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Abstract: In real Banach spaces, the concept of a-well-posedness is extended to the class of general-
ized hemivariational inequalities systems consisting of two parts which are of symmetric structure
mutually. First, certain concepts of a-well-posedness for generalized hemivariational inequalities
systems are put forward. Second, certain metric characterizations of a-well-posedness for generalized
hemivariational inequalities systems are presented. Lastly, certain equivalence results between strong
a-well-posedness of both the system of generalized hemivariational inequalities and its system of
derived inclusion problems are established.
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1. Introduction

Tykhonov’s well-posedness put forward in [1] has been playing an important role
in the study of optimization problems and their related problems such as variational in-
equalities, inclusion problems, Nash equilibrium problems, etc. For more than the last
50 years, a large number of results regarding well-posedness for optimization problems
have been established in the literature; these can be seen, e.g., in [2-11] and the references
therein. In particular, Lucchetti and Patrone [12] extended the concept of well-posedness
for optimization problems to the variational inequalities in 1981. Using Ekeland’s vari-
ational principle, they presented the characterization of Tykhonov’s well-posedness for
minimization problems involving convex and lower semicontinuous (1.s.c.) functions on
nonempty, convex and closed sets.

In 1995, Goeleven and Mentagui [13] first put forward the notion of well posedness
for hemivariational inequalities (HVIs) and established certain elementary results for
well-posed HVIs. Very recently, Wang et al. [14] built the equivalence between the well-
posedness of both the hemivariational inequalities system (SHVI) and its derived inclusion
problems system (SDIP), i.e., an inclusion problems system which is equivalent to the SHVIL
Meanwhile, Ceng, Liou and Wen [15] extended the concept of a-well-posedness to the class
of generalized hemivariational inequalities (GHVIs), gave certain metric characterizations
of a-well-posedness for GHVIs, and established the equivalence between a-well-posedness
of both the GHVI and its derived inclusion problem (DIP), i.e., an inclusion problem which
is equivalent to the GHVI. Additionally, Ceng and Lin [16] introduced and considered
the a-well-posedness for systems of mixed quasivariational-like inequalities (SMQVLIs)
in Banach spaces, and furnished certain metric characterizations of a-well-posedness
for SMQVLIs.
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Suppose that Vi is a real Banach space with its dual Vk* fork = 1,2. Fork = 1,2,
we denote by (-, )y <y, the duality pairing between V; and V;" and by || - ||y, and || - [[y:
the norms of spaces Vi and V}, respectively. It is well known that the product space
V = Vj x V, is still a real Banach space endowed with the norm below:

lully = [lu1|lv, + [luzllv, Yu = (ug,uz) € V.

Fork =1,2,let Ay : V; x V — 2% be a nonempty set-valued mapping, J : V; x V5 — R
be a locally Lipschitz functional on V and f; be a given point in V}.

In this paper, we consider the system of generalized hemivariational inequalities
(SGHVI), which consists of finding u = (uy, 1) € V s.t. for certain (w1, wy) € Aq(ug,up) X
Ap(uy,u2),

(w1 = fi,01 —u)vpxvy + )7 (ua,u2;01 —un) 20 Vo € V4,

(SGHVI) { (w2 = fo,02 = u2)vy vy + J3 (U1, 2,02 —u2) 20 Vo3 € V3,

where, fork #j=1,2, P (ug, Uj; v — uy) indicates Clarke’s generalized directional deriva-
tive of functional J(-, u;) at uy in the direction vy — uy, with J(-,1;) being a functional on Vj
for any fixed uj € Vj, that s,

J(w + Avg — ug), uj) — J(w, u))
A

Ji (g, uj; vx — uy) = limsup
w—rug,AL0

It is worth pointing out that the above SGHVI consists of two parts, which are of
symmetric structure mutually.

In particular, if Ay is a single-valued mapping for k = 1,2, then the above SGHVI
reduces to the following system of hemivariational inequalities (SHVI) investigated in [14]:

Find u = (u1,up) € Vs.t.

(Ar(ur,u2) — f1,01 — ur)vexy, +J7 (ug, ug;01 —ug) >0 Vo €'V,
(SHVI) 1 L
{ (Az(u1,u2) — fo,02 — U2) vy v, + J5 (U1, U202 —12) > 0 Vop € V2.
Inspired by the above research works on well posedness, we shall extend the con-
cept of a-well-posedness to the class of SGHVIs in Banach spaces, present certain metric
characterizations of a-well-posedness for SGHVIs, and establish the equivalence between
the a-well-posedness of both the SGHVI and its SDIP. The architecture of this article is
organized below: in Section 2, we present some concepts and basic tools for further use.
In Section 3, we define certain notions of a-well-posedness for SGHVIs and, under two
assumptions imposed on the operators involved, provide certain metric characterizations
of a-well-posedness for SGHVIs. In Section 4, we establish two equivalence results between
the a-well-posedness of both the SGHVI and its SDIP.

2. Preliminaries

First of all, we recall certain vital concepts and helpful results on nonlinear analysis,
optimization theory and nonsmooth analysis, which can be found in [17-21] . Let E be
a real Banach space with its dual E*. Let v and {v,} be a point and a sequence in E,
and let v* and {v}; } be a point and a sequence in E*, respectively. We use the notations
Uy — U, Uy — vand v}, A v to represent the strong convergence of {v,, } to v, the weak
convergence of {v,} to v and the weak* convergence of {v};} to v*, respectively. Recall
that, if E is not reflexive, then the weak* topology of E* is weaker than its weak topology
and that if E is reflexive, then the weak™* topology of V* coincides with its weak topology.
It is readily known that if {v,} C E, {v}} C E*, v, — vin E and v}, = v* in E*, then
(U}, 0n)ErxE — (V*,U)prxE as n — oo.
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Definition 1. Lef ¢ : E — R be a functional on E. ¢ is referred to as being
(i) Lipschitz continuous on E iff 3L > 0 s.t.

[p(v1) = @(v2)| < Lf[v1 —val[e V1,02 € E;

(ii) Locally Lipschitz continuous on E iff Vv € E, 3 (neighborhood) N(v) and 3L, > 0s.t.
[9(v1) = @(v2)| < Lo[lvr —v2f[e Yoy, 02 € N(v).

Definition 2. Let V;, V, be two real Banach spaces and | : Vi x V; — R be a functional on
Vi x Va. The functional | is referred to as being:

(i) Lipschitz continuous in the first variable iff the functional J (-, vp) : Vi — R is Lipschitz
continuous on V for any fixed vy € Vy;

(ii) Locally Lipschitz continuous in the first variable, iff the functional J(-,up) : Vi — Riis
locally Lipschitz continuous on V4 for any fixed v, € Va.

In a similar way, the Lipschitz continuity and locally Lipschitz continuity of the
functional | : V; X Vo — R in the second variable can be formulated, respectively.

Suppose that ¢ : E — R be a locally Lipschitz functional on E, u is a given point and v
is a directional vector in E. The Clarke’s generalized directional derivative (CGDD) of ¢ at
the point u in the direction v, denoted by ¢°(u; v), is formulated below

¢°(u;v) = limsup p(w+Av) - (p(w)
w—u,AL0 A

According to the CGDD, Clarke’s generalized subdifferential (CGS) of ¢ at u, denoted
by 0¢(u), is the set in the dual space E*, formulated below

dp(u) = {G € E": 9°(;0) = (¢, v)prxE, Vv € E}.

The following proposition provides some basic properties for the CGDD and the CGS;
as can be seen in, e.g., [18,20,22-24]and the references therein.

Proposition 1. Let ¢ : E — R be a locally Lipschitz functional on E and let u, v € E be two given
elements. Then:

(i) The function v — @°(u; v) is finite, positively homogeneous, subadditive and thus convex
on E;

(i1) ¢°(u; v) is upper semicontinuous (u.s.c.) on E x E as a function of (u,v), as a function of
v alone, is Lipschitz continuous on E;

(iii) ¢° (u; —v) = (—)°(u;v);

(iv) For all u € E, d¢(u) is a nonempty, convex, bounded and weak*-compact set in E*;

(v) Forall v € E, one has

¢°(1;0) = max{(Z, v)prxp : & € Ip(u)};

(vi) The graph of the Clarke’s generalized subdifferential dp(u) is closed in E x (w* — E*)
topology, with (w* — E*) being the space E* endowed with the weak™ topology, i.e., if {u,} C E
and {u},} C E* are sequences s.t. uj, € 0¢(uy), ty — u in E and uj, — u* weakly* in E*, then
u* € dp(u).

Definition 3. (i) A single-valued operator T : E — E* is referred to as being monotone, iff

(Tu — Tv,u — V)prxg >0 Vu,v €E;
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(ii) A set-valued operator F : E — 2F" is referred to as being monotone, iff
(u* —v*,u—v) >0 Vu,veEu" €F(u)v e€F(v).

Definition 4 (see [19]). Let S be a nonempty set in E. The measure of noncompactness (MNC) p
of the set S is formulated below

n
u(S) =inf{fe > 0:S C |J S and diam(Sy) < e Vk € {1,2,..,n}},
k=1

where diam(Sy) indicates the diameter of set Sy.

Let A1, A, be the nonempty subsets of E. The Hausdorff metric H(-, -) between A
and A, is formulated by

H(A1, Az) = max{e(A1, Az),e(Az, A1)},

where e(A1, Ay) = sup,¢ 4, d(a, A2) with d(a, A7) = infye a, ||a — b|[E. It is worth pointing
out that certain additional properties of the Hausdorff metric between two sets can be
found in [19]. In addition, we note that [25], if A; and A are compact subsets in E, we
know thatVa € Ay, 3b € Ay s.t.

||61 — b||E S H(Al,Az).

Definition 5 (see [26]). Let H(-,-) be the Hausdorff metric on the collection CB(E*) of all
nonempty, closed and bounded subsets of E*, formulated below

H(A,B) = max{e(A,B),e(B,A)},

for A and B in CB(E*). A set-valued operator F : E — CB(E*) is referred to as being

(i) H-hemicontinuous, if for any u, v € E, the function t — H(F(u + t(v —u)), F(u)) from
[0,1] into [0, +o0) is continuous at 0F;

(ii) H-continuous, if Ve > 0 and V (fixed) ug € E, 36 > 0s.t. Yv € E with |[v — up||g < 6,
one has H(F(v), F(up)) < €.

It is remarkable that the H-continuity ensures the H-hemicontinuity, but the converse
is generally not true. In the end, we recall a theorem in [27], which is very vital for deducing
our main results.

Theorem 1 (see [27]). Suppose that C is nonempty, closed and convex in E and C* is nonempty,
closed, convex and bounded in E*. Let ¢ : E — R be a proper convex L.s.c. functional and v € C be
arbitrary. Assume that Vu € C, 3u*(u) € C* s.t.

(u™(u),u —v)pxe = @(v) — @(u).
Then, Jv* € C* s.t.
(v, u—V)prwg > @(v) — @(u) VYueC.

3. Metric Characterizations of Well-Posedness for SGHVIs

In this section, we introduce certain notions of a-well-posedness for SGHVIs and
establish certain metric characterizations of a-well-posedness for SGHVIs under certain
appropriate conditions.

On the basis of certain notions of well-posedness in [2,15,16,26,28-34], we first intro-
duce certain definitions of a-well-posedness for SGHVIs. For k = 1,2, let a : Vi — [0, +0)
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be convex, continuous, and positively homogeneous, i.e., ay(svg) = sag(vy) for all v, € Vi
and s > 0.

Definition 6. A sequence {u"} C Vi x V, with u" = (uf,u}) is referred to as being an
w-approximating sequence with & = (a1,ay) for the SGHVI iff I(wi, wh) € Aq(uf,ul) x
Ay (ull,ulf),n € Nand 3{e,} C [0,400) withe, — 0 (n — o0) s.t.

(wi = fr, o1 —uf)vesv, +J7 (W], uf; 01 —uf) > —eqaq (01 —uf) Vo € Vy,

(Wi — fo,09 — ”@Vz*sz + J5 (uf, ul;v0 —ul) > —epaz(va —uf) Yoy € Vp.

In particular, if for k = 1,2, Ay is single-valued and wr(xp — yx) = ||xe — villy,
Vxy, yx € Vi, then {u"} is referred to as being an approximating sequence for SHVI (see [14]).

Definition 7. The SGHVI is referred to as being strongly (and weakly, respectively) a-well-posed
with o« = (a1, ay) iff it has a unique solution and every -approximating sequence for the SGHVI
converges strongly (and weakly, respectively) to the unique solution. In particular, if for k = 1,2,
Ay is single-valued and wy (xx — yi) = ||xx — yllv, Vi, Yk € Vi, then the SHVI is referred to as
being strongly (and weakly, respectively) well-posed (see [14]).

It is evident that the strong a-well-posedness of the SGHVI ensures the weak a-well-
posedness of the SGHVI, but the converse is generally not valid.

Definition 8. The SGHVI is referred to as being strongly (and weakly, respectively) a-well-
posed in the generalized sense if the solution set of the SGHVI is nonempty and, for every
a-approximating sequence, there always exists a subsequence converging strongly (and weakly,
respectively) to some point of the solution set. In particular, if for k = 1,2, Ay is single-valued
and oy (xx — yi) = ||xk — Yil|lv, Y, Yk € Vi, then the SHVI is referred to as being strongly (and
weakly, respectively) well-posed in the generalized sense (see [14]).

In a similar way, the strong a-well-posedness in the generalized sense for the SGHVI
ensures the weak a-well-posedness in the generalized sense for the SGHVI, but the converse
is not valid in general. Obviously, the notions of strong and weak a-well-posedness of the
SGHVI put forward in this paper are quite different from those of Definitions 3.1-3.2 and
3.4in Wang et al. [14]. In order to establish the metric characterizations of a-well-posedness
for SGHVIJ, for any € > 0, we first formulate two sets in V = V; x V; below:

Qu(e) = {(ug,up) € V1 x Vo : for some (wq,wy) € Aq(ug, up) x Az(ug, up),
(w1 = fi,01 —un)vexyy + J7 (1, uz;01 —up) > —eaq(v1 —ug) Yoy € Vg,
(w2 = fo,02 —u2) vy v, + J5 (U1, U202 — up) > —€az(v2 — 1i2) Vo, € Va},

and
A,X(€) = {(ul,uz) € Vi xV,: forall ("01,02) e Vi xV,
(1 = fr, o1 —un) vy vy + 7 (w1, u2501 —u1) > —€aq (01 —ux) Vg € Aq(o,u2),
(V2 = fo,02 — U2) vy v, + J5 (11, 2502 — Ug) > —€ap(v2 — up) Vo € Ap(u1,v2)}-

In order to show certain properties of sets (), (€) and A, (€), we first impose certain
hypotheses on the operators Aq, A and | in the SGHVL

(HA): (@) A1 : Vi x Vp — 2¥1 is monotone in the first variable, i.e., Vuq, v, € V; and
u, € Vp,
(o] —uy, 01 — )y, 20 Voi € Ag(o1,u2), 47 € Ag(uy, u2);
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(b) Ay : V4 x V, — 2Y2 is monotone in the second variable, i.e., Yi; € V; and
U, v € Vo,

(v3 —u3,v2 —U2)yzxyy, 20 VO3 € Ax(uy,v2), 1y € Ao(ug, u2);

(€) Ay : Vi x V5 — 2" isa nonempty compact-valued mapping which is #-hemicontinuous;
(d) Az : Vi x V5 — 2" isanonempty compact-valued mapping which is {-hemicontinuous;
(e) Ay : Vi x Vo — 21 is anonempty compact-valued mapping which is #-continuous;
(f) Ay : Vi x Vo — 2" is a nonempty compact-valued mapping which is H-continuous.

(H)): (a) ] : V1 x V, — R is locally Lipschitz with respect to the first variable and
second variable on V; x V;

(b) J(ur,uz) + J(v1,02) = J(ur,v2) + J(v1,u2) Vu = (uy,u2) and v = (v, 02) in
V= Vi X Vs

Lemma 1 (see ([14], Lemma 3.6)). Suppose that the functional | : V1 x V, — R satisfies the
hypotheses (a), (b) in (HJ). Then, for any sequence u" = (uf,uy) € V strongly converging towards
u = (uy,up) € Vand v} € V strongly converging towards vy € Vi, one has

limsup Ji (uf, u5;v)) < JQ (u1, uz;vx), (1)
n—oo

wherek = 1,2.

Proposition 2. Suppose that A1 : Vi X V, — 2V and Ay : Vi x Vp — 2V2 satisfy the hy-
potheses (a), (b), (c), (d) in (HA) and | : V; x Vo, — R satisfies the hypothesis (HJ). Then,
Oy (e) = Ax(€) Ve > 0.

Proof. From the monotonicity of operators A; in the first variable and A; in the second

variable, it follows that (1, — wy,v1 — u1>V1*XV1 >0V € Ay(v1,u2), w1 € Aq(ug,uz), and

(Vo — wp, vy — u2>V2*Xv2 >0V, € Ax(ug,v2), wp € Ap(uy,uz). Hence, it is easy to see that

Oy (e) C Ay(e) for any € > 0. Thus, it is sufficient to show that A,(e) C Q4 (€). In fact,

arbitrarily pick a fixed u = (11, up) € Ay(€). Then, V(v1,v2) € V4 X V,, one has

{ (vi = fr,o1 —un)vexwy + )7 (1, up501 — ) = —eaq (o1 —ug) Vg € Aq(vy,u2), 2)
(va = fo,02 — Ua) vz vy + J3 (U1, U502 — Up) > —€aa (v —uz)  Vvp € Ag(ug, v2).

For any w = (w1, w;) € V3 x Vo and t € (0,1), letting vy := wy; = ug + t(wy — 1)
and vy 1= wy = up + t(wy — up) in (2), we deduce from the positive homogeneousness of
a1 and a, that

(Wit — fi,t(wr —w))ve vy + )7 (u1, uz; t(wy —u1)) = —etag (wy —ug) Ve € Ag(wi g, ),
(wat = fo, t(wa — u2)) vy vy + J3 (1, u2; t(wa — up)) = —€tag(wy —up)  Vewrr € Ap(ug, woy).

Using Proposition 1 (i), we know that the CGDD is of positive homogeneousness with

respect to its direction. So it follows that
(wie = fr,wr —ur)ve sy, + 7 (w1, uzwy —up) > —eaq(wy — uy), Y r € Ag(wir, u2), 3)
(Wap = fo, w2 = Uz) vy vy + J3 (U1, ;w2 — ) > —€ap(wy — uz), Yawns € Az (i, woy).

Since A : Vi x Vo — 2T and Ay : Vy x Vo — 2V2 are nonempty compact-valued
mappings, Aq (w1, u2), A1(u1,up), Az (1, wp,) and Ap(uy, up) are nonempty compact sets.
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Hence, by Nadler’s result [25], we deduce that ¥Vt € (0,1), w1; € Aq(wiy, uz) and
Wyt € Az(ul,wz,t), 31/1,1} € A (ul,uz) and Vot € Az(ul, le) s.t.

llwrr —viellvy < H(A(wr g, u2), Ar(u1, u2)),
ot = vallvy < H(A2(ur, way), Az(u1, u2)).

Since for k = 1,2, Ax(uq,uz) is compact, without loss of generality, we may assume
that vg; — wy € Ag(ug,up) as t — 07 Itis obvious that (wy ¢, up) = (uq, uz) + t[(wy, up) —
(u1,up)] and (uq,wa ) = (uy, uz) + t[(u1,wa) — (u3,uz)]. Since Ay is H-hemicontinuous
for k = 1,2, we obtain that

llwrr —viellvy < H(A(w g, u2), Ar(u1,u2)) — 0 ast — 07,
lwae = vaullvy < H(Az(u1,wa), A2(u1,u2)) — 0 ast — 07,

which immediately implies that for k = 1, 2,
|wir — wrllve < lwks = vellve + Ve — wirllve — 0 ast — 0. (4)

Thus, taking the limit as t — 0T at both sides of the inequalities in (3), we infer from
(4) that
(w1 = fr,w1 —ur)vy vy + 7 (w1, uzswy —uy) > —eaq(wy —uq),
(w2 = fo, w2 — u2) vz xvy + J5 (U1, u2; w2 — ) > —€a(wa — uz),

which, together with the arbitrariness of w = (wy,w;) € Vi x V,, implies that
Ay (€) C Qq(€). This completes the proof. [

Lemma 2. Suppose that Ay : V; x Vo — 2Y1 and Ay : Vi x Vo — 2Y2 satisfy the hypotheses
(a), (D), (e), (f) in (HA), and | : V1 x Vo — R satisfies the hypothesis (HJ). Then, for any
€>0, Qu(e) =Ax(e)isclosedinV = Vq x V.

Proof. Since the H-continuity guarantees the H-hemicontinuity, using Proposition 2, one
has Oy () = Ax(€) Ve > 0. Let u”" = (uf,uj) € Ax(€) be a sequence strongly converging
towards u = (uq,up) inV = Vq; x Vo. Then, Vn > 1, 3(w],wh) € Aq(uf,uf) x Ay(ulf,uly)
s.t.
(wi = fr,o1 —uf)vescy, + J7 (Ui, uf; 01 —uy) > —eag (o1 —uf), Vor € W, (5)
(wy = fo,02 = uh)vyxv, + I3 (uf, uf;v2 — uh) > —€az(v2 — uj), Yoz € V.

Since A1 : Vi x Vo — 2V and Ay : Vy x Vo — 2Y2 are nonempty compact-valued
mappings, Ay (uf,uly), Ay (uy,uz), Ay (ulf,u) and Ay(uy,uy) are nonempty compact sets.
Hence, by Nadler’s result [25], one knows that for w} € A (uf, u}) and wj € Ay(uf,uy),
31/{[ S Al(ul,u2) and 31/5’ € A2(1/l1,1/l2) s.t.

||w§l - V?HVI* S H(Al(u}il/ ug)/Al(ul/ MZ)),
[y —v3lvy < H(A2(uf,uz), Ao (u1, u2)).

Furthermore, since for k = 1,2, Ax(uy, u) is compact, without loss of generality, we
may assume that v — wy € Ag(uy,up) asn — oo. For k = 1,2, we note that Ay is
H-continuous. Thus, we obtain that

|| = vi[lve < H(A1(u], u3), A1 (u1,u2)) — 0 asn — oo,
||(/Jg —1/721||V2* < H(Az(ﬂ?,ug),Az(ul,uz)) —0 asn — oo,
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which immediately implies that, for k = 1,2,
o}t = wrllv; < 1l = vitllve + 1} = wgllve = 0 as n = co. (6)

It therefore follows from (6) that

Jim (@} = fi,01 —uf)vpsy, = (@1 = fr, 010 = w1)vixv, ”
,}Lllf.}o(wg — f2,02 — “@v;xvz = (w2 — fo,02 — ”2>V2*><V2-

Moreover, by the hypothesis (HJ) on the functional J, Lemma 1 ensures that
limsup]y (uff, uf; 01 — uf) < J7(ug, ug; 01 —uq),
limsup]; (uf, uf; vy — uf) < J5(uq,u2; 03 — up).

n—oo

Furthermore, using the continuity of &1 and «,, we obtain that, for k = 1,2,

lim (o) — ug) = ax (v — ug)- 9)

Therefore, taking the limsup as n — co at both sides of the inequalities in (5), we
conclude from (7)—(9) that

(w1 = fi, 01 —un)vexwy +J7 (1, u2;01 —up) 2 —eay(v1 —uy) Yoy € Vy,
(w2 = fo,02 —u2) vy vy, + J3 (U1, U202 — p) 2 —€az(v2 —uz) Vop € V3,

which implies that u = (uq,up) € Qu(€) = Ayx(€). Thus, Qu(e) = Aq(e) is closed in
V = Vi x V,. This completes the proof. [J

Theorem 2. Suppose that Ay, : Vi x V, — 2V satisfy the hypothesis (d) in (HA),
Ay Vi xVy = 2% satisfy the hypothesis (e) in (HA), and | : Vi x Vo — R satisfy the
hypothesis (H]). Then, the SGHVI is strongly a-well-posed if and only if

Qu(e) #OVe >0 and diam(Qg(e)) — 0 ase — 0.

Proof. Necessity. Assume that the SGHVI is strongly a-well-posed. Then, the SGHVI
admits a unique solution u = (u1,up) € V5 x V, i.e., for certain (w1, wy) € Aj(uy, up) X
Az (u1, 1),

SGHVI (w1 = fi,01 —un)vexyy + 7 (1, u;00 —up) 20 Vog € W,
(w2 = fo, 02 —w2) vy v, + J5 (U1, 2,02 —2) >0 Voo € V3.

This ensures that u € Q,(€) Ve > 0, i.e., Qu(€) # D Ve > 0. If diam(Qq(€)) /4 0 as
€ — 0, then there exists u” = (uf,u}), p" = (p],p5) € Qu(€n), d>0and0<e;, =0
such that

[0 = p vy vy = 16 = p211v, =+ |18 — pilIv, > d. (10)

By the definition of the a-approximating sequence for the SGHVI, {u"} and {p"}
are two a-approximating sequences. Thus, it follows from the strong a-well-posedness of
SGHVI that {u”} and {p"} both strongly converge towards the unique solution u, which
contradicts (10).

Sufficiency. Suppose that () (€) # @ and diam(Q4(e)) — 0 as e — 0. We claim
that the SGHVI is strongly a-well-posed. In fact, let {u"} with u" = (u},u}) be an
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x-approximating sequence for the SGHVL Then, there exist (w},wj) € Aq(uf,ul) x
Ay (uf,uf),n € N and a nonnegative sequence {e,} with e, — 0 (n — co) such that

(W] — f1,01 — ”T>V1*XV1 + J7(uf, uf;v1 —uf) > —epaq(vy —uff) Vo€V,
(Wh — fo,v7 — ”@Vz"sz + J5(uf, ul;v0 — ul) > —epaa(vy —uf) Yoy €V,

which implies u” € Qu(€,) Vn > 1. Since diam(Qy(€,)) — 0as n — oo, {u”} is a Cauchy
sequence in V = V; x V,. Without loss of generality, we may assume that {u"} strongly
converges towards u = (u1,up) in ¥V = V; x V,.

Now, we claim that u is a unique solution to the SGHVI. Indeed, since operators A;
and Aj; are H-continuous on V = V; x V3, the functional | satisfies the hypothesis (H]J),
and a7 and a; are continuous, so we can obtain by similar arguments to those in (7)—(9) that

(w1 = fi,01 —ur)ve vy + J1 (U1, u2;01 — uq)
> lim (wf — f1,01 — u) v <y, +limsup]} (uf, uf; 01 — uf)
n—ro0 1 n—00

= limsup{(w] — fi, 01 — uf) vy xv, +J7 (W], ug; 01 —uf)}

'7’1%00 .
> lim — ey (01 — uf) = lim — ay(en(vr — uf))
=0.

By a similar way, one has
(wr — fo, 02 — u2>V2*><V2 + J5 (u1,up;v0 —up) > 0.

Therefore, u is a solution to the SGHVI.
Finally, we claim the uniqueness of solutions of the SGHVI. Suppose that u’ is an-
other solution to the SGHVI. Since, for any € > 0, u,u’ € Ou(e), |[lu—u'||ly,xy, <

diam(Q) (€)), which together with the condition diam(Qy(€)) — 0 as € — 0, guarantees
that u = u’. This completes the proof. [

Theorem 3. Suppose that Ay : Vi X Vo — 2T and Ay iV x Vo — 2V2 satisfy the hypotheses
(a), (b), (e) and () in (HA) and | : V1 x Vo — R satisfy the hypothesis (HJ). Then, the SGHVI is
strongly a-well-posed in the generalized sense if and only if

Qu(e) #OVe >0 and pu(Qqu(e)) — 0 (e — 0).

Proof. Necessity. Suppose that the SGHVI is strongly a-well-posed in the generalized
sense. Then, the solution set S of the SGHVI is nonempty, i.e., S # @. This ensures that
Q4 (€) # @ Ve > 0because S C O, (€). Moreover, we claim here that the solution set S of
the SGHVI is compact. In fact, for any sequence {u"} C S with u”" = (u,u}), {u"}is
an a-approximating sequence for the SGHVI and thus there exists a subsequence of {u"}
strongly converging towards a certain element of S, which implies that S is compact. To
complete the proof of the necessity, we claim that j1(Q(€)) — 0ase — 0. From S C Q,(€),
it follows that

H(Qu(€),S) = max{e(Q(€),S),e(S, Qu(€))} = e(Qu(€),S).
Since the solution set S is compact, one has
1(Qu(e)) < 2H(Qu(e), S) = 2e(Qu(e), ).

Now, to prove p(Qq(€)) — 0as e — 0, it is sufficient to show that e(Q,(€),S) — 0
as € — 0. On the contrary, assume that ¢(Q4(€),S) /# 0as e — 0. Then, there exists a
constant [ > 0, a sequence {e,} C [0,00) with e, — 0and u" € Qy(€,) such that

u" ¢ S+ B(0,1), (11)
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where B(0,1) is the closed ball centered at 0 with radius I. Since u” € Q,(e,) with
€n — 0, {u"} is an a-approximating sequence for SGHVI. Thus, there exists a subsequence
converging strongly towards a certain element u € S due to the strong a-well-posedness
in the generalized sense for SGHVI. This contradicts (11). Consequently, 3 (Q4(€)) — 0 as
€ —0.

Sufficiency. Assume that Q,(€) # @ Ve > 0 and p(Qq(€)) — 0 (¢ — 0). We claim
that the SGHVI is strongly a-well-posed in the generalized sense. In fact, we observe that

S =) Qule).

e>0

Furthermore, since 3 (Qy(€)) — 0 (¢ — 0) and Q4 (€) is nonempty and closed for any
€ > 0 (due to Lemma 2), it follows from the theorem in ([19], p. 412) that S is nonempty
compact and

e(Qqu(€),S) = H(Ou(€),S) -0 € —0. (12)

Now, to show the strong a-well-posedness in the generalized sense for the SGHVI,
let {u"} C Vi x V, with u" = (u}, u}) be an a-approximating sequence for the SGHVL
Then, there exists (w},wh) € Aj(uf,ul) x Ay(uf,uf),n € N and {e,} C [0,+0c0) with
€n — 0 (n — o0) such that

(W] = f1,01 — u?)vl*xv] + J3(uf, uf;v1 —uf) > —eqaq(vy —uff) Vo€V,
(Wi = fo, 02 —uy)vyxv, + I3 (U], uz;v2 — uy) > —€paz(v2 —uy) Voa € V3,

which yields u” € Q4 (ey). This, together with (12), leads to
d(u",S) < e(Qu(en),S) — 0.
Since S is compact, there exists @”" € S such that
[lu" —a" ||y, xv, =d(u",5) = 0.

Again from the compactness of the solution set S, one knows that {@"} has a sub-
sequence {a"k} strongly converging towards a certain element @ € S. Thus, it follows
that

™ = v xv, < [[u™ —a™[|vyxv, + [0 =ally, <y, =0,

which immediately implies that the subsequence {u} of {u"} strongly converges towards
@. Therefore, the SGHVI is strongly a-well-posed in the generalized sense. This completes
the proof. [

It is remarkable that Proposition 2, Lemma 2 and Theorems 2-3 improve, extend
and develop Lemmas 3.7-3.8 and Theorems 3.10-3.11 in [14] to a great extent because
the SGHVI is more general than the SHVI considered in Lemmas 3.7-3.8 and Theorems
3.10-3.11 of [14].

4. Equivalence for Well-Posedness of the SGHVI and SDIP

In this section, we first introduce the systems of inclusion problems (SIPs) in the
product space V = V; x V, and then define the concept of a-well-posedness for SIPs.
Moreover, we show the equivalence results between the a-well-posedness of the SGHVI
and a-well-posedness of its SDIP.

Let Vi and V; be two real Banach spaces with V|" and V; being their dual spaces,
respectively. Suppose that, for k = 1,2, I'; is a nonempty set-valued mapping from
V1 x V, to V. A system of inclusion problems (SIP) associated with mappings I'1 and I'; is
formulated below:
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Find u; € V4 and up € V; such that

01 € Ty (ug, up),
SIP 13
(SIP) { 0 € Tp(uy, up), (13)

where for k = 1,2, 0 € V| represents the zero element in V7. For simplicity, we use the
symbols below:

u= (Lll,uz) eVix VWV, 0= (01,02) S Vl* X VZ* and F(u) = (Fl(u),Fz(u)) S Vl* X Vz*.

This allows us to simplify the SIP as follows:
Findu € V = V; x V; such that

0 €I(u).
Definition 9. A sequence {u"} C Vi x Vo with u" = (ul,u}) is called an a-approximating se-

quence for the SIP if 3p" = (p{, py) € T(u"), n € Nand 3{e,} C [0, +00) with ||p"|[vsx vy +
€, — 0asn — oo, s.t.

(Pl o1 —ul)vexy
(P2, 02— up)vsxv,

> —epnq(v1 —ufj) Vo € Vi, neN,

> —epnp(vp —ufy) Vv, € Vo, nmeN.

Definition 10. The SIP is referred to as being strongly (and weakly, respectively) a-well-posed
if it has a unique solution and every a-approximating sequence converges strongly (and weakly,
respectively) to the unique solution of the SIP.

Definition 11. The SIP is referred to as being strongly (and weakly, respectively) a-well-posed
in the generalized sense if the solution set S of the SIP is nonempty and every a-approximating
sequence has a subsequence strongly converging (and weakly, respectively) towards a certain element
of the solution set S.

In order to show that the a-well-posedness for the SGHVI is equivalent to the a-well-
posedness for its SDIP, we first furnish a lemma which establishes the equivalence between
the SGHVI and SDIP.

Lemma 3. u = (uy,uy) € Vi x Vy is a solution to the SGHVI if and only if it solves the
following SDIP:
Find u = (uy,up) € Vi x V, such that

f1 € A1(uq,up) +01](uq,uz),
(SDIP) { fa € Ax(uy, up) + 02] (w1, uz),

where, for k # j = 1,2, 0xJ(u1, uz) denotes the CGS of ] (-, u;) at uy.

Proof. First of all, we claim the necessity. In fact, assume that u = (u1,up) € V=V, x V;
is a solution of the SGHVI, i.e., for certain (w1, wy) € A1(uq,up) X Ap(uy, uz),

{ (w1 = fi,o1 —u)vesyy +J7 (ur,u2;01 —ug) 20 Vog € Vg, (14)

(w2 = 2,02 —u2)vy v, +J5 (U1, 2,02 — 1) 20 Vo € V).

Forany w = (wy, wp) € Vi x Vp, lettingvy = uy3 +wy € Viand vy = up+wp € Vo in
(14), we obtain that

J3 (ur, up;w1) = (fi — wi, wi) vy vy,
J5 (u1, u2;w2) > (fo — w2, 2) vz vy
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It follows from the definition of the CGS and the arbitrariness of wy € Vi, k = 1,2 that

{ f1 € wy +01](ug, u2) C Aq(u,up) + 01 (ug, u2),
f2 € wy + 9] (u,u2) C Az(uy, up) + 92 (u,u2),

which implies that u = (u9,up) € V; X V; is a solution to the SDIP.
Sufficiency. Suppose that u = (uq,up) € V = V4 x V; is a solution to the SDIP, i.e.,

{ fi € Ar(ug, uz) 4 01J (uy, u2),
f2 € Ax(uq,up) + 02 (ug, uz).

It follows that, for k = 1,2, there exist wy € Ag(u1,u2) and i € 0xJ (11, u2) such that

fi=wi+m,
{ fo=wz+ 12 (15)

For any v = (v1,v2) € V = Vj X V;, by multiplying both sides of the equalities in (15)
with v —u; € V] and vy — up € V,, respectively, we deduce, by the definition of the CGS,
that

(foor—um)vpxy, = (w1 +1,01 —u1)vexy,
= (w1, 01 — u1) vy + (11,01 — u1)vy v
< (w1, 01 — vy + I3 (ua, 12,01 — 1),

and
(fov2 —w)vyxv, = (w2+12,02—u2)vsxy,
= (wy, vy — u2>V2*><V2 + (112,02 — u2>VZ*><V2
< (w2, 02 — uz)vy v, + J3 (U1, 12,02 — ).

Therefore, u is a solution of the SGHVI. This completes the proof. [

Let E be a real reflexive Banach space with its dual E*. We denote by J the normalized
duality mapping from E* to its dual E**(= E) formulated by

JW) ={x € E: (v, x)pxp = |V|[E- = [Ix|[E} VveE

Theorem 4. Let V} and V, be real reflexive Banach spaces. Then, the SGHVI is strongly a-well-
posed if and only if its SDIP is strongly a-well-posed.

Proof. Necessity. Suppose that the SGHVI is strongly a-well-posed. Then there exists a
unique u = (u1,up) € V = V; x V; settling the SGHVL It follows from Lemma 3 that u
is the unique solution of the SDIP. To show the strong a-well-posedness for the SDIP, we
let u” = (u}, u}) be an a-approximating sequence for the SDIP. We claim that u” — u as
n — oo. In fact, one knows that there exists a sequence p” = (pf, p5) € V x Vj/,n € Nand
asequence {€,} C [0, +0c0),suchthatforeachk = 1,2, p} € Ar(uf,uy)— fi+0rJ(ul,uf),
1" [V xvy +€n — 0asn — oo and

—epr1 (v —uf) Vo€ Vi,neN,

{pi,o1 —ul)vixvy (16)
—Enaz(?)z — ug) Vv, € Vp,n € N.

>
<p§/02 - ug>V2*><V2 >
It is obvious that for k = 1,2, there exists w}' € Ag(u},u3) and 5} € 9] (uf, uy), such

that
p;l:w?ff1+17'11, 17
{ Py =w; — fati. (7)



Symmetry 2022, 14, 1341

13 of 17

For k # j = 1,2, using the definition of the CGS 9] (uf, u}) of ](-,u]’.’) at ujl and
multiplying both sides of the equalities in (17) with vy — uj’ € V;, we obtain from (16) that

1= fuor—uf)veswy + 7 (uf, ug; 01 — uf)
(wi = fr,o1 —uf)vexv, + (11,01 — uf)ve sy
<p;il,01 — uT>VfXV1 > —6,1061(?)1 —u’f) Yo, € Vy,

v g

and

(W} — fo, 02 — uh) vy v, + J5 (uf, ug; 02 — uf)
(wy = fo,02 = uh)vzxv, + (113,02 — Uy vy xvy
(P, v2 —uh)vyxv, = —€na(v2 —uy) Vou € V),

Therefore, we deduce that {u"} is an a-approximating sequence for the SGHVL. Thus,
it follows from the strong a-well-posedness for the SGHVI that {u"} strongly converges
towards the unique solution u. This ensures that the SDIP is strongly a-well-posed.

Sufficiency. Suppose that the SDIP is strongly a-well-posed. Then, there exists a
unique solution u of the SDIP, which, together with Lemma 3, implies that u is also the
unique solution of the SGHVL Let {u" } be an a-approximating sequence for the SGHVL
Then, there exist (w},wy) € Aq(uf,u}) x Ax(uf,u}),n € N and {e,} C [0,40c0) with
€y — 0 (n — o0) such that

(Wi = fr, o1 —uf)vesy, + J7 (U], uf; o1 —uj) > —€qar (o1 —uf) Vo € Vi, (18)
(wy = fo, 02 —uh) vz vy + J5 (U], uy;v2 — uy) > —€paz(v2 —uy) Vo € Va.

Using Proposition 1 (v), one observes that

J3 (uf, uy;01 — uf) = max{(hy, 01 — uj)vexy, : 1 € ] (uf,uz)},
J5 (uf, uy; v — uz) = max{({ha, v — uy)vyxv, : ha € 02 (uf, uy)}.
Thus, for any (v1,v2) € Vi x V,, there exist hy(uf,uf,v1) € 01J(uf,u}) and
ho(ull, uy,vp) € 02 (uf, uy) such that
(w’f —fl,vl — u¥>V1*XV1 + (hl(u{’,ug,vl),vl — u¥>V1*XV1 > —enDél(Ul — M?) Vvl eW, (19)
(W — fo,v2 — ’45'>V2*xvz + (ho(uf, uf,v2),v2 — u§'>vz*xvz > —eptp(vy —uf) Voo € Vs

By Proposition 1 (iv), we know that 9 ](u},u}) and 9] (u}, u}) are nonempty, con-
vex, bounded and closed subsets in V" and V', respectively, which imply that, for each
k = 1,2, the set {w} + hx — fi : hx € o J(u,uj)} is also nonempty, convex, bounded
and closed in V. Therefore, for each k = 1,2, it follows from (19) and Theorem 1 with
¢(-) = enar(- — uy), which is proper, convex and continuous, that there exists a
hi € o] (u},ul), which is independent on vy, such that

(Wi = f,or —uf)vexy, + (W, 01 —uf)vecy, 2 —€nag (01 —uf) Vog € W, (20)
(Wi = fo,02 —uy)vyxv, + (M3, 02 — u3) vy v, 2 —€nta(v2 —uy) Vo3 € Vi
Therefore, it follows that
(Pl —ul)vexy, = —enar(v1 —uf) Vo € 1, (21)
(p5,v2 — u£’>v2*xv2 > —eptp(vp —uh) Voo €V,

where p} = w}! — fi + hj for k = 1,2. It is readily known that for k = 1,2,

pr = wi — fet g € Ac(ul,uy) — fie + 0] (], u3). (22)
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Then, to show that |[p"||v:xv; — 0asn — oo, it is sufficient to show that || p}!| |Vk»« -0
asn — oo for k = 1,2, that is, for any ¢ > 0, there exists an integer N > 1 such that
|Ipllvy < eforalln > N. In fact, note that Vj is reflexive, i.e., Vi = V. According to the
normalized duality mapping Ji from V}* to its dual V;* (= Vj) formulated below

Te(v) = {xx € Vie: (ve x) v v = Nl = Il B} Vi € Vg,
we know that for each 1 € N, there exists i (p) € Ji(p}) such that
(PE 3P ve v, = PRI, = 1P

For k = 1,2, putting vy = uj} — fk(p]’j) in (21), we obtain

(P =T (P vy v, > —eno(—Ji(pi)),

that is,
1PEIY: < enac(—Ji(pi)). (23)

If [[pg|lvs #+ 0as n — oo, then there exists ¢x > 0 and for each j > 1, there exists ij
such that )
j
Py Il = ek

ji(p)
HPk] ||Vk*
neousness and continuity of ay, we conclude from (23) that

Taking into account ||ey, |lv, = 0asj — oo, and using the positive homoge-

Ny
n; €n: ~ n: ’( ])
g <P llv: < ——ar(—ji(py)) = ax(—en, 25

k ||Pk]\|vk* J||Pk]\|vk*

) — 0 asj— oo,

which reaches a contradiction. This means that ||p}| \Vk»« — 0asn — oo for k = 1,2. Hence,
the sequence {u"} with u" = (u}, u}) is an a-approximating sequence for SDIP. Thus,
it follows from the strong a-well-posedness for the SDIP that {u”} strongly converges
towards the unique solution u in V; x V,. Therefore, the SGHVI is strongly a-well-posed.
This completes the proof. [

Using arguments similar to those in the proof of Theorem 4, one can easily prove
the following equivalence between the strong a-well-posedness in the generalized sense
for the SGHVI and the strong a-well-posedness in the generalized sense for the SDIP. In
fact, we first denote by U the solution set of the SGHVI. Note that the SGHVI is strongly
a-well-posed < U = {u} and V (a-approximating sequence) {u, } for the SGHVI it holds
u, — u, and that the SGHVI is strongly a-well-posed in the generalized sense < U # @
and V (a-approximating sequence) {u,}, 3{uy;} C {u,} st. uy;, — u for some u € U.
After substituting the strong a-well-posedness in the generalized sense for the SGHVI (and
SDIP, respectively) into the strong a-well-posedness for the SGHVI (and SDIP, respectively)
in the proof of Theorem 4, we can deduce the conclusion of the following Theorem 5.

Theorem 5. Let Vi and V, be real reflexive Banach spaces. Then, the SGHVI is strongly a-well-
posed in the generalized sense if and only if its SDIP is strongly a-well-posed in the generalized
sense.

It is remarkable that, not only in [14] (Theorem 4.5), Wang et al. proved that the
SHVI is strongly well-posed if and only if its SDIP is strongly well-posed, but also in [14]
(Theorem 4.6), they proved that the SHVI is strongly well-posed in the generalized sense
if and only if its SDIP is strongly well-posed in the generalized sense. Compared with
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Theorems 4.5 and 4.6 of [14], our Theorems 4 and 5 improve and extend them in the
following aspects:

(i) The strong well-posedness for the SHVI and its SDIP in [14] (Theorem 4.5) is
extended to develop the strong a-well-posedness for the SGHVI and its SDIP in our
Theorem 4.

(ii) The strong well-posedness in the generalized sense for the SHVI and its SDIP
in [14] (Theorem 4.6) is extended to develop the strong a-well-posedness in the generalized
sense for the SGHVI and its SDIP in our Theorem 5.

5. Conclusions

In this article, we extended the concept of a-well-posedness to the class of generalized
hemivariational inequalities systems (SGHVIs) consisting of the two parts which are of
symmetric structure mutually. In real Banach spaces, we first put forward certain concepts
of a-well-posedness for SGHVIs, and then provide certain metric characterizations of a-
well-posedness for SGHVIs. Additionally, we establish certain equivalence results of strong
a-well-posedness for both the SGHVI and its system of derived inclusion problems (SDIP).
In particular, these equivalence results of strong a-well-posedness (i.e., Theorems 4 and 5)
improve and extend Theorems 4.5 and 4.6 of [14] in the following aspects:

(i) The strong well-posedness for the SHVI and its SDIP in [14] (Theorem 4.5) is
extended to develop the strong a-well-posedness for the SGHVI and its SDIP in our
Theorem 4.

(ii) The strong well-posedness in the generalized sense for the SHVI and its SDIP
in [14] (Theorem 4.6) is extended to develop the strong a-well-posedness in the generalized
sense for the SGHVI and its SDIP in our Theorem 5.

On the other hand, for k = 1,2, let Gy : Vx — R U {+0c0} be a proper convex and
lower semicontinuous functional, and gy : Vx — Vi be a continuous mapping. Denote by
domG; the efficient domain of functional Gy, that is, domGy := {uy € Vi : Gi(ug) < +oo}.
Consider the system of generalized strongly variational-hemivariational inequalities
(SGSVHVI), which consists of finding u = (u1,up) € V = V; x V, such that for some

(w1, w2) € A1(&1(u1),u2) x Az(u1, $2(u2)),

(w1 = fr, o1 = &) vexwy + J7 (ur, u2;01 — §1(u1)) + Gi(01) — Gi(&1(ma)) 20 Vor € Vg,
(w2 = f2,02 — G2 (u2) vy xvy + 5 (1, u2;v2 — §2(u2)) + G2(02) — G2(§2(u2)) =2 0 Vo, € Vo

It is worth mentioning that the above SGSVHVI also consists of two parts which are of
symmetric structure mutually.

In particular, if G¢(vy) = 0 Vor € Vi and gy is the identity mapping on Vj, then
the above SGSVHVI reduces to the SGHVI considered in this article. Additionally, if Ay
is a single-valued mapping for k = 1,2, then the above SGSVHVI reduces to the SHVI
considered in [14].

Finally, it is worth mentioning that part of our future research is aiming to generalize
and extend the well-posedness results for SGHVIs in this article to the above class of
SGSVHVIs in real Banach spaces.
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