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1. Introduction

The Banach contraction principle (abbreviated as BCP in the sequel) is a simple but
very natural and foundational result of metric fixed point theory, which asserts that every
contraction self-mapping defined on a complete metric space admits a unique fixed point.
A very early and noted generalization of BCP is essentially due to Browder [1], which
utilizes a function ¢ : [0, +00) — [0, +00) satisfying i(t) < t for each t > 0, wherein ¢ is
often referred as a control function intended to generalize the term ap(p, ), (wherew € [0,1)
and p is a metric). While doing so, Browder [1] called a self map T defined on a metric
space (M, p) to be a nonlinear contraction if p(Tp, Tq) < ¥(p(p,q)) forall p,qg € M,
where ¢ is hypothesized to be increasing and right continuous. Thereafter, many authors
generalized the Browder fixed point theorem by slightly altering the properties of underlying
control functions ¥ (e.g., Boyd—Wong [2] and Matkowski [3]). Recall that the class of control

functions of Boyd and Wong [2] is described as “Q) = {1}7 : [0, 400) — [0, +00) : P(t) <
t for each t > 0 andlimsup i(r) < t for each t > 0} Analogously, Matkowski [3] called

r—tt
a function ¢ : [0,+00) — [0,+00) to be a comparison function if ¥ is increasing and

lim ¢"(t) = 0forall t > 0. Additionally, Matkowski [4] further observed that every

n——+oo
comparison function remains a control function. These two classes of nonlinear contractions

have been studied extensively in recent years, and by now, there exists considerable literature
on such classes of contractions. For more details on metric fixed point theory, one is referred
to [5-7].

In the last two decades, the most significant generalizations/extensions of BCP (cf. [8])
have been established by numerous researchers, namely, Ran and Reurings [9], and Nieto
and Rodriguez-Lopez [10], to ordered metric spaces. Later, Agarwal et al. [11] extended the
results of Ran and Reurings [9] and Nieto and Rodriguez-Lopez via nonlinear contractions,
which was later refined by O’Regan and Petrusel [12]. Thereafter, Alam and Imdad [13]
derived an analogue of BCP employing an amorphous binary relation, which was further
enriched by Alam et al. [14] and Arif et al. [15].
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In 1996, Kada et al. [16] discovered the new idea of W-distance on a metric space
and utilized the same to prove some fixed point results. Thereafter, many authors im-
proved/generalized the classical BCP using W-distances; see the references [17-19]. In 2009,
Razani et al. [20] proved a variant of the classical result under ¢-¢-contractions via
W-distance, which deduces several results of Branciari [21] and Banach [8], etc., under suitable
considerations on ¢ and 1. Most recently, Senapati and Dey [22] obtained a relation-theoretic
version of the classical result using an amorphous binary relation involving W-distance.

The intent of this article is to introduce relatively a weaker contractive condition and
utilize the same to prove relation-theoretic fixed point theorems for a self-mapping on a met-
ric space equipped with a W-distance and a symmetric locally T-transitive binary relation.
Thereafter, we furnish an example which illustrates our results. Additionally, some known
related results are noted as consequences of our newly furnished results. Finally, as an
application of one of our furnished results, an existence theorem for the nonlinear integral
type contractive condition is discussed.

2. Preliminaries

For a subset R of M? (where M is a nonempty set) is called a binary relation on M.
In fact, we often write (p,q) € R in place of pRq. Additionally, the term R | refers to the
restriction of R to E and R |g defined as R N E2, where E C M.

To have a precise and self-contained presentation, we borrow the following notions
and terms utilized by various mathematicians in their respective investigations.

Let M be a nonempty set and R be a binary relation defined on it. Then R is called

e “Amorphous”;

e  “Universal” if R = M?;

e “Empty”if R = Q;

e “Reflexive” if (p,p) € R forall p € M;

e “Symmetric” if (p,q) € R implies (q,p) € R;

e “Antisymmetric” if (p,q) € Rand (q,p) € Rimply p = g;
e “Transitive” if (p,q) € R and (q,z) € Rimply (p,z) € R;
e “Complete” if (p,q) € Ror (q,p) € Rforallp,q € M;

a7

*  “Partial order” if R is “reflexive”, “antisymmetric” and “transitive”.

Throughout this manuscript, N stands for the set of natural numbers, Ny for the set of
whole numbers (i.e., Ny := NU {0}) and R for the set of real numbers. Additionally, we
write R for a binary relation in place of nonempty binary relation.

We adopt the related notions and results, which are needed in our present context.
Inspired by partial order relation (=) found in Turinici [23,24], Alam Imdad [13] intro-
duced the following relatively weaker notions.

Definition 1 ([13]). Let (M, p) be a metric space and R be a binary relation defined on it, then

(i) Any pand qin M are said to be R-comparative if either (p,q) € R or (q,p) € R. We
denote it by [p,q] € R.

(ii) A sequence {pn} C M is called R-preserving if (pn, pn+1) € R forall n € Ny.

(iii) R is called T-closed if for any p,q € M, (p,q) € R = (Tp,Tq) € R.

(iv) R is called p-self-closed, if for any R-preserving sequence {p, } such that p, SN p, there
exists a subsequence {py, } of {p,} with [p,,,p] € R forall k € Ny.

Definition 2 ([25]). Let T, R be a self-mapping and binary relation respectively defined on a

nonempty set M. Then

(i) R is called T-transitive if for any p,q,z € M, (Tp,Tq),(Tq, Tz) € R = (Tp,Tz) € R.

(ii) R is called locally transitive if for each R-preserving sequence {p,} C M (with range
E = {pn : n € N}), R|g is transitive.

(iii) R is called locally T-transitive if for each R-preserving sequence {p,} C T (M) (with range
E = {pn: n € N}), R|g is transitive.
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The following result shows the idea of a class of locally T-transitivity binary relations
being relatively larger than other variants of transitivity:

Proposition 1 ([25]). Let T, R be a self-mapping and binary relation respectively defined on a
metric space (M, p). Then

(i) R is T-transitive < R|r( ) is transitive,

(i) R is locally T-transitive < R|r(pq) is locally transitive,

(iii) ‘R is transitive = R is locally transitive = R is locally T-transitive,

(iv) R is transitive = R is T-transitive = R is locally T-transitive.

Definition 3 ([26]). Let M be a nonempty set and R be a binary relation defined on it, then the
dual relation or transpose or inverse of R, denoted by R, is defined by R~! = {(p,q) € M?:
(q,p) € R}, whereas the symmetric closure of R (denoted by R?) is defined to be the set R UR !
(ie, RS :=RUR.

Proposition 2 ([13]). Let M be a nonempty set and R be a binary relation defined on it,

(p.q) ER° <= [p,g] €R

Proposition 3 ([25]). Let T, R be a self-mapping and binary relation, respectively defined on a
nonempty set M. If R is T-closed, then for all n € Ny, R is also T"-closed, where T" denotes
n'-iterate of T.

Definition 4 ([27]). Let R be a binary relation defined on a nonempty set M. We say that (M, p)
is R-complete if every R-preserving Cauchy sequence in M converges.

Definition 5 ([27]). Let T, R be a self-mapping and binary relation respectively defined on a metric
space (M, p), p € M. Then T is called R-continuous at M if for any R-preserving sequence

{pn} such that p, LN p, we have T (py,) SN T(p). Moreover, T is called R-continuous if it is
‘R-continuous at each point of the underlying space M.

Definition 6 ([28]). Let M be a nonempty set and R be a binary relation defined on it. If E is part
of M, then E is called R-directed if for each p,q € E, there exists z € M such that (p,z) € R
and (q,z) € R

Given M be a nonempty set and R be a binary relation defined on it, we use the
following notations:
(i) F(T):=the set of all fixed points of T,
(iil) M(T,R):={peM:(p,Tp) € R}.
(iii) M[T,R]:={pe M :(p,Tp) and (Tp,p) € R}.
A variant of BCP under amorphous binary relation is contained in [13]:

Theorem 1 ([13]). Let (M, p) be a metric space endowed with a binary relation R. If T is a
self-mapping on M such that the following conditions are satisfied:
(i) (M, p) is R-complete,
(ii) R is T-closed,
(iii) M(T, R) is nonempty,
(iv) Either T is R-continuous or R is p-self-closed,
(v) There exists a € [0,1) such that
o(Tp,Tq) < ap(p,q) forallp,g € Mwith (p,q) € R
then F(T) # @. Moreover, if M is R°-directed, then F(T) is singleton.

Kada et al. [16] introduced the following notion.
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Definition 7 ([16]). We say that a function w : M x M — [0, +o0) is called W-distance on a
metric space (M, p) if the following properties are satisfied:

(p1) < Forany p,g,z € M, w(p,z) < w(p,q) +w(q,2)

(p2) : Ifforany p € Mand q, — qin M, then w(p,q) < liminf, w(p,qn) (ie., w is lower
semi continuous in its second argument),

(p3) : Foreach € > 0, there exists § > 0 such that w(z,p) < § and w(z,q) < & implies that

w(p,q) <e.

Remark 1. Notice that W-distance is not symmetric, which can be described later by the use of
an example.

The following family of mappings is given by Razani et al. [20].
Let { be the class of all continuous functions ¢ : [0,4+00) — [0, +00) satisfying the
following properties:

(C1) : ¢isincreasing,
(C2) :¢(t) > 0forallt > 0.

Lemma 1. If ¢ is a member of { such that ngrfm ¢(ay) =0, then nng a, = 0.

Proof. Suppose, on the contrary, that there exist e > 0 and {n;} for all k € N such that
ap, > € >0
according to ({1), and making the limit superior as k — 0, on both sides, we have

limsup ¢(a,,) > ¢(e) >0,
k—+o0

which is a contradiction, thus lim a, =0. O
n—+00
The following lemmas are required in the proof of the main results.

Lemma 2 ([16]). Let w be a W-distance on a metric space (M, p). If { py } is a sequence in M such
that limy, s 1 co W(Pn, p) = My 400 w(pn, q), then p = q. In particular if w(z, p) = w(z,q) =
0, then p = q.

Remark 2. As w(u,v) = w(v,u) = 0and w(u,u) < w(u,v)+ w(v,u) = 0, implies that
w(u,u) = 0and due to Lemma 2, we have u = v.

Lemma 3 ([16]). Let w be a W-distance defined on a metric space (M, p). We say that {p,} is a
Cauchy sequence in M, if for each € > 0 there exists Ne in N such that m > n > N implies that
W(Pn, Pm) < € (or limm,nﬁwLoo w(pn/ Pm) =0).

The following notion was introduced by Senapati and Dey [22].

Definition 8. Let R be a binary relation defined on a metric space (M, p). We say that a mapping
f: M —= RU{—00,+00} is R-lower semi continuous (or, in short, R-LSC ) at p in M if for
every R-preserving sequence { p, } converging to M, we have liminf, . f(pn) > f(p).

A variant of BCP under a W-distance and amorphous binary relation is contained in [22]:

Theorem 2 ([22]). Let T be a self-mapping defined on a metric space (M, p), wherein (M, p)
equipped with a binary relation R and a W-distance w. Let w be R-lower semi-continuous in
its second argument and Z an R-complete subspace of M with T(M) C Z. Assume that the
conditions (ii), (iii) and (iv) of Theorem 1 along with the following condition holds:
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(v) There exists a € [0,1) such that
w(Tp,Tq) < aw(p,q) forall p,q € Mwith (p,q) € R.
Then F(T) # @. Moreover, if T(M) is R°-directed, then F(T) is singleton.

The attempted improvements in our results are based on the following motivations,
which are as follows:

¢ To extend linear contractions due to Senapati and Dey ([22], Theorems 2.1 and 2.2) to
nonlinear contractions on a metric space endowed via W-distances and symmetric
binary relations.

*  To give an example which demonstrate the utility of our presented results herein.

¢ To discuss several sharpened versions of our main results by considering suitable
assumptions.

e To utilize our results and obtain a result for the integral type contractive condition in
relational metric space involving W-distance.

3. Main Results

Before presenting our main theorems, firstly, we refine the class of control functions,
which is indicated in Razani et al. [20]. Let ¢ be the collection of all mappings ¢ : [0, +c0) —
[0, +c0) satisfying the following conditions:

(91) : ¢ isincreasing,
(0) :limsup, . ¢(r) <t,
(03) :y(t) < tforallt > 0.

Now, we propose two suitable properties of a member ¢ lies in ¢.

Lemma 4. Let i be in O, then 1_1)111 Y"(t) =0 foreach t > 0.
n o]

Proof. For each 0 < ¢, in view of (¢;), we have that {¢"(t)} is a decreasing sequence of
non-negative numbers, and thus there exists € > 0 such that

lim ¢"(t) =€*. 1)

n—+o00

Let, if possible, € > 0, and we set ¢ := limsup " (t). Clearly, v > € In view of (1),

n—+oo

€ = lim ¢"(t) = limsupy”(t) = limsupy(e) < e, which is impossible, hence
n—+o00 N—s4-00 et
lim y"(t) =0foreacht>0. O
n—+00

Proposition 4. If ¢ is in 8, then (0) = 0.

Proof. Suppose on contrary that ¢y(0) = t for some t > 0. As 0 < t and according to (¢;),
we have ¥(0) < y(t) and also, utilizing (93), it allows that t = ¢(0) < (t) < t, which is
impossible, hence (0) = 0. O

Now, we are equipped to prove an existence result under ¢-i-contractions employing
binary relation via the W-distance.

Theorem 3. Let T be a self-mapping defined on a metric space (M, p), wherein (M, p) equipped
with a symmetric locally T-transitive binary relation R and a W-distance w. Let w be R-lower
semi-continuous in its second arqument. Assume that the conditions (i), (ii), (iii) and (iv) of
Theorem 1 along with the following condition holds:

(v) Thereexist ¢ € { and p € O such that
¢(w(Tp, Tq)) < ¢(p(w(p,q))) forall pq € Muwith (p,q) € R.
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Then F(T) # @.

Proof. As M(T,R) # @. Let pg € M(T, R). Construct a sequence {p, } with an initial
point py, that is
pn = T"(po) for all n € Ny. ()

As (po, Tpo) € R, using T is R-closed and Proposition 3, we get
(T"po, T"'po) € R

so that
(Pn, Pns1) € R foralln € Ny. (3)

Thus, the sequence {p, } is R-preserving. Due to symmetry of R, we have
(Pnt+1,Pn) €ER forall n e Ny. 4)

Applying the contractivity condition (v) to (3) and (¢, ), we deduce, for all n € Ny

@(w(pn, Pni1)) P(@(w(pn-1,pn)))
2
(

v (p(w(pn—2,Pn-1)))

¥ (@(w(po, p1)))-

VAN VAN VAR VAN

Making n — +o0, and employing Lemma 4, we get LIT @(w(pn, pns1)) = 0. Using
n (<)

this fact and in lieu of Lemma 1, we have

Wm w(pu, ppy1) = 0. ©)

n—+oo

Now, if (pu, pnt1) € R 50 (Pu+1,pn) € R forall n € Ny (due to symmetric property
of R). Similarly, we have

im w(pys1,pn) =0. (6)

n——+o00

We claim that {p,} is a Cauchy sequence. Suppose on the contrary that {p,} is
not Cauchy. Then there exist two subsequences {py, }, {pn} of {pn} and € > 0 with
k < my < n such that

W(Pmys Pry) = € )

Using (7), there exists kg € N such that my > ko, which implies that

(P, Pry,,) < €. (8)

If mp > ko, and in view of (7) and (8), ny # my1, we can choose n; as a minimal
index such that w(pm,, pn,) > € but w(pm, pp,) < € for px € {Mmp1, Mpyp,- -+, Mk_1}-
Now;, using (5), we have

€ w(pmk’ pnk)

W (Prger Pry_y) + WPy Pry)
€ +W(Pnk,1/}7nk) —e" (as k — +o0).

VAN VANIVAN
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Letting k — o0, we have limy_, , oo @ (P, Pn,) = €. Therefore, for any {kr}:r:"‘l’ such
that w(pm, , pn,, ) tends to €. Denote 6, := ¢(w(pm,,pn,,)) forall r € N, and utilizing
this fact and the continuity of ¢, we have

5k, — @(e)T as r — +oo. )
If v :=limsup;_, W(Pmkﬂr Pnkﬂ) > €, then there exists {kr}::‘l’ such that
w(PmkH_l, Pnkr+1) — Yy > € as r — +oo.

Employing locally T-transitivity of R and (3), we have (pu ,,, Pn;,,,) € R forallr € N.
Now, employing continuity and increasing property of ¢, (9,), contractive condition (v)
and (9), we obtain

ple) <o) = lim @(w(pm,,1 Pry,.r))

r—>+oo

im (W (pmy, . Pny,))

r—>—+00

limsup (d,) < ¢(e) (as ¢(e) > 0,forall € >0),
S €)™

IN

which is a contradiction and hence lim sup w(pmk 1 P ) < €. Now, we have
k—o0

w(pmk’ p"k)
w(pmk’ pmk+1) + w(pmk+1’ pnk+1) + w(pnk+1’ Pnk)-

IN A

Making the limit k — +oo, in the above in-equation besides using (5) and (6), we obtain

e < lLim w(pm,pn,)

k—+oco
< kEToow(pmk’pkarl) + hkriiljopw(lquﬂrpnkﬂ) + kEToow(p”kJrl’p”k) <eg€

which is again a contradiction. Hence, we conclude that

Lim  w(pm, pn) =0. (10)

m,n—r+o0
In lieu of Lemma 3, {p,, } is a Cauchy sequence in M, which is R-preserving by virtue
of (M, p) being R-complete. We now demonstrate that p is fixed on T. To accomplish
this, firstly assume that T is R-continuous. Since {p,} is R-preserving with p, LN [

implies that p,+1 = T(px) SN T(p) (R-continuity of T). Due to the limit’s uniqueness,
we obtain T(p) = p, thatis F(T) # @. Alternately, suppose that R is p-self-closed.

Since {px } is R-preserving such that p, LN p, then there is a subsequence {p;, } of {p,}
with [py,, p] € R, forall k € Ny (the p-self-closedness of R). Utilizing the assumption

(v), [pn, p] € R with py, LN p, Proposition 4 and (¢3), (either ¢(w(py,, p)) is zero or
nonzero)), we have

P(W(Prr, TP)) < po(w(pn, p)) < @(w(pn, p)) forallk € N. (11)

Considering (10), for each € > 0 there exists Ke with n > K¢ such that w(px_, pn) < €.

As py LN p and w(p,.) is R-lower semi continuous, we have

w(pk,, p) < liminfw(pk,, pn) < €.
' k——+o0
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Thus w(pk,, p) < €.Sete = % and K¢ = ny, we have

lim w(py,,p) =0. (12)

k—+0c0

Letting k — +oo in (11), using the continuity of ¢ and using (12), we have

klim w(puy,,, Tp) = 0. according to this fact and (4), we have
—+o00

W (P, TP) < W(Pryes Prgyy) + WPy, Tp) — 0 (as k — +o0),
so that

lim w(py, Tp) =0. (13)

k—+oc0

Making use of (12), (13) and Lemma 2, we have T(p) = p. Hence, p is a fixed point
of T. O

Combining Proposition 1 and Theorem 3, we deduce the following corollary.

Corollary 1. Theorem 3 remains valid if locally, the T-transitivity of R is replaced by any one of
the following hypotheses besides assuming the rest of the hypotheses:

(i) R is transitive;
(ii) R is T-transitive;
(iii) R is locally transitive.

4. Uniqueness Result

Now, in regard of Theorem 3, we state and prove the following uniqueness theorem.

Theorem 4. If in the hypotheses of Theorem 3, the assumption R-directedness of T(M) or
R-completeness of T(M ) is added, then F(T) is singleton.

Proof. Firstly assume that the R-directedness of T(M). In lieu of Theorem 3, we have
F(T) # @. Letl,m € F(T), we need to show that! = m. Asl,m € F(T) C T(M), there
exists z € M, such that (/,z) and (m, z) € R.Since R is T-closed and in view of Proposition 3
and symmetry of R (for all n € Ny), we have (T"(z), T"(I)) € R and (T"(z), T"(m)) € R.
Applying the contractive condition (v) to (T"(z), T"(I)) € R, we have

¢(w(T"(2),1)) Pp(w(T"H(2),1)))
P (¢(w(T"2(2),1)))

VAN VAN VAN PVAN

P (p(w(z1))).

Due to Lemma 4, we obtain EI’E ¢(w(T"(z),1)) = 0 and in lieu of Lemma 1, we have
n [ee]

s n —
ngrfmw(T (z),1)) = 0. (14)
Similarly, we can obtain
: n —
ngrfmw(T (z),m)) =0. (15)

Hence, due to Lemma 2, (14) and (15), we have

I =m.
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Secondly, assume that R|r( () is complete. Then for any [,m € T(M), (I, m) € R
or (m,1) € R; therefore, (I,m), (m,l) € R (symmetry of R). Now, using the contractive
condition (v) to (I,m) € R, we have

p(w(m,1)) < pp(w(m1)) < ¢(w(m,1)).

Thus ¢(w(m,1)) =0, (as ¢(t) > 0, for all t > 0) implies that w(m, ) = 0. Similarly,
w(l,m) = 0. By Remark 2 we have | = m. Thus, in both the assumptions of R |7 (), F(T)
is a singleton. [

Remark 3. Observe that the requirement of the symmetry of a binary relation is not necessary if
condition M(T, R) (utilized in the assumption (iii)) is replaced by M|T, R| in Theorem 4.

5. Illustrative Example

Finally, we furnish an example to validate the utility of Theorems 3 and 4 over corre-
sponding earlier known results.

Example 1. Let M = {1 :n € N} U{0}. For each p,q in M, define a metric p by

_Jrta p#q
e(p.q) {0, D=

and define w by w(p, q) = q. It can be easily seen that w is a W-distance on (M, p). On M, deﬁne
a self-mapping T by T(p) = 2Iﬂ%for all p € M and also ¢, : [0, +00) — [0, -I—oo) by o(t) =
and p(t) = i forall t € [0, +00). Clearly, ¢ € and € 9. Let R := {(p, ) 6 MZ p—q>
0 or g—p < 0} be symmetric closure of a binary relation B := {(p,q) € —q <0},
which is a locally T-transitive. It is easy to verify that R is T-closed, M (T, ) 7& @ and (M, p)
is R-complete. Now, for each (p,q) € R

¢(w(Tp,Tq)) =Tg =577 = 57 = vle@p.q)).
Thus remaining assumptions of Theorem 4 can be easily verified. Observe that p = 0, is the
unique fixed point of T.
Notice that, M(T,R) # @, T is R-continuous and R is T-closed. However, sufficiently
small positive € > 0, choose g = € and p = 0. Now, (p,q) = (0,€) € R,

w(Tp, Tq) = w(T0,Te) = Tqg = < e =aw(p,q)).

€
2¢+1 "~
Therefore, « > 57 +1 as € was very small, € tends to zero, implies that « > 1, which is a
contradiction. Thus contraction condition of Theorem 2 of Senapati and Dey [22] does not work for
the present example.
Incidentally, also, for (p,q) = (0,€) € B,

€
p(Tp.Tq) = p(T0,Te) = Te = 5 —— < ae = ap(p,q))

Same as above, we obtain a contradiction (that is « > 1). Thus contractive condition of
Theorem 1 of Alam and Imdad [13] does not work for the present example under the metrical

consideration.

Now, we deduce some special cases from our main result (that is, Theorem 4).

(i) Onsetting Z = M, ¢(t) = tand ¢(t) = at (« € [0,1)) in Theorem 4, we obtain
Theorem 2 due to Senapati and Dey [22](without utilizing the symmetric property
and locally T-transitivity of R).
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(i) On setting w = p, ¢(t) = t and P(t) = at (« € [0,1)) in Theorem 4, we obtain
Theorem 1 due to Alam and Imdad [13] (without utilizing the symmetry and locally
T-transitivity of R).

(iii) On setting w = p, ¢(t) = tand ¢ € ¥ (condition (d,) is replaced by a continuous
control function or a upper semi continuous control function) in Theorem 4, we obtain
a Corollary 1 contained in [14].

(iv) Onsetting w = p, ¢(t) =t and ¢ € ¢ (without using condition (¢ )) in Theorem 4,
we obtain Theorem 4 contained in [15].

(v) Choosing R = M? (the universal relation) and ¢ in ¢ in Theorem 4 (wherein (9,)
is replaced by upper semi-continuous from the right), the main theorem of Razani
et al. [20] is deduced.

(vi) Ontaking R = M?, (the universal relation), w = p, ¢(t) = tand (t) = at (x € [0,1))
in Theorem 4, we deduce the classical Banach fixed point theorem.

(vii) “Choosing R = M?, (universal relation), ¢(t) = [; 6(t)dt and y(t) = at (x € [0,1)),
where 6 : [0, +00) — [0, +0) is Lebesgue-integrable mapping, which is summable
and [; 0(t)dt > 0 for each € > 0. Clearly, ¢ € { and ¢ € 9. Henceforth in view of
preceding hypotheses, the main theorem of Branciari [21] can be deduced”.

6. An Application

As an application of Theorem 3, we prove a result under ¢-1p type integral contraction
in a metric space equipped with binary relation via W-distance. Suppose C be the set of
mappings y : [0, +00) — [0, -00) satisfying the following:

(I) Consider a mapping p on each compact subset of [0, +c0) along with Lebesgue-

integrablilty of u,

) |y u(t)dt > 0 for alle > 0.

Theorem 5. Let (M, p) be a metric space endowed with a binary relation R, where R is a symmet-
ric and locally T-transitive. Let w be a W-distance on (M, p), which is R-lower semicontinuous in
its second arguments. Let T be a self~mapping on M such that the following condition is satisfied:
For every p,q € M with (p,q) € R and p € C such that

ro9(w(pg))
plw(Tp, 7)) < | p(t)d, (16)
where ¢ € { and iy € 0. Further, if the assumptions, (i)-(iv) of Theorem 3 are satisfied, then T has
a fixed point.

Proof. Consider a mapping T : [0, +-00) — [0, +00) defined by I'(s) = [; u(t)dt, then T is a
continuous increasing function. Therefore, (16) can be written as

¢(w(Tp,Tq)) < (Toy)oe(w(p,q))-

Clearly, I o 7y is increasing due to the composition of the two increasing functions
namely: I'and y and (T o y)(¢) < ¢, for each t > 0 (due to increasingness of I' o 7y and using
the fact that lim,, (I 0 )" (¢) = 0, for each t > 0). Now, we need to show that I' o y verify
the property of 9,. Let {t, } be a sequence in [0, c0) such that ¢, is decreasing with t,, — t*
as n — oo. Then

limsup(Toy)(t,) = T(limsup¢(t,))

ty—tt ty—tt

< (Tog)(t) <t

Thus, I' o v € 8. This ends the proof. [
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