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Abstract: The main aim of this study is to define parametric kinds of A-Array-type polynomials
by using g-trigonometric polynomials and to investigate some of their analytical properties and
applications. For this purpose, many formulas and relations for these polynomials, including
some implicit summation formulas, differentiation rules, and relations with the earlier polynomials
by utilizing some series manipulation method are derived. Additionally, as an application, the
zero values of g-Array-type polynomials are presented by the tables and multifarious graphical
representations for these zero values are drawn.
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1. Introduction

Recently, many authors [1-4] have introduced and constructed generating functions
for new families of special polynomials including two parametric kinds of polynomials,
such as Bernoulli, Euler, and Genocchi. They have given the fundamental properties of
these polynomials, and they have also established more identities and relations among
trigonometric functions with two parametric kinds of special polynomials by using gen-
erating functions. Special polynomials have important roles in several subjects, such as
mathematics, approximation theory, engineering, and theoretical physics. By applying
the partial derivative operator to these generating functions, some derivative formulas
and finite combinatorial sums involving the aforementioned polynomials and numbers
are obtained. In addition, these special polynomials allow the derivation of different use-
ful identities in a fairly straightforward way and help introduce new families of special
polynomials. The array-type polynomials can be seen in combinatorial mathematics and
play a crucial role in the principle and applications of arithmetic. Hence, a wide variety of
idea and combinatorics experts have extensively studied their residences and received a
series of exciting results (see [5-9]). By inspiring and motivating the above polynomials, in
this study, we propose defining a parametric type of A-array-type polynomials by intro-
ducing the two specific g-exponential generating functions. In addition, we show many
formulations and family members for those polynomials, such as a few implicit summation
formulas, differentiation policies, and correlations with the earlier polynomials with the
aid of utilizing a collection manipulation approach.

The concern with g-calculus started in the 19th century due to its packages in various
fields such as mathematics, physics, and engineering. The definitions and notations of
g-calculus reviewed here are taken from [10,11].
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The g-analogue of the shifted factorial («),, is given by
w—1
(9)o=1(qw=]]1-9"2) weN.
=0

The g-analogue of a complex number « and of the factorial function is given by

1—g*
o]y = =g geC—{1};,a €C,

ol = [Tl = b2+l = (290 g # e,

0];!=19€C0<g<1

The Gauss g-binomial coefficient ( ;{u ) is given by
q

o\ _ Wt @9 ot
( Y )q - [7]%'[(‘)_')’]57' o (q;q)’Y(q;q)wf'y 'Y—O,l, ,W.

The g-analogue of the function (x + y)g’ is given by

w
=0\ T /4
The g-analogues of exponential functions are given by
e(x)—i X ! 0<|gl<l|x|<|1- |_1 (2)
= 2 R (I S T
© 4@
B = L = (-0-xgs 0<lql<LreC 3)
w=0 ’

These two functions are related by the following equation (see [10-12]):
eq(x)Eq(—x) = 1.
Remark 1. It is not difficult to see that [10]

4 = =y

———— 0< <1, |x|<1
e a | x|

Eg(x) = (—(1—9)x%9)e, 0<]q|<1.

Definition 1. Let x and y be two complex numbers and w be a nonnegative integer. We define the
g-addition in the following way (see [13]):

(09 =1 (‘;’)qﬂyw @)

¥

The g-derivative operator is defined by

flgz) = f(2)

Dyf(z) = g ,0<|gl<,
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where D;f(0) = f'(0) provided that f is differentiable at x = 0.

The g-derivative fulfills the following product and quotient rules:

Dy-(f(2)8(2)) = F(2)Dgzg(2) + 8(q2) Dy f (2), (5)
f(z) B g(qZ)Dq,Zf(Z) - f(qZ)Dq,zg(z)
D"'Z<g<z>) = 3(2)g(a2) ' (6)

Definition 2. The g-trigonometric functions are

eq(ix) —eq(—ix) E4(ix) — Fq(—ix)

Si?’lq(X) = f, SINq(x) = 5 ’
and ) . . .

cosy () = eq(ix) +26q(—zx)l COS, (x) = E,4(ix) +2Eq(—1x)’
where SINg (x) = sin 1 (x), COS,(x) = cos,1(x).

Lemmal. Lety € Randi = +/—1 € C. Then, we have
(1)
Ey(ity) = COS, (ty) +iSIN, ()
(2)
Eq(—ity) = COSq(ty) — iSINq(ty),

where SINg(x) = sing-1(x), COSy(x) = cos,1(x).

Lemma 2. Lety € Randi = +/—1 € C. Then, we have
(1)
eq(tx)Eq(ity) = eq(t(x &) iy)q),
(2)
eq(tx)Eq(—ity) = eg(t(x ©1iy)y).

The Apostol-type g-Bernoulli polynomials IB%((A‘,X, 21 (x; A) of the order «, the Apostol-type g-

Euler polynomials ]E((gé 21 (x; A) of the order &, and the Apostol-type g-Genocchi polynomials
ij‘, Zi(x; A) of the order a are defined as follows, respectively (see [14,15]):

t ‘ xt - ) 1
— ] M = By g(x; A t+logA|) < 2, 7
(Aeq(t)_l) (41;0 ,q( )[w]q! (| g |) ( )
2 C ot v () £
q w=0 q
(2t>ae’“— Y G (1)L (| £+ logA |< ) ©)
Aeg(F) + 1 R e A P & ’
Clearly, we have
By (1) = By (0:4), BSS (1) =BG (0;0), Gy (A) = GG (0;A). (10)

Kang and Ryoo [13] introduced the g-Bernoulli and g-Euler polynomials, defined by
the following respective equations:

f e ew)tEewy) b & oo b
Weq(xt)cosq(yt) 7};} = = d W—];)IB%M (x,y)m, (11)
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t B (x@iy)g) —Big((x0iy)g) & (s t
————e,(xt)SIN, (yt) = ‘ — —_ = B (x,y)—=—, 12
and
2 X E((x@iy)g) +Ei((xSiy)g) & (o t
W eq(xt)COS, (yt) = ; 5 i _];]Em (x’y)[]Tq!’ (13)
2 > Bi((x@iy)g) —E((xoiy))y v & s t
—————e,(xt)SIN, (yt) = ! _J —_— = EX/(x,y)—, 14
Kang and Ryoo proved the following (see [13,16]):
t?’
eq(xt)COS,(yt) = Z Crgqlx, y)[ pl (15)
and
eq(xt)SIN, (yt) = ZSW X, y ] L (16)
where ]
2 . s J
Cral) = L (-1 (5 ) (<1 L2, (17)
j=0 174
and .
(=]
_ r Vi (241 r—2j—1 2j+1
5rq(x,9) ]g)( - ),,( 1)lg@H D=2 1y27 41, (18)

For A € C, the generalized A-Stirling numbers of the second kind S}j,(A) are given by the
following (see [17,18]):

W;l s“’ B eNy = {0,1,2,- 1. 19
l

Given that A = 1, Equation (19) reduces to the Stirling numbers of the second kind as follows:

2526()111

The A-array-type polynomials Sy, (x, A) are defined by the following (see [6]):

(e—l

(Ae% 2 59(x, M) ) (20)

2. A-Array-Type Polynomials of Complex Variables

In this section, we consider the g-Cosine and g-Sine A-array-type polynomials of complex
variables and deduce some identities of these polynomials. First, we present the following definition:

(Aeg(t) —1)™

n

eq(xt)Ey(ity) = Z mg (1, (X + 1Y), A) —— ors (21)
= !
On the other hand, we suppose that

eq(xt)Eq(ity) = eq(xt)(COSy(yt) + iSINy (yt)). (22)

Thus, by Equations (21) and (22), we have

Z Smq(n, (x +iy)g,A) [t;! = Weq(xt)lfq(ity)

_ (heg(t) )"

o eq(xt)(COS,(yz) + iSINg (yz)), (23)
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and
n et _1\m
Z qu x - 1]/)1/]/ ) [i]q, = %eq(xt)Eq(—ity)
t_ m
= %eq(xt)(COSq(yt) — iSIN, (yt)). (24)

From Equations (23) and (24), we find

(Aeg(t) —1)™ i <Sm,q (1, (x @ iy)g, A) + S (1, (x S iy)g, A) ) " s

eq(xt)COS,(yt) =

m! o 2 [”]q!/
and
(At —1)™ _ 2 (Sma(n (x©iy)g A) = Smq(n, (xS iy)g A) | "
Q1" et)SINy o) — nzg)( q q . q q ) s (26)

Definition 3. Let n > 0. We define two parametric kinds of q-Cosine A-array-type polynomials S,(ﬁ,)q (n,x,y,M)

and g-Sine A-array-type polynomials Sg,f,)q (n,x,y, A), which for a nonnegative integer n are defined, respec-
tively, by

W q(xt)COS, (yt) = iOSfﬁ)q XY, )[trq!’ )
and m . -
w (xt)SINg(yt) = Z (n,x,y,A) [t] -, (28)
. P 1]g!

Note that S} (1,0,0,A) = Su,q(n,A), Sih(n,0,0,A) =0 (n > 0).

From Equations (25)-(28), we have

Sig(n, (x ®1y)g, A) 4+ Smq(n, (x Siy)g, A)

S,(ﬁ,)q(n, X,y A) = 5 , (29)
S n,(xBiy)g, A) —Smq(n, (x Siy)y, A
Siry(1,%,y,A) = ma (1, (£ & )y )21, ma (XS Y)q.A), (30)

Remark 2. For x = 0 in Equations (27) and (28), we obtain a new type of q-Cosine A-array-type polynomial

SS,f,)q (n,y, A) and g-Sine A-array-type polynomial SSS?q (n,y, A), respectively, as

Aet —1 t"
7( ) COS,( } qu ny, )[n] -, (31)
j= T
md (Aeg(t) —1)™ §
eq(t) — (s t
= SINg (yt) = n§:0 Sinq(n,y,A) lt (32)
It is clear that

Sﬁrf,)q(nr 0/ /\) = Sm,q (7’1, /\)/ Si(;,)q(”/ O/ /\) = O/ (n 2 O)

Remark 3. Letting g — 1 in Definition 3, we find two parametric types of A-array-type polynomials as
follows (see [6]):

(e —1)" N
- COS(yt) = Z S (n,x,y,A n

7
[ nl

and ( . o .
Aet —1 ot t”
T SIN yt = Z I’l X, y, n'

Now, we start with some basic properties of these polynomials.
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Theorem 1. If we let n > 0, then
(c) b n+v v (2v-1)v, 20
Sm,q(n,y; wA) = 2 2 (-1)% YSmq(n—20,A), (33)
v=0 q
and X
(7]
S’(;/)q(n’/\) _ Z ( ;lv-:_vl ) (_1)vq(2v+1)vy2v+18m,q(n —20—1,A). (34)
v=0 q
Proof. By Equations (31) and (32), we can derive the following equations:
e P eyt — 1)
st (n,y,A =22 cos, (yt
= 3 Smaln A) e Y (gL
n=0 g [Vl]q! =0 [2U]q!
o (13 n
_ n+v ) v, (2v-1)v,20 t
= (=1)% 1""Sm,q(n —20,A) , (35)
”go (”=0( 2y " [n]q!
and S} (S) i ()\et _ 1)m
Y S0, M) ey = S SING ()
n=0 q:
_ i [Zz:]< n > (_1)vq(2z:+1)vy2zz+1§m/q(j_20_ 1,7) L' (36)
n=0 \ v=0 2v0+1 q [”}‘1'
Therefore, by Equations (35) and (36), we find Equations (33) and (34). O
Theorem 2. If we let n > 0, then
) " /n ,
Smq(n, (x ®iy)g,A) =) <k) (x® zy)’;Sm,q(n —k,A)
k=0 q
n
-y <’Z) (i) S (1 — b, x,A), (37)
k=0 q
and ;
Smq(n, (xSiy)g,A) =Y <Z) (xo iy)gSm,q(n —k,A)
kO q
n .
-y (k) (=1 (iy) S (1 — k3, A). (38)
q

Proof. By using Equations (23) and (24), we obtained Equations (37) and (38), so we omitted the

proof. O

Theorem 3. If we let n > 0, then

"/ n
b rn )= () Smalb )Gk,
k=0 q
and ;
n
S\ (n,x,y,A) = Z( : ) Smg (K, A)Su_tg(x,y)-
k=0

q

Proof. Consider the following:

0 tn e tk s ] tn
Z anﬁ Z bkf' = Z Z ﬂn—kbk e
n=0 : k=0 : n=0 \k=0 :
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Now, we have

;]S,gfl)q(n, x,y,/\)[;—]nq! = Weq(xt)COSq(yt)
(5 St ) ) [ 3 Gy
=0 Kl ) \i=b [n]4!
= r;) kzo( Z )qu,q(kf)‘)an,q(xf]/)) [;7157!,

which proves Equation (39). The proof of Equation (40) is similar. [

Theorem 4. If we let n > 0, then

n
Sf(ﬁ,)q(n,ers,y,A) = Z( Z ) S,(qf,)q(k,x,y,)\)r"’k, (41)
k=0 q
and
(s) S ) n—k
Sm,q(n, XY A) = Z P Sm,q(k, x,y, A)r'tE (42)
k=0 q

Proof. By changing x with x -+ r in Equation (27), we have

i}Snf,)q(n,x +s,y,A) [;L! = Weq(xt)cosq(yt)
= i S,yf,)q(n, x,y,)\)i i rki
=0 (lg! ) \i= [Klg!
e n ©) (k x ek T
BB R )i

which completes the proof for Equation (41). The result for Equation (42) can be proven in a
similar manner. [J

Theorem 5. If we let n > 1, then

d
= Shop(n,2,y,4) = [lgSiy(n = 1,x,y,A), (43)
d
3y Sy A) = =[Sl (n = 1,%,qy,4) (44)
and
9 §(s) (s)
P mg (1, %,Y,A) = [1]gSpg(n —1,x,y,A), (45)
9 (s) (©)
3y g (1, %,Y,A) = [1]gSi)g(n —1,x,qy,A). (46)
Proof. Equation (27) yields
® 3 O o (Aeg(H)—1)™ 9 _ 20 tr
n;l aSm,q(”, x,y,A)W = Taeq(ﬁ)cosq(yt) = rggm,q("/ x'y'/\)W
= iS@ (n—1,xy A)L = i[n} sio) (n—1,xy )\)l
o B B (O V) P R T gt

which proves Equation (43). Equations (44)—-(46) can be similarly derived. O

Theorem 6. If we let N € N*, then the following formula holds true:

c L (n c n—
S,(ﬂ,)q(ZX,y,)L) =Y <k) S,(ﬂ,)q(n, x,y, )"k, (47)
k=0 q
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and

s o n s n—
SSh(2x,y,A) = )y (k) qgfn}q(n, x,y, Ak, (48)

Proof. By using Definition 3, we can easily prove Equations (47) and (48). Therefore, we omitted
the proof. O

Theorem 7. The following relation holds true:

S,(,f/)q(n,x +1LyA)=(m+ 1)S£,f?q(n,x +1y,A)+ S,(,f,)q(n, X, Y, A), (49)
and
S,(,i)q(n,x +1LyA)=(m+ l)Sg,i,)q(n,x +1,y,A)+ Sg,f,)q(n, X, Y, A). (50)

Proof. By using Definition 3, we can easily obtain

v 5(©) o (Aeg(t) = 1)
A];)Sm,q(n,x + Ly,A)[n—]q! = ATC,,((X +1)t)COS, (yt)
(Aeq(t) —1)™
= qTeq(xt)COSq (yt) [Aeg(t) —1+1]
(Aeq(t) —1)"*1 (Aeg(H) —1)™
=(m+ 1)W6q(xt)Cosq(yt) + Teq(xt)COSq(yt)

0 m 1) n

=(m+1) ) S,(,%(n,er Ly, A + ) Sg,f,)q(n,x,y,/\)—'.
n=0 [n]q n=0 [n]q

Comparing the coefficients of L, on both sides of the last equality leads to the desired

[l
identity in Equation (49). The relation in Equation (50) follows easily in a similar way. O

Theorem 8. The following summation formulas are true:

n n n n m c
Z (m) Cn—m,q (xr y) = Z (k) an)k,q (A)an,)q (k/ xl yr /\)r (51)
m=0 q k=0 q
and
- (n m\ plm) (s)
ZO . qsn,m,,,(x,y) - k;) ; anfqu()\)Sm,q(k, Xy, M) (52)

Proof. Consider the following equality:

(Aeq( tt) _ 1) (/\eq(ii !— 1)meq(xt)COSq(yt) = %eq(xt)COSq(yt).

By making use of Equation (7) for x = 0, through Equations (7) and (27), we find that

iBn";)( ) o iswf)q(k,x,y//\)i_*m icn,q(x,y) a
= [n]q'k:O [k]q! m! = [n],!
_ vy (1) pm c t
- EE () g
_ i i (”) Coma () (53)
n=0m=0 \"/ 4 nomal Y [”]q!.

Now, if we compare the coefficients of " on both sides of Equation (53), we reach the formula
in Equation (51). The relation in Equation (52) can be derived in a similar manner. [

Theorem 9. Let x,y, and r be any real numbers. Then, we have
(1)
SKh (1, (x @ )g, 4, A) + Sty (n, (x ©7)4,y,A)
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1 n n—1I e ¢ n s
= Z (l)qq( 2 )y I(an}q(n,x,y,A) +(-1) kSgn?q(n,x,y,A)), (54)

(2)

S (n, (x @ 7)g,y,A) + S\ (n, (x ©7)q,y,A)

1 n n=ly g .
= Z (l) q( 2y I(Sgli,)q(n,x,]//)\) +(=1) kS,(Tfr)q(n,x,y,)\)) (55)
k=0 q

Proof. By substituting (¢ @ ), into ¢ in the generating function of g-Cosine array-type polynomials,

we have . (Aeo(t) — 1)
o C) i’ _ eq t _ m
Y Sig(n, (xEBr)q,y,/\)[n—]q! _ VN )

n=0

oy eq(t(x ©7)5)COS,(yt)

_ ng(tx)COSq(yf)Eq(”)

0
, we can find the following equation:

Q.

Through a similar metho

B o (Aeg(t) — )"

Z{)S,Si?q(n, (xe1)gyA) orie ey (H(x & 7)g)SIN, (yt)

(Aeq(t) —1)™

ad t
= Z Sfﬁ,)q (n,x,y,7)
n=0 [I’l

eq(tx)SIN (yt) Eq(—tr)

I
"o 1t

P LAY Y

o (=5

(3 (1) g® ' t
n=0 \/=0 q q:

By adding Equations (56) with (57), we can derive result (1) of Theorem 9.

For results (2) in Theorem 9, we also can find the following equations:

OS,;?,,(n, (x®1)g,y,A) [nt;q! = Weq(t(x ©1)g)SING (yt)

- wirmeq(fx)SINq(yt)Eq(”)/ (58)

ngh

n

S o (Ae(t) ="
X S\ h(n, (x©1)0y, Nt = ey (H(x ©7);)COS, (y1)
(Aeg(t) —1)™
m!
Using Equation (59) appropriately, we can find result (2) in Theorem 9. [

eq(tx)COS, (yt) Eq(—tr). (59)

Corollary 1. If we let n > 0, then
Ss,f,)q (n,(x&r)q,y,A) + Ss,f,)q (n,(x&71)q,y,7)

n c
_y (Z) gD (85 (n— K xy,A) + (~1)S (K x,A)), (60)
q

and
S (n, (x @ 7)q,y,A) + S (n, (xS 7)g,y,A)

=Y (Z) g (Sliy(n = k2,0, A) + (“)FSE, (n — K x,y,4) ). (61)
q
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SE)(3,%,y,1) =

e

Corollary 2. For r =1 in Corollary 1, we have

Sﬁf}q (n,(x®1)g,y,A) + 81(13,)14 (n,(x©1)4,y,A)

-y (n> g @ (Sieh(n — K x,y, A) + (1S4 (1 — k1., 0)), 2
k=0 k 9
and
Sty (1, (x @ 1)g,y, A) + Sty (1, (x ©1)q, 1)
n
=) (Z) g (Sh (6 x,y,A) + (<181 (k2. )). ()
k=0 q

3. Symmetric Structures of the Approximate Roots for g-Cosine A-Array-Type

Polynomials and Their Application
In this section, certain zeros of the g-Cosine A-array-type polynomials Sg;,)q (n,x,y,A) and beau-
tiful graphical representations are shown. Let m = 5.

A few of examples of these include

_E A A A a2 B M A o
120 72424 6 12 4 12 6 24 24 120

X2 qu A XZ/\ qu/\ /\2 x2/\2 qu/\Z

120 120 24 24 24 6 12 12

/\3 x2/\3 qy2A3 /\4 x2/\4 qy2)\4 N LS N XZ)\S 3 quAS

4 12 12 6 24 24 24 120 120
[

xA2lg A2t xA%[2g! N A3[2],! N xA32)g AY[2]!

24 12 6 4 4 4
A28 AS[2]pt  xAS[2],!
6 2 24

X3 A 3637)\ . )L72 . X3)L2 )L3 X3A3 . A74 . X3A4

120 T4 6 2 Tt 6 24
A5 xBA5 x)@[s}q!+A3[3]q!+x)x3[3]q! A4[3]y!

24 T 120 12 12 4 6
XAty N A3[3],! N xAS[3]g0 qxy?[3],! N xA[Blg! ALl qy*A[3]y!
4 12 12 120[2],! © 24[2];! T 24[2],! 24[2],!
L gPABly! A3l xA%[3lg! x%A%[3]y! N qyP A% 3]yl qxy?A2[3],  A3[3]y!
24[2],! 6[2],! 6[2],! 6[2],! 6[2],! 12[2],! 2[2],!
xA3[3]p0 A3t qABly qxyPAR[3]l AY[3]y! xAY3lt x2AY[3],!
42],! ARt 4Rl 122 220 62l 62!
N qPABla! | qxPAtBlt | Al | xA°[Blgt | PAT[BlE qPACBlg qxyPAt[3y!
6[2],! 24[2],! 6[2],0 ' 24[2],! 24[2],! 24[2],! 120[2],!

We investigated the beautiful zeros of the g-Cosine A-array-type polynomials S,ﬁf,)q (n,x,y,A) by

using a computer. We plotted the zeros of the g-Cosine A-array-type polynomials Sg,f,)q (n,x,y,A) =0
for n = 40 (Figure 1).
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Figure 1. Zeros of Sg,f’)q (n,x,y,A).

In Figure 1 (top left), we chose A = 3,m =5,y =2,and g = %. In Figure 1 (top right), we chose
A=3m=5y=2andg= %. In Figure 1 (bottom left), we chose A =3,m =5,y =2,and q = %.
In Figure 1 (bottom right), we chose A =3,m =5,y =2,and g = %.

The stacks of zeros of the g-Cosine A-array-type polynomials Sg,f)q (n,x,y,A) =0for1 <n <40,
forming a 3D structure, are presented in Figure 2.
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Figure 2. Zeros of Sg,f,)q (n,x,y,A).

In Figure 2 (top left), we plotted the stacks of zeros of the g-Cosine A-array-type polynomials
Sg,f,)q(n, x,y,A)=0for1 <n<40,q9= %,)\ = 3,m =5,and y = 2. In Figure 2 (top right), we drew
the x and y axes but no z axis of the three dimensions. In Figure 2 (bottom left), we drew the y and z

axes but no x axis of the three dimensions. In Figure 2 (bottom right), we drew the x and z axes but
no y axis of the three dimensions.

We plotted the real zeros of the g-Cosine A-array-type polynomials SS,E?,, (n,x,y,A) =0for1l <
n < 40 (Figure 3).
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Figure 3. Real zeros of S,(ﬁ,)q (n,x,y,M).

In Figure 3 (top left), we chose A =3,m =5,y =2,and g = %. In Figure 3 (top right), we chose
A=3m=5y=2andg= %. In Figure 3 (bottom left), we chose A =3,m =5,y =2,and q = %.

In Figure 3 (bottom right), we chose A =3,m =5,y =2,and g = %.
Next, we calculated an approximate solution satisfying the g-Cosine A-array-type polynomials

Ss,f,)q (n,x,y,A) =0forq = %. The results are given in Table 1.
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Table 1. Approximate solutions of Sécg (n,x,2,3) =0,x € R.

Degreen «x

1 —7.5000

2 —9.1537, —5.0963

3 —-99132, 71792, —3.2326

4 —10.473, —7.7237, —5.9691, —1.6272

5 -10.887, —8.3057, —5.8697, —5.4538, —0.19684

6 —11.200, —-8.7716, —6.5985, 1.0889

7 —11.438, —9.1440, -7.0712, 52023, 2.2467

8 —11.622, —-9.4417, -—7.4646, —5.6413, —4.2220,3.2895

9 -11.766, -9.6751, —7.8177, —59369, —4.6328, —3.5384,4.2287
10 —11.881, —-9.8531, —8.1242, —6.3032, —2.8841,5.0745

4. Symmetric Structures of the Approximate Roots for g-Sine A-Array-Type
Polynomials and Their Application

(s)

In this section, certain zeros of g-Sine-A-array-type polynomials Sm,q (n,x,y,A) and beautiful
graphical representations are shown. Let m = 5.
A few of these include the following:

Sg (0,x,y,A) =0,

(5) S Z S 2\ 7, S 5
S5y M) =—pst oy~ Tt T T 10

(s) Cayl2lg!t ARl wwARlgt yAP[2]g! xyA?[2]!
S50(20y,A) = ==+ T T 6 12
yA[2lg! | xyA2lgt  yAt[2lgt  xyAt2]gt | yA®[2lgt | xyA®[2]y!
S S Y R T R
3.3 3.3 3,322 3,313 314 3.315
(s) A qu_qu PyAt Py
S50 %y M) =5 ~ g 12 12 24 120
N xyABlg!  yA*[Blgt  xyA?[3]g! N yA3[3],! N xyA3[3lg! A% (3!
24 12 6 4 4 4
A4[3],! A2[3],! AS[3],! 2y13],! A3
Xy 3] +}/ []quxy Hqixy[]qu [}qux}/[]q
6 12 24 12012],! © 24[2],! 24[2],!
Al x y)@[s}q' N yA Bl FPyA%Blgt  yAtBly! xPyAt[3g!
6[2],! 12[2],! 4[2],! 12[2],! 6[2],! 24[2],!
AS[3],! AS[3
LY [3]4 L x2yA>[3],! _
24[2],! 120[2],!

We investigated the beautiful zeros of the g-Sine A-array-type polynomials Sg,f,)q (n,x,y,A) by

using a computer. We plotted the zeros of the g-Cosine A-array-type polynomials S,(;,)q (n,x,y,A) =0

for n = 40 (Figure 4).
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Figure 4. Zeros of Sgn’)q (n,x,y,A).

In Figure 4 (top left), we chose A =3,m =5,y =2,and g = %. In Figure 4 (top right), we chose
A=3m=5y=2andg= %. In Figure 4 (bottom left), we chose A =3,m =5,y =2,and q = %.
In Figure 4 (bottom right), we chose A =3,m =5,y =2,and g = %.

The stacks of zeros of the g-Sine A-array-type polynomials Sﬁ,f?q
forming a 3D structure, are presented in Figure 5.

(n,x,y,A) =0for1 <n <40,
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2

Figure 5. Zeros of S,(ﬁ’)q (n,x,y,A).

In Figure 5 (top left), we chose A = 3,m =5,y =2,and g = %. In Figure 5 (top right), we chose
A=3m=5y=2andg= %. In Figure 5 (bottom left), we chose A =3,m =5,y =2,and q = %.
In Figure 5 (bottom right), we chose A =3,m =5,y =2,and g = %.

Next, we calculated an approximate solution satisfying the g-Sine A-array-type polynomials

SS:,)q (n,x,y,A) =0forq = %. The results are given in Table 2.
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Table 2. Approximate solutions of S(C) (n,x,2,3) =0,x € R.

54
Degree n x
2 —7.5000
3 —8.3866, —5.8634
4 —8.9328, —6.6699, —4.7223
5 —9.3479, —7.0555, —5.5906, —3.7985
6 -9.6424, -—-7.5919, —2.9357
7 —-9.8507, —7.9870, —6.1091, —2.1017
8 —9.9922, —83262, —6.4196, —5.1020, —1.3181
9 —10.081, —8.6115, —6.7843, —0.59552
10 —10.127, —8.8539, —7.0942, —5.4156,0.065459
11 —10.137, —-9.0620, —7.3707, —5.6846, —4.4208, 0.66754
12 —10.115, —9.2441, -7.6166, —5.9572,1.2145

5. Conclusions

In this paper, using the g-Cosine polynomials and g-Sine polynomials, we introduced novel
types of g-extensions of A-array-type polynomials, and the features obtained multifarious homes
and identities by using some collection manipulation techniques. Furthermore, we computed the
g-quintessential representations and g-derivative operator policies for those polynomials. Moreover,
we determined the approximate root movements of the brand new mentioned polynomials in a
complicated plane, utilizing the Newton technique and illustrating them in figures. The shape of the
approximate roots will pop out in diverse ways, depending on the circumstances of the variables,
and there is a desire for new methods and theorems associated with this subject matter to be created
and proven. We would like to continue to observe this line of study in the future.
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