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Abstract: The fifth order Kudryashov-Sinelshchikov equation models the evolution of the nonlinear
waves in a gas-liquid mixture, taking into account an interphase heat transfer, surface tension, and
weak liquid compressibility simultaneously at the derivation of the equations for non-linear-waves.
We prove the well-posedness of the solutions for the Cauchy problem associated with this equation
for each choice of the terminal time T.
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1. Introduction

In this paper, we investigate the well-posedness of the following Cauchy problem:

Ostt + Oy f (1) + v2u + 603U + auddu + k0, ud2u
+q(0yu)* + v33u + B2o%u = 0, 0<t<T, xeR, (1)
u(0,x) = up(x), x € R,

with
v,6,a,%q 7 BER, B, yv#0. ()

On the flux f, we assume

flu) € CHR), |f'(w)| < Co(1+ [uf?), ©)

for some positive constant Cy.
On the initial datum, we assume

up € H2(R), ug # 0. (4)

Taking
f(u) = bluz + b2M3, bl/ b2 €R, (5)

Equation (1) reads
st + b1y u® + bpdyu® + vd3u + 603 u + auddu ©
+ k9, udAu + q(dxu)? + y3u + 2otu = 0.

Equation (6) is deduced in [1,2] to model the evolution of the nonlinear-waves in a
gas-liquid mixture, taking into account an interphase heat transfer, a surface tension, and
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a weak liquid compressibility simultaneously at the derivation of the equations for non-
linear-waves. In particular, in [1], the authors show that (6) is obtained by a perturbation
of the Burgers—Korteweg-de Vries equation, in correspondence with main influence of
dispersion nonlinear waves propagation. Finally, Equation (6) is deduced in [3] in the
context of ray tracing through a crystalline lens and pressure waves in mixtures liquid-gas
bubbles under the consideration of heat transfer and viscosity.

From a mathematical point of view, in [4], special solutions of (6) are studied. In par-
ticular, some elliptic and simple periodic traveling waves solution are constructed. In [5],
the authors proved that (6) does not belong to the class of integrable equations.
Moreover, they also proved that (6) admits classical and non-classical symmetries. In [6],
approximate invariant solutions for (6) are analyzed.

Equation (6) is a generalization of the following equation:

st + b1oyu® — b30%u 4 693U + auddu + kd,udiu = 0, @)

with is deduced in [7]. Equation (7) is also derived for water waves by Olver [8] (see
also [9]) using Hamiltonian perturbation theory, with further generalization given by Craig
and Groves [10].

Mathematical properties of (7) have been studied in significant detail, including the
existence of the travelling wave solutions in [11-15], the solitary and periodic wave solu-
tions [16,17], the periodic loop solutions [18], the soliton solutions [19], and the quasi-exact
solutions [20]. Methods to find exact solutions are in [21-25], while, in [26], under appro-
priate assumptions of by, «, «, and

ug € HY(R), ¢e{1,2}, (8)

the existence of the solutions for (7) is proven. Finally, following [27-29], in [30], the con-
vergence of the solution of (7) to the unique entropy in one of the Burgers equations
is proven.

Taking by = b3 = B =g =0, (7) reads

Ostt + b0 u? + 803u + auddu + kdud2u 4 yoou = 0. 9)

From a physical point of view, (7) was derived by Olver [8,31] in the context of water
waves. In the case b = 0, (9) was derived by Benney [32] as a model to describe the
interaction effects between short and long waves.

From a mathematical point of view, under suitable assumptions on by, J, &, x, and v,
the existence of the travelling waves solutions for (9) is proven in [33,34], while a method
to find exact solutions of (9) is given in [35]. In [36] the local well-posedness of the Cauchy
problem of (9) is proven, while, in [37,38], under appropriate assumptions of by, «, %,
the global well-posedness is showed.

Takingaw = ¥ = g =0, (1) reads

Ostt + 9y f (1) + v2u + 893u 4 yoJu + B2tu = 0. (10)

Under Assumption (3), (10) was first introduced by Benney [39] and later by Lin [40] to
describe the evolution of long waves in various problems in fluid dynamics (see also [41]).

In [42,43], under Assumptions f(u) = bu? and appropriate assumptions on
b1, v, 0, 77, and B using the energy space technique, the local and global well-posedness
of weak solutions for (10) is proven, while, in [44], the well-posedness is proven using
the Bourgain bilinear estimate technique. In [45], the well-posedness of (10) is proven
under Assumption (4) for every choice of S and T.

Taking by =a =x =g =7 =0, (6) reads

Ostt + by0yu? + v2u + 693u + B2otu = 0. (11)
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Equation (11) was derived independently by Kuramoto [46—48] as a model for phase
turbulence in reaction—diffusion systems and by Sivashinsky [49] as a model for plane
flame propagation, describing the combined influence of diffusion and thermal conduction
of the gas on the stability of a plane flame front. It also describes incipient instabilities in a
variety of physical and chemical systems [50-52]. It was derived by Kuramoto in the study
of phase turbulence in the Belousov—Zhabotinsky reaction [53].

In [54-56] the well-posedness of the Cauchy problem for (11) is proven using the en-
ergy space technique the fixed point method, a priori estimates together with an application
of the Cauchy-Kovalevskaya, and a priori estimates together with an application of the
Aubin-Lions Lemma, respectively. In [57-59], the initial boundary value problem for (11) is
studied using a priori estimates together with an application of the Cauchy-Kovalevskaya
and the energy space technique. Finally, in [60], the convergence of the solution of (11) to
the unique entropy in one of the Burgers equations is proven. Here, we extend some of
those results considering the fifth order case.

Taking by = o« = x = v = 0, in (6), we have the following equation:

Opt + b1dx1u® 4+ v2u + 693U + q(9xu)? + B20%u = 0. (12)

Equation (12), known as the Kuramoto—Velarde equation, describes slow space-time
variations of disturbances at interfaces, diffusion-reaction fronts, and plasma instability
fronts [61-63]. It also describes Benard—Marangoni cells that occur when there is large
surface tension on the interface [64-66] in a microgravity environment.

In [67], the exact solutions for (12) are studied, while in [68], the initial boundary
problem is analyzed. In [61,69], the existence of the solitons is proven, while in [70],
the existence of traveling wave solutions for (12) is analyzed. In [71], the author analyzes the
existence of the periodic solution for (12) under appropriate assumptions on by, v, 4, g, B.
The local well-posedness of the Cauchy problem of (12) is proven in [72] using the energy
space technique and assuming b; = 0, while in [73], the well-posedness of classical solutions
is proven under Assumption (4) and suitable assumptions on B, T, and ug. Finally, in [74],
the authors prove the existence of appropriate rescalings, in which the well-posedness of
the Cauchy problem of (12) holds for each choice of T, and under the assumption

up € HY(R), ug # 0. (13)
Takingby =v=a=x=g=7==0,(6) reads
Ostt + b19yu? + 603U =0, (14)

known as the Korteweg—de Vries equation [75]. It has a very wide range of applications,
such as magnetic fluid waves, ion sound waves, and longitudinal astigmatic waves.

In [76-78], the Cauchy problem for (14) is studied. In particular, in [76,77], the well-
posedness of the Cauchy problem of (14) is proven under Assumption (4) and for each
choice of T. In [79], the author reviewed the travelling wave solutions for (14), while
in [28,29,80], the convergence of the solution of (14) to the unique entropy in one of the
Burgers equations is proven.

Taking by = v = a = ¥ = g = B = 0, we have the following equation:

Ostt + b0y u? + 603U + 43u = 0. (15)

This was derived by Kawahara [81] to describe small-amplitude gravity capillary
waves on water of a finite depth when the Weber number is close to 1/3 (see [82]).
Moreover, in [81], the author deduced (15) to describe one-dimensional propagation of
small-amplitude long waves in various problems of fluid dynamics and plasma physics.

In [83-87], the local and global well-posedness in Bourgain space for (15) is proven,
while in [88-93], the local and global well-posedness in energy space for (15) is studied.
In [94-96], the well-posedness of the initial boundary value problem on a bounded domain
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is analyzed, while in [97] (see also [98]), the well-posedness of the classical solution of
the Cauchy problem of (15) is proven for each choice of T. In [99], the authors prove that
the solution of (15) converges to the solution of (14), while, in [100,101] (see also [102]),
the convergence of the solution of (15) to the unique entropy in one of the Burgers equations
is proven.

The main result of this paper is the following theorem.

Theorem 1. Assume (2)—(4). Given v, a, x, q, T, there exists a unique solution u of (1), such that

u € L*(0,T; H*(R)) N L*(0, T, W**(R)) N L®(0, T; W*°(R)),

(16)
otu € L2((0,T) x R).
Moreover, if uy and uy are two solutions of (1) in correspondence with the initial data uq o and

up o, the following stability estimate holds:

lr (£ ) = ua(t, ) |2y < €T luro = u20l 2y, (17)
for some suitable C(T) > 0 and every, 0 < t < T.

The proof of Theorem 1 is based on the Aubin-Lions Lemma due to the functional
setting [103-106]. Observe that using the Aubin-Lions Lemma under Assumption (4),
Refs. [45,76,77] give the well-posedness of (10) and (14) for each choice of T.
Therefore, thanks to Theorem 1, we find that the solution of (6) converges to the unique so-
lutions of (10) and (14) under assumptionsa =k =g=7y=0anda=x=g=7=p=0,
respectively.

The paper is organized as follows. In Section 2, we prove several a priori estimates on
a vanishing viscosity approximation of (1). Those play a key role in the proof of our main
result, which is given in Section 3.

2. Vanishing Viscosity Approximation

Our existence argument is based on passing to the limit in a vanishing viscosity
approximation of (1).

Fix a small number 0 < ¢ < 1 and let u, = u,(t, x) be the unique classical solution of
the following problem [73]:

atug + axf(ug) + 1/832(1/[5 + 58?(1/[‘9 + augaius
+K0xUed%1te + q(xite)? + YOIUe

18
+5Za;tu€ = ed0u, 0<t<T, x€eR, (18)
ue(0,x) = ug 0(x), x €R,
where 1, is a C* approximation of 1, such that
lue,0llp2(ry < lluollp2(r),  Ue,0 # O (19)

Let us prove some a priori estimates on u,. We denote with Cy the constants which
depend only on the initial data, and with C(T) the constants which depend also on T.
Following [73], Lemma 1 and [107], Lemma 2.2, we prove the following result.

Lemma 1. The following inequalities hold
[[1e (£, ) | 2Ry 19xtte ()|l 2my <C(T), (20)
[[tte| oo (0,7) ) <C(T), (21)
ot 2
2 .
) [ets, )|y gy (D), (22)




Symmetry 2022, 14, 1535 5 of 26
ot 3 2
. <
| [uets, )| 5 <D, (23)
t
4 <
s/o buelt, )|, 5 @5 <C(D), (24)
t
[ 1ostues, ) sy s <C(T), 25)
forevery 0 <t <T.
Proof. We begin by proving that
2(242Cy +a A+ad)t
e Ap?
2
(Helt, ) 2y + AllBstte (t, )2y )
2UCoA%B* + BB AR + 3% + a3A (2N o . (26)
e j—
AB*(2Co A2 + aZA + a3)
1
2 7
* (lle,0l2gz) + Aldstg ol F2qey )
forevery 0 <t < T, where A is a generic positive constant, and
ai =120> +1#£0, a3=3(Co+4q*), a5:=12«*+6a?, o)

a2 :=3(240® + 732 +1#0, a2:=a’ +a.

Consider A a positive constant. Multiplying (18) by 2u, — 2Ad2u,, an integration on R
gives

d
= (et )12y + Alldste(t, ) o) )
:2/ ugatugdx—ZA/ axusatug dx
R R

=_2 / uf'(u)oyudx +2A / F (1) x 102 uedx —21// ued2u, dx
JR R R

=0

2
xu€(t' )

[2(R)

+2Av

—2(5/ uﬁaf’cugdx—i-ZAé/ 8§u€8§’cu€ dx
R R
—Zoc/Rugaiugdx—|—2Aoc/Ruga§u88;°’cu£dx—ZK/Rugaxusaiug dx
+2AK/Raxu£(8§ue)2dx—2q /]R ug(axug)zdx+2Aq /ﬂ%(axu&aius dx
— 2 /R 1edSuedx + 2A7 /R R ueduedx — 262 /R Uedtute dx

—|—2A[32A@Biugaiugdx—i-Zs/Rugagugdx—2A£/Ra,2€u€8gue dx
2
L2(R)

xu£(t' )

+26 / E)xugaiugdx—sz/ 283ugdx+2Azx/ uga uga Ue dx
JR

=2A /Rf’(ug)axugaiugdx — 21// ueduedx + 2Av

—2K/ usaxueaiugdx—i-ZAK/ Oxtte( axug)zdx—Zq/ ug(axug)z dx
R R R

Y2y /]R deitedtuedx — 2A7 /R Pudtuedx + 26 /R 11t dx
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—2AB%||03uc(t, ")

2 "
®) —2¢ /R axugaiugdx + 2A¢e /R aiugaiug dx
2

2 .
axu€(t1 ) [2(R)

= 2A/ F (1) 012 uedx — 21// U2 uedx + 2Av
R R

—21x/Rugaf’cugdx—|—2Arx/Ru88§ugaf’Cu£dx —ZK/Rugaxugaiug dx

+2AK/Raxug(aiugfdx—Zq/Rug(axug)2dx—27/Ra§ugaiug dx

2 2
— 27| |Ruc(t, ) )~ 248 [Pt Lz(R)JrzS/Raiusaius dx
4 2
*2A€ axug(t,') LZ(R)

2
ajzcug(t, )

=2A /Rf’(uﬁ)axugaiugdx —2v /R uga,zcugdx +2Av )

—Zoc/Rugaiugdx—|—2Aac/Ruga§u€8;°’cu£dx —Zrc/RLtg})xusc'ﬁuS dx

2
+2Ak / dxite (821 )2dx — 2q / e (@aeolx — 22 et )
R R

L2(R)
2|t )| — 2Pt )| —2ae]otuce, )|
e m) Tl w) ey
Therefore, we have that
a k|7 Al|dxue(t, )|
2 (et ) oy + Alsue(t, ) o))
+ 2B2(|02ue(t, -) ’ +2AB% 3 uc(t,-) ’ (28)
Tl w) T law)
+ 2¢||03 (t)2 +2Ae||0% (t)2
e|loyuc(t, P®) e||oyue(t, P®
2
=2A /Rf’(ug)axusajzcugdx—ZV/IRusaiusdx—l—ZAv 2 uc(t,) ®)
—Zoc/Rugaiugdx+2Ao¢/Ruga§u£a;°’cugdx—ZK/Rugaxuga,%ude
+2AK/ axug(a,zcug)zdx—Zq/ ug(axug)zdx.
R R
Observe that
/R Ayite (021 2dx = /R Ayttt updx = — /R Dutcd (Ducdlue ) dx
:—/Raxug(aiug)de—/R(axug)zaiusdx.
Consequently, we have that
2 / it (9%ue ) 2dx = — / (Dxite) 23 uedx. 29)
R R

Moreover,
/ ug(axug)zdx :/ ugaxaxugdx - _/ Ugax(ugaxug)
R R R

=— /]Rug(axug)2 - /R ufaiugdx,

which gives
Z/Rug(axus)zdx = —/Ruga,zcugdx. (30)
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Hence, by (28)—(30), we obtain

d
o (lmett, >||L2R)+A||axue< NE))
2
2uctt, L2(R) e (tr) L2(R) D
2 2
+ 2¢||05ue (¢, ) LZ(R)+2A£ Sue(t, ) )
2
:ZA/f’(ug)axugaﬁude—Zv/ ueduedx + 2Av||9%ue(t, ) ®)

—20(/ 263u£dx+2Aoz/ uga Ug0y ugdx—ZK/ u£8xu88§u£dx
R
—AK/ (Oxite) 8xu£dx+q/ U2 uedx.
R R
Due to (3) and the Young inequality,
24 /]R | (1) || te || 921e dx < 2AC, /R |axu8|\8§u5|dx+2AC0/R|u5||axu£||a§u8\ dx
+2ACO/ 12|Dite || |92e | dx
R

Acoaxug /D pou. dx+2/ ‘ACOu8 xle

ACOu axug

/D1 po%u| dx

A%Cy [, 2
W/Rus(axug) dx

2
xuﬁ(tl )

L2(R)

7|I3xue( M2y +

/R ut(9yue)?dx + 3D B2

A2C,

D, p?
A%Cy
+D152|| ue(t, )I\Lw yl[0xe(t, )HLZ

: vu
2|v|/R|u£||a§ue|dx=z/R : W N

2
wie(t, )

L2(R)’

9t (t, ) T2y + g e () [Foo ) 19t (£ ) |72y

2
e (t, ")

L2(R)

7

12
S IBZD Hus( )HL2

dx

DCMZ
2|‘X|/Ru%|aius|dxZZ/R'\/TI;Z'B“\/ADZﬁaiMe
2
xue(t/')

L2(R)

a2
< BAD, /Rus
2
el )] gy
\/D2ﬁ83ug

2
12(R)

7

2
< gy 1elt Whmqey e, Ve

Dél/lga U

2A|¢x|/ |ug||82u€||a3u€]dx—2A/

A
/ug(aiug)zdx—l—ADlez 3ue(, )

- Dz,BZ R

< gl

2K/ |uedy e |02 ug|dx—2/

2
xuﬁ(t/ )

+ AD,p? 2wy

2
(£-)

L2(R)

\/Dlﬁaiug dx

KUgOyUg

BvD1
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K 2 2 2 2
< Dlﬁz/Rug(axug) dx + Dy [2ue(t )|,
2 2
K 2
< — Lo e
< gz lelt ) et ) ey <>mm
K2A 2
:gaﬁwa>mmwww<nmm ) oy
A|K|/ (Oxte) 2|03 ue|dx = 22’”& “\/ 2B | d
K2 A 2
< 47D, [[0xue (£, )||L4 xlte(t,-) 12(R)
|q|/ 2|82u8dx—2/‘2ﬁr ]\/Dla,%us dx
< /u4dx—|—Dﬁ2 ug(t,-) ’
—4/32[)1 R ¢ PP )
2 2
9
< o € ’
< o e Mimguy et ) e 2t )

where Dy, D; are two positive constants, which will be specified later. It follows from (31)
that

d
27 (et ) o + Alsue(t, ) o))

2
+2p%(1—3Dy) || 0ue(t, ) LZ(R)+A52(2—3D2) )
2 2
+ 2¢|[03ue (8, -) LZ(R)+2A8 Tue(t, ) P®
2 A2Cy V2
xthe ()| oy + D2 e () 172 R)"’IBzD lue(t, ) 22(r)
A2C

o it (£, ) oy e (1, ) I 2 )

2 2
+(Ag /32+4glﬁz>||”£( )||L°° H”s( )||L2

Dyna Mg

AL et s Il e

4&Dna%<ﬂm

+

Choosing D1 = % and D, = %, we have that

d
i (et )Ty + Alldse () o))
+p? (t~)2 + Ap? (t-)2
.B xUelL, LZ(R) :B xUell, LZ(R)
2 2
+ 2¢||0yue(t, -) LZ(R)+2A€ Sue(t, ) P®) (32)
2 6A%C
wwwLmﬁ~F£wWa>mm+ﬁww<mp

6A2C,
+—Fﬁn4>mw J9tte(t, )72 m)



Symmetry 2022, 14, 1535

9 of 26

6a% +3A
—;mgina ey e 8, ) 22y
6a2A 2 3x2A
+ O et [P, ) g + T st s
6A(AC) +«
A et ) sttt e

Following Lemma 2.3 in [108], we obtain

2
I9xte(t )[4y < Ollte(t ) ey |30t )| - (33)
Consequently, by (32),
d
= (et ) 2y + Alldate(t, ) [F2(ey )
2
"uf(t")HLZ(R) et ) L2(R)
2 2
+ 2¢||05ue(t, ) LZ(R)+2A£ Sue(t, ) ) (34)
6A%C 612
)| gy + =N ) + et ) ey
6A C
e (b, ) [ ooy 19wt (8 ) | 2y
6(x + 3A
—zﬁfiwx WE ey et )2y
A(24a% + 27x?) 2
Sy LACDIRNE) CECR]
6A(ACy+« )
Syl LECR] NI CRAECRI I
Observe that
xus(t,-) 23) /8 ugazusdx— /axuga uedx.
Therefore, by the Holder inequality,
2t )|y gy < [ Pl 02l < [ttt e PRt )] -
Hence, by (34), we obtain that
d
= (et )z + Alldset, ) 2wy )
2 2 2 2
POl ]| o gy AT FelE ]
2 2
+ 2¢ xug(t,~)HL2(R) + 2Ae||d5uc(t,-) ) (35)
6A C
< 2A|v][9ue () ()| 2y + =gz 10ttt )2y

ﬂzwx HWR+@Z%HA e 19ttt oz
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6a% +3A
—;mgina Mooy 126 (8 ) 12y

A(24a% + 27x2) ()

late (£, )Ty Ot ()l 2

B> I2(R)
6A(ACy +
Attt e
Due to the Young inequality,
2l st gy [ )|, = a2 .
" e Bl 12(®)
2AV?
< 7”%”8( )”LZ wue(t,-) 2R

A(24a? 4 27x2)
TII e () |[Foo iy 105 (£ )l 2y (t,) @)
B A\@(24“2+27K Mue(t, ) 7w ®) ll9xtie(t, )|l 2 (m) [Bl|07ue(t, HLZ
2|p® V3
3A(24a? + 27x%)? Ap? 2
> 4ﬁ6 ||u€( )||L°° R)”axuf( )”Lz +T xue(t'.) LZ(R)‘
It follows from (35) that
d
e (8, T2y + Alldxste (8, ) 72
dt
2 G L AP s
+ B[O () | 0T 6 wlte(t,+) 1)
2 2
+2e (t,~)HL2(R)+2Ae et ) g (36)
A(2AC) + 62 6v2
< BRSO ot ey + S It e
A(24AB*Cy + 3(24a? + 27x>
S D e, e, ) e
6a2 + 3Aq°
g et ) e ) g
6A(ACy+
A et ooy et e
We define
2AC) + 1202 +1
Xe(t) 1= et )2y + Alatelt, ) gy, o= ==,
(37)
3A(Co+ ¢%) + 1212 + 6a?  24ABC) +3(24a% +27x2)% + 1
= i , l3:= v .
It follows from (36) that
dX(t
D < 0 Xel0) + ot oy Xe() + Glluelt, Ve X, G8)

Due to (37) and the Holder inequality,

X
uZ(t, x) :2/ ugdxuedy < 2/ |ue||Oxtte| dx
—o0 R
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<2||“€( )||L2 HaXMS( )”L2

mus N Wxnaue 2wy

gixs(t).

VA

Hence,
2

([ (2, )||L°° S\/ZXg(t), forevery 0 <t < T.

It follows from (38) and (39) that

dXe(t) 20 5 4l3 5
< == = :
i < U Xe(t )+\/ZX s(f) + 1 X;(t)
Thanks to the Young inequality,
2 2 .1 3 1
ﬁxg(t) = ﬁxg(t)xg (1) < Xe + ng(t).
Consequently, by (40),
Pl < (0 + () + 2 20,

Define
by =01+ 0y, U5:=4l3+ 0.

It follows from (41) that

1 ng(t) ly Ej
X3(t) dt T XZ(t) A’

Since
da/ 1 2 dXe(h)
dt\X2(t))  X3(t) dt ’

by (43), we have that

d( 1 N\ 20 2
dt\ X2(t)) = X2(t) A’

which gives
d/ 1 20, 205
— > -2,
ilwm) 20> 4

Multiplying (44) by e2‘4!, we obtain

pud (1 204e%at - 2zl
dr \ X2(t) X2(t) — A

d 6224t S 25562£4t
at\ xX2(t) ] = A

Integrating on (0,t), we have that

204t
et 1 65 20t
_ > 0 (24t
= Al (e )

Therefore,

(39)

(40)

(41)

(42)

(43)

(44)



Symmetry 2022, 14, 1535

12 of 26

that is,
622415 65 o0 l
e e e ) Jg— 4
@ A (@ 1) 2 X2(0) @)
Using (37) and (42) in (45), thanks to (27), we have (26).
We demonstrate (20). To this end, we begin by observing that, by (19),
||u£, |L2 + A”axus OHLZ < Yo+ AYy, (46)
where
2 2
Yo := lluollzmy, Y1 := [[0xuoll2(m) (47)
Consequently, we have that
e, 0l 72my + Alldxtte, ol f2(r "< (Yo + AY1)?,
( L2( L
which gives,
1 1
(Itcolfz(e) + Aldsucolfagy) (Yot AN)
Moreover,
2(242Co+a2 A+a3)T 2(242Cq +aZ A+a3)t
e A2 >e A (49)
It follows from (26), (48), and (49) that
2(242Cy+a2 A+a3)T
e Ap?
2
(et iz2(y + Alldste(t, ) 2y )
ﬂ2 a
2ACOAPH + A 1 a3 1 ajA (MG
AB*(2Co A2 + aiA + a3)
> ;2,
(Y() + AYl)
that is
2(242Cq+aZ A+a3)T
e 4p
2
(et ) P2y + Alldstue(t, ) 2z, )
| 24CoA%B* + aABt + a3B* + a3A 67“ COX;ZSAW . (50)
- AB*(2CoA? + a2 A + a3)
1
.
(Yo + AY1)
We search A such that
| 24CoA2B* + A 24 24 [ 2ACrEArRT
1 oF AR L LA CNET 1) S0 e
(Yo + AYl) APB (2CoAZ + HSA + a3)
that is,
2 2 2
ez(zA CO:‘;;A+ﬂ3)T s Aﬁ4(2CoA2 + a%A + a%)

(Yo + AY1)?*(24Co A2B4 + a2 AB* + a2 + a2 A)
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which gives

Ap?
oo (14 AB*(2CoA% + a2 A + a3) 20242Co tagA+a3)T 52)
(Yo + AY1)?(24Co A2B4 + a3 AB4 + a22 + alA) ‘
Taking 8 as in
1Bl = A", n>2. (53)
Equation (52) reads as follows
Al+2n
» N Alt+dn (ZCOAZ + a%A + a%) 2(242Co+aZ A+a3)T
(Yo + AY1)?(24Co A2+ 4 a2 AL+4n 4 g2 A2 4 g2 A) '
Thanks to (53), we have that
Al+2n
Al+4n 2C AZ ZA 2 2(242Cq+a2 A+a2)T
lim <1+ . (2 0 “2”51 4”3)2 —— A VY (54)
A—reo (Yo + AY1)"(24CoAZH4n + aS A1TAn 4 a3 A2 a7 A)
In fact,
Al+2n
im (14 Altdn (2C0A2 + tl%A 4 a%) 2(2A2C0+a§A+a%)T
i
A—oo (Yo + AY1)?(24Co A2H+4n 1 AR AV g2 A2 4 g2 A)
. a2(A) a3(A)
= li 1+ —5— ,
A0 < + a%(A))
where
2(A) = (Yo + AY7)?(24Co A+ + a3 A4 + a2 A2 4 2} A)
7 A1+ (2C A2 + a2 A + a3) ’
(55)
) Abn+2
ag(A) = .
s(4) 2(24CoAZH + B2 AT+ 4 g2 A2 4 @2 A) (Yo + AY)?T
Observe, thanks to (55),
1 \7W
lim 1+ =e (56)
A—o0 < a%(A) )
while, by (53) and (55),
A6n+2
= 0. (57)

lim
A0 2(24Co A2+ 4 a3 AL+ 1 2 A2 4 g2 A) (Yo + AY;)°T

Equations (55)—(57) give (54).

Therefore, thanks to (54), (51), which is equivalent to (52), holds; taking A very large
and up to rescaling, we can have || = A", with n defined in (53).

Consequently, by (53), (50), (51) or (52), and (54), there exists a constant C(T) > 0,
independent of ¢, such that

2(242Co+aZ A+a3)T
e 4p

2
(1lme(t, )2y + Alldste (8, )2y )

> C(T).
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Hence,

2(242Cy+a¢ A+a3)T
e Ap?

cr

e (£, )22y + AllOse(t, )| T2y <

which gives (20).
We prove (21). Thanks to (20) and (37) with A =1, and (39) with A =1,

lute(t, ) 7o () <2(||ue( MEar) + 12xe )HLZ(R)SC(T)r

which gives (21).
We prove (22)-(24). Thanks to (20), (21), and (36) with A = 1, we have that

;t(””s( )||L2 )+ l[9xe(t, )HL2 )

B 2
+ 3 ue(t,")

2
2|52 )
oxue(t, ) I2(R)
xuS(tl')

L2(R)

2
[2(R)

2
+ 2¢ xug(t,-)HL + 2¢

*(R)

< C(T).
Integrating on (0, t) by (19), we obtain

e (£, ) 22w +||3xus( iz

2
ds + ds

LZ)

Tl (s

L2(R e (s
2

ds
L2(R)

2
lte(s,) L2(R)

< Co+C(T)t < C(T),

t
+ 2¢
0

ds + 2¢
0

xus(sl')

which gives (22)—(24).
Finally, we prove (25). Observe that, by (21) and (33), we have that

2

lxe(t, ) |7y < C(T)||33ue(t, )

L2(R)’
Consequently, by an integration on R and (22)—(24), we have (25). O
Lemma 2. The following inequalities hold
HaquHL“’(R) <C(T),
2
wte(s: ) L2(R)
2
. <
51te (s, )HLZ(R)ds <C(T),

2

ds
L2(R)

xuS(t' )

t
2
+
‘B 0

t
+2¢
0

forevery0 <t <T.

Proof. Let0 < t < T. Multiplying (18) by 201u,, an integration on R gives

2 4
L(®) :2/Raxu€8tu€ dx

“ue(t, )

(58)

(59)

— 2 /R () s tted uedx — 2v /R Pudtuedx — 26 /R Pudtue dx
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— er/Ruga;O’(ugaiugdx — 2K/Raxu£a§uga§§ug dx

—2q /R(axue)zaiusdx -2y /R 0% uc03u, dx

—2,32 ug(t,-) ? +2£/ 0%1,.0%u, dx
xe\tr LZ(R) R xreYxtte
2
:—Z/Rf’(ug)axuga‘}cugdx+2v (t,) ®)

+ (& + 2x) /]R Oxtte (3ue)2dx —2g /R(axus)Za;tug dx

2B? £ 2 .l
— ﬁ xue( ’.)HLZ(R) — Z& xl/lg( /') LZ(R)'
Therefore, we have that
2 ) 2
Sue(t H Tue(t, ) LZ(R)JF e||0ue(t, -) ()
2
= —Z/Rf (ug)axusaiugdx—i—Zv (t,°) ()

+ (a4 2x) /R Oxtte (D3ue)?dx — 2g /R(Bxug)zaiugdx

< Z/R |f’(ug)||axu£||aiug|dx +2|q| /R(axug)z\aiugwx

2
+ (21 + e+ 26 sl o)y ) [t )|y
Due to (20), (21), and the Young inequality,
2/ (1) Bt e dx < 2] F' | o _c / 1xite||041te| dx
/|axu£||a el dx _/‘ a"”s dtue| dx
B2 2
< C(T)||9xue(t, )HLZ + 5 ||Oxue(t, <) 12(R)
B 2
<o)+ Efotue, |, ..
2g(0x1te)?
2|q|/(8xu5)2|8§u8|dx—/R‘q(gs)“ﬁa‘}cug dx
q 2
< et ) e + ottt ) [
It follows from (60) that
4 ’ i 2¢|0%ue(t, ||
Me( ) LZ(R) xus(r') LZ(R)+ sl xus(/') LZ(R)
2 2
SC(T)+ B [|Oxute(t, )HL4
2
(214 Je ot 200 wtell e 01y ) [ ) 3
Integrating on (0, t), by (19), (22)—~(25), we have that
? ? ds+2 t ? d
et ) L2(R) () ee® T el 2@

(60)
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<Co+C(T t+—/|\au8 Ls(myds 61)

2

ds
L2(R)

+ (2l + et 260 sl oy k) ||
<C(T) (1+ stte | o o.1) ) )

We prove (58). Thanks to (20), (61), and the Holder inequality,

(s,-)

"X .
— JR

(t-)

<2||a Me( Mizw)

gy < O [9ste] 01

Hence, A
[10xtel| Lo (0,1 x ) — C(T)[[9xtell oo (0,7 x ) — C(T) <0

Arguing as in [103], Lemma 2.3 or [104], Lemma 2.4, we have (58).
Finally, (59) follows from (58) and (61). O

Lemma 3. The following estimates hold

/Ot

4
aazcue (S’ )

P <C(T), (62)

(s H ds <C(T (63)

forevery 0 <t <T.

Proof. Let 0 <t < T. We begin by proving (62). We observe that

xue(t/ )

L) / azug azug)e’dx = —3/ Oxtie( 82u8)283u€dx (64)

Due to (58) and the Young inequality,
3 [ 19xtte|@2ue)2103meldx <3 uttell o (o) [, (BRae)?0e] v

<C(T) [ @uePotuldx = [ (@uo)?|C(T)0%ue] dx

4 2
wte(t ) Lm " C(D)|9wuelt. ) L2(R)’
It follows from (64) that
* < C(T t 2
ette(t ) LAR) — (1) dxet, ) I2(R)’
Integrating on (0, f), thanks to (22)-(24), we have (62).
Finally, we prove (63). We begin by observing that
6
wue(t, ") 15(R) = /Ra,zcug(aiugfdx = _5/Raxus(a§”s)4a?c“sdx- (65)

Due to (58), (59), and the Young inequality,
5/R\axu€||a§ug|4|a§u€| dx

< 5Haxu8||L°°((o,T)xR) /R |0%ue|* 03 ute| dx
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< C(T) |, [03ue o] dx

- /R 1020 2| C(T)2ued3 e | dox

1 6
< 5 02ue(t,-) Lé(R)—i—C(T)/R(E)iug)Z(&iug)z dx
132 6 3 2 2 2
< = . . .
< gt )|, + CD PR )HLW(R) GBI .
< o|Buew |, . e[ -)Hz .
— 2 xeE\tr Lé(R) xeE\tr LOO(R)
Therefore, by (65),
L2 6 3 2
- . < . .
3 [Belt )]y < COBRelt )| e (66)
Due to the Holder inequality,
X
(D3ue(t, x))? :2/ S udtucdy < 2/ 03 ue || 0% ue | dx
—00 R
<2l/e3 - 4 : )
<2|o3uc(t, ) LZ(R)\ et )| 2
Hence,
2
3 . < 2|93 . 4 .
Bue(t, )HLZ(R) < 2[[@3ue(t, )| g [Pt )] g
Thanks to the Young inequality,
2 2 2
3 . < 3 . 4 .
ue(t,-) rm S dyue(t, ) L2<R)+ d ue(t,-) P®)’
It follows from (66) that
ozt |° < cm|duct, . +cmllotuc )|
21| 6 gy = el | 12 gy el Il 2wy

Integrating on (0, t), by (22)—(24) and (59), we have (63). [

3. Theorem 1’s Proof Based on the Aubin-Lions Lemma

This section is devoted to the proof of Theorem 1.
Our compactness argument is based on the Aubin-Lions Lemma (see [105,106]).

Lemma 4 (Aubin-Lions). Let X, B, Y be Banach spaces such that
X —+—=B<=Y.
If1 < p < oo, F is bounded in LV (0, T; X), and
1Tinf = flleor—ny) — O ash — Ouniformly for f € F,

where Ty, is the translation operator. Then, F is relatively compact in L¥ (0, T; B) (and in C(0, T; B)
if p=c0).

We begin by proving the following lemma.
Lemma 5. Fix 7, a, x, 6, T. Then,

the sequence {ue }e~q is compact in L2, ((0,00) x R). (67)
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Consequently, there exists a subsequence {ug, }ren of {ue}e>0 and u € L7 ((0,00) x R)
such that, for each compact subset K of (0,00) x R),

Ug, — U in L*(K) and a.e. (68)
Moreover, u is a solution of (1), satisfying (16).

Proof. We begin by proving (67). To prove (67), we rely on the Aubin-Lions Lemma (see
Lemma 4). We recall that

Hlloc(R) —— Lloc(R) — Hloc (R)r

where the first inclusion is compact and the second is continuous. Owing to the Aubin—
Lions Lemma (see Lemma 4), to prove (67), it suffices to show that

{tt¢ }¢~0 is uniformly bounded in L?(0, T; H,.(R)), (69)
{041 } ¢~ is uniformly bounded in L?(0, T; Hloc (R)). (70)

We prove (69). Thanks to Lemmas 1 and 2,

lue(t, ) ey = llue(t ) T2y + e, )IIT (& )| oy < €T
Therefore,
{1t }e~0 is uniformly bounded in L® (0, T; H' (R)),
which gives (69).
We prove (70). We begin by observing that
1
Ay (ugaiug) = 2 ((axug)z) + . u,. (71)

Therefore, by (18) and (71), we have that

sty = 9x(G(ue)) _f/(”s)ax”s - Q(axue)zr

where
X —K
G(ue) = > (axue)z - "mea?{ue — VOxUe — 58,251/15 — ’Yaiug — ,B2a§ue + €aiu8. (72)
We claim that T
/ / 12(92ue)2dtdx < C(T). 73)
oJr
Thanks to (21)—(24)
2
// cse Pt < 2elFeo) [ [[PBmelt )| 2 < CT).
Moreover, since 0 < ¢ < 1, by (20), (22)—(25), and (59),
G ST vy &[22, <c(T)
1 L4((0,T)xR)” 12((0,T) xR, 0" ||9% LZ((O T)xR) = , -
21|14 41143 < <
T 1% e | 20,1y ) B Oxe L2((0,T)xR) — C(T), &||xue L2((0,T) xR) c(T)-

Therefore, by (72)—(74), we have that

{0x(G(ue))}eso is bounded in H'((0,T) x R). (75)
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We have that .
/0 /]R (F' (1e))? (xtte) 2dtdx < C(T). (76)
Thanks to (20) and (21),
// (1))? (I 1) *dtdx < Hf/Hiw(f / [0xte(t, -)|I72 ®dt < C(T).

Moreover, thanks to (25),

(6 4 1) /O T/R(axug)‘*dtdx < C(T). (77)

Consequently, (70) follows from (75)—(77). Thanks to the Aubin-Lions Lemma, (67)
and (68) hold. Therefore, u is solution of (1) and, thanks to Lemmas 1, 2, and 3, (16)
holds. [

Now, we prove Theorem 1.

Proof of Theorem 1. We begin by observing that, by (71), (1) reads:

Ost + Oy f (1) + v2u + 693U + ady (uaiu)

K—uo
+5220, ((0x10)?) + (9xu)? 78)
+yoqu + B2otu =0, 0<t<T, xcR,
u(0,x) = up(x), xeR

Lemma 5 gives the existence of a solution (78) satisfying (16). We prove (17). Let 1
and u; be two solutions of (78) that verify (16), that is

Ortt + Ay f () + vo2u; + 603u; + ady (uiaiui)

K— &
P8, () oo
+’yaiui + ﬁzaiu,- =0, O0<t<T, x€R,

u;(0,x) = uj o(x), x eR,

Then, the function
w(t,x) =u(t,x) —up(t, x), (79)

is the solution of the following Cauchy problem:

0w + 0y (f(uy) — f(uz)) +vd2w + 63w
+ady (ulaiul — uzaiuz)

lxax ((axul)z - (axUZ)z) (80)
+q((01)? — (3:12)?)
+y0hw + BFtw = 0, 0<t<T, xcR,

w(0,x) = uy o(x) —ug,0(x), xeR.

Fixe T > 0. Since u1, up € H?(R), for every 0 < t < T, we have that

H“lHL00 (0,T)xR)” ||”2||L°° ((0,T)xR) < C(T),
l[9xu1 [ Lo 0,7y xRy, 195142 Lo 0,7y xm) < C(T), (81)
931 (t, ) |72y < C(T).
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Since f € C!(R), thanks to (79), there exists & between 11 and uj, such that
Flur) = f(u2) = F (&) (ur —u2) = F(&)w, uy <&<up,or,up <&<up. (82)
Moreover, by (81), we have that
F O < e cry, ey < C(T). (83)
Observe that, thanks to (79),

uﬁ)iul — leaiuz Iulailﬂ — ulaiuz + 1/!1832(112 — uZaiuz
=1102w — Q2upw, (84)

(axul)2 - (axuz)2 =(0xu1 + Ixtip) (01l — IxlUp) = OxU10xw + OxUpOxw.
Thanks to (82) and (84), (80) reads
dw = — 0x (f (&) w) — vydiw — 693w — ady (ulaia})

114

= 10y (2w + 55 E0(01010,0) + S0 (D142050) (85)

2 2
+ gOxU10xw + GOy Uy — 'yaiw - [328§tw

Multiplying (85), an integration on R gives
Dot ) Pagy =2 [ wdreo d
gt e =2 [ warw ax
:—2/ wdx (f'(&)w —ZV/Rwa,zcwdx—Zé/Rwaiwdx
_ 2 _ 2
21x/ wax(ula )dx Za/Rwax<axu2w)dx
+(a—x /wax(axulaxw)dx—i-(a—x)/ WOy (0xUp0xw)dx
R R
+2q/ axulwaxwdx—l—Zq/ axuzwaxwdx—Z'y/ waiw dx
R R R
2 [ wolwd
B Rw Twdax
:2/Rf’(§)w8xwdx—ZU/IRwaiwdanZ&/Raxwaiw dx
+20c/Ru1w8§wdx~l—2a/Rw8xwa§u2 dx
+ (x —«) / Oty (dyw)?dx + (k — &) / Oxtin (dyw)? dx
R R
+2q/ axulwaxwdx+2q/ axuzwaxwdx+2’y/ axwa;tw dx
R R R
+2‘82/Raxwa;°}w dx
:2/Rf’(§)w8xwdx—ZV/IRwaiwdx—Zoc/Raxulwaxw dx
—21x/ ul(axa))zdx+20c/ WAy wd3uy dx
R
+K—0¢/8xu1 xW) dx+ /axuzaw

+2q/ axulwaxwdx—l—Zq/ OxUpwdywdx — 27/ aiwaiw dx
R R R

200(t, |

[2(R)
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:Z/Rf’(é)waxwdx—ZV/Rcuaﬁwdx—kZ(S/Raxwaiw dx
+20c/Ru1w8§wdx+2a/Rw8xwa§u2 dx
¥ (x—a) /]R Aty (Ixw)2dx + (x — @) /R dita (Ixw)? dx
+2q/Raxulwaxwdx+2q/Raxu2w8xwdx+2fy/Raxw8§w dx
+2/32/Raxwaiw dx
:Z/Rf’(é)waxwdx—21//Rw8,2(wdx—2(x/Raxu1w8xw dx
—Zuc/Rul(axa))zdx+2tx /Rwaxwaiuz dx

¥ (x—a) /]R ity (Ixw)2dx + (x — @) /R dita (Ixw)? dx

2
2/a dywd 2/a dywdx — 22| 0Rew(t, - .
+2g . U worwdx + 24 A xUpwdywdx — 2 w(t,") )
Therefore, we have that
d 2 2
Tlwolt, )z, w(t:) [}y
:2/ f/(é)waxwdx—Zv/ wajzcwdx—th/ Oyt wIywdx (86)
R R R

- 204/ Uy (9xw)?dx + Za/ WAy updx + (k — o) / Oyt (9xw)?dx
R R R
+ (k—a) /R dxtip (9xw)?dx +2q /R OxU woywdx + 2g /R OxUpwoywdx.
Due to (81), (83), and the Young inequality,

2 [ 1F@llwldseoldx < 27 o cory ey [, lolseo] dx

<C(T /le\axwldx<c( Mw(t, ) 2w + ST 0w (t ) [F2(m),

2 / Rwld :2/
ol [ ol oldx =2 [

v2 2 2
< @Ilw(tw)llm r) A

V/;d“ﬁaiw‘dx

2
w(t,-)

L2(R)

2|0¢|/ |01 | (0xw)?dx < 2la[|0xur || oo (0,7 ) Oxw (£, )HLZ < C(T)|loxw(t, )||L2
2|0¢|/ | ( xw)zdx<2|0¢|||M1HLw (0,7)xR) [9xw(t, )HLZ < C(T)|loxw(t, )||L2
2|0c|/ ]3] |2ualdx < [[Bzco(t, )22y + /sz(aguz)mx

2
wua(t, )

< 19w (t, ) l[F2(r) + €l (t, ) [ gy 12(R)

< 0300(t, )y + C(T)eo(t, ) oy

k=l [ x| (0s0)dx < |Kfa\uaxulum,m)||axw<t,~>r|%z(R)
< C(T) [xeo(t, ) ey

k=l [ x| (0 ofts s~ sl 2l oy 950 (8 ) ey
< CT)[xeo(t, ey
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2|q| /R |0xu1||w]|dxw|dx < 2[q]|[0xu1][ Lo (0,7 x ) / |lwl[dxw|dx < C(T)/R |w|[oxew] dx
< C(D)llw(t, ) I72() + C(T) 02w (t, ) [ T2 my

am@meWwwasmmmmmmMWR/kaMMSCUXéWWwﬂﬂ
< C(T)lw(t, ) I72() + C(T) 102w (t, ) | T2my

It follows from (86) that

d 2
gl iz + B[t ) 12(R) (87)
< C(Dl|w(t, 2y + CD Iz (t, 2y + CTwt, ) 7o r)

Thanks to the Holder inequality,

W (t3) =2 [ wdsady < [ |wldswldx < 2w(t, )| [0 lt, Vaey

Hence,
leo(t, Moy < 20w (t, )l 2wy 1920 (8, )| 2 gy

Due to the Young inequality,

lew(t, Moy < lleo(t, 172 + 1920 () 12 gy

Therefore, by (87), we have that

ot ) 2oy + B2, )|
dtN (R ’ L%R) (88)

<C(D)|lw(t, )2 + C(Dxw(t, ) 72z

Observe that
C(T)3xco(t, ) Page :C(T)/Raxwaxwdx: —C(T)/Rwaiwdx.

Hence, by the Young inequality,

C(T)[[9xw(t, ) [[F2(m) SC(T)/R|wHa§w|dx:/R C(T)w

xa)‘ dx
2
w(t,") L2(R)’

<C(T)|w(t, ) |F2m) +

Consequently, by (88),

2
w(t,)

L*(R)

< C(D)w(t, )2

d
ot ) T +

The Gronwall Lemma and (80) give

2,C(T)t  pt
2 pre —c(T
lo(t, ey + 55— [ eCDs

Equation (17) follows from (79) and (89).
O

2
%w(s,-) HLZ(R)dS < eC(T)tHwOH%z(R). (89)
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4. Discussion

In this paper we studied the Cauchy problem of the fifth order
Kudryashov-Sinelshchikov equation. Our argument is based on several a priori estimates
on a sixth order approximation of the equation. The compactness of such approximations is
obtained using the Aubin-Lions Lemma. Finally, we obtained the uniqueness of solutions
proving a stability estimate with respect to the initial conditions.
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