlized equation will be a 6 x 6 matrix equation,
determining all of the six dispersion relations after the diagonalization. The secular equation
will be a cubic equation for the squared frequency w? for the three pairs of the waves.

7.3. Helical Instabilities in the Chiral MHD

We found the six stable waves in RMHD in the above. It is interesting to see how the
CME affects those propagating modes. Each mode in RMHD is paired with another mode
propagating in the opposite direction with the same velocity. This degeneracy is, however,
resolved in the chiral MHD since the parity symmetry is broken by the axial chemical
potential. As a result, the dispersion relations could acquire different dispersion relations
depending on the propagation directions. The dispersion relations can be obtained by
diagonalizing the linearized equations in the same manner as above.
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The “phase diagram” of the linear modes are drawn in Figure 9 with respect to the
propagation direction 6 and the axial chemical potential s 4 (with o and u 4 being the Ohmic
conductivity and the Alfvén velocity). The phases are classified with respect to the imagi-
nary parts of the dispersion relations that appears at the linear order in the momentum. As
we increase 14 in the Phase IIA and IIB, one of the paired waves exponentially grows in
time, while the other is damped out. The exponentially growing mode indicates a hydrody-
namic instability induced by the CME current. Moreover, the growing and damping modes
are found to be helicity eigenstates and carry opposite helicities [92]. Remarkably, this means
that a particular helicity mode is selectively excited in the chiral MHD. As expected, the
roles of the growing and damping helical modes are interchanged if we flip the sign of
the axial chemical potential. Namely, the excess of the R (L) fermionic chirality induces
the exponential grows of the R (L) helical waves as the mixture of the disturbances in the
magnetic field and the fluid velocity.

2.5f ! : !
Phase IIB: unstable
20k Localized helical modes
= ;
S 15 : B
S :
3 Phase IIA: unstable
1.0F : ]
< . i
%) propagating helical modes
0.5[ ]
EStabIe
0.0L, : R S . n
0.0 0.2 0.4 0.6 0.8 1.0
0/(1t/2)

Figure 9. “Phase diagram” of the collective excitations in the chiral MHD with respect to the axial
chemical potential ;14 and the angle § between the directions of the propagation and the magnetic
field (with ¢ and u 4 being the Ohmic conductivity and the Alfvén velocity ) [92].

This instability reminds us of the chiral plasma instability (CPI) that is an exponential
amplification of the magnetic field in the presence of the CME current [252,253] (see also
Refs. [36,37,37,99,100,102,103]). Here, the chiral anomaly is coupled to the fluid dynamics
as well as the magnetic field, so that the total helicity conversion can be extended with
the inclusion of the “fluid helicity” [254]. As in the CPI, one may expect the conversion of
the fermionic helicity to the fluid and magnetic helicities as the topological origin of the
instability. Recently, the instability was also found in Ref. [255]. (There is a disagreement
between the secular equations in Equation (61) of Ref. [95] and in Equation (14) of Ref. [92].
Seemingly, the overall sign of the anomalous term in Ref. [95] may be positive instead of
negative. This may be the reason why the authors did not find unstable modes.) This new
hydrodynamic instability deserves further study beyond the linear-mode analysis.

8. Conclusions and Future Prospects

We have reviewed the progresses in the theory of RMHD over the last decade. We
do not go into details about the applications of RMHD); instead, we provide the literature
pertinent to the applications of RMHD to relativistic heavy-ion collisions, astrophysics,
cosmology, and so on, so that the reader can follow the trails. We have structured the
discussions in a pedagogical manner so that this review could benefit the readers who
are not familiar with hydrodynamics. To derive the constitutive relations of RMHD up
to the first order in derivative expansion, we first employ a phenomenological approach
based on the entropy—current analysis (Section 2). In this construction, the Bianchi identity
is regarded as a conservation law for the magnetic flux, and the magnetic field is treated
as a leading-order quantity in the derivative expansion. At both the ideal and dissipa-
tive levels, we show how the presence of such a leading-order magnetic field gives rise
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to anisotropic constitutive relations. Then, we discussed the nonequilibrium statistical
operator technique (Section 3) that verifies the constitutive relations from the microscopic
theory. In this method, the phenomenological parameters (transport coefficients introduced
in the entropy—current analysis) are expressed as the low-energy limit of certain correlation
functions, the Green-Kubo formulas that connect the underlying quantum theories (or
QED) to macroscopic RMHD. In Section 4, we have discussed how this recent formulations
presented in Sections 2 and 3 are related to the conventional formulation of RMHD in the
literature. Based on this conventional view, we then used the kinetic theory to re-derive the
constitutive relations at the first order of derivatives by treating the EM fields as external
fields and evaluate the transport coefficients in a relaxation time approximation (Section 5).
By going beyond the relaxation time approximation, we also demonstrate how one can use
the perturbative QCD or QED to compute these transport coefficients (Section 6). Finally,
we considered the situation in which the parity is allowed to be violated (Section 7). This
brings new, non-dissipative, transport terms, such as the chiral magnetic effect, into the
constitutive relations, and leads to new types of wave modes and instabilities.

Certainly, the theory of RMHD has progressed significantly in the previous decade.
However, there are many challenges to be addressed in the future works. Here, are a couple
of them that, in our opinion, require further investigation.

(1) Spin hydrodynamics. One profound effect of the magnetic field is to polarize spin.
This naturally addresses the question of, in the situation where the spin can be a
quasi-hydrodynamic mode, how the formulation of RMHD is modified by the spin
degree of freedom. Quite recently, relativistic spin hydrodynamics have attracted
intensive discussions. It is theoretically very interesting and potentially applicable to
the study of spin transport phenomena in QGP or supernova matter. In fact, one of the
main motivations that drives the study of relativistic spin hydrodynamics is the recent
experimental breakthrough of the observation of the spin polarization in the vortical
QGP produced in heavy-ion collisions (see Refs. [256-260] and references therein).

In the absence of EM fields, the basic symmetries underlying spin hydrodynamics
are the translational and Lorentz symmetries, which give the conservation laws of
energy—-momentum and angular momentum

3,7 — 0, (169)
a}{jyp(r _ a}l(zﬂpﬂ 4+ xPTHT xUTﬂP) =0, (170)

where J#7 is the angular momentum tensor and X#*” is the spin current. Re-
arranging Equation (170) into the form

9, XHP = 2Tkl (171)

shows that the spin current is not conserved but is sourced by the anti-symmetric part
of the energy—-momentum tensor, representing the conversion of angular momentum
between spin and orbital components. The non-conservation of spin current ren-
ders spin density not a strict hydrodynamic variable. However, when the spin—orbit
coupling is weak (see Ref. [123] for a concrete analysis showing how the spin—orbit cou-
pling can be parametrically weak), the spin relaxation time can be parametrically large,
making spin density a quasi-hydrodynamic mode [122]. The spin hydrodynamics is
thus well formulated in this regime as a quasi-hydrodynamics [261] or Hydro+ [262].
A striking consequence of the spin—orbit coupling is the pseudo-gauge ambiguity in
defining the spin current, namely, a finite shift of X#°”

LHPT — THPT — DI, (172)
is compensated by a corresponding change in TH"

TH — TH + 19, (@MY — PrAv — pViK), (173)
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leaving the conservation laws (169) and (171) preserved. Noticeably, choosing
PHT = THP7 eliminates the spin current and results in a symmetric energy—-momentum
tensor, called the Belinfante-Rosenfeld improved energy—-momentum tensor [263-265].

Such pseudo-gauge ambiguity brings freedom of choosing different structures
for the spin current and energy—-momentum tensor in constructing the spin hydro-
dynamics. Then, in a similar manner as we present in this article, one can construct
the spin hydrodynamics in an order-by-order analysis in the derivative expansion
(see, e.g., Refs. [122,124,266-280]). In particular, anisotropic constitutive relations arise
as in RMHD when there is a zeroth-order vector provided by a strong spin polariza-
tion [124]. When dynamical EM fields are present, it is worth looking into how we
can unify the frameworks of spin hydrodynamics and RMHD and clarify the resulting
new phenomena in such a unified formulation (see recent attempts in Refs. [281,282]
and also in Ref. [283] and references therein for non-relativistic cases). In this case, we
need to choose a pseudo-gauge (e.g., a totally antisymmetric spin current) and couple
Equations (169)-(171) with the magnetic flux conservation

=0, (174)

and work out a derivative expansion with an appropriate power counting scheme, as
we outlined in Sections 2 and 3.

Kinetic theory and transport coefficient with the new formulation. As we demon-
strated in Sections 2 and 3, the formulation based on magnetic flux conservation
provides a new view on RMHD based on the symmetries of the system. Noting that
the hydrodynamics provide a universal description of low-energy behaviors of the
system, we expect that this formulation of RMHD should also be derived based on
the kinetic theory. Since the kinetic theory reviewed in Section 5 is based on the
conventional approach with background magnetic fields, it is an interesting problem
to reconstruct the kinetic description along the line of the recent formulation of RMHD
with dynamical magnetic fields.

In establishing such a kinetic theory, it is again crucial to consider the Bianchi
identity (174) as an additional equation of motion together with the energy—-momentum
conservation law. Thus, the reformulated kinetic theory should be equipped with the
distribution function of photons as well as matters, and we need to clarify how we
can extract information of F¥ based on the distribution functions. Expanding the
off-equilibrium part of the distribution function by generalizing the approaches in
Section 5, one may obtain the dissipative corrections to the constitutive relations. Once
this is established, one can extract values of all the transport coefficients by the use of
the resulting kinetic theory.

As for the computation of transport coefficients, we have already presented the
Green—Kubo formulas in terms of the correlation functions in the recent formulation
of RMHD. Thus, one can also compute the Green—-Kubo Formulas (77) with field
theoretical techniques. In Ref. [284], such a calculation at a certain strong-coupling
regime is performed based on the holographic principle, but there is little discussion
about the perturbative evaluation at the weak-coupling regime in Ref. [105]. It is
worth working out the perturbative evaluation of the Green—-Kubo Formulas (77) and
clarifying their relations to those obtained from the conventional approach partly
reviewed in Section 6.
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Appendix A. Electric Charges in MHD

In neutral plasmas, the electric field E in the fluid rest frame and the electric charge-
density fluctuation 6]° are damped out in a finite time scale and are therefore not qualified
as hydrodynamic variables [92]. This can be shown in the following way. An electric field
E, induced by the charge-density fluctuation, obeys the Gauss’s law V - E = 6]°/¢, with
€. being a dielectric constant. Charges will be redistributed via an Ohmic current J = ¢E.
Plugging the Gauss’s law into the current conservation 9, J# = 0, we find

36]%(t, x)

P ==V (%) = —gg&]o(t,x). (A1)

Thus, the charge-density fluctuation is damped out in time as

810(t, x) = 67°(0, %) exp(—jt) : (A2)

Plugging this solution back to the Gauss’s law, we find that the electric field is also
damped out in the same time scale.

Therefore, neither of them are qualified to be included in a set of hydrodynamic vari-
ables in the formulation of RMHD. Nevertheless, they can be induced in the dynamics and
should be expressed as functionals of hydrodynamic variables, i.e., constitutive relations.
On the other hand, the magnetic field persists in a plasma. This difference arises from the
presence of the current term in the Maxwell equation, which breaks the duality between
electric and magnetic fields.

Appendix B. Matching and Frame Conditions in Relativistic MHD

For the systems invariant under the charge-conjugation and parity transformations,
the most general tensor structures of the first-order dissipative corrections T(Pll'; and I:“(”ll; can

be written as

T})) = Seutu’ — p EM + 5pbb” + 20wt 4 2fHpY) 4 7Y, (A3)

B = 26BblH V) 4 2glHyV) 2l ) i (A4)

We denote the derivative corrections as {de, 5pH,§pL,hF‘,fV, nﬁv,éB,g”,W,mF“’} ~
O(9"). The off-equilibrium pressure correction, which is written as §pA"” in the absence of
a magnetic field, is split into two terms due to the preferred orientation in a magnetic field.
The fourth term in T(”f; is proportional to the familiar heat current #*. The second-rank

. v 1% . . . . . .
tensors are symmetric ni =7 f and antisymmetric m"V = —m"# in their Lorentz indices.

Those tensors are all transverse to both u/ and b¥, i.e., uyh* = 0 = b,h*, u, f* = 0 = b, f¥,
uynﬁv =0= bﬂnﬁv, uygh =0="byg", uylt =0="b,0", and uym"” = 0 = b,m"". If some
of them, e.g., the heat current /;, have longitudinal components, we can always decompose
them into the longitudinal and transverse parts as h* = (E#* 4 utu® — b*b*)h, = EF*h, +

{ (u*hg)u* + (b*hs)b* }. Only the first term provides an independent structure to the
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energy—momentum tensor, and the other terms between the braces can be absorbed by the
terms existing in Equation (A3).

In an off-equilibrium state, the local thermodynamic quantities as well as the flow
velocity and the magnetic field are not uniquely defined, but are subject to ambiguities
of the order of derivative [5,120,180,233,285-287]. The derivative corrections vanish as
the system approaches an equilibrium state, and those quantities reduce to the same
equilibrium values, which may be defined unambiguously by the expectation values of
the microscopic current operators in equilibrium statistical mechanics. We shall, therefore,
express the coefficients as

1
€+de=uugT¥, p+dp, = fi:aﬁT“IS, p| +3p = +babpT™,

W= u BT, fr = b BT, Al = EE - JEE) T, (AD)

B+0B = —bu, P, g" = —Elu,Fr, (Y = —Eib,Fr,  mt = 22rREPIVE, .

The conserved currents may be parametrized by either set of variables before and
after the redefinition T — T’ = T + 6T, u* — u'* = w# +éut, H - H' = H+ 5H, and
b* — b'M = b + Sb* with 8T, sut, 6H, 5b* ~ O(3'), where H = \/—H,HF. We examine
how those shifts change the constitutive relations. Under the redefinition of T, the scalar
quantities are transformed as, e.g., €(T) — €(T’) ~ €(T) + (de/9T)éT and so on, while
their derivative corrections as ée(T) — de(T') ~ de(T) + O(9?%). A similar transformation
holds under the redefinition of H. Therefore, up to the first order in derivatives, the
redefinition induces a set of the shifts

€+d6e e =€+ g—eéT + aa—ecSH + de +0(2?), (Aba)
dp
P +dpy = P =y + —H5T+ o OH +0p +0(3?), (A6b)
I opL IpL 2
pl+‘5PL_>PJ_‘—pL+aT‘5T+ aH(SH+(5pL+O(a) (A6c)
- 9B 9B 2
B+0B = B'i= B+ 50T + S 6H + 6B + O(@?). (A6d)

We will neglect the second-order terms which are beyond the current working accuracy.
By using the transforms of the scalar quantities (A6), one can eliminate the off-equilibrium
quantities de, dp), or dp, in T(yll; and 6B in F ;411/' It is customary to eliminate the off-
equilibrium energy density and magnetic field so that the equilibrium energy density € and
B are maintained in the derivative expansion. Those demands can be achieved by adjusting
0T and JH so that € = €’ and B = B’ up to the second-order corrections, while the pressure
components remain while having the off-equilibrium contributions that correspond to the
bulk viscosities. These are the matching conditions for € and B.

One can generalize this redefinition process to the case with multiple conserved
charges. If there are n conserved scalar quantities, one can maintain their equilibrium
quantities by the redefinitions of the n thermodynamic conjugate parameters, leaving the
components of pressures subject to off-equilibrium corrections.

Similarly, one can eliminate some of the dissipative currents by the redefinition of
zeroth-order vectors, u# — u'* = u# + su* and b* — b'* = b# 4 Sb* with Sut, Sb* ~
O(d'). These shifts in the ideal constitutive relations (15) induce shifts of the first-order
derivative terms

ht— WE =K 4 (e + p ) )out +0(9%), (A7a)
f= f1 = = (po — p))obt + O(%), (A7b)
g — ¢’ = ¢" + BébY, (A7¢)

04— 0" = (" + Bout. (A7d)
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Making a choice of du# is simultaneously reflected in h* and ¢#, and so is making
a choice of 6b* in f# and g*. One traditional choice is the Landau-Lifshitz frame [5,287]
with éut = —h#/(e + p,), eliminating the heat current i'#. In addition, we choose
Sb! = —g/B to eliminate g'*. This is the frame used in Section 2.2.3:

Tl = —OpLEM 4 op|bty’ + 2 W) 4 Y, (A8a)
By o= aplre g (A8b)
One can make another possible choice with éu* = —¢# /B. This is an analogue of the

Eckart frame [1], leading to
T = —opLEM +op|btb’ + 20Ut 2 W) 4 7l (A9a)

P(Vl”) = mh, (A9Db)

where we chose the same db* as above. In this frame, the components of the first-order
electric field perpendicular to b* have been eliminated from F(}llv) at the price of the presence

of the heat current in T(”f; Itis also possible to eliminate f'# by choosing db = f*/(p. —py)-
However, f appears in ¢'* = g + Bf#'/(p, — p)|) in 1:"(}‘11;

In case there is also a conserved number current N¥ = nu# + v# in the absence of
dynamical electromagnetic fields, the shift in u# leads to a shift in v¥ by

vH = vl ndut 4 0(0%). (A10)
One can choose éu# = —v#/n to eliminate v¥. Such a choice is called the Eckart
frame [1]. It is worth noting that the following combination is frame-choice independent:

n n

VH— h}"-}y‘u_
€E+p €

ph’* +0(9?). (A11)

See more discussions in Refs. [120,233,285,286] for other possible frame choices.

Appendix C. Derivation of Equations (73a)—(73c)

We here present a derivation of Equation (73) by rewriting the ideal RMHD
Equation (72). For that purpose, we first call our attention to the thermodynamic rela-
tion Bp, = s — Be + HB. By using the definition of the conjugate variables, this relation
enables us to find the differential thermodynamic relation as

Bdp, = —(e+p,)dB+ BdH, (A12)

from which we find a set of relations as

9 3
e+pi=—pLE B=pLL and Vpi=p [~ (e+p)Vup+BYH]. (A3

B’
In addition, another thermodynamic relation ds = Bde — HdB enables us to find the
following Maxwell relation:

o  JH
Combining Equations (72) and (A12), we also find the divergence of the magnetic
flux as

9,B" = 1BV, B. (A15)
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Thanks to these equations, we can simplify the leading-order equations of motion
for the thermodynamic parameters. For instance, the time-derivative of the local inverse
temperature 5 reads

Dﬁf—ﬁ e+ %pp

ac " ap
_ B[4y 0Pl ML, (A16)
(ﬁ ap O TPH Gy 9|>+ﬁae a7 Ot

0 oH d
_ﬁ< PL B>9|+,3 pLGJ_,

where we used Equations (72), (A13) and (A14), and simplified the result by using the
chain rule. This is Equation (73a) given in the main text. Likewise, we can compute DH to
derive Equation (73b) as

N IH
DH = S=De + 52 DB
M aH
:x[ (e+pL)6+ HBE| + ( Bf,)
A17)
_OH (L 0p ap. aH WL, (
(5959“”{ 9) FaB an Ot

apJ_ aPL_ aH
BT l‘/3(aB 5 )0

Furthermore, relying on the differential thermodynamic relation and Equation (A15),
we can also simplify the time-derivative of the fluid velocity as

1
DMV: |:_€+va1/‘3+

1
et+py p Y 4

5 (B 'H,B'V B + AYBF0, H,)

€E+p,

- 1 [ -
~ 1vvﬁ+m[ﬁ 1BMV, M, — H,B 1Bﬂvyﬁ—AﬁBﬂaVHp]
_ g1 1 -1
= —p'ViB— L[2;% Bb"V |, H,) + 6 HBu, .

(A18)
This gives Equation (73c).

Appendix D. Viscous Coefficients and Inequalities

The viscous tensor in magnetic fields has been investigated in classic works [117,138],
and recently in Refs. [67,105,109,119,120] for relativistic systems. Those authors obtained
the same number of independent viscous coefficients, so that their viscous tensors are
expected to be equivalent. Here, we compare the viscous tensors in the literature and clarify
discrepancies in the inequalities that should be satisfied by the viscous coefficients.

The construction of the independent tensor structures is elaborated by Huang, Se-
drakian, and Rischke (HSR) in Section 2.2 of Ref. [119], providing useful building blocks
and a relativistic extension of the nonrelativistic theory in a classic textbook [117]. Therefore,
the result by HSR serves as a good starting point for comparisons to other works. Since the
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technical machinery has been already detailed there, we shall start with the result given in
Equation (39) of Ref. [119]:

1 1_ 1
T(Hlv) = ZW(I]{SR <w’“/ — 3AVU9> — ﬂ{ISR <bybv + ZDPW> <9| — zel)
_4(17HSRb¢x p=vIB _ UHSRer( bi)ﬂ + U?SRbab(ybz)ﬁ )waﬁ

_3€H5Rb]4b1/9‘ CHSR"‘I/WQ (A19)

Here, we used our notations introduced in Section 2.2. In particular, note that § =
6, + 0. Nevertheless, the above expression and definitions of the viscous coefficients are
exact duplicates of the result by HSR.

The tensors in the last two terms have nonvanishing traces in Equation (A19), while
the others are traceless. Therefore, the two {H5?’s and the five #15R’s are called the bulk
and shear viscosities in HSR [119], respectively (see also Ref. [117]). The term with UHSR
proportional to the expansion/compression rates 0 ;. However, this term is a traceless
part of the viscous tensor, so that the fluid volume does not change as the expansion in the
parallel /perpendicular direction to the magnetic field is compensated by the compression
in the perpendicular/parallel direction. In this sense, this term was not regarded as a bulk
viscosity in HSR [119]. We will see that this term generates the cross viscosity {x discussed
in Section 2.2.

Now, by using the identity (28), one can arrange Equation (A19) into the form ex-
pressed with the tensor basis introduced in Equations (30) and (90). One can identify
the correspondences between the viscous coefficients introduced in Section 2.2 and in
HSR [119] as

n =R, =2

4 4
g = 3€HSR <317HSR UHSR) 7, gHSR <3TI(I]-ISR U{ISR)/
1
§>< — ( USISR 771HSR)

It is now clear that the cross viscosity {x was generated from the traceless terms
proportional to 79 and #; in Equation (A19). The correspondences between the viscous coef-
ficients in HSR [119] and Hernandez and Kovtun (HK) [120] are available in Equation (B.1)
of HK [120]. Putting Equation (A20) together, the list of correspondences is expanded as

HSR + UHSR)/ Nu H — 277411_ISR' NeL = 217HSR/ (AZO)

UEK _ U(I){SR =11, (A21a)
ﬁilK ZUHSR _ _77HL , (A21b)
gEK = SR | yHISR _ 2’7H , (A21c)
ﬁﬁlK = —yHSR 1’7HH , (A21d)
K — 1775-ISR Z,ﬁm _ §gHSR _ —E(Q ~z), (A21e)
phIK — ZUE)—ISR n ZUHSR n gTSR " 3gHSR %@u —20.+C1), (A21f)
d{K IESR (ZQ +Cx)/ (A21g)

— ISR _ gHSR (gl\ 40 -20)). (A21h)

We note that the viscous coefficients in the current paper agree with those in
Equations (3.9), (3.10), (3.13), and (3.14) of Grozdanov, Hofman, and Igbal (GHI) [105]
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up to conventions in the signs and factors. Further correspondences to the conventions
in Ref. [67] are discussed in the appendix of HK [120]. The viscosities were computed
in external weak magnetic fields by Li and Yee (LY) [58]. Compared with Equation (A5)
therein, one finds the correspondences

4
PN =g =gy, Y= o e =g, (A

2 g 1 g

LY SR SR

¢ =73 —3h ={x.

All three coefficients quantify the responses along the external magnetic field.

By the use of the above identifications, the somewhat involved inequalities in
Equation (B.2) of HK [120] can be simplified as

nL >0, 7y >0, {1 >0, {j+0L+20x>0, {iL—0%>0. (A23)

As mentioned below Equation (32), one may remove one inequality {; > 0 from the
list (32), or putting it differently, one can show that {; > 0 when the two inequalities {; > 0
and (¢ — 7% > 0 are satisfied. Therefore, an essential difference from Equation (32) is
only the existence of the second-last inequality, {| + . +2{x > 0. This inequality can
be, however, deduced from the others in Equation (A23), as follows. We can immediately
show that ({| + 1) —(20x)?* = (€ — 71)? +4(0)CL — 72%) > 0. Since we have L =0,
we find that {| + 7, +20x > 0, regardless of the sign of {x. This proof suggests that the
fourth inequality in Equation (A23), and thus in Equation (B.2) of HK [120], is redundant.
The minimal list of the inequalities is given by

nL >0, 7, >0, {1 >0, §gL—3%>0. (A24)

The inequality {; > 0 can be alternatively replaced by the other one, {| > 0.

References

1. Eckart, C. The Thermodynamics of irreversible processes. 3. Relativistic theory of the simple fluid. Phys. Rev. 1940, 58, 919-924.
[CrossRef]

2. Kluitenberg, G.; De Groot, S.; Mazur, P. Relativistic thermodynamics of irreversible processes I: Heat conduction, diffusion,
viscous flow and chemical reactions; formal part. Physica 1953, 19, 689-704.

3. Kluitenberg, G.; De Groot, S.; Mazur, P. Relativistic thermodynamics of irreversible processes. II: Heat conduction and diffusion;
physical part. Physica 1953, 19, 1079-1094. [CrossRef]

4. Kluitenberg, G.; De Groot, S. Relativistic thermodynamics of irreversible processes. III: Systems without polarization and
magnetization in an electromagnetic field. Physica 1954, 20, 199-209.

5. Landau, L.; Lifshitz, E. Course of Theoretical Physics. Vol. 6: Fluid Mechanics; Pergamon Press: Oxford, UK, 1959.

6. Yagi, K.; Hatsuda, T.; Miake, Y. Quark-gluon Plasma: From Big Bang to Little Bang; Cambridge Monographs on Particle Physics,
Nuclear Physics and Cosmology, Cambridge University Press: Cambridge, UK, 2008.

7. Romatschke, P.; Romatschke, U. Relativistic Fluid Dynamics In and Out of Equilibrium; Cambridge Monographs on Mathematical
Physics, Cambridge University Press: Cambridge, UK, 2019. [CrossRef]

8.  Skokov, V,; Illarionov, A.Y.; Toneev, V. Estimate of the magnetic field strength in heavy-ion collisions. Int. J. Mod. Phys. A 2009,
24,5925-5932. [CrossRef]

9. Voronyuk, V.; Toneev, V.D.; Cassing, W.; Bratkovskaya, E.L.; Konchakovski, V.P,; Voloshin, S.A. (Electro-)Magnetic field evolution
in relativistic heavy-ion collisions. Phys. Rev. C 2011, 83, 54911. [CrossRef]

10. Bzdak, A.; Skokov, V. Event-by-event fluctuations of magnetic and electric fields in heavy ion collisions. Phys. Lett. B 2012,
710, 171-174. [CrossRef]

11.  Deng, W.T,; Huang, X.G. Event-by-event generation of electromagnetic fields in heavy-ion collisions. Phys. Rev. C 2012, 85, 44907.
[CrossRef]

12.  Bloczynski, J.; Huang, X.G.; Zhang, X.; Liao, J. Azimuthally fluctuating magnetic field and its impacts on observables in heavy-ion
collisions. Phys. Lett. B 2013, 718, 1529-1535. [CrossRef]

13.  Tuchin, K. Time and space dependence of the electromagnetic field in relativistic heavy-ion collisions. Phys. Rev. C 2013, 88, 24911.
[CrossRef]

14. Yan, L.; Huang, X.G. Dynamical evolution of magnetic field in the pre-equilibrium quark-gluon plasma. arXiv 2021,

arXiv:2104.00831.


http://doi.org/10.1103/PhysRev.58.919
http://dx.doi.org/10.1016/S0031-8914(53)80122-9
http://dx.doi.org/10.1017/9781108651998
http://dx.doi.org/10.1142/S0217751X09047570
http://dx.doi.org/10.1103/PhysRevC.83.054911
http://dx.doi.org/10.1016/j.physletb.2012.02.065
http://dx.doi.org/10.1103/PhysRevC.85.044907
http://dx.doi.org/10.1016/j.physletb.2012.12.030
http://dx.doi.org/10.1103/PhysRevC.88.024911

Symmetry 2022, 14, 1851 56 of 63

15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.
26.

27.
28.
29.
30.
31.

32.
33.
34.
35.
36.
37.
38.
39.

40.
41.

42.
43.
44.
45.
46.
47.
48.

49.
50.

51.

Wang, Z.; Zhao, J.; Greiner, C.; Xu, Z.; Zhuang, P. Incomplete electromagnetic response of hot QCD matter. Phys. Rev. C 2022,
105, L041901. [CrossRef]

Kharzeev, D.E.; McLerran, L.D.; Warringa, H.J. The Effects of topological charge change in heavy ion collisions: “Event by event
P and CP violation”. Nucl. Phys. A 2008, 803, 227-253. [CrossRef]

Fukushima, K.; Kharzeev, D.E.; Warringa, H.J. The Chiral Magnetic Effect. Phys. Rev. D 2008, 78, 74033. [CrossRef]

Miransky, V.A.; Shovkovy, I.A. Quantum field theory in a magnetic field: From quantum chromodynamics to graphene and Dirac
semimetals. Phys. Rept. 2015, 576, 1-209. [CrossRef]

Huang, X.G. Electromagnetic fields and anomalous transports in heavy-ion collisions—A pedagogical review. Rept. Prog. Phys.
2016, 79, 76302. [CrossRef]

Hattori, K.; Huang, X.G. Novel quantum phenomena induced by strong magnetic fields in heavy-ion collisions. Nucl. Sci. Tech.
2017, 28, 26. [CrossRef]

Kharzeev, D.E.; Liao, ].; Voloshin, S.A.; Wang, G. Chiral magnetic and vortical effects in high-energy nuclear collisions—A status
report. Prog. Part. Nucl. Phys. 2016, 88, 1-28. [CrossRef]

Kharzeev, D.E.; Liao, ]. Chiral magnetic effect reveals the topology of gauge fields in heavy-ion collisions. Nature Rev. Phys. 2021,
3, 55-63. [CrossRef]

Shapiro, S.L.; Teukolsky, S.A. Black Holes, White Dwarfs, and Neutron Stars: The Physics of Compact Objects; John Wiley & Sons:
Hoboken, NJ, USA, 1983.

Duncan, R.C.; Thompson, C. Formation of very strongly magnetized neutron stars—Implications for gamma-ray bursts. Astrophys.
J. Lett. 1992, 392, L9. [CrossRef]

Price, D.; Rosswog, S. Producing ultra-strong magnetic fields in neutron star mergers. Science 2006, 312, 719. [CrossRef] [PubMed]
Kiuchi, K.; Cerda-Durén, P; Kyutoku, K.; Sekiguchi, Y.; Shibata, M. Efficient magnetic-field amplification due to the Kelvin-
Helmbholtz instability in binary neutron star mergers. Phys. Rev. D 2015, 92, 124034. [CrossRef]

Thompson, C.; Duncan, R.C. Neutron star dynamos and the origins of pulsar magnetism. Astrophys. J. 1993, 408, 194. [CrossRef]
Lai, D. Matter in strong magnetic fields. Rev. Mod. Phys. 2001, 73, 629—-662. [CrossRef]

Harding, A.K.; Lai, D. Physics of Strongly Magnetized Neutron Stars. Rept. Prog. Phys. 2006, 69, 2631. [CrossRef]

Mereghetti, S.; Pons, J.; Melatos, A. Magnetars: Properties, Origin and Evolution. Space Sci. Rev. 2015, 191, 315-338. [CrossRef]
Turolla, R.; Zane, S.; Watts, A. Magnetars: The physics behind observations: A review. Rept. Prog. Phys. 2015, 78, 116901.
[CrossRef]

Kaspi, V.M.; Beloborodov, A. Magnetars. Ann. Rev. Astron. Astrophys. 2017, 55, 261-301. [CrossRef]

Enoto, T.; Kisaka, S.; Shibata, S. Observational diversity of magnetized neutron stars. Rept. Prog. Phys. 2019, 82,106901. [CrossRef]
Ciolfi, R. The key role of magnetic fields in binary neutron star mergers. Gen. Rel. Grav. 2020, 52, 59. [CrossRef]

Turner, M.S.; Widrow, L.M. Inflation Produced, Large Scale Magnetic Fields. Phys. Rev. D 1988, 37, 2743. [CrossRef] [PubMed]
Carroll, S.M.; Field, G.B.; Jackiw, R. Limits on a Lorentz and Parity Violating Modification of Electrodynamics. Phys. Rev. D 1990,
41, 1231. [CrossRef] [PubMed]

Garretson, W.D,; Field, G.B.; Carroll, SM. Primordial magnetic fields from pseudoGoldstone bosons. Phys. Rev. D 1992,
46, 5346-5351. [CrossRef] [PubMed]

Hogan, C.J. Magnetohydrodynamic Effects of a First-Order Cosmological Phase Transition. Phys. Rev. Lett. 1983, 51, 1488-1491.
[CrossRef]

Quashnock, J.M.; Loeb, A.; Spergel, D.N. Magnetic Field Generation During the Cosmological QCD Phase Transition. Astrophys.
J. Lett. 1989, 344, 1.49-151. [CrossRef]

Vachaspati, T. Magnetic fields from cosmological phase transitions. Phys. Lett. B 1991, 265, 258-261. [CrossRef]

Cheng, B.1,; Olinto, A.V. Primordial magnetic fields generated in the quark-hadron transition. Phys. Rev. D 1994, 50, 2421-2424.
[CrossRef]

Baym, G.; Bodeker, D.; McLerran, L.D. Magnetic fields produced by phase transition bubbles in the electroweak phase transition.
Phys. Rev. D 1996, 53, 662—667. [CrossRef]

Son, D.T. Magnetohydrodynamics of the early universe and the evolution of primordial magnetic fields. Phys. Rev. D 1999,
59, 63008. [CrossRef]

Grasso, D.; Rubinstein, H.R. Magnetic fields in the early universe. Phys. Rept. 2001, 348, 163-266. [CrossRef]

Kandus, A.; Kunze, K.E.; Tsagas, C.G. Primordial magnetogenesis. Phys. Rept. 2011, 505, 1-58. [CrossRef]

Subramanian, K. The origin, evolution and signatures of primordial magnetic fields. Rept. Prog. Phys. 2016, 79, 76901. [CrossRef]
Lichnerowicz, A. Magnetohydrodynamics: Waves and Shock Waves in Curved Space-Time; Kluwer Academic: Norwell, MA, USA,
1994.

Anile, AM. Relativistic Fluids and Magneto-Fluids: With Applications in Astrophysics and Plasma Physics; Cambridge University
Press: Cambridge, UK, 2005.

Rezzolla, L.; Zanotti, O. Relativistic Hydrodynamics; Oxford University Press: Oxford, UK, 2013.

Goedbloed, H.; Keppens, R.; Poedts, S. Magnetohydrodynamics of Laboratory and Astrophysical Plasmas; Cambridge University Press:
Cambridge, UK, 2019.

Kato, S.; Fukue, J. Fundamentals of Astrophysical Fluid Dynamics: Hydrodynamics, Magnetohydrodynamics, and Radiation Hydrodynamics;
Springer: Singapore, 2020. [CrossRef]


http://dx.doi.org/10.1103/PhysRevC.105.L041901
http://dx.doi.org/10.1016/j.nuclphysa.2008.02.298
http://dx.doi.org/10.1103/PhysRevD.78.074033
http://dx.doi.org/10.1016/j.physrep.2015.02.003
http://dx.doi.org/10.1088/0034-4885/79/7/076302
http://dx.doi.org/10.1007/s41365-016-0178-3
http://dx.doi.org/10.1016/j.ppnp.2016.01.001
http://dx.doi.org/10.1038/s42254-020-00254-6
http://dx.doi.org/10.1086/186413
http://dx.doi.org/10.1126/science.1125201
http://www.ncbi.nlm.nih.gov/pubmed/16574823
http://dx.doi.org/10.1103/PhysRevD.92.124034
http://dx.doi.org/10.1086/172580
http://dx.doi.org/10.1103/RevModPhys.73.629
http://dx.doi.org/10.1088/0034-4885/69/9/R03
http://dx.doi.org/10.1007/s11214-015-0146-y
http://dx.doi.org/10.1088/0034-4885/78/11/116901
http://dx.doi.org/10.1146/annurev-astro-081915-023329
http://dx.doi.org/10.1088/1361-6633/ab3def
http://dx.doi.org/10.1007/s10714-020-02714-x
http://dx.doi.org/10.1103/PhysRevD.37.2743
http://www.ncbi.nlm.nih.gov/pubmed/9958553
http://dx.doi.org/10.1103/PhysRevD.41.1231
http://www.ncbi.nlm.nih.gov/pubmed/10012457
http://dx.doi.org/10.1103/PhysRevD.46.5346
http://www.ncbi.nlm.nih.gov/pubmed/10014922
http://dx.doi.org/10.1103/PhysRevLett.51.1488
http://dx.doi.org/10.1086/185528
http://dx.doi.org/10.1016/0370-2693(91)90051-Q
http://dx.doi.org/10.1103/PhysRevD.50.2421
http://dx.doi.org/10.1103/PhysRevD.53.662
http://dx.doi.org/10.1103/PhysRevD.59.063008
http://dx.doi.org/10.1016/S0370-1573(00)00110-1
http://dx.doi.org/10.1016/j.physrep.2011.03.001
http://dx.doi.org/10.1088/0034-4885/79/7/076901
http://dx.doi.org/10.1007/978-981-15-4174-2

Symmetry 2022, 14, 1851 57 of 63

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.
67.

68.

69.
70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

Tuchin, K. Particle production in strong electromagnetic fields in relativistic heavy-ion collisions. Adv. High Energy Phys. 2013,
2013, 490495. [CrossRef]

Li, H.; Sheng, X.L.; Wang, Q. Electromagnetic fields with electric and chiral magnetic conductivities in heavy ion collisions. Phys.
Rev. C 2016, 94, 44903. [CrossRef]

Hattori, K.; Li, S.; Satow, D.; Yee, H.U. Longitudinal Conductivity in Strong Magnetic Field in Perturbative QCD: Complete
Leading Order. Phys. Rev. D 2017, 95, 76008. [CrossRef]

Hattori, K.; Satow, D. Electrical Conductivity of Quark-Gluon Plasma in Strong Magnetic Fields. Phys. Rev. D 2016, 94, 114032.
[CrossRef]

Hattori, K.; Fukushima, K.; Yee, H.U.; Yin, Y. Heavy-Quark Diffusion Dynamics in Quark-Gluon Plasma under Strong Magnetic
Fields. Nucl. Part. Phys. Proc. 2017, 289-290, 273-276. [CrossRef]

Hattori, K.; Huang, X.G.; Rischke, D.H.; Satow, D. Bulk Viscosity of Quark-Gluon Plasma in Strong Magnetic Fields. Phys. Rev. D
2017, 96, 94009. [CrossRef]

Li, S.; Yee, H.U. Shear viscosity of the quark—gluon plasma in a weak magnetic field in perturbative QCD: Leading log. Phys. Rev.
D 2018, 97, 56024. [CrossRef]

Denicol, G.S.; Huang, X.G.; Molndr, E.; Monteiro, G.M.; Niemi, H.; Noronha, J.; Rischke, D.H.; Wang, Q. Nonresistive dissipative
magnetohydrodynamics from the Boltzmann equation in the 14-moment approximation. Phys. Rev. D 2018, 98, 76009. [CrossRef]
Denicol, G.S.; Molnaér, E.; Niemi, H.; Rischke, D.H. Resistive dissipative magnetohydrodynamics from the Boltzmann-Vlasov
equation. Phys. Rev. D 2019, 99, 56017. [CrossRef]

Dey, J.; Satapathy, S.; Mishra, A.; Paul, S.; Ghosh, S. From noninteracting to interacting picture of quark—gluon plasma in the
presence of a magnetic field and its fluid property. Int. J. Mod. Phys. E 2021, 30, 2150044. [CrossRef]

Chen, Z.; Greiner, C.; Huang, A.; Xu, Z. Calculation of anisotropic transport coefficients for an ultrarelativistic Boltzmann gas in a
magnetic field within a kinetic approach. Phys. Rev. D 2020, 101, 56020. [CrossRef]

Dash, A.; Samanta, S.; Dey, J.; Gangopadhyaya, U.; Ghosh, S.; Roy, V. Anisotropic transport properties of a hadron resonance gas
in a magnetic field. Phys. Rev. D 2020, 102, 16016. [CrossRef]

Singh, B.; Kurian, M.; Mazumder, S.; Mishra, H.; Chandra, V.; Das, S.K. Momentum broadening of heavy quark in a magnetized
thermal QCD medium. arXiv 2020, arXiv:2004.11092.

Panda, A K.; Dash, A.; Biswas, R.; Roy, V. Relativistic non-resistive viscous magnetohydrodynamics from the kinetic theory: A
relaxation time approach. JHEP 2021, 3, 216. [CrossRef]

Ghosh, R.; Haque, N. Shear viscosity of hadronic matter at finite temperature and magnetic field. arXiv 2022, arXiv:2204.01639.
Critelli, R.; Finazzo, S.I.; Zaniboni, M.; Noronha, J. Anisotropic shear viscosity of a strongly coupled non-Abelian plasma from
magnetic branes. Phys. Rev. D 2014, 90, 66006. [CrossRef]

Finazzo, S.I.; Critelli, R.; Rougemont, R.; Noronha, J. Momentum transport in strongly coupled anisotropic plasmas in the
presence of strong magnetic fields. Phys. Rev. D 2016, 94, 54020. Erratum in Phys. Rev. D 2017, 96, 19903. [CrossRef]

Li, W,; Lin, S.; Mei, J. Conductivities of magnetic quark-gluon plasma at strong coupling. Phys. Rev. D 2018, 98, 114014. [CrossRef]
Fukushima, K.; Okutsu, A. Electric conductivity with the magnetic field and the chiral anomaly in a holographic QCD model.
Phys. Rev. D 2022, 105, 54016. [CrossRef]

Tuchin, K. On viscous flow and azimuthal anisotropy of quark-gluon plasma in strong magnetic field. J. Phys. G 2012, 39, 25010.
[CrossRef]

Gursoy, U.; Kharzeev, D.; Rajagopal, K. Magnetohydrodynamics, charged currents and directed flow in heavy ion collisions.
Phys. Rev. C 2014, 89, 54905. [CrossRef]

Roy, V,; Pu, S.; Rezzolla, L.; Rischke, D. Analytic Bjorken flow in one-dimensional relativistic magnetohydrodynamics. Phys. Lett.
B 2015, 750, 45-52. [CrossRef]

Pu, S.; Yang, D.L. Transverse flow induced by inhomogeneous magnetic fields in the Bjorken expansion. Phys. Rev. D 2016,
93, 54042. [CrossRef]

Pu, S.; Roy, V.; Rezzolla, L.; Rischke, D.H. Bjorken flow in one-dimensional relativistic magnetohydrodynamics with magnetization.
Phys. Rev. D 2016, 93, 74022. [CrossRef]

Inghirami, G.; Del Zanna, L.; Beraudo, A.; Moghaddam, M.H.; Becattini, F.; Bleicher, M. Numerical magneto-hydrodynamics for
relativistic nuclear collisions. Eur. Phys. ]. C 2016, 76, 659. [CrossRef]

Girsoy, U.; Kharzeev, D.; Marcus, E.; Rajagopal, K.; Shen, C. Charge-dependent Flow Induced by Magnetic and Electric Fields in
Heavy Ion Collisions. Phys. Rev. C 2018, 98, 55201. [CrossRef]

She, D.; Jiang, Z.E; Hou, D.; Yang, C.B. 1 + 1 dimensional relativistic magnetohydrodynamics with longitudinal acceleration.
Phys. Rev. D 2019, 100, 116014. [CrossRef]

Inghirami, G.; Mace, M.; Hirono, Y.; Del Zanna, L.; Kharzeev, D.E.; Bleicher, M. Magnetic fields in heavy ion collisions: Flow and
charge transport. Eur. Phys. ]. C 2020, 80, 293. [CrossRef]

Kord, A.F; Ghaani, A.; Moghaddam, M.H. Analytical solution of magneto-hydrodynamics with acceleration effects of Bjorken
expansion in heavy-ion collisions. Eur. Phys. ]. Plus 2022, 137, 53. [CrossRef]

Emamian, R; Kord, A.F; Ghaani, A.; Azadegan, B. Transverse expansion of (1 + 2) dimensional magneto-hydrodynamics flow
with longitudinal boost invariance. arXiv 2020, arXiv:2012.03829.


http://dx.doi.org/10.1155/2013/490495
http://dx.doi.org/10.1103/PhysRevC.94.044903
http://dx.doi.org/10.1103/PhysRevD.95.076008
http://dx.doi.org/10.1103/PhysRevD.94.114032
http://dx.doi.org/10.1016/j.nuclphysbps.2017.05.062
http://dx.doi.org/10.1103/PhysRevD.96.094009
http://dx.doi.org/10.1103/PhysRevD.97.056024
http://dx.doi.org/10.1103/PhysRevD.98.076009
http://dx.doi.org/10.1103/PhysRevD.99.056017
http://dx.doi.org/10.1142/S0218301321500440
http://dx.doi.org/10.1103/PhysRevD.101.056020
http://dx.doi.org/10.1103/PhysRevD.102.016016
http://dx.doi.org/10.1007/JHEP03(2021)216
http://dx.doi.org/10.1103/PhysRevD.90.066006
http://dx.doi.org/10.1103/PhysRevD.94.054020
http://dx.doi.org/10.1103/PhysRevD.98.114014
http://dx.doi.org/10.1103/PhysRevD.105.054016
http://dx.doi.org/10.1088/0954-3899/39/2/025010
http://dx.doi.org/10.1103/PhysRevC.89.054905
http://dx.doi.org/10.1016/j.physletb.2015.08.046
http://dx.doi.org/10.1103/PhysRevD.93.054042
http://dx.doi.org/10.1103/PhysRevD.93.074022
http://dx.doi.org/10.1140/epjc/s10052-016-4516-8
http://dx.doi.org/10.1103/PhysRevC.98.055201
http://dx.doi.org/10.1103/PhysRevD.100.116014
http://dx.doi.org/10.1140/epjc/s10052-020-7847-4
http://dx.doi.org/10.1140/epjp/s13360-021-02006-6

Symmetry 2022, 14, 1851 58 of 63

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.
94.

95.

96.

97.

98.

99.

100.
101.
102.
103.
104.

105.

106.

107.
108.
109.

110.

111.
112.
113.
114.
115.
116.
117.

Hongo, M.; Hirono, Y.; Hirano, T. Anomalous-hydrodynamic analysis of charge-dependent elliptic flow in heavy-ion collisions.
Phys. Lett. B 2017, 775, 266-270. [CrossRef]

Yee, H.U,; Yin, Y. Realistic Implementation of Chiral Magnetic Wave in Heavy Ion Collisions. Phys. Rev. C 2014, 89, 44909.
[CrossRef]

Hirono, Y.; Hirano, T.; Kharzeev, D.E. The chiral magnetic effect in heavy-ion collisions from event-by-event anomalous
hydrodynamics. arXiv 2014, arXiv:1412.0311.

Yin, Y.; Liao, J]. Hydrodynamics with chiral anomaly and charge separation in relativistic heavy ion collisions. Phys. Lett. B 2016,
756, 42-46. [CrossRef]

Huang, X.G.; Yin, Y,; Liao, J. In search of chiral magnetic effect: Separating flow-driven background effects and quantifying
anomaly-induced charge separations. Nucl. Phys. A 2016, 956, 661-664. [CrossRef]

Jiang, Y,; Shi, S.; Yin, Y.; Liao, J. Quantifying the chiral magnetic effect from anomalous-viscous fluid dynamics. Chin. Phys. C
2018, 42, 11001. [CrossRef]

Shi, S.; Jiang, Y.; Lilleskov, E.; Liao, J]. Anomalous Chiral Transport in Heavy Ion Collisions from Anomalous-Viscous Fluid
Dynamics. Annals Phys. 2018, 394, 50-57. [CrossRef]

Guo, X.; Kharzeev, D.E.; Huang, X.G.; Deng, W.T.; Hirono, Y. Chiral Vortical and Magnetic Effects in Anomalous Hydrodynamics.
Nucl. Phys. A 2017, 967, 776-779. [CrossRef]

Shi, S.; Zhang, H.; Hou, D.; Liao, J. Signatures of Chiral Magnetic Effect in the Collisions of Isobars. Phys. Rev. Lett. 2020,
125,242301. [CrossRef] [PubMed]

Siddique, I.; Wang, Rj.; Pu, S.; Wang, Q. Anomalous magnetohydrodynamics with longitudinal boost invariance and chiral
magnetic effect. Phys. Rev. D 2019, 99, 114029. [CrossRef]

Hattori, K.; Hirono, Y.; Yee, H.U; Yin, Y. MagnetoHydrodynamics with chiral anomaly: Phases of collective excitations and
instabilities. Phys. Rev. D 2019, 100, 65023. [CrossRef]

Tashiro, H.; Vachaspati, T.; Vilenkin, A. Chiral Effects and Cosmic Magnetic Fields. Phys. Rev. D 2012, 86, 105033. [CrossRef]
Boyarsky, A.; Frohlich, J.; Ruchayskiy, O. Magnetohydrodynamics of Chiral Relativistic Fluids. Phys. Rev. D 2015, 92, 43004.
[CrossRef]

Rogachevskii, I.; Ruchayskiy, O.; Boyarsky, A.; Frohlich, J.; Kleeorin, N.; Brandenburg, A.; Schober, J. Laminar and turbulent
dynamos in chiral magnetohydrodynamics-I: Theory. Astrophys. J. 2017, 846, 153. [CrossRef]

Schober, J.; Rogachevskii, I.; Brandenburg, A.; Boyarsky, A.; Frohlich, J.; Ruchayskiy, O.; Kleeorin, N. Laminar and turbulent
dynamos in chiral magnetohydrodynamics. II. Simulations. Astrophys. ]. 2018, 858, 124. [CrossRef]

Brandenburg, A.; Schober, J.; Rogachevskii, I.; Kahniashvili, T.; Boyarsky, A.; Frohlich, J.; Ruchayskiy, O.; Kleeorin, N. The turbu-
lent chiral-magnetic cascade in the early universe. Astrophys. J. Lett. 2017, 845, L21. [CrossRef]

Boyarsky, A.; Cheianov, V.; Ruchayskiy, O.; Sobol, O. Evolution of the Primordial Axial Charge across Cosmic Times. Phys. Rev.
Lett. 2021, 126, 21801. [CrossRef]

Joyce, M.; Shaposhnikov, M.E. Primordial magnetic fields, right-handed electrons, and the Abelian anomaly. Phys. Rev. Lett.
1997, 79, 1193-1196. [CrossRef]

Field, G.B.; Carroll, S.M. Cosmological magnetic fields from primordial helicity. Phys. Rev. D 2000, 62, 103008. [CrossRef]
Giovannini, M. The Magnetized universe. Int. ]. Mod. Phys. D 2004, 13, 391-502. [CrossRef]

Semikoz, V.B.; Sokoloff, D.D. Magnetic helicity and cosmological magnetic field. Astron. Astrophys. 2005, 433, L53. [CrossRef]
Laine, M. Real-time Chern-Simons term for hypermagnetic fields. JHEP 2005, 10, 56. [CrossRef]

Boyarsky, A.; Frohlich, J.; Ruchayskiy, O. Self-consistent evolution of magnetic fields and chiral asymmetry in the early Universe.
Phys. Rev. Lett. 2012, 108, 31301. [CrossRef]

Grozdanov, S.; Hofman, D.M.; Igbal, N. Generalized global symmetries and dissipative magnetohydrodynamics. Phys. Rev. D
2017, 95, 96003. [CrossRef]

Glorioso, P.; Son, D.T. Effective field theory of magnetohydrodynamics from generalized global symmetries arXiv 2018,
arXiv:1811.04879.

Armas, J.; Jain, A. Magnetohydrodynamics as superfluidity. Phys. Rev. Lett. 2019, 122, 141603. [CrossRef]

Armas, J.; Jain, A. One-form superfluids & magnetohydrodynamics. JHEP 2020, 1, 41. [CrossRef]

Hongo, M.; Hattori, K. Revisiting relativistic magnetohydrodynamics from quantum electrodynamics. JHEP 2021, 2, 11.
[CrossRef]

Grozdanov, S.; Poovuttikul, N. Generalized global symmetries in states with dynamical defects: The case of the transverse sound
in field theory and holography. Phys. Rev. D 2018, 97, 106005. [CrossRef]

Armas, J.; Gath, ].; Jain, A.; Pedersen, A.V. Dissipative hydrodynamics with higher-form symmetry. JHEP 2018, 5, 192. [CrossRef]
Gralla, S.E.; Igbal, N. Effective Field Theory of Force-Free Electrodynamics. Phys. Rev. D 2019, 99, 105004. [CrossRef]
Delacrétaz, L.V.; Hofman, D.M.; Mathys, G. Superfluids as Higher-form Anomalies. SciPost Phys. 2020, 8, 47. [CrossRef]

Igbal, N.; Poovuttikul, N. 2-group global symmetries, hydrodynamics and holography arXiv 2020, arXiv:2010.00320.

Landry, M.]. Higher-form and (non-)Stiickelberg symmetries in non-equilibrium systems. arXiv 2021, arXiv:2101.02210.
Braginskii, S.I. Transport processes in a plasma. Rev. Plasma Phys. 1965, 1, 205-311.

Lifschitz, E.M.; Pitaevskii, L.P. Physical Kinetics; Pergamon: Oxford, UK, 1981.


http://dx.doi.org/10.1016/j.physletb.2017.10.028
http://dx.doi.org/10.1103/PhysRevC.89.044909
http://dx.doi.org/10.1016/j.physletb.2016.02.065
http://dx.doi.org/10.1016/j.nuclphysa.2016.01.064
http://dx.doi.org/10.1088/1674-1137/42/1/011001
http://dx.doi.org/10.1016/j.aop.2018.04.026
http://dx.doi.org/10.1016/j.nuclphysa.2017.06.039
http://dx.doi.org/10.1103/PhysRevLett.125.242301
http://www.ncbi.nlm.nih.gov/pubmed/33412036
http://dx.doi.org/10.1103/PhysRevD.99.114029
http://dx.doi.org/10.1103/PhysRevD.100.065023
http://dx.doi.org/10.1103/PhysRevD.86.105033
http://dx.doi.org/10.1103/PhysRevD.92.043004
http://dx.doi.org/10.3847/1538-4357/aa886b
http://dx.doi.org/10.3847/1538-4357/aaba75
http://dx.doi.org/10.3847/2041-8213/aa855d
http://dx.doi.org/10.1103/PhysRevLett.126.021801
http://dx.doi.org/10.1103/PhysRevLett.79.1193
http://dx.doi.org/10.1103/PhysRevD.62.103008
http://dx.doi.org/10.1142/S0218271804004530
http://dx.doi.org/10.1051/0004-6361:200500094
http://dx.doi.org/10.1088/1126-6708/2005/10/056
http://dx.doi.org/10.1103/PhysRevLett.108.031301
http://dx.doi.org/10.1103/PhysRevD.95.096003
http://dx.doi.org/10.1103/PhysRevLett.122.141603
http://dx.doi.org/10.1007/JHEP01(2020)041
http://dx.doi.org/10.1007/JHEP02(2021)011
http://dx.doi.org/10.1103/PhysRevD.97.106005
http://dx.doi.org/10.1007/JHEP05(2018)192
http://dx.doi.org/10.1103/PhysRevD.99.105004
http://dx.doi.org/10.21468/SciPostPhys.8.3.047

Symmetry 2022, 14, 1851 59 of 63

118.

119.

120.
121.

122.

123.

124.

125.
126.

127.
128.
129.
130.
131.
132.

133.

134.

135.
136.

137.
138.

139.

140.

141.

142.

143.

144.

145.

146.

147.

148.

149.

150.
151.

Huang, X.G.; Huang, M.; Rischke, D.H.; Sedrakian, A. Anisotropic Hydrodynamics, Bulk Viscosities and R-Modes of Strange
Quark Stars with Strong Magnetic Fields. Phys. Rev. D 2010, 81, 45015. [CrossRef]

Huang, X.G.; Sedrakian, A.; Rischke, D.H. Kubo formulae for relativistic fluids in strong magnetic fields. Annals Phys. 2011,
326, 3075-3094. [CrossRef]

Hernandez, J.; Kovtun, P. Relativistic magnetohydrodynamics. JHEP 2017, 5, 1-39. [CrossRef]

De Groot, S.R.; Mazur, P. Non-Equilibrium Thermodynamics; North-Holland Publishing Company: Amsterdam, The Nether-
lands, 1962.

Hongo, M.; Huang, X.G.; Kaminski, M.; Stephanov, M.; Yee, H.U. Relativistic spin hydrodynamics with torsion and linear
response theory for spin relaxation. JHEP 2021, 11, 150. [CrossRef]

Hongo, M.; Huang, X.G.; Kaminski, M.; Stephanov, M.; Yee, H.U. Spin relaxation rate for heavy quarks in weakly coupled QCD
plasma. arXiv 2022, arXiv:2201.12390.

Cao, Z.; Hattori, K.; Hongo, M.; Huang, X.G.; Taya, H. Gyrohydrodynamics: Relativistic spinful fluid with strong vorticity. arXiv
2022, arXiv:2205.08051.

Israel, W.; Stewart, ]. M. Transient relativistic thermodynamics and kinetic theory. Annals Phys. 1979, 118, 341-372. [CrossRef]
Baier, R.; Romatschke, P.; Son, D.T.; Starinets, A.O.; Stephanov, M.A. Relativistic viscous hydrodynamics, conformal invariance,
and holography. JHEP 2008, 4, 100. [CrossRef]

Kapusta, J.I.; Gale, C. Finite-Temperature Field Theory: Principles and Applications; Cambridge Monographs on Mathematical Physics;
Cambridge University Press: Cambridge, UK, 2011. [CrossRef]

Bellac, M.L. Thermal Field Theory; Cambridge Monographs on Mathematical Physics; Cambridge University Press: Cambridge,
UK, 2011. [CrossRef]

Schubring, D. Dissipative String Fluids. Phys. Rev. 2015, D91, 043518. [CrossRef]

Gaiotto, D.; Kapustin, A.; Seiberg, N.; Willett, B. Generalized Global Symmetries. JHEP 2015, 2, 172. [CrossRef]

Landau, L.D,; Lifshits, E.M.; Pitaevskii, L. Electrodynamics of Continuous Media; Pergamon Press: Oxord, UK, 1984; Volume 8.
Kluitenberg, G.A.; De Groot, S. Relativistic thermodynamics of irreversible processes. IV: Systems with polarization and
magnetization in an electromagnetic field. Physica 1954, 21, 148-168. [CrossRef]

Kluitenberg, G.A.; De Groot, S. Relativistic thermodynamics of irreversible processes. V: The energy-momentum tensor of the
macroscopic electromagnetic field, the macroscopic forces acting on the matter and the first and second laws of thermodynamics.
Physica 1954, 21, 169-192. [CrossRef]

Lichnerowicz, A. Relativistic Hydrodynamics and Magnetohydrodynamics. Lectures on the Existence of Solutions; WA Benjamin, Inc.:
New York, NY, USA, 1967.

Israel, W. The Dynamics of Polarization. Gen. Rel. Grav. 1978, 9, 451-468. [CrossRef]

Gedalin, M. Relativistic hydrodynamics and thermodynamics of anisotropic plasmas. Phys. Fluids Plasma Phys. 1991, 3, 1871-1875.
[CrossRef]

Onsager, L. Reciprocal Relations in Irreversible Processes. I. Phys. Rev. 1931, 37, 405-426. [CrossRef]

Hooyman, G.; Mazur, P; De Groot, S. Coefficients of viscosity for a fluid in a magnetic field or in a rotating system. Physica 1954,
21, 355-359. [CrossRef]

Nakajima, S. Thermal Irreversible Processes. Busseironkenkyu 1957, 2, 197-208. (In Japanese) [CrossRef]

Mori, H. Statistical-Mechanical Theory of Transport in Fluids. Phys. Rev. 1958, 112, 1829-1842. [CrossRef]

McLennan, J.A. Statistical Mechanics of Transport in Fluids. Phys. Fluids 1960, 3, 493-502. [CrossRef]

McLennan, J.A. Introduction to Non Equilibrium Statistical Mechanics; Prentice Hall Advanced Reference Series; Prentice Hall:
Hoboken, NJ, USA, 1988.

Kawasaki, K.; Gunton, J.D. Theory of Nonlinear Transport Processes: Nonlinear Shear Viscosity and Normal Stress Effects. Phys.
Rev. A 1973, 8, 2048-2064. [CrossRef]

Zubarev, D.N.; Prozorkevich, A.V.; Smolyanskii, S.A. Derivation of nonlinear generalized equations of quantum relativistic
hydrodynamics. Theor. Math. Phys. 1979, 40, 821-831. [CrossRef]

Zubarev, D.N.; Morozov, V.; Ropke, G. Statistical Mechanics of Nonequilibrium Processes, Volume 1: Basic Concepts, Kinetic Theory,
1st ed.; Wiley-VCH: Weinheim, Germany, 1996.

Zubarev, D.N.; Morozov, V.; Ropke, G. Statistical Mechanics of Nonequilibrium Processes, Volume 2: Relaxation and Hydrodynamic
Processes; Wiley-VCH: Weinheim, Germany, 1997.

Sasa, S.I. Derivation of Hydrodynamics from the Hamiltonian Description of Particle Systems. Phys. Rev. Lett. 2014, 112, 100602.
[CrossRef]

Becattini, F; Bucciantini, L.; Grossi, E.; Tinti, L. Local thermodynamical equilibrium and the beta frame for a quantum relativistic
fluid. Eur. Phys. J. C 2015, 75, 191. [CrossRef]

Hayata, T.; Hidaka, Y.; Noumi, T.; Hongo, M. Relativistic hydrodynamics from quantum field theory on the basis of the
generalized Gibbs ensemble method. Phys. Rev. D 2015, 92, 65008. [CrossRef]

Hongo, M. Path-integral formula for local thermal equilibrium. Annals Phys. 2017, 383, 1-32. [CrossRef]

Hongo, M. Nonrelativistic hydrodynamics from quantum field theory: (I) Normal fluid composed of spinless Schrédinger fields.
J. Statist. Phys. 2019, 174, 1038. [CrossRef]


http://dx.doi.org/10.1103/PhysRevD.81.045015
http://dx.doi.org/10.1016/j.aop.2011.08.001
http://dx.doi.org/10.1007/JHEP05(2017)001
http://dx.doi.org/10.1007/JHEP11(2021)150
http://dx.doi.org/10.1016/0003-4916(79)90130-1
http://dx.doi.org/10.1088/1126-6708/2008/04/100
http://dx.doi.org/10.1017/CBO9780511535130
http://dx.doi.org/10.1017/CBO9780511721700
http://dx.doi.org/10.1103/PhysRevD.91.043518
http://dx.doi.org/10.1007/JHEP02(2015)172
http://dx.doi.org/10.1016/S0031-8914(54)91080-0
http://dx.doi.org/10.1016/S0031-8914(54)91134-9
http://dx.doi.org/10.1007/BF00759845
http://dx.doi.org/10.1063/1.859656
http://dx.doi.org/10.1103/PhysRev.37.405
http://dx.doi.org/10.1016/S0031-8914(54)91998-9
http://dx.doi.org/10.11177/busseiron19 57.2.197
http://dx.doi.org/10.1103/PhysRev.112.1829
http://dx.doi.org/10.1063/1.1706081
http://dx.doi.org/10.1103/PhysRevA.8.2048
http://dx.doi.org/10.1007/BF01032069
http://dx.doi.org/10.1103/PhysRevLett.112.100602
http://dx.doi.org/10.1140/epjc/s10052-015-3384-y
http://dx.doi.org/10.1103/PhysRevD.92.065008
http://dx.doi.org/10.1016/j.aop.2017.04.004
http://dx.doi.org/10.1007/s10955-019-02224-4

Symmetry 2022, 14, 1851 60 of 63

152.

153.

154.
155.

156.

157.

158.
159.

160.
161.

162.

163.

164.
165.

166.
167.

168.

169.

170.

171.

172.

173.

174.

175.

176.

177.
178.

179.
180.

181.

182.

183.

184.

Becattini, F; Buzzegoli, M.; Grossi, E. Reworking the Zubarev’s approach to non-equilibrium quantum statistical mechanics.
Particles 2019, 2, 197-207. [CrossRef]

Hongo, M.; Hidaka, Y. Anomaly-Induced Transport Phenomena from Imaginary-Time Formalism. Particles 2019, 2, 261-280.
[CrossRef]

Stevenson, PM. Optimized Perturbation Theory. Phys. Rev. D 1981, 23, 2916. [CrossRef]

Kleinert, H. Path Integrals in Quantum Mechanics, Statistics, Polymer Physics, and Financial Markets; EBL-Schweitzer; World Scientific:
Singapore, 2009.

Jakovac, A.; Patkés, A. Resummation and Renormalization in Effective Theories of Particle Physics; Lecture Notes in Physics; Springer
International Publishing: Berlin/Heidelberg, Germany, 2015.

Green, M.S. Markoff Random Processes and the Statistical Mechanics of Time-Dependent Phenomena. II. Irreversible Processes
in Fluids. J. Chem. Phys. 1954, 22, 398-413. [CrossRef]

Nakano, H. A Method of Calculation of Electrical Conductivity. Prog. Theor. Phys. 1956, 15, 77-79. [CrossRef]

Kubo, R. Statistical-Mechanical Theory of Irreversible Processes. I. General Theory and Simple Applications to Magnetic and
Conduction Problems. . Phys. Soc. Jpn. 1957, 12, 570-586. [CrossRef]

Davidson, P.A. An Introduction to Magnetohydrodynamics; Cambridge University Press: Cambridge, UK, 2002.

Vardhan, S.; Grozdanov, S.; Leutheusser, S.; Liu, H. A new formulation of strong-field magnetohydrodynamics for neutron stars.
arXiv 2022, arXiv:2207.01636.

de Groot, S.R.; van Leeuwen, W.A.; van Weert, C.G. Relativistic Kinetic Theory: Principles and Applications; North-Holland
Publishing: Amsterdam, The Netherlands, 1980.

Chapman, S.; Cowling, T.G. The Mathematical Theory of Non-uniform Gases: An Account of the Kinetic Theory of Viscosity, Thermal
Conduction, and Diffusion in Gases, 3 ed.; Cambridge University Press: Cambridge, UK, 1970.

Grad, H. On the kinetic theory of rarefied gases. Pure Appl. Math. 1949, 2, 331. [CrossRef]

Denicol, G.S.; Niemi, H.; Molnar, E.; Rischke, D.H. Derivation of transient relativistic fluid dynamics from the Boltzmann
equation. Phys. Rev. D 2012, 85, 114047. Erratum in Phys. Rev. D, 2015, 91, 39902. [CrossRef]

Stewart, .M. Non-Equilibrium Relativistic Kinetic Theory; Springer: Berlin/Heidelberg, Germany, 1971. [CrossRef]

Mohanty, P.; Dash, A.; Roy, V. One particle distribution function and shear viscosity in magnetic field: A relaxation time approach.
Eur. Phys. ]. A 2019, 55, 35. [CrossRef]

Das, A.; Mishra, H.; Mohapatra, R.K. Electrical conductivity and Hall conductivity of a hot and dense quark gluon plasma in a
magnetic field: A quasiparticle approach. Phys. Rev. D 2020, 101, 34027. [CrossRef]

Dey, J.; Satapathy, S.; Murmu, P.; Ghosh, S. Shear viscosity and electrical conductivity of the relativistic fluid in the presence of a
magnetic field: A massless case. Pramana 2021, 95, 125. [CrossRef]

Das, A.; Mishra, H.; Mohapatra, R.K. Transport coefficients of hot and dense hadron gas in a magnetic field: A relaxation time
approach. Phys. Rev. D 2019, 100, 114004. [CrossRef]

Rath, S.; Patra, B.K. Viscous properties of hot and dense QCD matter in the presence of a magnetic field. Eur. Phys. . C 2021,
81, 139. [CrossRef]

Panda, A.K,; Dash, A.; Biswas, R.; Roy, V. Relativistic resistive dissipative magnetohydrodynamics from the relaxation time
approximation. Phys. Rev. D 2021, 104, 54004. [CrossRef]

Rath, S.; Dash, S. Effects of weak magnetic field and finite chemical potential on the transport of charge and heat in hot QCD
matter. arXiv 2021, arXiv:2112.11802.

Rath, S.; Dash, S. Momentum transport properties of a hot and dense QCD matter in a weak magnetic field. arXiv 2022,
arXiv:2203.16199.

Satapathy, S.; Ghosh, S.; Ghosh, S. Kubo estimation of the electrical conductivity for a hot relativistic fluid in the presence of a
magnetic field. Phys. Rev. D 2021, 104, 056030. [CrossRef]

Ghosh, S.; Ghosh, S. One-loop Kubo estimations of the shear and bulk viscous coefficients for hot and magnetized Bosonic and
Fermionic systems. Phys. Rev. D 2021, 103, 096015. [CrossRef]

Burnett, D. The Distribution of Velocities in a Slightly Non-Uniform Gas. Proc. Lond. Math. Soc. 1935, 39, 385. [CrossRef]
Burnett, D. The Distribution of Molecular Velocities and the Mean Motion in a Non-Uniform Gas. Proc. Lond. Math. Soc. 1936,
40, 382. [CrossRef]

Hiscock, W.A; Lindblom, L. Stability and causality in dissipative relativistic fluids. Ann. Phys. 1983, 151, 466—496. [CrossRef]
Hiscock, W.A; Lindblom, L. Generic instabilities in first-order dissipative relativistic fluid theories. Phys. Rev. D 1985, 31, 725-733.
[CrossRef] [PubMed]

Hiscock, W.A_; Lindblom, L. Linear plane waves in dissipative relativistic fluids. Phys. Rev. D 1987, 35, 3723-3732. [CrossRef]
[PubMed]

Denicol, G.S.; Kodama, T.; Koide, T.; Mota, P. Stability and Causality in relativistic dissipative hydrodynamics. J. Phys. G 2008,
35, 115102. [CrossRef]

Pu, S.; Koide, T.; Rischke, D.H. Does stability of relativistic dissipative fluid dynamics imply causality? Phys. Rev. D 2010,
81, 114039. [CrossRef]

Biswas, R.; Dash, A.; Haque, N.; Pu, S.; Roy, V. Causality and stability in relativistic viscous non-resistive magneto-fluid dynamics.
JHEP 2020, 10, 171. [CrossRef]


http://dx.doi.org/10.3390/particles2020014
http://dx.doi.org/10.3390/particles2020018
http://dx.doi.org/10.1103/PhysRevD.23.2916
http://dx.doi.org/10.1063/1.1740082
http://dx.doi.org/10.1143/PTP.15.77
http://dx.doi.org/10.1143/JPSJ.12.570
http://dx.doi.org/10.1002/cpa.3160020403
http://dx.doi.org/10.1103/PhysRevD.85.114047
http://dx.doi.org/10.1007/BFb 0025375
http://dx.doi.org/10.1140/epja/i2019-12705-7
http://dx.doi.org/10.1103/PhysRevD.101.034027
http://dx.doi.org/10.1007/s12043-021-02148-3
http://dx.doi.org/10.1103/PhysRevD.100.114004
http://dx.doi.org/10.1140/epjc/s10052-021-08931-1
http://dx.doi.org/10.1103/PhysRevD.104.054004
http://dx.doi.org/10.1103/PhysRevD.104.056030
http://dx.doi.org/10.1103/PhysRevD.103.096015
http://dx.doi.org/10.1112/plms/s2-39.1.385
http://dx.doi.org/10.1112/plms/s2-40.1.382
http://dx.doi.org/10.1016/0003-4916(83)90288-9
http://dx.doi.org/10.1103/PhysRevD.31.725
http://www.ncbi.nlm.nih.gov/pubmed/9955752
http://dx.doi.org/10.1103/PhysRevD.35.3723
http://www.ncbi.nlm.nih.gov/pubmed/9957632
http://dx.doi.org/10.1088/0954-3899/35/11/115102
http://dx.doi.org/10.1103/PhysRevD.81.114039
http://dx.doi.org/10.1007/JHEP10(2020)171

Symmetry 2022, 14, 1851 61 of 63

185.

186.

187.
188.

189.

190.

191.

192.

193.

194.

195.

196.

197.

198.

199.

200.

201.

202.

203.

204.

205.

206.

207.

208.

209.
210.

211.

212.
213.

214.
215.
216.
217.

218.
219.

Bemfica, ES.; Disconzi, M.M.; Noronha, J. Causality and existence of solutions of relativistic viscous fluid dynamics with gravity.
Phys. Rev. D 2018, 98, 104064. [CrossRef]

Bemlfica, ES.; Bemfica, E.S.; Disconzi, M.M.; Disconzi, M.M.; Noronha, J.; Noronha, J. Nonlinear Causality of General First-Order
Relativistic Viscous Hydrodynamics. Phys. Rev. D 2019, 100, 104020. Erratum in Phys. Rev. D 2022, 105, 069902. [CrossRef]
Kovtun, P. First-order relativistic hydrodynamics is stable. JHEP 2019, 10, 34. [CrossRef]

Bemfica, ES.; Disconzi, M.M.; Noronha, ]. First-Order General-Relativistic Viscous Fluid Dynamics. Phys. Rev. X 2022, 12, 21044.
[CrossRef]

Hoult, R.E.; Kovtun, P. Stable and causal relativistic Navier-Stokes equations. JHEP 2020, 6, 67. [CrossRef]

Armas, J.; Camilloni, F. A stable and causal model of magnetohydrodynamics. arXiv 2022, arXiv:2201.06847.

Bobylev, A.V. The Chapman-Enskog and Grad methods for solving the Boltzmann equation. Sov. Phys. Dokl. 1982, 27, 29.
Betz, B.; Henkel, D.; Rischke, D.H. Complete second-order dissipative fluid dynamics. J. Phys. G 2009, 36, 64029. [CrossRef]
Denicol, G.S.; Koide, T.; Rischke, D.H. Dissipative relativistic fluid dynamics: A new way to derive the equations of motion from
kinetic theory. Phys. Rev. Lett. 2010, 105, 162501. [CrossRef]

Denicol, G.S.; Huang, X.G.; Koide, T.; Rischke, D.H. Consistency of Field-Theoretical and Kinetic Calculations of Viscous
Transport Coefficients for a Relativistic Fluid. Phys. Lett. B 2012, 708, 174-178. [CrossRef]

Denicol, G.S.; Molndr, E.; Niemi, H.; Rischke, D.H. Derivation of fluid dynamics from kinetic theory with the 14-moment
approximation. Eur. Phys. J. A 2012, 48, 170. [CrossRef]

Israel, W.; Stewart, ].M. Thermodynamics of nonstationary and transient effects in a relativistic gas. Phys. Lett. A 1976, 58, 213-215.
[CrossRef]

Israel, W.; Stewart, ]. M. On transient relativistic thermodynamics and kinetic theory.Il. Proc. R. Soc. Lond. A 1979, 365, 43-52.
[CrossRef]

Jaiswal, A. Relativistic dissipative hydrodynamics from kinetic theory with relaxation time approximation. Phys. Rev. C 2013,
87,51901. [CrossRef]

Bazow, D.; Heinz, U.W,; Strickland, M. Second-order (2+1)-dimensional anisotropic hydrodynamics. Phys. Rev. C 2014, 90, 54910.
[CrossRef]

Denicol, G.S.; Jeon, S.; Gale, C. Transport Coefficients of Bulk Viscous Pressure in the 14-moment approximation. Phys. Rev. C
2014, 90, 24912. [CrossRef]

Molnar, E.; Niemi, H.; Rischke, D.H. Derivation of anisotropic dissipative fluid dynamics from the Boltzmann equation. Phys.
Rev. D 2016, 93, 114025. [CrossRef]

Molnar, E.; Niemi, H.; Rischke, D.H. Closing the equations of motion of anisotropic fluid dynamics by a judicious choice of a
moment of the Boltzmann equation. Phys. Rev. D 2016, 94, 125003. [CrossRef]

Tinti, L.; Vujanovic, G.; Noronha, J.; Heinz, U. Resummed hydrodynamic expansion for a plasma of particles interacting with
fields. Phys. Rev. D 2019, 99, 16009. [CrossRef]

Most, E.R.; Noronha, J.; Philippov, A.A. Modeling general-relativistic plasmas with collisionless moments and dissipative
two-fluid magnetohydrodynamics. Mon. Not. R. Astron. Soc. 2021, 514, 4989-5003. [CrossRef]

Wagner, D.; Palermo, A.; Ambrus, V.E. Inverse Reynolds-dominance approach to transient fluid dynamics. arXiv 2022,
arXiv:2203.12608.

Marcowith, A.; Ferrand, G.; Grech, M.; Meliani, Z.; Plotnikov, I.; Walder, R. Multi-scale simulations of particle acceleration in
astrophysical systems. Liv. Rev. Comput. Astrophys. 2020, 6, 1. [CrossRef]

Pohl, M.; Hoshino, M.; Niemiec, J. PIC Simulation Methods for Cosmic Radiation and Plasma Instabilities. Prog. Part. Nucl. Phys.
2020, 111, 103751. [CrossRef]

Baumgarte, T.W.; Shapiro, S.L. Numerical Relativity: Solving Einstein’s Equations on the Computer; Cambridge University Press:
Cambridge, UK, 2010.

Baumgarte, T.W.; Shapiro, S.L. Numerical Relativity: Starting from Scratch; Cambridge University Press: Cambridge, UK, 2021.
Fukushima, K.; Hidaka, Y. Electric conductivity of hot and dense quark matter in a magnetic field with Landau level resummation
via kinetic equations. Phys. Rev. Lett. 2018, 120, 162301. [CrossRef]

Fukushima, K.; Hidaka, Y. Resummation for the Field-theoretical Derivation of the Negative Magnetoresistance. JHEP 2020,
4,162. [CrossRef]

Arnold, P.B.; Dogan, C.; Moore, G.D. The Bulk Viscosity of High-Temperature QCD. Phys. Rev. D 2006, 74, 85021. [CrossRef]
Arnold, P.B.; Moore, G.D.; Yaffe, L.G. Transport coefficients in high temperature gauge theories. 1. Leading log results. JHEP
2000, 11, 1. [CrossRef]

Donoghue, J.F.; Golowich, E.; Holstein, B.R. Dynamics of the Standard Model; Cambridge University Press: Cambridge, UK, 2014;
Volume 2. [CrossRef]

Particle Data Group; Zyla, P.A.; Barnett, R.M.; Beringer, J.; Dahl, O.; Dwyer, D.A.; Groom, D.E; Lin, C.-J.; Lugovsky, K.S.; Pianori,
E.; et al. Review of Particle Physics. PTEP 2020, 2020, 83C01. [CrossRef]

Fukuda, H.; Miyamoto, Y. On the y-Decay of Neutral Meson. Prog. Theor. Phys. 1949, 4, 347-357. [CrossRef]

Adler, S.L. Axial vector vertex in spinor electrodynamics. Phys. Rev. 1969, 177, 2426-2438. [CrossRef]

Bell, J.S.; Jackiw, R. A PCAC puzzle: 0 — 77 in the 0 model. Nuovo Cim. A 1969, 60, 47-61. [CrossRef]

Bertlmann, R.A. Anomalies in Quantum Field Theory; Oxford University Press: Oxford, UK, 2000; Volume 91.


http://dx.doi.org/10.1103/PhysRevD.98.104064
http://dx.doi.org/10.1103/PhysRevD.100.104020
http://dx.doi.org/10.1007/JHEP10(2019)034
http://dx.doi.org/10.1103/PhysRevX.12.021044
http://dx.doi.org/10.1007/JHEP06(2020)067
http://dx.doi.org/10.1088/0954-3899/36/6/064029
http://dx.doi.org/10.1103/PhysRevLett.105.162501
http://dx.doi.org/10.1016/j.physletb.2012.01.018
http://dx.doi.org/10.1140/epja/i2012-12170-x
http://dx.doi.org/10.1016/0375-9601(76)90075-X
http://dx.doi.org/10.1098/rspa.1979.0005
http://dx.doi.org/10.1103/PhysRevC.87.051901
http://dx.doi.org/10.1103/PhysRevC.90.054910
http://dx.doi.org/10.1103/PhysRevC.90.024912
http://dx.doi.org/10.1103/PhysRevD.93.114025
http://dx.doi.org/10.1103/PhysRevD.94.125003
http://dx.doi.org/10.1103/PhysRevD.99.016009
http://dx.doi.org/10.1093/mnras/stac1435
http://dx.doi.org/10.1007/s41115-020-0007-6
http://dx.doi.org/10.1016/j.ppnp.2019.103751
http://dx.doi.org/10.1103/PhysRevLett.120.162301
http://dx.doi.org/10.1007/JHEP04(2020)162
http://dx.doi.org/10.1103/PhysRevD.74.085021
http://dx.doi.org/10.1088/1126-6708/2000/11/001
http://dx.doi.org/10.1017/CBO9780511524370
http://dx.doi.org/10.1093/ptep/ptaa104
http://dx.doi.org/10.1143/ptp/4.3.347
http://dx.doi.org/10.1103/PhysRev.177.2426
http://dx.doi.org/10.1007/BF02823296

Symmetry 2022, 14, 1851 62 of 63

220.

221.

222.

223.
224.

225.
226.
227.
228.
229.
230.

231.
232.

233.

234.
235.
236.
237.
238.
239.
240.
241.
242.

243.

244.

245.

246.

247.
248.

249.
250.
251.
252.
253.
254.

255.
256.

257.

258.

Fujikawa, K.; Fujikawa, K.; Suzuki, H. Path Integrals and Quantum Anomalies; Oxford University Press: Oxford, UK, 2004;
Volume 122.

‘t Hooft, G. Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking. In Recent Developments in Gauge Theories;
Springer: Boston, MA, USA, 1980; Volume 59, pp. 135-157. [CrossRef]

Frishman, Y.; Schwimmer, A.; Banks, T.; Yankielowicz, S. The Axial Anomaly and the Bound State Spectrum in Confining
Theories. Nucl. Phys. 1981, B177,157-171. [CrossRef]

Vilenkin, A. Equilibrium parity violating current in a magnetic field. Phys. Rev. 1980, D22, 3080-3084. [CrossRef]

Nielsen, H.B.; Ninomiya, M. The Adler-Bell-Jackiw anomaly and Weyl fermions in a crystal. Phys. Lett. 1983, 130B, 389-396.
[CrossRef]

Alekseev, A.Y.; Cheianov, V.V,; Frohlich, J. Universality of transport properties in equilibrium, Goldstone theorem and chiral
anomaly. Phys. Rev. Lett. 1998, 81, 3503-3506. [CrossRef]

Son, D.T.; Surowka, P. Hydrodynamics with Triangle Anomalies. Phys. Rev. Lett. 2009, 103, 191601. [CrossRef]

Neiman, Y.; Oz, Y. Relativistic Hydrodynamics with General Anomalous Charges. JHEP 2011, 3, 23. [CrossRef]

Sadofyev, A.V.; Isachenkov, M.V. The Chiral magnetic effect in hydrodynamical approach. Phys. Lett. B 2011, 697, 404—406.
[CrossRef]

Kharzeev, D.E.; Yee, H.U. Anomalies and time reversal invariance in relativistic hydrodynamics: The second order and higher
dimensional formulations. Phys. Rev. D 2011, 84, 45025. [CrossRef]

Furusawa, T.; Hongo, M. Anomaly-induced edge currents in hydrodynamics with parity anomaly. Phys. Rev. D 2021, 104, 125021.
[CrossRef]

Lin, S. An anomalous hydrodynamics for chiral superfluid. Phys. Rev. D 2012, 85, 45015. [CrossRef]

Banerjee, N.; Bhattacharya, J.; Bhattacharyya, S.; Jain, S.; Minwalla, S.; Sharma, T. Constraints on Fluid Dynamics from Equilibrium
Partition Functions. JHEP 2012, 9, 46. [CrossRef]

Jensen, K.; Kaminski, M.; Kovtun, P; Meyer, R; Ritz, A.; Yarom, A. Towards hydrodynamics without an entropy current. Phys.
Rev. Lett. 2012, 109, 101601. [CrossRef]

Jensen, K. Triangle Anomalies, Thermodynamics, and Hydrodynamics. Phys. Rev. D 2012, 85, 125017. [CrossRef]

Jensen, K.; Loganayagam, R.; Yarom, A. Thermodynamics, gravitational anomalies and cones. JHEP 2013, 2, 88. [CrossRef]
Jensen, K.; Kovtun, P; Ritz, A. Chiral conductivities and effective field theory. JHEP 2013, 10, 186. [CrossRef]

Jensen, K.; Loganayagam, R.; Yarom, A. Anomaly inflow and thermal equilibrium. JHEP 2014, 5, 134. [CrossRef]

Jensen, K.; Loganayagam, R.; Yarom, A. Chern-Simons terms from thermal circles and anomalies. JHEP 2014, 5, 110. [CrossRef]
Haehl, EM.; Loganayagam, R.; Rangamani, M. Effective actions for anomalous hydrodynamics. JHEP 2014, 3, 34. [CrossRef]
Golkar, S.; Sethi, S. Global Anomalies and Effective Field Theory. JHEP 2016, 5, 105. [CrossRef]

Chowdhury, S.D.; David, J.R. Global gravitational anomalies and transport. JHEP 2016, 12, 116. [CrossRef]

Glorioso, P.; Liu, H.; Rajagopal, S. Global Anomalies, Discrete Symmetries, and Hydrodynamic Effective Actions. JHEP 2019,
1, 43. [CrossRef]

Mafies, ].L.; Megfas, E.; Valle, M.; Vazquez-Mozo, M.A. Non-Abelian Anomalous (Super)Fluids in Thermal Equilibrium from
Differential Geometry. JHEP 2018, 11, 76. [CrossRef]

Maiies, J.L.; Megfas, E.; Valle, M.; Vazquez-Mozo, M.A. Anomalous Currents and Constitutive Relations of a Chiral Hadronic
Superfluid. JHEP 2019, 12, 18. [CrossRef]

Liao, J. Anomalous transport effects and possible environmental symmetry violation in heavy-ion collisions. Pramana 2015,
84,901-926. [CrossRef]

Skokov, V.; Sorensen, P.; Koch, V.; Schlichting, S.; Thomas, J.; Voloshin, S.; Wang, G.; Yee, H.U. Chiral Magnetic Effect Task Force
Report. Chin. Phys. 2017, C41, 72001. [CrossRef]

Landsteiner, K. Notes on Anomaly Induced Transport. Acta Phys. Polon. 2016, B47, 2617. [CrossRef]

Armitage, N.P.; Mele, EJ.; Vishwanath, A. Weyl and Dirac Semimetals in Three Dimensional Solids. Rev. Mod. Phys. 2018,
90, 15001. [CrossRef]

Chernodub, M.N,; Ferreiros, Y.; Grushin, A.G.; Landsteiner, K.; Vozmediano, M.A .H. Thermal transport, geometry, and anomalies.
Phys. Res. 2022, 977, 1-58. [CrossRef]

Biskamp, D. Nonlinear Magnetohydrodynamics; Cambridge University Press: Cambridge, UK, 1997; Volume 1.

Gedalin, M. Linear waves in relativistic anisotropic magnetohydrodynamics. Phys. Rev. E 1993, 47, 4354—4357. [CrossRef]
Akamatsu, Y.; Yamamoto, N. Chiral Plasma Instabilities. Phys. Rev. Lett. 2013, 111, 52002. [CrossRef] [PubMed]

Akamatsu, Y.; Yamamoto, N. Chiral Langevin theory for non-Abelian plasmas. Phys. Rev. D 2014, 90, 125031. [CrossRef]
Yamamoto, N. Chiral transport of neutrinos in supernovae: Neutrino-induced fluid helicity and helical plasma instability. Phys.
Rev. D 2016, 93, 65017. [CrossRef]

Kojima, Y.; Miura, Y. The growth of chiral magnetic instability in a large-scale magnetic field. PTEP 2019, 2019, 43E01. [CrossRef]
Liu, Y.C,; Huang, X.G. Anomalous chiral transports and spin polarization in heavy-ion collisions. Nucl. Sci. Tech. 2020, 31, 56.
[CrossRef]

Gao, J.H.; Ma, G.L.; Pu, S.; Wang, Q. Recent developments in chiral and spin polarization effects in heavy-ion collisions. Nucl. Sci.
Tech. 2020, 31, 90. [CrossRef]

Huang, X.G. Vorticity and Spin Polarization—A Theoretical Perspective. Nucl. Phys. A 2021, 1005, 121752. [CrossRef]


http://dx.doi.org/10.1007/978-1-4684-7571-5_9
http://dx.doi.org/10.1016/0550-3213(81)90268-6
http://dx.doi.org/10.1103/PhysRevD.22.3080
http://dx.doi.org/10.1016/0370-2693(83)91529-0
http://dx.doi.org/10.1103/PhysRevLett.81.3503
http://dx.doi.org/10.1103/PhysRevLett.103.191601
http://dx.doi.org/10.1007/JHEP03(2011)023
http://dx.doi.org/10.1016/j.physletb.2011.02.041
http://dx.doi.org/10.1103/PhysRevD.84.045025
http://dx.doi.org/10.1103/PhysRevD.104.125021
http://dx.doi.org/10.1103/PhysRevD.85.045015
http://dx.doi.org/10.1007/JHEP09(2012)046
http://dx.doi.org/10.1103/PhysRevLett.109.101601
http://dx.doi.org/10.1103/PhysRevD.85.125017
http://dx.doi.org/10.1007/JHEP02(2013)088
http://dx.doi.org/10.1007/JHEP10(2013)186
http://dx.doi.org/10.1007/JHEP05(2014)134
http://dx.doi.org/10.1007/JHEP05(2014)110
http://dx.doi.org/10.1007/JHEP03(2014)034
http://dx.doi.org/10.1007/JHEP05(2016)105
http://dx.doi.org/10.1007/JHEP12(2016)116
http://dx.doi.org/10.1007/JHEP01(2019)043
http://dx.doi.org/10.1007/JHEP11(2018)076
http://dx.doi.org/10.1007/JHEP12(2019)018
http://dx.doi.org/10.1007/s12043-015-0984-x
http://dx.doi.org/10.1088/1674-1137/41/7/072001
http://dx.doi.org/10.5506/APhysPolB.47.2617
http://dx.doi.org/10.1103/RevModPhys.90.015001
http://dx.doi.org/10.1016/j.physrep.2022.06.002
http://dx.doi.org/10.1103/PhysRevE.47.4354
http://dx.doi.org/10.1103/PhysRevLett.111.052002
http://www.ncbi.nlm.nih.gov/pubmed/23952387
http://dx.doi.org/10.1103/PhysRevD.90.125031
http://dx.doi.org/10.1103/PhysRevD.93.065017
http://dx.doi.org/10.1093/ptep/ptz027
http://dx.doi.org/10.1007/s41365-020-00764-z
http://dx.doi.org/10.1007/s41365-020-00801-x
http://dx.doi.org/10.1016/j.nuclphysa.2020.121752

Symmetry 2022, 14, 1851 63 of 63

259.

260.
261.

262.

263.
264.

265.
266.

267.

268.

269.
270.

271.
272.
273.
274.
275.
276.

277.
278.

279.
280.

281.
282.

283.

284.

285.

286.
287.

Becattini, F.; Lisa, M.A. Polarization and Vorticity in the Quark-Gluon Plasma. Ann. Rev. Nucl. Part. Sci. 2020, 70, 395-423.
[CrossRef]

Becattini, F. Spin and polarization: A new direction in relativistic heavy ion physics. arXiv 2022, arXiv:2204.01144.

Grozdanov, S.; Lucas, A.; Poovuttikul, N. Holography and hydrodynamics with weakly broken symmetries. Phys. Rev. D 2019,
99, 86012. [CrossRef]

Stephanov, M.; Yin, Y. Hydrodynamics with parametric slowing down and fluctuations near the critical point. Phys. Rev. D 2018,
98, 36006. [CrossRef]

Belinfante, F. On the spin angular momentum of mesons. Physica 1939, 6, 887-898. [CrossRef]

Belinfante, F. On the current and the density of the electric charge, the energy, the linear momentum and the angular momentum
of arbitrary fields. Physica 1940, 7, 449-474. [CrossRef]

Rosenfeld, L. On the energy-momentum tensor. Mem. Acad. Roy. Belg. Sci. 1940, 18, 1-30.

Montenegro, D.; Tinti, L.; Torrieri, G. Ideal relativistic fluid limit for a medium with polarization. Phys. Rev. D 2017, 96, 56012.
Addendum in Phys. Rev. D 2017, 96, 79901. [CrossRef]

Florkowski, W.; Friman, B.; Jaiswal, A.; Speranza, E. Relativistic fluid dynamics with spin. Phys. Rev. C 2018, 97, 041901.
[CrossRef]

Florkowski, W.; Kumar, A.; Ryblewski, R. Relativistic hydrodynamics for spin-polarized fluids. Prog. Part. Nucl. Phys. 2019,
108, 103709. [CrossRef]

Montenegro, D.; Torrieri, G. Causality and dissipation in relativistic polarizable fluids. Phys. Rev. D 2019, 100, 56011. [CrossRef]
Hattori, K.; Hongo, M.; Huang, X.G.; Matsuo, M.; Taya, H. Fate of spin polarization in a relativistic fluid: An entropy—current
analysis. Phys. Lett. B 2019, 795, 100-106. [CrossRef]

Fukushima, K.; Pu, S. Spin hydrodynamics and symmetric energy—-momentum tensors—A current induced by the spin vorticity.
Phys. Lett. B 2021, 817, 136346. [CrossRef]

Bhadury, S.; Florkowski, W.; Jaiswal, A.; Kumar, A.; Ryblewski, R. Relativistic dissipative spin dynamics in the relaxation time
approximation. Phys. Lett. B 2021, 814, 136096. [CrossRef]

Li, S.; Stephanov, M.A.; Yee, H.U. Nondissipative Second-Order Transport, Spin, and Pseudogauge Transformations in Hydrody-
namics. Phys. Rev. Lett. 2021, 127, 82302. [CrossRef]

She, D.; Huang, A.; Hou, D.; Liao, ]. Relativistic Viscous Hydrodynamics with Angular Momentum. arXiv 2021, arXiv:2105.04060.
Gallegos, A.D.; Giirsoy, U.; Yarom, A. Hydrodynamics of spin currents. SciPost Phys. 2021, 11, 41. [CrossRef]

Peng, H.H.; Zhang, ].].; Sheng, X.L.; Wang, Q. Ideal Spin Hydrodynamics from the Wigner Function Approach. Chin. Phys. Lett.
2021, 38, 116701. [CrossRef]

Hu, J. Relativistic first-order spin hydrodynamics via the Chapman-Enskog expansion. Phys. Rev. D 2022, 105, 76009. [CrossRef]
Daher, A.; Das, A.; Florkowski, W.; Ryblewski, R. Equivalence of canonical and phenomenological formulations of spin
hydrodynamics. arXiv 2022, arXiv:2202.12609.

Gallegos, A.D.; Gursoy, U.; Yarom, A. Hydrodynamics, spin currents and torsion. arXiv 2022, arXiv:2203.05044.

Weickgenannt, N.; Wagner, D.; Speranza, E.; Rischke, D. Relativistic second-order dissipative spin hydrodynamics from the
method of moments. arXiv 2022, arXiv:2203.04766.

Singh, R.; Shokri, M.; Mehr, S.M.A.T. Relativistic magnetohydrodynamics with spin. arXiv 2022, arXiv:2202.11504.

Bhadury, S.; Florkowski, W.; Jaiswal, A.; Kumar, A.; Ryblewski, R. Relativistic spin-magnetohydrodynamics. arXiv 2022,
arXiv:2204.01357.

Koide, T. Spin-electromagnetic hydrodynamics and magnetization induced by spin-magnetic interaction. Phys. Rev. C 2013,
87,34902. [CrossRef]

Grozdanov, S.; Poovuttikul, N. Generalised global symmetries in holography: Magnetohydrodynamic waves in a strongly
interacting plasma. JHEP 2019, 4, 141. [CrossRef]

Bhattacharya, J.; Bhattacharyya, S.; Minwalla, S.; Yarom, A. A Theory of first order dissipative superfluid dynamics. J[HEP 2014,
5,147. [CrossRef]

Kovtun, P. Lectures on hydrodynamic fluctuations in relativistic theories. J. Phys. A 2012, 45, 473001. [CrossRef]

Minami, Y.; Hidaka, Y. Relativistic hydrodynamics from the projection operator method. Phys. Rev. E 2013, 87, 23007. [CrossRef]


http://dx.doi.org/10.1146/annurev-nucl-021920-095245
http://dx.doi.org/10.1103/PhysRevD.99.086012
http://dx.doi.org/10.1103/PhysRevD.98.036006
http://dx.doi.org/10.1016/S0031-8914(39)90090-X
http://dx.doi.org/10.1016/S0031-8914(40)90091-X
http://dx.doi.org/10.1103/PhysRevD.96.056012
http://dx.doi.org/10.1103/PhysRevC.97.041901
http://dx.doi.org/10.1016/j.ppnp.2019.07.001
http://dx.doi.org/10.1103/PhysRevD.100.056011
http://dx.doi.org/10.1016/j.physletb.2019.05.040
http://dx.doi.org/10.1016/j.physletb.2021.136346
http://dx.doi.org/10.1016/j.physletb.2021.136096
http://dx.doi.org/10.1103/PhysRevLett.127.082302
http://dx.doi.org/10.21468/SciPostPhys.11.2.041
http://dx.doi.org/10.1088/0256-307X/38/11/116701
http://dx.doi.org/10.1103/PhysRevD.105.076009
http://dx.doi.org/10.1103/PhysRevC.87.034902
http://dx.doi.org/10.1007/JHEP04(2019)141
http://dx.doi.org/10.1007/JHEP05(2014)147
http://dx.doi.org/10.1088/1751-8113/45/47/473001
http://dx.doi.org/10.1103/PhysRevE.87.023007

	Introduction
	Macroscopic Approach: The Entropy–Current Analysis
	Primer to the Entropy–Current Analysis
	Relativistic MHD from the Magnetic Flux Conservation
	Entropy Production Rate with Magnetic Flux
	Zeroth-Order in Derivatives: Nondissipative RMHD
	First-Order Derivative Corrections: Dissipative RMHD


	Nonequilibrium Statistical Operator Method for Relativistic MHD
	Optimized Perturbation with Local Gibbs Distribution
	Evaluating the Local Gibbs Averages
	Evaluating the Dissipative Corrections

	Interlude: Connection to the Conventional MHD
	Anisotropic Pressure
	First-Order Constitutive Relations Including Hall Transports

	Towards Relativistic MHD from Kinetic Equations
	Chapman–Enskog Method
	Grad's Method of Moments

	Perturbative Evaluation of Transport Coefficients
	Transport Coefficients in Strong Magnetic Fields
	Roles of the Chiral Symmetry
	Contributions of Higher Landau Levels

	Chiral Magnetohydrodynamics
	Entropy-Current Analysis with Chiral Anomaly
	Linear Waves in Relativistic MHD
	Helical Instabilities in the Chiral MHD

	Conclusions and Future Prospects
	Electric Charges in MHD
	Matching and Frame Conditions in Relativistic MHD
	Derivation of Equations (73a)–(73c)
	Viscous Coefficients and Inequalities
	References

