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Abstract: In order to describe human uncertainty more precisely, Baoding Liu established uncertainty
theory. Thus far, uncertainty theory has been successfully applied to uncertain finance, uncertain
programming, uncertain control, etc. It is well known that the limit theorems represented by law
of large numbers (LLN), central limit theorem (CLT), and law of the iterated logarithm (LIL) play
a critical role in probability theory. For uncertain variables, basic and important research is also to
obtain the relevant limit theorems. However, up to now, there has been no research on these limit
theorems for uncertain variables. The main results to emerge from this paper are a strong law of large
numbers (SLLN), a weak law of large numbers (WLLN), a CLT, and an LIL for Bernoulli uncertain
sequence. For studying these theorems, we first propose an assumption, which can be regarded as a
generalization of the duality axiom for uncertain measure in the case that the uncertainty space can be
finitely partitioned. Additionally, several new notions such as weakly dependent, Bernoulli uncertain
sequence, and continuity from below or continuity from above of uncertain measure are introduced.
As far as we know, this is the first study of the LLN, the CLT, and the LIL for uncertain variables.
All the theorems proved in this paper can be applied to uncertain variables with symmetric or
asymmetric distributions. In particular, the limit of uncertain variables is symmetric in (c) of the third
theorem, and the asymptotic distribution of uncertain variables in the fifth theorem is symmetrical.

Keywords: uncertain measure; Bernoulli uncertain sequence; weakly dependent; law of large
numbers; central limit theorem; law of the iterated logarithm

1. Introduction

As the fundamental limit theorems in the theory of probability and statistics, the law
of large numbers (LLN), central limit theorem (CLT), and law of the iterated logarithm (LIL)
have made significant contributions to the development and application of probability
and other theories. The first study of the LLN was reported by Cardano in the sixteenth
century, and the LLN for a binary random variable was proved by Bernoulli [1] in 1713.
With the further study and development of the LLN, two prominent forms of the LLN were
discovered. In 1930, Kolmogorov [2] proposed the strong law of large numbers (SLLN)
for independent and identically distributed Lebesgue integrable random variables. In
the same period, Khinchin [3] established the weak law of large numbers (WLLN) for
independent and identically distributed random variables with a finite expected value.
The earliest version of the CLT was proposed by De Moivre [4] in 1738, and Lindeberg [5]
gave the modern general form of the CLT in 1920. The original version of LIL for Bernoulli
random variables was established by Khinchin [6] in 1924. Kolmogorov [7] generalized the
applicable object of LIL from Bernoulli random variables to independent random variables
in 1929. After the LLN, CLT, and LIL were established, many mathematicians contributed
to the refinement of the limit theorems, including Poisson, Chebyshev, Markov, Lyapunov,
Winter, Strassen, etc.

As a commonly used tool to handle the fuzzy phenomena, fuzzy theory was estab-
lished by Zadeh [8] in 1965. In [8], a concept of fuzzy set was presented which can be
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characterized by a type of membership function that satisfies normality, nonnegativity, and
maximality axioms. After that, Zadeh [9] further established a possibility theory. The Fuzzy
measures, the Choquet integral, and the Sugeno integral were studied in [10-13]. Research
on the theorems such as the LLN for fuzzy variables has also been ongoing. The LLN for
fuzzy sets was first presented by Fullér [14] in 1992. Afterwards, Triesch [15] proposed the
LLN for mutually T-related fuzzy numbers. As an extension of the early results of [14,15],
Hong and Kim [16] discussed the LLN for fuzzy numbers in a Banach space. For more
details, see [17-19].

In order to study human uncertainty, Baoding Liu [20] pioneered the uncertainty
theory in 2007, and he further refined it [21] in 2009 based on normality, duality, subad-
ditivity, and product axioms. Same as in probability theory, an uncertain variable was
employed to model the uncertain quantity, an uncertain measure was used to denote the
belief degree that an uncertain event may happen, and a concept of uncertainty distribution
was adopted to describe uncertain variables. After that, many researchers have contributed
a lot in this area. Since sequence convergence plays a very important role in probability
theory, it has also been studied a lot in the field of uncertain measure. Baoding Liu [20] first
introduced several convergence concepts such as convergence in measure, convergence
in mean, convergence almost surely, and convergence in distribution. You [22] gave the
concept of convergence uniformly almost surely. Guo and Xu [23] proposed the concept of
convergence in mean square for uncertain sequence. Inspired by these, Chen, Ning, and
Wang [24] first studied the convergence of complex uncertain sequences in 2016. Further
studies on complex uncertain sequences have been done by many other researchers. For
more details, we can refer to [25-29]. Up to now, uncertainty theory has been widely used
in uncertain finance (see, e.g., Peng and Yao [30], Yu [31]), uncertain programming (see,
e.g., Liu [32], Liu and Chen [33]), uncertain statistics (see, e.g., Tripathy and Nath [34]),
uncertain differential equation (see, e.g., Liu [35], Chen and Liu [36]), and so on. However,
the limit theorems for uncertain variables such as LLN, CLT, and LIL have not been studied.

Over the past decades, the LLN in uncertainty theory has only been discussed for
uncertain random variables under chance space. For dealing with the complex phenomenon
where uncertainty and randomness coexist, Yuhan Liu [37] established the chance theory on
the basis of probability theory and uncertainty theory in 2013. In [37], several fundamental
concepts were introduced. As an integration of probability measure and uncertain measure,
a chance measure was employed to represent the possibility that an uncertain random event
occurs. A concept of chance space was defined as the product space of probability space
and uncertainty space, and the concept of uncertain random variable, chance distribution,
etc., were further presented. The literature devoted to LLN in chance theory is very rich. For
more details, we can refer to [38-43]. Yao and Gao [38] first proposed the LLN for uncertain
random variables being functions of independent, identically distributed random variables
and independent, identically distributed regular uncertain variables. As a generalization
of [38], Gao and Sheng [39] weakened the conditions of the LLN in which random variables
are independent, identically distributed and uncertain variables are independent but not
identically distributed. Recently, Nowak and Hryniewicz [43] proved three types of laws
of large numbers for uncertain random variables. First of all, the LLN proved in [38] was
further extended to cases where random variables are pairwise independent, identically
distributed and uncertain variables are regular, independent, and identically distributed.
Then, the Marcinkiewicz—Zygmund-type LLN and the Chow-type LLN for sequences of
uncertain random variables were also presented.

In this paper, our aim is to obtain an LLN, a CLT, and aLIL for Bernoulli uncertain
sequence. To achieve our goal, we first propose several new notions such as weakly depen-
dent, Bernoulli uncertain sequence and continuity from below or continuity from above
of uncertain measure. Secondly, in order to illustrate the point of this paper, we propose
Assumption 1. It is shown that, when the uncertainty space can be finitely partitioned,
the duality of the uncertain measure defined on the uncertainty space can be generalized.
After that, Theorems 1 and 2 are established to study the relationship between probability
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measure and uncertain measure on o-algebra generated by Bernoulli uncertain sequence.
Lastly, by applying Theorems 1 and 2, we successively obtain an SLLN, a WLLN, a CLT,
and an LIL for Bernoulli uncertain sequence.

This paper is organized as follows. In Section 2, we give a brief exposition of notions,
assumption, and lemma which will be used in this paper. Section 3 is dedicated to the main
theorems of this paper. Theorems 1 and 2 are established as the fundamental theorems for
deriving the main results of this paper. Then, LLN, CLT, and LIL for Bernoulli uncertain
sequence are proved. A brief conclusion is presented in Section 4. Finally, the theorems
mentioned in this paper are presented in Appendix A.

2. Preliminaries

In this section, several fundamental concepts concerning uncertainty theory will be
reviewed first. Then, we will give other notions used in the article. Finally, we will make
an assumption, which is the premise to illustrate the viewpoint of this paper.

Definition 1 (see [20]). Let L be a o-algebra on a non-empty set I'. A set function M is called an
uncertain measure if it satisfies the following axioms:

Axioms 1 (Normality Axiom): M{T'} = 1 for the universal set T;

Axioms 2 (Duality Axiom): M{A} + M{A°} =1forany A € L;

Axioms 3 (Subadditivity Axiom): For every countable sequence of { A;} C L, we have

Mo A g;M{A]-}.
=1 =

The triplet (T, L, M) is called an uncertainty space, and each element A\ in L is called an
event. In order to obtain an uncertain measure of compound event, a product uncertain measure is
defined by Liu [21] as follows:

Axioms 4 (Product Axiom): Let (T'y, Ly, My) be uncertainty spaces for k = 1,2, - - - . The product
uncertain measure M is an uncertain measure satisfying

M {H Ak} = \ Mi{Ag},
k=1 k=1
where Ay are arbitrarily chosen events from Ly fork =1,2,- - -, respectively.

Definition 2 (see [20]). An uncertain variable ¢ is a measurable function from an uncertainty
space (I', L, M) to the set of real numbers, i.e., for any Borel set of B of real numbers, the set

{¢eB}={yeT|&(y) €B}

is an event. The notion o (&) stands for the smallest o-algebra containing {{¢ < x},Vx € R}.

Definition 3 (see [20]). The uncertainty distribution ¢ of an uncertain variable ¢ is defined by
p(x) = M{¢ < x},Vx e R.

Definition 4 (see [20]). Let ¢ be an uncertain variable. Then the expected value of ¢ is defined by

o0 -0
E[¢] = A M{¢ > x}dx—/oo./\/l{g < x}dx

provided that at least one of the two integrals is finite.

Definition 5 (see [20]). Uncertain variables are said to be identically distributed if they have the
same uncertainty distribution.
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Definition 6. The uncertain variables ¢1,Co, - - -, Cn are said to be weakly dependent if
n n n
M{ﬂ{r’; € Bi}} € {]_[M{r; € B;}, \ M{¢& € B;}
i=1 i=1 i=1

for any Borel sets By, By, - - -, By.

Definition 7. A sequence {Cy };2; is called Bernoulli uncertain sequence if it satisfies

(i) For each n € N, the uncertain variables ¢1,G2, - - - , Gy are weakly dependent;

(ii) §; and &; are identically distributed uncertain variables for any i # j, i,j € N;

(iii) For each n, &y, takes on the values of {ay,ay, - - - ,ap}, wherea; e R,i=1,---,p,and p € N.

Definition 8. Let (T, £, M) be an uncertainty space. An uncertain measure M is called continu-
ity from below or continuity from above if it satisfies
(i) Continuity from below: Ay, € L,n € N, Ay, T,

nli_r}r(}o./\/l{/\n} = M{nUlAn}.
(ii) Continuity from above: Ay, € L,n € N, A, |,
nh_I)I;oM{An} = M{ N An}.
n=1

Assumption 1. Let (I', £, M) be an uncertainty space. For a given n € N, suppose that
A, N, Ay € E,suchthatAiﬂAj =0,i#ji,j=1---,nmand AyU---UA, =T.
Then,

M{A}+ M{A} + -+ M{A} =1 1)

Remark 1. The idea of making this assumption is quite natural. Next, we will explain its rationality.
Suppose that A1, Ay, A3 € L, such that A; NAj =2, i#7,4,j=123 AMUAUA; =T,
and L represents the smallest o-algebra containing {{A1}, {Aa2}, {As}}. It is easily checked that

L={a,{A}, {A2}, {As}, {A1, A2}, {A1, Az}, { A2, A3}, T}

Applying the duality of M, we have,

M{{A} A2} + M{Ash = 1.
Denote
M{{a a2t} =p, M{As} =1-p.
It is easily seen that if p = 0, then
M{ALY + M{AL} + M{As} = 1.
If p # 0, then we set

1
I ={A, N}, L1={2,{A1},{A:}, T}, M;= ?M,

where L is the smallest o-algebra containing {{ A1}, {Ax}}. It is obvious that M satisfies the
normality and subadditivity on L£1. We hope that M is still an uncertain measure on L, so we
assume that

Ml{l\l} + Ml{Az} =1.
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Then we have

MI{AL} + M{A2} + M{A3} = 1.

Using the same method, for a given n € N, we can show that (1) holds. Therefore, our assumption is
reasonable.

Lemma 1. Let (I, £, M) be an uncertainty space satisfying Assumption 1. For a given n € N,
suppose that A1,7\p, -+ , Ny € L, such that AlﬂA]- =0, i#j i,j=1---,n and
AMU---UA, =T.Then,
ik ik
MU =) M{Aj} @)
J=h j=h
where {i1,- - - , iy} is the top k items of any permutation of {1,--- ,n}, k=1,2,--- ,n.
Proof. Let '
Tk in
A=A, A= | A
j=i k=ik i1
where {i1,--- ,i,} is any permutation of {1,--- ,n}.
Applying the subadditivity of M, we can obtain

M{A}Y < 3 M{A) )
J=h
and .
M{A} <) M{AS 4)
k=ig+q

If either (3) or (4) is a strict inequality, then (3) plus (4) implies 1 < 1, which contradicts the
facts. Hence, (2) is proved. O

3. Main Results

Theorem 1. Let (I', £, M) be an uncertainty space satisfying Assumption 1 and {Cy }i>, be a
Bernoulli uncertain sequence relative to M. Then there exists a probability measure IP defined on
(8,82, , &, -+ - ) such that

@WP{A} < M{A}, YA € 021,80+ -+ ).

(b) {Cx }r2q is a sequence of independent random variables relative to P.

(c) E[¢}] = Ep[¢}], for any k, n € N, where Ep|-] denotes the expected value in the sense of
probability measure IP.

Proof. (a) For each k € N, we have

(&) = {@, G{Ck = aij}},

=1

where {i1,--- iy} is the top m items of any permutation of {1,--- ,p}, m=1,---,p.
By Lemma 1, for any k € N, we can define a finitely additive measure P on o(&)
such that
P{A} = M{A}, VA €o(E).

For any fixed n, we want to define a finitely additive measure P on o(&1,8, &)
For simplicity, we still denote P’ as P. If A = @, then we define P{®} = M{®@} = 0. For
any A € 0(&q,82,- -+ ,¢n) and A # @, it is easy to check that A has the form

{ 6{€1=a¢1}}ﬂ{ @{@:a@}}m--ﬂ{ U {gn:a%}},

=1 ja=1 Jn=1
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where {i?,- - ,iqu} is the top m, items of any permutation of {1,---,p},g=1,---,n,
andm1,~~- S My = ], , P-
Thus, Pon o(&1,¢, -+, &n) is defined as

my 1y

P(A) = Y- Z2P{{ClZ“f}l}ﬂ{@:%}ﬂ'“ﬂ{ﬁn=“i7n}}

jn=1 j2=1p

2 E Z]P’{glfm} {52:“1‘,22}"‘?{5”:“1‘7”}

=1 jp=1lj1=

mp 1My

Z ) ZM{Cl—al} {ézzﬂi]zz}"'M{gn:ﬂw } )

]n—1 ]2 1]1

From weakly dependent of M, we have,

stfer =y M =g} - afe = )

<m{a=a }N{a=ainN{a=-x}} ©

Further, we obtain
Py < 3o B Y m{{a=an{a=alnonfa=al}

by (5) and (6). Note that A on 0(&1,8,- - ,¢n) can be represented as the union of finite
sets, and the sets are pairwise disjoint. From Lemma 1, it follows that

my 1M

miny= ¥ Yy mflo = jnfe=einonfo=wl} ©

]n_1 12 1]1
Hence, from (7) and (8), we obtain P{A} < M{A}, VA € 0(&1,82,- -+ ,Cn)-

It is easily seen that U 0(&1,82,-+,8n) is an algebra, and for any A €
n=1

U (81,82, - -+, &n), there exists n; € N, such that A € 0(&1,8p, - -+, &ny ). So, we define
n=1

P'{A} =P{A}, VA€ | o(@, &, En).

n=1
For simplicity, we still denote P as P. By (5), we know that P satisfies finite additivity on
0(&1,82,-+ ,&n)- Thus, P is a finitely additive measure defined on U (&1, 82, ,&n)

n=1
We can endow the space I with an auxiliary compact topology. This topology has

as basis the algebra U 0(&1,82,- -+ ,Cn) itself (see Lemma 9 [44] p. 155). From the def-

inition of regular (seg Definition Al in Appendix A), we can verify that [P is regular
[ee]
on U 0(¢1,82,- -+ ,Cn). By Theorem Al in Appendix A, it follows that [P is a count-
ably additive measure on U 0(&1,82,- - ,Cn). Therefore, P is a probability measure on
n=1

U U(‘:lr ng e /Cn)'
n=1
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Since, 0(¢1,E2, -+ ,Cn, - - - ) is the o-algebra generated by U (81,82, ,Cn), thena
n=1
standard application of Caratheodory’s extension theorem (see Theorem A2 in Appendix A)

ensures the existence of a unique probability measure on (&1, &2, - -+, &n, - - - ) that extends
P. We still denote it as P. This is the probability measure on o (&q,&2, -+, &n, -+ - ) we are
looking for. Thus, (a) is proved.

(b) By (5), we know that {¢x};>; is a sequence of independent random variables
relative to P.

(c) Without loss of generality, we only prove that {j is a positive uncertain variable
and the value of ( is either a1 or a;. The proof of other cases is similar.

Let us set 0 < a; < ap. By Definition 4, we have,

E[gk]

/ODOM{CZ > x}dx

af ay " "
= /o 1dx+/ M{¢) = ay}dx
ay

= af + (ay —a})M{C} = a5}

= g M{G = ai} + g M{G = a3}
= aP{Gf = a1} + ;aP{G} = a3}

= Ep[¢y]-

Thus, (c) is proved. O

Theorem 2. Let (I', £, M) be an uncertainty space satisfying Assumption 1 and {y}i>, be a
Bernoulli uncertain sequence relative to M. For fixed n, uncertain variable Y, is a measurable
function on 0(&y,8&, -+, Cn). Suppose that P is the probability measure provided by Theorem 1.
Then,

(a)
lim lim lim lim M Y>+l_l Yoo osayp i 1
pgrgong%omgrlokl_{g TednZ & p' ntk = & m p
P{’y hrggng >v¢} 9)
(b)
1 1 1 1
lim lim lim lim MJ: Yn§a+f——,---,Yn+k§¢x+——f
M—00 1—+00 P—+00 k—y00 p m %
> P{’y :limsup Yy < oc}. (10)
n—oo
(c)

1 1 1
Y (R (Y AR}

ZIP’{'yzlimsqun th}. (11)

n—oo

(d) Furthermore, if M satisfies (i) and (ii) in Definition 8, then
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./\/l{'y hﬂg}ﬂ/ >0¢} Z]P’{’y:liggiélfl/n Zoc}. (12)
M{'yzlimsqun <¢x} >IP{7:1imsqun <¢x}. (13)
n—oo n—oo
M{’y:limsqunZa} EIP’{')/:limsqun 204}. (14)
n—00 n—r00
Proof. (a) By Theorem 1 (a), we have
1 1 1
M{’y Yy >a4+———,- Yn+k>¢x—|——}
p p
ZJP’{'y Yn2“+l—l, Yn+k>ﬂc+—1},
p p
since
= 1 1 1 1
1Y > —— == sinf Y, > — == 1
kO{v kzat p} {7 InfYe>a+ p}, (15)
=n
then _ _
1 Y, > — == Y > R
kgl;/\/i{y oc+ T n+k_vc+m p}
Z]P’{'y: ianthx—i-l—l},
k>n m p
by (15) and the continuity from above of .
Note
°° . 1 1 , 1
U y:infYy,>a4+——=—p=qy:inf Y >a——>. (16)
~ k>n m p k>n p
m=1
From (16) and the continuity from below of P, it follows that
lim lim M Y, > +771 LY, >+lff
oo ke | T = =
) 1
Z]P{'y: inf Yy >oc—}.
k>n p
Next, it is easily checked that
G ’y:iank>oc—1 = 'yzlirniann>oc—1 . (17)
k>n 14 n—o00 p

n=1

Thus, by (17) and the continuity from below of I, we have,

n—00 M—0 k—so00

1 1 1 1
lim lim hm./\/l{y Yn2a+f_?,...,yn+k2a+g_i
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IP’{'y sliminfY, > a — 1}.
n—oo P

Finally, it is obvious that

g 1
ﬂ{fy:lir{gglfl/n>oc—p} = {yzligglfYn sz}, (18)
p=1

we obtain

lim lim lim llmM{fy Yn2a+l_1,... Yn+k2“+1—1}

P—+00 1—$00 M—+00 k—y00 p m p

> ]P’{'y iminf Y, > rx},

by applying (18) and the continuity from above of P. Hence, the proof of (a) is completed.

The proof of Theorem 2 (b) and (c) can be established using the technique of that of
Theorem 2 (a), so we omit it.

(d) In the following proof, we only prove (12) holds, and (13) and (14) can be proved
by the same method.

Note that M satisfies (i) and (ii) in Definition 8. We can conclude that

lim lim lim hm/\/({'y Y, >“+l_1/... Yn+k20€+1—1}
P—+00 1—00 M—+00 k—y00 p m p
= M{'y : h,fgio{}fY” > tx}.
By applying (9), it follows that
M{fy liminf Y, > (x} > IP’{'y liminf Y, > uc}.

Hence, (12) is proved. O

Theorem 3 (SLLN). Let (T, £, M) be an uncertainty space satisfying Assumption Tand {Ck} 4
be a Bernoulli uncertain sequence relative to M. Set u = E[}], Sn = Z &;. Then,
(a)

Iim lim lim hm./\/l{ Sn">y+1—l,"',5n+k2,u+—}=1- (19)

P—00 1—00 M—00 k300

(b)

lim lim lim hrn/\/l{ Sn”<}l+1—1,"',Sn+k<}i+1—1}—1- (20)

M—500 1—00 P—00 k300
(c) Furthermore, if M satisfies (i) and (ii) in Definition 8, then
M li Sn_ L 1 (21)
velim S =wp =1

Proof. (a) By Theorem 2 (a), we have
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lim lim lim 1im/\/l{'y:51:>y+1—1,---,5”+k> 1 1}

P—00 1—$00 M—00 k—300

> P{'y : liminfs—n > y}.

n—oo n

From Theorem 1 (b) and (c), it can be shown that {¢y };> ; is a sequence of independent
random variables relative to P, u = E[{;| = Ep[C], for any k € N. Hence, by applying
Kolmogorov’s strong law of large numbers ( see Theorem A3 in Appendix A ), it follows that

.. . Su
]P’{’y : hgloglfg > y} =1,

which implies,

lim lim lim lim/\/l{'y:57:>y+1—1,---,sn+k >,u+1—1}—1.

P—00 1—00 M—00 k—300

Hence, the proof of (a) is completed.

From Theorem 2 (b) and using the similar method of the proof of Theorem 3 (a), we
can prove Theorem 3 (b). So it is omitted.

(c) Applying (12), (13) and Kolmogorov’s strong law of large numbers, it yields that

. . . Sn . Sy
: — > = : — < =1.
M{'y hﬂg}f Pl y} 1 and ./\/l{'y 11irf£p P y} 1 (22)

Now we show that (21) < (22). Since, (21) = (22) is obvious, we only need to prove
that (22) = (21). Let

(S, o Sn
Al—{'y.hr{r_lg}fnzy},Az—{'y.hmsupngy}.

n—oo
Then,
.S
A A2 = {’Ynh_{%o; = V}-

Due toT' = A U{A1 N A2} UAS, we obtain

M{T} € M{AS}+ M{ A1 (A2 } + M{AS), (23)
by the subadditivity of M. Note M{A§} = 0, M{AS} = 0. From (23), it follows that
M{Al mAz} = 1, i.e.,

. 1 Sn p— p—
M{'y.nlglgon—y}—l.

Hence, (c) is proved. O

Sy —npu

Remark 2. For (c), denote { = nh_r)rolo , then M{~ : ¢ = 0} = 1. Furthermore,

M{y:E<x}+M{y:&<—x} =1, Vx € R\{0}.
Thus, ¢ is symmetrical (see, e.g., [45]).

Theorem 4 (WLLN). Let (T, £, M) be an uncertainty space satisfying Assumption 1 and
n

{2k} be a Bernoulli uncertain sequence relative to M. Set y = E[&], Sy = }_ &;. Then,
i=1
for any e > 0, we have,
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Sn

7—14

nli%rr.}oj\/l{'y: <e} =1 (24)

Proof. By Theorem 1 (a), we have,
Sﬂ Si’l
Mfy:y—s<?<y+£ >P Yip—e< S <pter.

Note Theorem 1 (b) and (c). From Khinchin’s weak law of large numbers (see Theo-
rem A4 in Appendix A), for any € > 0, it follows that

. Sn
nlgr.}oIP’{'y. ~, T H <e}—1,
which implies,
lim MJ{ 7 : Su _ =1
nl—I}olo v ? }l < € = 1.

O

Theorem 5 (CLT). Let (I', £, M) be an uncertainty space satisfying Assumption 1 and {Cy }>_; be
n
a Bernoulli uncertain sequence relative to M. Set u = E[&], 02 = E[&?*] — > > 0,5, = ) _ &
i=1
Then,

lim M{'y  Snznp x} = / e~ 7dt ~ ¢(x), Vx € R, (25)

-1
where ¢p(x) = <1+exp(_\%x)) .

Proof. SetY;, = S'\’/}ZZ}‘ . Then, by Theorem 1 (a), we have

P{y:Y, <x} < M{y:Y, <x}, (26)

P{y:Y, >x} < M{y:Y, > x}. (27)

If either (26) or (27) is a strict inequality, then (26) plus (27) implies 1 < 1, which contradicts
the facts. Therefore,
P{y:Y, <x}=M{y:Y, <x}.

From Theorem 1 (b) and (c), it follows that {{;};-; is a sequence of independent
random variables relative to P, u = E[&] = Ep[¢], and 0% = E[&?] — p® = Ep[¢?] — 12,
forany k € N.

Applying Lindeberg-Lévy’s central limit theorem (see Theorem A5 in Appendix A),
we have

. Sp—np 1 /x 2
lim P4 : <xp=—= zdt,
N O T I

which implies,

. Sy —nyu 1 /" _2
1 — < = — zdt.
e R v K
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Remark 3. Note that

Sy —ny _ Sy —np
nh_r)r(}o./\/l{ N < } Y}E}I;OM{ v > — }VxeR.

n— NnU
Vno

Theorem 6 (LIL). Let (', £, M) be an uncertainty space satisfying Assumption 1 and {Cj }12 4
n

[e9)
Hence, the asymptotic distribution of { S } is symmetrical (see, e.g., [45]).
n=1

be a Bernoulli uncertain sequence relative to M. Set E[&x] = 0,02 = E[&?] > 0, S, = Y_ &,
i=1

= 5,
Sn = +/2nloglogn’ Then,
(a)
1 1 1 1
lim lim lim lim ./\/l{'y Sp<o+——=,, Sy <o+ —— } =1. (28)
M—00 N—00 P—00 k—s00 m p m 4

(b)
lim lim lim M :Sp > 1 : Spak > 1 =1 (29)
S0 3o fson ’Y'napUU%”Jrkap o

(c) Furthermore, if M satisfies (i) and (ii) in Definition 8, then

M{’y :limsup S, = 0'} =1 (30)

n—oo

Proof. (a) By Theorem 2 (b), we have

lim lim lim hm/\/l{'y S <a+l_1,... Sn+k§0’+1_1}

M—$00 1—00 P—00 k300 p m p

> IP’{'y :limsup S, < (7}.
n—o0
According to Theorem 1 (b) and (c), we know that {Cy };2 ; is a sequence of independent
random variables relative to P, E[¢] = Ep[&] = 0, and 02 = E[&?] = Ep[&?], for any
keN.
Applying Kolmogorov’s law of the iterated logarithm (see Theorem A6 in Appendix A),
we obtain

P{'y :limsup S, < (7} =1,

n—o0

which implies,

1 1 1 1
Iim lim lim hmM{’y Sn§U+E—?,~~- Sn+k§(f—|—m—}:1.

M—$00 1—00 P—+00 k—300 p

Hence, the proof of (a) is completed.

From Theorem 2 (c) and using the similar method of the proof of Theorem 6 (a), we
can prove Theorem 6 (b). So it is omitted.

(c) Combining (13), (14), and Kolmogorov’s law of the iterated logarithm, it yields that

n—oo n—oo

M{’y:limsupsn gcr} =1 and M{’y:limsupsn 20} =1 (31)
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Now, we show that (30) < (31). Since (30) = (31) is obvious, we only need to prove
that (31) = (30). Let

A = {’)’ :limsup S, < (T}, Ay = {’y : limsup S, > (7}.

n—o00 n—00
Then,
M)A = {’y :limsup S, = (T}.

n—00

With the similar proof of Theorem 3 (c), we have,

M{'y :limsup S, = (7} =1

n—00

Hence, (c) is proved. O
Now, to better explain our main results, we give the following special case.

Example 1. Let (I', £, M) be an uncertainty space satisfying Assumption 1 and M satisfies (i)

and (ii) in Definition 8. Let {C}r—q be a Bernoulli uncertain sequence that takes values of 0
n

and 1. Suppose that M{¢ =0} = p, M{& =1} =1—p =¢q, S, = ) _&.Then u = g,
i=1
0% = q(1—q) > 0, by Theorems 36, it follows that

(a)
My itim 2t =gl =1 32
v him o —m =g =1 (32)
(b) Forany € > 0,
lim M{y: |20 - =1 33
Jim i, T <ep=1 (33)
(c)
. Sp —ng 1 o2
lim M < :—/ zdt = , Vx € R. 34
Hm, {'r m,(l_q)—"} T | ¢ T (), Y (4)
Y (&i—9q)
T _i=l
(d) Set S, = \/W.Then,
./\/l{’y:limsupsn: q(l—q)}zl. (35)
n—oo

4. Conclusions

Nowadays, uncertainty theory has developed rapidly in uncertain finance, uncertain
statistics, uncertain calculus, uncertain risk analysis, and other fields. However, so far, very
little attention has been paid to the limit theorems such as LLN, CLT, and LIL for uncertain
variables. This paper has been the first attempt to establish an SLLN, a WLLN, a CLT,
and an LIL for Bernoulli uncertain sequence. We have known that these limit theorems
are well developed in probability theory, so we have naturally thought of obtaining those
for uncertain variables by exploring the relationship between probability measure and
uncertain measure. In this paper, we have proposed a new definition called weakly depen-



Symmetry 2022, 14, 1642

14 of 16

dent, which can be regarded as a generalization of the independence of uncertain variables.
Based on weakly dependent, a Bernoulli uncertain sequence has been introduced where the
uncertain variables take a finite number of values. Besides this, we have introduced a new
way to define the continuity of uncertain measure. After that, in explaining our main idea,
Assumption 1 has been put forward, which is the premise of all theorems in this paper, and
it has stated that, when the uncertainty space can be finitely partitioned, we can generalize
the duality of the uncertain measure defined on this uncertainty space. In Theorem 1,
we have discussed the relationship between probability measure and uncertain measure
on o-algebra generated by Bernoulli uncertain sequence. Then, the Bernoulli uncertain
sequence has been proved to be a sequence of independent random variables under proba-
bility measure. Lastly, we have shown that the expected value of the Bernoulli uncertain
sequence in the sense of uncertain measure is equal to its expected value in the sense of
probability measure. Theorem 2, as an application of Theorem 1 (a), combined with the
continuity of the probability measure, has yielded more specific results. It is worth noting
that both Theorems 1 and 2 are essential tools to prove the main results (Theorems 3-6) of
this paper. Theorem 3 has been established as an SLLN for Bernoulli uncertain sequence. In
a special case where the uncertain measure satisfies continuity from below and continuity
from above, the SLLN for Bernoulli uncertain sequence becomes Kolmogorov’s SLLN.
In addition, Theorems 4 and 5 have been presented as a WLLN and a CLT for Bernoulli
uncertain sequence, respectively. Theorem 4 has the form corresponding to Khinchin’s
WLLN. Theorem 5 has the form corresponding to Lindeberg-Lévy’s CLT. Finally, we have
illustrated an LIL for Bernoulli uncertain sequence by Theorem 6. Particularly, when the
uncertain measure satisfies continuity from below and continuity from above, the LIL for
Bernoulli uncertain sequence becomes Kolmogorov’s LIL. Future research may consider
generalizing the limit theorems for Bernoulli uncertain sequence proved in this paper
to those for general uncertain sequence. Although the relationship between probability
measure and uncertain measure based on general uncertain sequence is difficult to handle,
we will actively explore more and better ways to solve this problem.
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Appendix A

Definition A1 (see [46]). Let (T, p) is a metric space, and O and C are the classes of all open and
closed sets in (T, p), respectively, and L is the Borel o-algebra on T, i.e., it is the smallest o-algebra
containing O. A measure y on (I, p) is called reqular, if for any A € L and 6 > 0, there exists a
closed set Fs and an open set Gs of T, such that F; C A C G and u{Gs — Fs} < 6.

Theorem A1 (Alexandroff Theorem, see [47]). Let u be a reqular finitely additive measure
defined on algebra . of subsets of a compact topological space T'. Thus, y is countably additive.

Theorem A2 (Caratheodory’s Extension Theorem, see [48]). Let A C 29 pe an algebra
and P be a probability measure on A. There exists a unique measure Py on o(A) such that
P1{A} =P{A} forall A € A.

Theorem A3 (Kolmogorov’s SLLN, see [49]). Let (T, L,IP) be a probability space and
¢1,++ ,Cn, -+ be iid.random variables with a finite expected value Ep[l1] = pu € R. Set

n . S
S, = ;gi. Then,]P’{nh_r)r(}o; = ;4} =1.

Theorem A4 (Khinchin’s WLLN, see [49]). Let (I, L,P) be a probability space and
¢, ,Cn, - -+ be iid.random variables with a finite expected value Ep[C1] = pu € R. Set

p— . 1 Sn p—
Sn 71';@. Then,foranys>0,y}1_r>r;oﬂ"{| —H |< e} =1

Theorem A5 (Lindeberg-Lévy’s CLT, see [49]). Let (I, L,PP) be a probability space and
&1, ,Cn, -+ - bei.id.random variables with a finite expected value and variance. Set Ep[1] =

n
p € R, Dp[d] = Ep[é1?] —p?> =02 >0,S, = Y &. Then,
i=1

fim IP’{S"\;nZV < x} = (),

n— 00 -
where ¢(x) is the distribution function of the standard normal distribution.

Theorem A6 (Kolmogorov’s LIL, see [49]). Let (I, L,P) be a probability space and
¢1,++ ,Cn, -+ be iid.random variables with mean zero and finite variance. Set Dp[l1] =

n

— S

Epl¢?] =02 > 0,5, =Y &, S .
i—1

= - v/2nloglogn

P{hmsupsn = 0'} =1,

n—o0

. Then,

where “log” is the natural logarithm.
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