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Abstract: Consistency has always been a hot topic in the study of decision-making based on preference
relations. This paper focuses on the consistency of hesitant fuzzy linguistic preference relations
(HFLPRs). Firstly, a new definition of the additive consistency of HFLPRs is given. Secondly, to
examine whether an HFLPR is additively consistent, two equivalent programming models are
constructed. Thirdly, for inconsistent HFLPRs, the corresponding consistency improvement model is
further proposed, where only upper triangular elements in the HFLPRs are considered in view of the
symmetry of HFLPRs. Using the consistency improvement model, an inconsistent HFLPR can be
adjusted to the consistent one, which retains the original information as much as possible. Fourthly,
a hesitant fuzzy linguistic weight vector is introduced and a programming model is constructed
to derive the weight vector. Finally, the feasibility and effectiveness of the proposed method are
illustrated by numerical examples and comparative analysis. This result demonstrates that the
consistency model proposed considers each element of HFLPRs such that the consistent HFLPRs
derived fully retain the original information. Moreover, only some preference values in the HFLPR
are adjusted, and no preference value is out of range of the predefined HFLTSs.

Keywords: hesitant fuzzy linguistic preference relation; additive consistency; hesitant fuzzy linguistic
weight vector; hesitant fuzzy linguistic term set

1. Introduction

Torra [1] proposed the concept of hesitant fuzzy sets (HFSs), which allows several
values between [0, 1] to indicate its membership. In reality, decision-makers (DMs) may
show hesitant preference for alternatives on account of various factors in the decision-
making process. Hence, HFS has been widely used as a tool to express DMs” hesitation.
Due to the complexity of real decision-making situations, DMs may have difficulty in
assigning appropriate numerical values to express their preferences. In this case, DMs tend
to use linguistic terms rather than numerical values to express preferences. Due to the
above considerations, Rodriguez et al. [2] proposed the hesitant fuzzy linguistic term sets
(HFLTSs), which allow DMs to express their preferences by using several possible linguistic
variables. Therefore, with the advantages of both HFSs and fuzzy linguistic sets, HFLTSs
enable DMs to express their preferences more flexibly and conveniently in decision-making.

Based on HFLTSs, Rodriguez et al. [2] developed the concept of hesitant fuzzy linguis-
tic preference relations (HFLPRs) as a tool to deal with DMs’ hesitant degree of preference
for several possible linguistic terms over the paired of alternatives. Recently, more and
more research [3-14] on HFLPRs has been performed. Dong et al. [3] proposed a new
distance formula to measure the distance between two HFLTSs and developed the con-
sensus level measure of HFLPRs. Song et al. [4] proposed a definition of multiplicative
consistency of HFLPRs. Tang and Meng [5] introduced some definitions of multiplicative
hesitant fuzzy linguistic preference relations (MHFLPRs) and corresponding consistency
definitions. Wu et al. [6] proposed a new formula to measure the similarity between
HFLTSs and a consensus improvement process based on the local modification mechanism.
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Tang et al. [7] proposed a new definition of interval linguistic hesitant fuzzy preference
relations (ILHFPRs) and a concept of additive consistency, and then, Tang et al. [8] proposed
a new definition of multiplicative interval linguistic hesitant fuzzy preference relations
(MILHFPRs) and discussed the consistency issue. Chen et al. [9] considered the worst
consistency (WCI) of HFLPRs and constructed two models to improve the WCI index and
consensus level. Zhang and Chen [10] proposed a group decision-making (GDM) method
based on the acceptable multiplicative consistency and consensus of HFLPRs. Ren et al. [11]
proposed a kernel-based algorithm and a consensus measure for HFLPRs. Zheng et al. [12]
proposed hesitant degree and fuzzy degree function of HTLTSs and established a model to
normalize different lengths. Xu et al. [13] proposed a new AHP method and some models
to improve the consistency and consensus levels. Li et al. [14] proposed a model to obtain
the incomplete elements for an IHFLPR and an iterative algorithm to reach consensus.

Consistency is regarded as an important indicator for DMs to avoid illogic when
comparing alternatives. Based on cardinal consistency of preference relations, including
addition consistency [15] and multiplication consistency [16], researchers have proposed
different methods to define the consistency of HFLPRs. Both additive consistency and
multiplicative consistency of HFLPRs have been widely discussed [17-26]. Ren et al. [17]
proposed a GDM method based on consistency and consensus measurement of HFLPRs,
and proposed a hesitant fuzzy linguistic geometric consistency index (HFLGCI) and a worst
consensus index of HFLPRs. Xu et al. [18] proposed two additive consistency definitions
for HFLPRs: completely additive consistency (CAC) and weakly additive consistency
(WAC). Zhang and Wu [19] developed the multiplicative consistency of HFLPRs and
defined a consistency indicator to measure the degree of deviation between the original
and the consistent HFLPRs. Zhu and Xu [20] introduced an additive consistency concept
of HFLPRs and developed some consistency and acceptable consistency measures for
HFLPRs. Xu and Wang [21] proposed the additive consistency of hesitant 2-tuple fuzzy
linguistic preference relations (H2TFLPRs) and proposed revised definition of H2TFLPRs
based on Zhu and Xu [20]. Feng et al. [22] proposed an additively consistent definition of
HFLPRs and developed goal programming models to measure consistency. Li et al. [23]
proposed an interval consistency index of HFLPRs, which consists of the worst consistency
index and the best consistency index of HFLPRs. Zhang and Chen [24] proposed a method
to solve weight vector of HFLPRs, based on which the consistency index and acceptable
definition of multiplicative consistency of HFLPR are defined. Liu et al. [25] established
a new model to make HFLPRs achieve the maximum consistency degree. In addition,
Liu et al. [26] calculated the missing elements of incomplete HFLPRs according to the best
and worst consistency.

In the existing studies, there are still many issues deserving further discussion and
improvement. The consistency definitions [22,26] only take part of the original HFLPR
information into account and tend to be too loose. In the consistency optimization
models [19-21], the original preference relations need to be normalized, where the HFLTSs
of HFLPR are further artificially processed to have the same length by adding or deleting
some specified linguistic variables. Such process distorts the original preference informa-
tion, and some preference values in the adjusted preference relations may not belong to
the original linguistic term set. In consistency optimization models [19-21,24], almost all
the preference values in the original preference relation are adjusted, which may not be
accepted by corresponding DMs, and cannot keep the original preference information as
much as possible. In addition, in the additive consistency model [20,21], the preference
values obtained by additive consistency may be out of range of the predefined HFLTSs.

In order to better deal with the above-mentioned issues, this paper proposes a new
consistency concept and corresponding consistency improvement models for HFLPRs. The
main novelties of this paper are listed as follows:

(1) A new additive consistency definition of HFLPRs is introduced. This consistency defi-

nition takes each linguistic term of HFLPR into account. As a result, the consistency
definition can fully reflect consistent information of original HFLPRs.
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(2) Tojudge if an HFLPR is additively consistent, some programming models are devel-
oped to measure the consistency of the HFLPR. The consistency test method does
not add or remove any value of the HFLTS, which avoids distorting the original
preference information of the HFLPR.

(3) For an HFLPR not satisfying additive consistency, a consistency improvement model is
developed to derive the corresponding consistent HFLPR, where only some preference
values in the HFLPR are adjusted and no preference value is out of range of the
predefined HFLTS. Moreover, the deviation between the corresponding consistent
HFLPR and the original one is minimal, which ensures the new constructed additively
consistent HFLPR keeps the original information as much as possible.

(4) To determine the ranking order of the alternatives, hesitant fuzzy linguistic weight
vector (HFLWYV) is defined and the corresponding model is established to derive the
HFLWV.

The remainder of this paper is organized as follows. Section 2 introduces some fun-
damental definitions. In Section 3, new concept of additive consistency of HFLPR is
introduced. Then, two programming models are developed to measure the consistency
of an HFLPR. For inconsistent HFLPRs, a consistency improvement model is constructed
to adjust the inconsistent HFLPRs. In addition, a programming model is constructed to
derive the priority weights for additively consistent HFLPRs. In Section 4, some numer-
ical examples and comparisons with the existing methods are presented to illustrate the
effectiveness of the proposed method. Conclusions are given in Section 5.

2. Preliminaries

In this section, the relevant basic definitions and some consistency definitions for
HFLPRs are reviewed.

For decision-making problems under linguistic environment, a linguistic term set
S = {so, S1,.v., sg} is always utilized, where g+1 is named the cardinality of S.

2.1. Basic Definitions

Definition 1 [27]. Let B € [0,g] be a value derived from the result of a symbolic aggregation
operation in S = {so,1,...,Sq }. The equivalent information for B in the 2-tuple is obtained by the
function as follows:

A:[0,8] —+ S x [~0.5,05) 1)
| si i=round(p)
Alp) = { a =B —in € [-05,05) @

where round denotes the rounding operation.

Definition 2 [27]. Suppose S = {so,sl, e, sg} is a linguistic term set and (s;, «) is a 2-tuple.
There always exists the following function A~1 which can transform a 2-tuple into its equivalent
numerical value <y € [0,g] . The function is defined as follows:

A1 8% [-05,05) — [0,g] 3)

A (spa)=ita 4

In addition, let (s;, &) and (s]-, 7) be 2-tuples, then:

(1) Ifi < j, then (s, a) is smaller than (s, ).

(2) Ifi=j,then:
(@) Ifa =1, then (s;,a) and (sj, 7) represent the same information.
(b) Ifa < 1, then (s;, «) is smaller than (s;, 7).



Symmetry 2022, 14, 1601

40f16

Definition 3 [28]. Suppose S = {s,s1,...,5¢} is a linguistic term set, where g + 1 is odd.
An HFLTS, Hy, = {Sa(l) ‘Sa(l) €S,1=1,2,...,#H; }, is an ordered finite subset of consecutive

linguistic terms of S, where s,(;y is the Ith linguistic term of Hs and #Hs is the number of linguistic
terms of Hs.

Definition 4 [2]. For HFLTS H;, there are the following operations:

(1) Lower bound: H; = min(s;),Vs; € Hs.
(2)  Upper bound: H" = max(s;),Vs; € H;.

To rank HFLTSs, Liu and Jiang [29] defined the following score function:

1 #H;

Score(Hs) = FH. ATl (%(l)) ®)
I=1

When two HFLTSs have the same score function value, their degree of accuracy can
be compared by the following precision function.

H(Hs) = A7H(Hy ) = A7 (HS) +8 (6)
The larger the value of H(H;), the better performance it has.

Definition 5 [3]. Suppose S = {so, s1,. . .,sg} is a linguistic term set. For two HFLTSs H! and
H?, the distance between H} and H? can be measured by

D(HsllHSz> _ ‘Afl (HSP) Al (HS*)‘ n ‘Aq (Hs”) — AL (Hz+)‘ (7)

where HY~ (H2™) and HX™ (H2") denote the lower and upper bounds of HY (H?), respectively.

Definition 6 [30]. A fuzzy linguistic preference relation (FLPR) is defined as A = (aij)nxn’ where
ajj € S denotes the preference degree of alternative x; to x;, which satisfies

A Mag) + A Nay) =g, j=1,2,...,n 8)

aii:Sg/2,i:1,2,...,Tl (9)

Definition 7 [2]. Suppose S = {so,51,...,5¢} is a linguistic term set. An HFLPR is expressed as

H = (hif)nxn' where h;; € S represents the preference degree of alternative x; to x;, if the following
conditions are satisfied:
A(A—l (h;?].(”) LAl (h;.(r))) = 5g,i,j=1,2,...,n (10)
hii:Sg/2,i:1,2,...,1’l (11)
#hij Z#h]'i,i,jz 1,2,...,1’1 (12)
1 1) ..
D < nG DR < =12, m (13)

where hj; = {h;j|r =1,2,.. .,#hij} (#h;j is the number of linguistic terms in h;j), h;.fj(r) is the rth
linguistic term in hy;.

2.2. Some Consistency Definitions

Definition 8 [30]. An FLPR A = (a;j) _ is additively consistent if

nx

AV (ag) = AV (ag) + A7 (akj) - %,i,]’,k —1,...n (14)
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According to the additive consistency definition of FLPRs [30], Feng et al. [22] pro-
posed an additively consistency definition of HFLPRs.

Definition 9 [22]. An HFLPR H = (hif)nxn is consistent if there exists a consistent FLPR
A= (aij)nxn with aij € hi]‘,fOT i,j=12,...,n

As the sums of elements are not necessarily the same in HFLTSs of HFLPRs, Zhu and
Xu [20] made each HFLTSs have the same length by adding or reducing some specified
linguistic variables, and defined such HFLPRs as normalized HFPRs (NHFLPRs).

Xu and Wang [21] proposed the definition of additively consistency of HFLPR based
on the additively consistency definition of Zhu and Xu [20].

Definition 10 [21]. Given an HFLPR H = (h;j), and its NHFLPR H = (hl-j) if
nxn

A (hfj)) +87(sg) = a7 (hgp) +A! (h,i?) G,jk=12...,1) (15

then H is a consistent NHFLPR.

Furthermore, Xu and Wang [21] proposed a method to derive the corresponding
additively consistency HFLPR for an original inconsistent one.

Definition 11 [21]. Assume an HFLPR H = (hif)nxn and its additively consistency NHFLPR
R = (?ij)nxn, if

= <i2<A1 <hfzf)> +A1(;l,5;>)> _ §>(i,j,k: 1,2,...,n) (16)
k=1

then R = (7;;), s a consistent NHFLPR.

nx

3. Models on Additive Consistency of HFLPRs

In this section, new additive consistency definitions of HFLPRs are introduced, to-
gether with the corresponding consistency improvement method. For additively consistent
HFLPRs, a programming model is proposed to obtain the priority weights.

3.1. New Additive Consistency Definition of HFLPRs

New consistency definition takes all linguistic elements into account and requires
linguistic elements at any position to satisfy additively consistency condition.

Definition 12. An HFLPR H = (hif)nxn with hj; = {hlfj|r =1,2,.. .,#hl-j} (#hij is the number
of linguistic terms in h;;) is called an additively consistent HFLPR, if for Vh;j € hjj, Jay € hi,
Jag; € hyj such that

A (h;j) = A Y(ay) + A1 (ak]) - %,i,]’,k =1,2,...,n (17)
where hlr.j is the rth linguistic terms of hy;.

Remark 1. If is easy to know that Definition 12 does not change with the different ordering of
comparison objects in the HFLPRs.

Based on Definition 12, the following programming model can be constructed to judge if an
HFLPR H = (hjj) s additively consistent:

81 (1) — (87 )+ ()~ 5)|

n

#hij
(M—1) minF=) )

ij=1r=1
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h:] S hij/ ajx € hik,ak]' S hkj
r = 1,2,...,#]/11']‘
iik=12...n

H = (hij)nxn is consistent according to Definition 12 if the target function value of
Model 1 is equal to 0. Otherwise, it is not consistent.

Since all the elements in HFLTSs are taken into account in Definition 12, M-1 is always
fairly complicated. For simplicity, another simpler definition on additive consistency of
HFLPRs is introduced, which only considers the boundary element.

Definition 13. An HFLPR H = (i), with hy = {Wj|r=1,2,... %k} (hhy is the
number of linguistic terms in h;;) is called an additively consistent HFLPR, if for Vhi;, h; €h
Jajk, bix € hix and Jay;, by; € hy;j, such that

Al (hl.;) = A V(ay) + A1 (ak/-) -

)~ () -
i,j,k=12,...,n

ijs

(18)

N[0Q N[0

where hl.; and h; denote the upper and lower bounds of hj;, respectively.

Theorem 1. Definition 12 is equivalent to Definition 13.

Proof of Theorem 1: It is easy to know that if an HFLPR is additively consistent according
to Definition 12 then it must also be additively consistent according to Definition 13. Thus,
in what follows, only the inverse proposition needs to be proved.

Since A~ (hi;) <Al (hj]“) AV (ay) + A1 (ak]-) < A V(by) + A1 (bk]-) is obtained.
Thus, there only exist the following three cases:

(1) A Yay) < A7 (by) and A1 (akj) < A1 (bk]). This case means the value do-
mains of A™! (hlfk) and A1 (hl’q,) (1 < r < #h;j) contain all the integers in the intervals
[A(ay), A7 (by)] and {A’l (akj), AT (bk]-)}, respectively.

Let [jx and Ii; be the corresponding integers in the intervals [A(ay), A1 (by)] and
[A‘l (akj),A_l (bkjﬂ, respectively. Thus, the value domain of the sum of I;; and I;
contains all the integers in the intervals [A’l(aik) + AT (akj), A Y (by) + AT (bkj)} , e,
[A’l (h;) + 4,071 (h;;) + %} , which ensures that Equation (17) always holds.

(2) A Yay) < A~ Y(by) and A1 (ak]-) > A1 (bk]). This case means the value do-
mains of A~! (hfk) and A1 (hqu) (1 < r < #h;j) contain all the integers in the intervals
(A (ay), A7 (by)] and [A‘l (bkj) ,A1 (akj)} , respectively. Similarly, the value domain
of the sum of [;; and Ij; contains all the integers in the intervals {A‘l(aik) + AT (bkj),
A~ (by) + A1 (akjﬂ,whidﬁoontains&\einterval [A*l(aik) e (akj), AV (by) + A1 (bkj)]
Thus, Equation (17) always holds.

(3) A Yay) > A1 (by) and A7! (ak]-> < At (b;q). The proof is similar to (2) and
is omitted.

In summary, the inverse proposition abovementioned is proved, and Definition 12 is
equivalent to Definition 13.
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According to Definition 13, the following integer programming model can be con-
structed to judge if an HFLPR is additively consistent:

it = £ 177) (-8 () - )|

(M-2 - i’j:il + -1 -1 8
£a10) (o127 (m) )|
s.t
aje € hy, g S I’lk]
bix € hy, bk] S hkj
i,j,k=12,...,n
]

Remark 2. The construction and solution of Model 2 is simpler and more convenient than that
of Model 1. H = (hij)nxn is consistent according to Definition 13 if the target function value of
Model 2 is equal to 0. Otherwise, it is not consistent.

3.2. Consistency Improvement for HLFPRs

In real life, due to the complexity of decision-making, DMs cannot guarantee that the
original preference relations given are consistent. Therefore, in order to ensure effectiveness
and reasonability of decision-making, an important process is to improve the consistency
of the original preference relation not satisfying consistency. In this section, a programming
model is built to adjust an inconsistent HFLPR to a consistent one, which retains the original
information as much as possible.

To facilitate calculation, only the upper triangle elements of HFLPRs are used to
construct the model, in view of the symmetry of HFLPRs.

=) i = (a4 (7) -7 i) o4 () -7 i)

s.t

B () (1o 3o0) ) 1) (052 () D)
A*l(ri;),Afl(q) €fog]

a7 () <87 ()

Qi € Tik, Akj € Tkj

bir € rig, bij € 1y

ijik=12..n

where R = (7;;) , represents the adjusted HFLPR, and Tii and r; denote the upper and

nx
lower bounds of R = (ry;), , respectively.

In what follows, an example is provided to illustrate the above procedure.

Example 1 [9]. Let S be a linguistic term set defined as follows:

sp = extremely poor,sq = very poor,sy = poor,s3 = slightly poor,
5= sq = fair,ss = slight good, ss = good, s; = very good, sg = extremely good

Consider the following HFLPR H:
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A7 () — (A (ar3) + (8 — A7 (az3)) —4) [ + A7 (rpp) — (A” ﬂ14)+ (8— A7 (ax)) —4)[+
AT (1) = (D71 (bi3) + (8= A1 (ba3)) —4) [+ [A7 (rfy) — (A7 (bia) + (8 — AT (baa)) —4) |+
A7 (ri3) = (87 (a12) + 87 (az3) —4) | +[A71(r33) — (A7 (a1a) + (8 — A7 (aza)) — 4) |+

A7 (r13) = (A7 (br2) + A7 (b3) —4) [+ [A71 (1) — (A7 (bra) + (8 — A7 (baa)) —4) [+

A7 (r1y) = (A7 H(an2) + A7 (a2g) = 4) [+ |87 (rpy) — (A7 (a13) + A7 (a3a) — 4) [+

A7 (riy) = (87 (b12) + A7 (b2g) —4) | + AT (rfy) — (A7 (b1s) + A7 (baa) — 4) |+

A1 (ry3) = ((8 = AN (a12)) + A7 (a13) —4)[ + [A7 (r35) — (A7 (a24) + (8 — A7 (a34)) — 4) [+
(A1 (r35) = (8= A7 (b12)) + A7 (b13) —4) [+ [A71(r5) — (A7 (b2a) + (8 — A7 (ba)) —4) [+
A7 (ry) — ((8 = A7 H(a12)) + A7 (a1g) —4) |+ [A7 (ryy) — (A7 (a23) + A7 (a3s) — 4) |+

A7 (r3y) — (8 =271 (b12)) + A7 (bua) —4)| + |A7l () — (A (ba3) + A7 (b3g) — 4) |+

A7 (r3y) = ((8 = A7 (a13)) + A’1(1114) 4)! + A7 (ryy) — (8 — A7 (azs)) + A7 (a2g) —4) [+
A1 (r3y) — (8= A7 (b13)) + A (bay) —4) [ +[A71(r3y) — (8= A7 (ba3)) + A (bay) —4)[ =0
13 € {se,57},a13 € {55,56}r6114 € {s2,53,54},a23 € {s7},a04 € {S6},a31 € {54,55,56}

b1z € {se,s7},b13 € {55,56},b14 € {52,83,54},b23 € {57}, b24 € {36}, b34 € {54,55,56}

A7 (g ) A () € o8l =12,

A1 (rl.].> <A1 (’”17)

Then, the adjusted HFLPR R = (r;;) _is obtained as follows:

S4 {53/ 54, SS} {54/ S5, 56} {54/ 55156}
{s5,54,53} S4 {s5,56,57} {35,56,57}
R =
{54, 53, Sz} {53, 52, 51} 54 {54, S5, 56}
{54, S3, 52} {33, 82, 51} {54, S3, 52} 54

3.3. Models to Derive Priority Weights from Additively Consistent HFLPRs

The main purpose of solving a decision problem is to find the optimal alternative
according to the preference relation given by DMs, so deriving the weight vector is always
performed in many existing literatures. Generally speaking, crisp and interval weight
vector are always applied to solve decision-making problems based on crisp and interval
preference relations, respectively. Accordingly, for decision-making problems with HFLPRs,
applying weight vector denoted by HFLTSs is more natural and practical. Thus, in what
follows, the definition of hesitant fuzzy linguistic weight vector (HFLWYV) is introduced,
which adopts several possible linguistic terms to express the importance of each alternative.

Definition 14. Suppose S = {so, 51, ...,5¢} is a linguistic term set. W = (wy, wy, . .. ,wn)T
is called a hesitant fuzzy linguistic weight vector (HFLWV), if w;(i = 1,2,...,n) is an or-
dered finite subset of consecutive linguistic terms of S, where w; = {wl’|r =1,2,... ,#wi}
(#w; is the number of linguistic terms in w;) reflects the importance degree of the
ith alternative.

According to Equation (17) in Definition 12, each element hlfj is supposed to be ex-
pressed by specified a;; and ay;. If a;, and a;; can be determined as

A Y(ay) = 0.5(A—1(w;?) — A (") +g),w;? € w;, w? € wy (19)

87 (ag) =05(a7 (wf) — a7 (w)) +g), v} € we, vl € w; (20)

then h’ can be expressed as follows:
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—1(1r\ _ -1 a\ _ A—1 a -1 b\ _ A-—1 b _ 8
() = 0.5(a7 (wf) — 671 (wf) +g) +05(a7 (wf) — a7 (wh) +8) — §, -
i,j,k=1,2,...,n

Based on this idea, the following model is constructed to derive the HFLWYV, where its
number of linguistic terms is as small as possible.
n
(M —4) minF =)
i=1

A (w) = A7 (w]))|
s.t

() = 05(87 (wf) — a7 (wf) +g) +05(a 7 (wf) ~ a7 (wf) +g) -
w € wi, wy € Wy
w,l; € Wy, w]b S w]
i,j,k=1,2,.

r=1,2,. hl]

In what follows, one example is provided to illustrate the above model.

Example 2. Let S be a linguistic term set defined as follows:

sop = extremely poor,sy = very poor,s, = poor,s3 = slightly poor,
) s = fair,ss = slight good, ss = good, s; = very good, sg = extremely good

Consider the following HFLPR H:

S5 {s4,55,56} {s3,54} {s5,56,57}
{s6,55,54} 55 {s3}  {se,s7,58}
H =
{s7,56} {s7} S5 {ss,s9}
{55/ S4, 53} {54/ S3, SZ} {SZ/ Sl} S5

According to Model 2, the objective function value is not equal to 0. That is, the
HFLPR H = (h;;), . is not additively consistent; according to Model 3, the adjusted
HFLPR R = (r;;) s obtained as follows:

85 {s4,55,56} {s3,54}  {se,57}
R— {56,55,54} S5 {s3,54} {s6,57,58}
{57, 56} {57, 56} S5 {58/ 59}
{s4,83}  {sa,s3,5} {s2,s1} 55

Using Model 4, the following HFLWYV is obtained:

w1 = {53,54},7,02 == {52153/ 54,55},7,03 = {56157}/ Wy = {SO}

By Equation (5), the following score function can be obtained:

#Hwy #w, ;
Score(wq) 71122 A~ ( ) = 3.5, Score(w;) = #—wzl; A (sg(l)> =35
1 #ws #wy

Score(ws) f—ZA ( )—655601’6604 ZA 1( )—0
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By Equation (6), the following accurate functions can be obtained:
H(wy) = A7 (wy) = A7 (@] ) +g=9,H(w2) = 7" (wy) =A™ (w] ) +g =7
Thus, the ranking results should be
X3 = X1 = X = Xy
Alternative x3 is the best option.

4. Examples and Comparative Analysis

In this section, some numerical examples are presented to illustrate the proposed methods.

Example 3 [26]. Let S = {s, 51, . . .,S¢} be a linguistic term set, and consider the following HFLPR H:

$3 {ss} {s0,51,82}  {s2,83}
Ho {Sl} S3 {So,...,S6} {51,52}
- {56,S5,S4} {56,...,50} S3 {54}

{54,583} {55,584} {s2} 53

Liu et al. [26] improved the additive consistency of the HFLPR to an acceptable level
(consistency threshold is 0.9), and the improved HFLPR is listed as follows:

s3  {ss} {s2}  {s3}
RLiu etal. {Sl} 53 {SO’Sl} {Sl}
[ {sa} {se;ss}  s3 {sa}

{ss}  {ss}  {s2} 3

By Model 3, the following consistent HFLPR is derived:

53 {sa,85} {s1,52} {s2,s3}
{s2,81} S3 {so,s1} {su,s2}
{s5,54} {s6,55}  s3 {sa}
{sa,s3} {ss,sa}  {s2} 53

R =

By Equation (7), distance between the original and adjusted HFLPRs can be obtained,
where only the HFLTSs in the upper triangular matrix are considered. The results are
showed as D; in Table 1. In addition, D, in Table 1 describes the sum of HFLTSs adjusted in
the upper triangular matrix. For example, Hi4 = {s,53} #R}} " *" = {s3}, which means
that original HFLTS Hj4 is adjusted by Liu et al. [26]. There are altogether four HFLTSs that
are adjusted in Rtiuetal, The comparative results are given in Table 1.

Table 1. Comparison results for different methods.

Improved HFLPRs D1 D2
RLiu et al. 9 4
R 7 3

As shown in Table 1, the distance between H and Rliu et al is larger than that between
H and R. Fewer HFLTSs are adjusted in R, compared with Rtiuetal.. These results show

that the adjusted HFLPR derived by this paper contains much more information of the
original HFLPR.

Example 4 [9]. Let S = {sq, 51, .. .,56} be a linguistic term set, and consider the following HFLPR H:
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S4 {s2,83,54}  {s5,56} {s4}
{56155/ 54} S4 {51152153} {56/57}
H p—
{s3,52}  {s7,56,55} S4 {s4,55}

{sa} {s2,s1} {s4,53} S4

By the method of Chen et al. [9], the additive consistency of the HFLPR is improved
to an acceptable level (consistency threshold is 0.95), and the improved HFLPR is listed

as follows: 5 (s5,5) s} {54}
{ss,54} s {sa} {ss}
{sa}  {sa} ss {sass}
{sa}  A{ss} {sas3} s

By Model 3, the following consistent HFLPR is derived:

RChen et al. —

S4 {s2,83,54}  {s4,85} {84,585}
R— {56,55,54} 54 {54,85,56} {s5,56,57}
{54,835} {s4,83,82} 54 {s4,85}
{s4,83}  {ss,s2,51}  {s4,53} S4

Similar to Example 3, D; and D, are also applied, and the comparative results are
given in Table 2:

Table 2. Comparison results for different methods.

Improved HFLPRs D1 D2
RChen et al. 11 4
R 10 4

As shown in Table 2, the distance between H and Rchen et al. js Jarger than that between
H and R. These results show that the adjusted HFLPR derived by this paper contains much
more information of the original HFLPR.

Example 5 [19]. Let S be a linguistic term set defined as follows, S = {sq, s1, . ..,sg} be a linguistic
term set, and consider the following HFLPR H:

S4 {s2,s3,5}  {ss,56}  {s1,%2}
{s6,55,54} S4 {s7} {se}
{s3,52} {s1} 54 {54,85,56}
{s7,56} {s2} {54,83,82} 54

According to the methods of Zhang and Wu [19] and Zhu and Xu [20], the correspond-
ing multiplicative consistency HFLPR RZhang and Wu apq additively consistent HFLPR
RZhuand Xu 416 gbtained as follows:

S4 {5127,52.13,5255} {53.96,5499,5495} {52.40,54.00,5455}
RZhang and Wu _ {s6.73,s5.87,55.45} 54 {s671,5657, 5622}  {s556,55.87,55.90}
| {54.04,53.05,53.01}  {51.20,51.43,51.78} 54 {52.44,53.01,53.58}

{55.60, 54.00/ 53.45} {52.44, 5213/ 52.10} {55.561 54.99, 54.42} S4
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54 {5125,5225,5275}  {S4.00,54.75, 5475} {5275, 54.00, 5450}
{86.75,85.75,55.25 } S4 {86.00,56.50, 8675} {8550, 55.75,55.75 }
{54.00,8325,8325}  {52.00,51.50,51.25} S4 {82.75,53.25,53.75}
{8525,54.00,8350}  {52.50,5225,5205}  {85.25,5475,54.25} 54

RZhu and Xu _

By Model 3, the consistency HFLPR is derived as follows:

S4 {s2,83} {ss,s6} {s3,54}
{s6,s5} 54 {s7}  {ss,56}
{s3,52}  {s1} ss {s2,s3}

{55, 54} {53152} {56155} 54

R =

Both Zhang and Wu [19] and Zhu and Xu [20] performed the normalization process,
where some specified linguistic terms are added to HFLTSs with fewer elements until all
the HFLTSs in HFLPR H have the same sum of linguistic terms. Such a process not only
increases the burden of DMs but also easily distorts the original preference information. In
addition, in Zhang and Wu [19] and Zhu and Xu [20], most of the original linguistic terms
in the HFLPRs are adjusted and the modified elements no longer belong to the original
linguistic term set, which may not be agreed to by DMs. By contrast, the method proposed
by this paper does not have the above related problems.

Example 6. Let S = {so,s1,...,58} be a linguistic term set, and consider the following HFLPR H:

54 {s5,56,57} {s7,58} {se 57}
{s3,52,51} 54 {s0} {s1}
{s1,50} {ss} S4 {s6}
{s2,51} {s7} {s2} S4

According to the methods of Xu and Wang [21], a normalization procedure is also
performed. If the corresponding upper bounds of HFLTSs are added in Xu and Wang [21],
the additively consistent HFLPR is obtained as follows:

S4 {s750,5850,59.00} {54.75,55.75,56.00} {575, 56.75,57.00 }
RXuand Wang _ | {5050,5-0.50,5-1.00} 54 {s125,5125,51.00} {52.25,5225,5200}
{ $3.25,52.25, Sz.oo} {56.75/ 56.75/ 57.00} 54 {55‘00, 55.00/ 55.00}
{s225,5125,51.00}  {S575,5575,56.00} {53.00,53.00,53.00} 54

By Model 3, the following additively consistent HFLPR is derived:

s {s7,88} {sa,s5} {ses7}
{s1,50} 54 {s0,51} {s2,s3}
{s4,83} {ss,s7} 54 {s6}
{s2,s1} {se,s5} {s2} S4

In the method of Xu and Wang [21], the normalization process is indispensable to
ensure each HFLTS has the same length. In addition, it is worth mentioning that some
modified elements, such as sg g9 and s_1 gg, are out of the range of the original linguistic
set S. Although such elements can be transformed into certain elements in the range of S,
this transformation process may distort the preference information. On the contrary, the
method proposed by this paper does not need the normalization process and maintains the
objective of decision-making.

R =
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Example 7. Let S = {sq, s1,...,s8} be a linguistic term set, and consider the following HFLPR H:

S4 {s3,84,85} {s5,56} {s7}
B {s5,54,53} S4 {s5,56} {56,57,58}
| {sss2) {83,582} S4 183,54,85,86 }
{s1} {s2,51,50} {s5,54,53,52} 54

By the method of Xu and Wang [21], two NHFLPRs can be derived by normalization
procedure, where the lower and upper bounds of HFLTS are added, respectively.

54 {53.75, 53.75,54.00, 54.25} {55.50, 55.25,55.25, Se.oo} {55.75, 56.00, 56.75/ 57.75}
X and Wang _ {54.25,5425,54.00,53.75} 84 {85.75,5550,85.25,55.75}  {56.00, 56.25,56.75,57.50 }
1 {52.50,52.75,52.75,52.00}  {52.25,52550,82.75, 5225} 54 {54.25,54.75,55.50,55.75 }
{5225,52.00,51.25,5025}  {52.00,51.75,51.25,5050}  {53.75,53.25,52.50,52.25 } 54
54 {53.75,54.00,54.25,5425 }  {5550,56.25,56.25,56.00 }  {55.75,56.75,57.50,57.75 }
X and Wang _ {54.25,54.00,83.75,53.75 } 84 {85.75,56.25,56.00,55.75 }  {56.00,56.75,57.25,57.50 }
2 {52.50151.75,51.75, 52.00 } {52.25,51.75, 52.00,52.25 } 54 {54.25,54.50, 55.25,55.75 }
{52.25,51.25,50.50,50.25 }  {52.00,51.25,50.75,5050 }  153.75,53.5,52.75,5225 } 84
In the method of Xu and Wang [21], the hesitant fuzzy linguistic averaging (HFLA)
operator and a hesitant fuzzy linguistic geometric (HFLG) operator [5] are used to obtain
the aggregated HFLTSs. Then, the ranking order can be determined by score function,
which is listed in Table 3.
Table 3. Results and comparisons of different models.
Methods Consistency Terms Added Selection Process Ranking Values Ranking Order
Xu and Wang [21] Additive Low bounds HFLA 0.630.63 0.44 0.30 Xy > X1 > X3 > X4
Xu and Wang [21] Additive Low bounds HFLG 0.610.620.420.27  xp > x1 > X3 > X4
Xu and Wang [21] Additive Up bounds HFLA 0.660.650.410.29  x1 > x2 > x3 > X4
Xu and Wang [21] Additive Up bounds HFLG 0.64 0.63 0.37 0.23 X1 > Xp > X3 > X4
This method Additive Not added Priority weights 6.507.003.501.50 xp > x1 > x3 > X4

By Model 3, the consistent HFLPR is obtained as follows:

S4 {s3,54,55} {s5,56,57} {s7}
R— {s5,54,83} 54 {s5,56} {s6,57,58}
{83,82,51} {53,852} 54 {54,85,86}
{s1} {s2,51,50} {s4,53,52} S4

Then, based on Model 4, the HFLWYV of R can be derived, and corresponding results
are showed in Table 3.

According to Table 3, the ranking order varies with different linguistic terms added
in the normalization procedure of Xu and Wang [21]. The method of determining the
ranking order in this paper avoids the above problems and keeps the objective principle of
decision-making.

5. Conclusions

This paper introduces a new additively consistent definition for HFLPRs. For incon-
sistent HFLPRs, a model to improve its consistency is constructed. To obtain the ranking
order, a new definition of HFLWYV is introduced and a programming model is proposed to
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determine the weight vector. Compared with other existing methods, the method in this
paper has the following characteristics:

(1) The proposed additively consistent definition for HFLPRs takes all the elements of
HFLTSs into account. Some existing additively consistent definitions [22,26] only
consider local elements in HFLPR, which easily results in the loss of information. In
addition, the proposed additively consistent definition does not require the HFLTSs
in the same HFLPR to have the same length. In the normalization process in [19-21],
the original opinions of DMs are inclined to be distorted.

(2) Model 3, which proposed to improve additive consistency, takes all the elements of
HFLTSs into account. Of course, in actual application, an equivalent Model 4 can be
easily constructed and solved. The improved HFLPRs keep the original information
of HFLPRs as much as possible. In the additively consistent HFLPRs obtained, all the
elements are derived from the original linguistic term set. In the method of Zhang
and Wu [19], Zhu and Xu [20], Xu and Wang [21], most of the original linguistic terms
in the HFLPR are adjusted and no longer belong to the original linguistic term set.
Even some the modified elements are beyond the range of the original linguistic set.

(3) The HFLWYV is based on the additively consistent definition proposed in this paper.
The HFLWYV can be directly obtained from a simple programming model, and the
ranking order can be finally determined by score and accurate functions. In hesi-
tant fuzzy linguistic decision-making, HFLWV may be more suitable and accepted
by DMs.

This paper mainly takes additive consistency of HFLPRs into account. In light of
the fact that consensus issue is also an important topic in group decision-making, group
decision-making modeling involving both consistency and consensus issues of HFLPRs
will be carried out in our future studies.
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