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Abstract: Each traceable graph must be a block-chain; however, a block-chain is not necessarily
traceable in general. Whether a given graph is a block-chain or not can be easily verified by a
polynomial algorithm. It occurs to us that forbidden subgraph conditions for a block-chain are
traceable. In this article, we characterize all pairs of disconnected forbidden subgraphs for the
traceability of block-chains, so as to completely solve pairs of forbidden subgraphs for the traceability
of block-chains (including disconnected and connected).
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1. Introduction

The Hamiltonicity of graphs is a very important and far-reaching research topic in
structural graph theory. The origin and development of this problem is closely related to
the famous Four-Color Conjecture. Therefore, it has attracted the attention of many experts
and scholars at home and abroad. The traceability of graphs is also closely related to the
research of Hamiltonicity in structural graph theory. In terms of algorithmic complexity, it
is NP-complete to determine whether a graph is traceable.

In the paper, we only discuss the finite simple graphs. The undefined terminology
and notations can be found in Bondy and Murty [1].

Let G = (V(G), E(G)) be a connected graph. We denote the size, order, connectivity,
independence number, and component number of G by e(G),n(G),x(G),a(G), and w(G),
respectively. Let u be a vertex of G. The set of vertices that are the neighbors of u in the
graph G can be denoted by Ng(u). Let S be a subset of V(G)(or E(G)). We denote the
induced subgraph of G by G[S]. Moreover, we use G — S to denote the subgraph G[V(G)\S],
respectively. For a positive integer I, we define V;(G) = {v € V(G)|dg(v) = 1}.

If a graph includes a Hamilton cycle, then it is said to be to be Hamiltonian, and if
it includes a Hamilton path, then it is said to be traceable. Sufficient conditions for the
traceability of graphs mainly include the following two categories: one is described from
the perspective of parameters, among which the independence number, degree sum,
minimum degree, and neighborhood union are commonly used; the other is forbidden
certain subgraphs from the perspective of structural graph theory.

Let H be a given graph. If G does not include induced copies of H, then a graph of
G is called H-free, and H is said to be a forbidden subgraph of G. For a class of graphs H,
if G is H-free for each H € H, then the graph G is H-free. It should be mentioned that each
Hj-free graph is also Hp-free if H; is an induced subgraph of H>.

As always, K, is used to denote the complete graph of order 1, and Ky, is used to
denote the complete bipartite graph such that partition sets are of size m and n. As a
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result, a vertex is denoted by Kj, a triangle is denoted by K3, and a star is denoted by Kj ,
(moreover, the Kj 3 is said to be a claw). Let Ky (1, u’) be a Ky satisfying u, u’, being the
nonadjacent vertices of degree t. Let K} ,(u,u’,u") be the graph acquired from a Ky (u, u")
by adding a new vertex u” that is adjacent to u’ only. Let S(m, I) be the graph acquired from
a Ko u(u,u') and a K (w, w', w") by identifying u with w and w" with u’ (see Figure 1).

u u=w
[
u" u' u'=w w'

K, (uu',u') S(3,2)
Figure 1. Some graphs with small parameters.

Here are some graphs that will be used later (see Figure 2):
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Figure 2. Some classes of graphs.

* P, the path having i vertices (it should be noted that P; = K; and P, = K3);

*  Z; agraph acquired by identifying an end-vertex of a P; with a vertex of a K3;

* B, a graph acquired by identifying an end-vertex of a P;;1 and P;; 1 with the two
vertices of a K3, respectively;

* Nk agraph acquired by identifying an end-vertex of a P; 1, Pj1, and Py 1 with the
three vertices of a K3, respectively;

* T,,x(v), a graph acquired by identifying an end-vertex of three paths P; 1, Pj, 1, and
Py 1 with one vertex v, respectively; moreover, when there is no scope for confusion,
we use the notation T; ;x to denote T; ;(v);

e L; agraph acquired by identifying an end-vertex of a P, with a vertex of a K;.

A graph is an empty graph (no edge in the graph), if it is P,-free. A graph is a clique if
it is 2K -free. It is not too difficult to check that the graph is traceable. For fear of this trivial
case, we just consider that our forbidden subgraphs have at least three vertices throughout
the whole article.

Bedrossian [2] characterized all pairs {R, S} of connected forbidden subgraphs for
Hamiltonicity. Chen et al. [3] considered pairs of forbidden subgraphs that force Hamil-
tonicity in a graph of high connectivity. Xiong et al. [4] considered pairs of forbidden
subgraphs for the edge-connectivity of a connected graph. The most representative result
of a traceable graph obtained by adding the forbidden subgraph condition is the conclusion
about pairs of forbidden subgraphs [5].

Faudree and Gould [5] extended Bedrossian’s result and characterized all the pairs
{R, S} of connected subgraphs for traceability.

Theorem 1 ([5]). Let R and S be connected graphs such that R, S # Ps, and let G be a connected
graph. Then, G with {R, S }-free indicates G is traceable if and only if (up to symmetry) R = Ky 3
and S is an induced subgraph of Ny 1 1.
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With more and more in-depth research on forbidden subgraphs, most studies focus on
connected forbidden subgraphs, while the research on disconnected forbidden subgraphs
is very few and just started. The first people who studied disconnected forbidden sub-
graphs were Li and Vrana [6]. They come up with the disconnected forbidden subgraphs
and characterized all pairs of disconnected forbidden subgraphs for Hamiltonicity.

Theorem 2 ([6]). Let S be a graph with |V (S)| > 3. Then, every two-connected S-free graph is
Hamiltonian if and only if S is P3 or 3Kj.

Theorem 3 ([6]). Let R and S be graphs of order at least three other than P3 and 3K;. Then, there
exists an integer ng satisfying every two-connected {R, S }-free graph of order at least ny that is
Hamiltonian, if and only if one of the following is true (up to symmetry):

* R =Kjy3andS isan induced subgraph of Ps, Z3, No12,N111,K1 U Z2, Ko U Zy1, or K3 U Py;
* R=Kj,withk > 4and S is an induced subgraph of 2K; U Ky;
e R =kKjwithk > 4and S is an induced subgraph of L; with 1 > 3, or 2Ky U Ky with I > 2.

So far, more and more scholars have begun to study pairs of disconnected forbidden
subgraphs and many results have been obtained. Xiong et al. [7] considered the pairs of
disconnected forbidden subgraphs for a two-factor connected graph. In [8], Du, Li and
Xiong extended the result made by Faudree and Gould [5] and characterized all pairs of
disconnected forbidden subgraphs for traceability.

Theorem 4 ([8]). Let S be a graph with |V(S)| > 3. Then, every connected S-free graph is
traceable if and only if S is P3 or 3Kj.

Theorem 5 ([8]). Let R and S be graphs of order at least three other than P3 and 3K;. Then,
there exists an integer ng satisfying every connected {R, S }-free graph of order at least ny where is
traceable, if and only if one of the following is true (up to symmetry):

* R =Kj3and S isan induced subgraph of Ny 11, Ky U Zq, or 2K; U K3;
o R=Kj,withk > 4and S is an induced subgraph of 2K; U Kp;
e R =kKjwithk > 4and S is an induced subgraph of L; with | > 3, or 2Ky U Ky with I > 2.

Let G be a graph. If it does not have separating vertices and is connected, then G
is called nonseparable. We define a maximal nonseparable subgraph (P;, or P,, or two-
connected) of G as a block of G. We use end-block to denote the block that includes exactly
one cut vertex of G. If a graph has connectivity 1 and has exactly two end-blocks or is
nonseparable, then it is called a block-chain. We should pay attention that each traceable
graph must be a block-chain; however, a block-chain is not necessarily traceable in general.
Whether a given graph is a block-chain or not can be easily verified by a polynomial
algorithm. Many graphs employed in the “only if” part of the proof of Theorem 1 are
not block-chains (and are therefore trivially non-traceable). It occurs to us that forbidden
subgraph conditions for a block-chain are traceable. In [9], Li, Broersma, and Zhang
characterized all pairs of connected graphs R and S other than P;, ensuring that every
{R, S}-free block-chain is traceable.

Theorem 6 ([9]). The only connected graph S satisfying a block-chain with S-free indicates it is
traceableP;.

Theorem 7 ([9]). Let R and S be connected graphs such that R, S # Ps. Then, a block-chain with
{R, S}-free indicates it is traceable if and only if (up to symmetry) R = Ky 3 and S is an induced
subgraph of Ny 13, 0r R =Ky 4and S = Py.

It is natural that we consider pairs of disconnected forbidden subgraphs for the
traceability of block-chains.
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We define the Ramsey number r(k, I) as the smallest integer satisfying that each graph
of order r(k, 1) includes either a clique of k vertices or an independent set of | vertices [10].

In[11], Lei et al. characterized all pairs of disconnected forbidden subgraphs excepting
a claw for the traceability of block-chains.

Theorem 8 ([11]). Let S be a graph with |V (S)| > 3. Then, every S-free block-chain of order at
least r(10, 4) is traceable if and only if S is P3 or 4Kj.

Theorem 9 ([11]). Let R and S be graphs of order at least three other than P3 , 4Ky, and Ky 3. Then,
there exists an integer ng = max{r(10,4),r(3k +5,k+2),r(2] —3,k) + k—2,r(2k+1' —2,k) }
satisfying every {R, S }-free block-chain of order at least ny being traceable, if and only if one of the
following is true (up to symmetry):

* R =KjsandS is an induced subgraph of Py, P3 U Ky, or 3K1 U Ky;
* R=Kj,withk >5and S is an induced subgraph of 3Ky U Ky;
e R =kKjwithk >5and S is an induced subgraph of L; with | > 3, or 3Ky U Ky with I > 2.

Clearly, Lei et al. [11] did not characterize all pairs of disconnected forbidden sub-
graphs for the traceability of block-chains. The authors did not consider the case where one
of the forbidden subgraphs in pairs of forbidden subgraphs is a claw. Li et al. [9] character-
ized all pairs of connected forbidden subgraphs for the traceability of block-chains. They
did not consider disconnected forbidden subgraphs for the traceability of block-chains.
In this paper, we will characterize all pairs of disconnected forbidden subgraphs for the
traceability of block-chains, so as to completely solve pairs of forbidden subgraphs for the
traceability of block-chains (including disconnected and connected).

In the following sections, Section 1 is devoted to the main results and discussions in
this paper, Section 2 is devoted to the conclusions, and gives possible avenues for future
work, Appendix A.1 is devoted to the preliminaries for the proof of Theorems 10-12,
Appendix A.2 is devoted to the proofs of Theorem 10, and Appendix A.3 is devoted to the
proofs of Theorem 11.

2. Results and Discussions

In this paper, we will characterize all pairs of disconnected forbidden subgraphs for
the traceability of block-chains.

We construct families of block-chains Gy that are not traceable. Gy is a family of graphs
H obtained from six complete graphs B; fori € {1,---,6} with V(B1) N V(By) = {v1},
V(By) NV(B3) = {02}, V(B2) NV (By) = {v3}, V(B3) N V(Bs) = {vs}, V(Bs) NV (B5) =
{vs}, V(Bs) N V(Bg) = {vs}, and |V (B;)| > 2 for j € {1,6}, |V(By)| > 3 for k € {2,3,4},
|V(Bs)| = 3. We also construct families of graph F such that L(Fp) = Go; see Figure 3
(where the edge that is possibly zero is shown as a dotted line).

We will characterize all pairs of disconnected {R, S} of graphs such that there is an
integer ng satisfying every disconnected {R, S }-free block-chain of order at least 1 being
traceable by the following theorems.

Theorem 10. Let G be a K 3-free block-chain. Then:

(1) If Gisalso Py U Ky-free, then G is traceable;

(2) IfGisalso Zy U2K;-free and n(G) > 183, then G is traceable;

(3) IfGisalso Z3 U Ky-free and n(G) > 32, then G is traceable;

(4) IfGisalso K3 U Py UKj-free and n(G) > 3482, then G is traceable;

(6) If Gisalso Nyj1 U Kp-free, then G is traceable;

(6) If Gisalso Nyqo U Kj-free, then either G is traceable or G is isomorphic to a member of Gy.

See Appendix A.2 for the proof of Theorem 10.
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Figure 3. (Left) Fy; (right) Gy.

Corollary 1. If G is a {Kj 3, B1 2 U Ky }-free block-chain, then G is traceable.

Proof of Corollary 1. By contradiction, suppose that G is a {Kj3, B12 U K }-free non-
traceable block-chain. Note that G is B; » U Kq-free, then G must be Nj 1, U K;-free. By
Theorem 10 (6), the closure cI(G) of G is isomorphic to a member of Gy. Note that B; is a
clique in cI(G); possibly, G[V(B;)] is not a clique. However, G[V(B;)] must be connected.
Moreover, if |V (B;)| > 3, then G[V/(B;)] must be two-connected.

Then, for {vy,v4} € V(B3) (see Figure 3), there exists a shortest path joining v, and vy
in G[V(B3)]. The length of a shortest such path is called the distance of G[V(B3)] between
02 and vy and denoted dgy (g, (v2, v4). We shall distinguish the following cases to prove
Corollary 1.

Casel dG[V(B3)} (02, 04) =1

Note that |V(B3)| > 3. Then, there is at least one vertex x; € V(Bs) with Ngy (g, (x1) N
{v2,v4} # @. Since G is Ky 3-free, G[{vp, vs, x1}] is a clique. By the definition of Fy,
there exist two vertices {x,x3} C V(B; U By) such that vyxpx3 is a path of G. Then,
G[{x1,v2,v4,v6, %2,
x3}] = Bip. There exists a vertex x4 € V(By) with Ng(x4) N V(G[{x1,v2,v4,v6, X2, X3}])
= @. Then, G[{x1,v2,v4,v6, X2, X3, X4 }] = By UKj, a contradiction.

Case 2 dG[V(B3)] (Z)z, ZJ4> > 1.

There exists at least two vertices {y1,y2} C V(Bs) such that vsy1y; is a path of
G[V (B3)].There exists a vertex y3 € V(Bg) with vgy3 € E(G). Then, G[{v4, v5,v6, Y1, Y2,
y3}] = By . There exists a vertex y4 € V(B7) with Ng(y4) N V(G[{v4, v5, 06,1, Y2, y3}])
= @. Then, G[{v4,vs5,v6,Y1,Y2,Y3,¥a}] = B1 UKy, a contradiction.

These contradictions show that Corollary 1 holds. O

Theorem 11. Let G be a Ky 3-free block-chain. Then, if G is also S U Py-free for S € {Z1, P4} and
n(G) > 212, then G is traceable.

See Appendix A.3 for the proof of Theorem 11.
Ultimately, we may propose our main result as below.

Theorem 12. Let R and S be graphs of order at least three other than P3 and 4K;. Then, there is
an integer ng such that every {R, S }-free block-chain of order at least n is traceable, if and only if
one of the following is true (up to symmetry):

* R = Kj3and S is an induced subgraph of Ny 13, Ps U Ky, Zp U2K;, Z3 UKy, Kz U Py U
Kerl U P4, P4 @] P4, Nl,l,l @] Kz, or B1,2 U Kl;

* R =Kjy4and S isan induced subgraph of Py, P3 U Ky or 3Ky U Kp;

* R=Kjrwithk > 5and S is an induced subgraph of 3K1 U Ky;

* R =kKywithk >5and S is an induced subgraph of L; with | > 3, or 3Ky U Ky with I > 2.
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Proof of Theorem 12. By Theorem 1 and Theorems 9-11, the sufficiency is proven. Then,
we only need to prove the necessity.

Firstly, some families of block-chains G;,i = 1,---,6, which are not traceable (see
Figure 4), are constructed.

X5 XN X1 X
—o—o ° o0 .
>—< }—Q oe—@soe
PP o
g,

SIS S A A 2
g, g,

~@ I D>

(N

Figure 4. Some classes of graphs that are connected and non-traceable.

Let R and S be graphs of order at least three other than P; and 4K, such that there
exists an integer n( such that every connected {R, S}-free block-chain of order at least
ng is traceable. Then, all graphs in G;,i =1, - -, 6, of order large enough, contain either
R or S as an induced subgraph. By Theorem 9, it suffices to consider that either R or S
is Kj 3. We can assume without loss of generality that R = K; 3. Note that all graphs in
G1,G2, 03, G4, Gs, Gg are K 3-free. Thus, each of them contains S being an induced subgraph.
Since all graphs in G; are 5K;-free, S is also 5Kj-free, i.e., a(S) < 4. This indicates that
w(S) <4.Ifw(S) =1,ie., S is connected, then, by Theorem 7, S is an induced subgraph
of Nj 1 3. Therefore, we assume that w(S) > 1, i.e,, S is disconnected. Note that S is an
induced subgraph of all graphs in G,, and S is also an induced subgraph of all graphs in
G3. Then, if there exists one component of S such that it contains a cycle, then the cycle
is triangle. If every component of S does not contain a triangle, then S is a forest. Since
G is K 3-free, every component of S is a path. Note that all graphs in G are K3 U K3-free.
Therefore, if there exists one component of S such that it contains a triangle, say H; for
1 < i < 4, then every component of S — H; is a path. Suppose that w(S) = 2, say, Hy, H>
are the two components of S. Suppose first that H; and H; are paths of G. Observe that
all graphs in Gs are P;-free. Then, H; is an induced subgraph of Ps. If Hy = Kj, then
noting that all graphs in G5 are K; U P;-free, we have that H; is an induced subgraph of
Py; if H) = Ky, then observing that all graphs in Gs are K, U Ps-free, we have that H; is an
induced subgraph of Py; if Hy = P3, then observing that all graphs in G5 are P; U Ps-free,
we have that H; is an induced subgraph of Py; if H; = Py; then observing that all graphs
in Gs are Py U Ps-free, we have that H; is an induced subgraph of Py; if H; = Ps; then
observing that all graphs in G5 are P5 U K-free, we have that H; is an induced subgraph
of Ky; if Hy = Pg, then observing that all graphs in Gs are P U K>-free, we have that H,
is an induced subgraph of K;. Furthermore, note that Ps U K is an induced subgraph of
Py UK; and P4 U P3 is an induced subgraph of Py U Py. Thus, S is an induced subgraph of
Ps UKy or Py U Py. Suppose now that Hy contains a triangle and H, is a path of G. Then,
Hj is an induced subgraph of K3, Z;, B; j, Nj j . If Hy is an induced subgraph of N;  x, then,
by a(S) < 4, H is K; or K;. Note that all graphs in G; are {Nj 1, UKy, Ny 11 U D3 }-free.
Thus, S is an induced subgraph of Nj ;1 U K. If Hj is an induced subgraph of B, ;, then,
by a(S) < 4, Hy is Kj or K. All graphs in G5 are { By, U K }-free, and all graphs in Gg are
{By UKj }-free. Thus, S is an induced subgraph of By, U Kj. If Hj is an induced subgraph
of Z;, then noting that all graphs in Gs are {Z3 U Ky, Z, UKy, Z1 U P5 }-free, also note that
Zy U K is an induced subgraph of Z3 U Kj. Thus, S is an induced subgraph of Z3 U Kj or
Z1 U Py. If Hy is K3, then note that all graphs in G5 are K3 U Ps-free. Thus, H; is an induced
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subgraph of K3 U Py. Suppose that w(S) = 3, say Hj, Hy, and Hj are three components of
S. By w(S) < 4, up to symmetry, Hy and H; are complete and w(S) < 2. This implies that
Hj is either an induced subgraph of Z; or an induced subgraph of Ps. Note that all graphs
in Gs are {Z, UK; UKy, Z1 UKy UKy, K3 U Ps UKj }-free, and also observe that K3 U Py
is an induced subgraph of K3 U Py U K;. Thus, S is an induced subgraph of Z, U 2K; or
K3 U Py UKj. Suppose that w(S) = 4. Then, every component of S is complete and of order
at most three. Note that all graphs in G5 are K3 U 2K, U Kj-free; also note that K3 U K U 2K
is an induced subgraph of Kz U P4 U K;. We conclude that S is an induced subgraph of
K3 U Py U Kj. This completes the proof of the necessity. [

Concluding remark: In this paper, we characterized all pairs {R, S} of graphs (not
necessary connected) such that there exists an integer 1y such that every connected {R, S }-
free graph of order at least ny is traceable.

3. Conclusions

In 2013, Li, Broersma, and Zhang [9] characterized all the pairs of connected forbidden
subgraphs for the traceability of block-chains. We characterized all pairs of disconnected for-
bidden subgraphs for the traceability of block-chains, so as to completely solve pairs of for-
bidden subgraphs for the traceability of block-chains (including disconnected and connected).
This further reveals the profound connotation of graph traceability and the Hamiltonicity property.

In the future, we can consider the triples’” disconnected forbidden subgraphs for
traceability and Hamiltonicity. Forbidden subgraphs are closely related to many path
and cycle properties of graphs, which have attracted the attention of many graph theory
experts. Many meaningful research results have been obtained, and many problems worth
further study have been left. The study of disconnected forbidden subgraphs is just begin-
ning, and the properties of many graphs are related to disconnected forbidden subgraphs.
In terms of disconnected forbidden subgraphs and pancyclicity, the disconnected forbidden
subgraphs and Hamiltonian-connected onescan be further studied. With the application of
disconnected forbidden subgraphs, people can also study the color, matching, factor, and
other problems of the graph. The research prospect of disconnected forbidden subgraphs is
very broad, and there are still many problems to break through.
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Appendix A
Appendix A.1. Preliminaries

Some preliminary notations and theorems preparing for the proofs of Theorems 12
will be introduced in this section.

Let G be a given graph. To reduce the repetition rate, the definition of the line graph
of G (denoted by L(G)), the closure of a claw-free graph G (denoted by cl(G)) and closed
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claw-free graph G can refer to [12]. The following theorem is significant when we deal with
the traceability of claw-free graphs.

Theorem A1 (Ryjacek [12]). Let G be a claw-free graph. Then
1. cl(G) is uniquely determined;

2. c(G) is claw-free;

3. cl(G) is the line graph of a triangle-free graph.

Theorem A2 (Brandt, Favaron and Ryjacek [13]). G is traceable if and only if cI(G) is traceable.

Following [14], if for each graph in a class H, its closure is also in H, then the class H
of graphs is called stable.

Theorem A3. (Brousek, Ryjdcek and Favaron [14]) Let S be a connected claw-free closed graph of
order at least 3. If S € {K3} U{Z; :1 > 0} U{N;x : i,j,k > 0}, then the class of {Ky 3, S}-free
graphs is stable.

Theorem A4 ([6]). Let S be a disconnected claw-free closed graph. Then the class of {K1 3, S }-free
graphs is stable, if and only if for every component C of S, the class of {K1 3, C }-free graphs is stable.

By Theorems A3 and A4, the class of {Kj 3, Ps UKy}, {K13, 22 U2K; }, {K13,Z3 UKy},
{K13,K3 UP; UKy} and {Kj 3, N7 11 UKy }-free graphs are stable.

For a closed claw-free graph G, let L~1(G) be a K3-free graph satisfying G is its line
graph. Clearly G is S-free if and only if L~ (G) contains no (not necessary induced) copies
of L71(S).

Theorem A5 ([15]). Every Kz-free graph of order n has at most n® /4 edges.
Theorem A6 (Wang and Xiong [16]). Every 2-connected {Kj 3, N1 15 }-free graph is traceable.

Theorem A7 (Wang and Xiong [17]). Let G be a 2-connected graph with circumference c(G).
Then if ¢(G) <5, then G has a spanning trail that starts from any given vertex.

In 1972, Chvaétal and Erd6s [18] also gave the condition for Hamiltonicity and trace-
ability by «(G) and «(G).

Theorem A8 ([18]). Let G be a graph on at least three vertices with stability number «(G) and
connectivity x(G).

e Ifa(G) < «x(G) —1, then G is Hamilton-connected;

e Ifa(G) < «(G), then G is Hamiltonian;

e Ifa(G) < «k(G)+1, then G is traceable.

Lemma A1. Let G be a block-chain. Each block of G has at most two cut vertex of G.

Proof. Suppose, otherwise, that there exists a block By of G such that it has at least three
cut vertex of G. Let B(G) be the block tree of G. Then the maximum degree of B(G) at least
3. Note that every tree with maximum degree k has at least k leaves. Then B(G) has at least
3 leaves. Therefore, G has at least three end-blocks, a contradiction. [

Lemma A2. Let H be a graph. Then, if L(H) is a block-chain, then the number of cut edges in H
that is not pendent is at most two.

Proof. By contradiction, suppose that the number of cut edges in H that is not pendent
is at least three. Let H' be the maximal 2-edge-connected subgraph of H with |V(H’)| is
as large as possible. Then the number of cut edges of H that is not pendent incident with
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V(H') is at least three. Then there exists at least one block of L(H) has at least three cut
vertex of L(H), contradicting Lemma Al. [

Appendix A.2. Proofs of Theorem 10

Proof of Theorem 10. We assume that G is a Kj 3-free block-chain with non-traceable.
By Theorems Al and A2, we only need to consider the case that G is closed. By Theorem 7,
G contains an induced copy of Ny 13. Let H be a K3-free graph with H = L~1(G). By
Theorem 7, H contains a (not necessary induced) copy of T' = Top4(u) = L™1(Ny13),
that is a graph consisting of three paths Q1 = uxyx2, Q2 = uyjyo, Q3 = uzy---z4. Let F
be a subgraph of H and D(F, H) be the set of all components of H — F and Dg(v, H) =
{D : D € D(F,H),Ng(v)NV(D) # @} forv € V(F). Let Q be a subgraph of F and
Dr(Q,H) ={D:D e D(F,H),N(V(Q)) N V(D) # @}, respectively. In the absence of
confusion of definitions, we use D(F), Dr(v) and D(Q) to denote the D(F, H), Dr(v, H)
and Dp(Q,H). O

Proof of (1): Let G be {Kj3, Ps U Kj }-free block-chain. By Theorem 7, the subgraph
H[{yay1, y1u, uz1,2122,2223, 2324 }| U H{x1x2 }] isa L~} (Ps) U L~1(K7), a contradiction. This
implies that the statement (1) holds. O

Proof of (2): Let G be {Kj 3,2K; U Z; }-free block-chain.
Claim 1. | Dy(x) |< 1forany x € V(T').

Proof. By contradiction, suppose that there is one vertex, say xo € V(T"), with | D (xo)| >
1. Then there exist at least two vertices {x{, x(} € N(xo) N (V(H)\ V(T'). If xg = u,
then the subgraph H[{uw',uu",uz1, 212,22z }] U H[{x1x2}] U H[{y1y2}] is a L™1(Z) U
L~1(Ky) UL71(Ky), a contradiction. If xg = z,, then the subgraph H[{zyz}, 202},

Z221,21U, uxl}] U H[{ylyl}] U H[{ZgZ;}H isa L_l(Zz) U L_l(Kl) uL! (Kl), a contradiction.
If xo € {x1,x2,y1,y2}, then H[V(Q; U Q) U {x{, x| }] contains a subgraph F; & L~1(Z,).
Then H[{E(F;),z122,2324}] is a L™1(2K; U Z,), a contradiction. If xg € {z1,23,24}, then
H[V(Q3 U {x},xj})] contains a subgraph F, & L~1(Z). Then H[{E(F}), x1x2, y1y2}] is a
L~1(2K; U Z,), a contradiction. [

Moreover, D/ (x) contain at most one element of { Py, P,}, otherwise a L~1(2K; U Z5)
could be found. It implies that n(H) < 27. By Theorem A5, since H is K3-free, e(H) < 182
and n(G) < 182. This deduces that every connected {Kj 3,2K; U Z; }-free graph of order at
least 183 is traceable. [J

Proof of (3): Let G be {Kj 3, K1 U Z3}-free block-chain.
Claim 2. Each element of Dy (z1) is isomorphic to Kj.

Proof. Suppose, by contradiction, that there exists a component Dy (say) in Dy(z1) such
that it is not isomorphic to a connected subgraph of Kj. Then Dy contains a subgraph F that
it is isomorphic to P,. Then the subgraph H[{uxy, uy1, uzq,2122, 2223, 2324 }| UH[E(P,)] is a
L=1(Z3) U L71(Ky), a contradiction. [

Claim 3. Dy (v) = @ forany v € V(T') \ {z1,24}-

Proof. By contradiction, suppose that there exists one vertex vy € V(T’) \ {z1,24} such
that D/ (vg) # . Let v € N(vg) N (V(H) \ V(T")). If vg = u, then H[{uu', uxq, uzy,2122,
2p73,2374,Y1Y2 }] is a L~1(Z3 U K7), a contradiction. If vy € {x1,y1}, then, by symmetry,
we only consider the case that v9 = x7. Then H[{x1x], x1x2, X114, 21,2122, 2223, y1Y2 }]
isa L71(Z3UKy), If vy € {x2,y2}, then, by symmetry, we only consider the case that
vy = x2. Then the subgraph H[{uxy, uyy,uz1,212,2223,2324, X4x2}] is a L™1(Z3 U Ky),
a contradiction. If vy € {zp,23}, then H[V(Q; U Q3) U {«} contains a subgraph F =
L=Y(Z3). Then H[{E(F),y1y2}] is a L"}(Z3 UK}), a contradiction. [J
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| D1/(z4) |< 1 and Dyv(z4) contain at most one element of {Kj }, otherwise we also
can find a L~}(Ky U Z3). And | Dy(z;) |> 1. Otherwise, by Claims A2, 3, n(H) < 11.
By Theorem A5, since H is Ksz-free, e(H) < 31 and n(G) < 31. This deduces that every
{K13, K7 U Z3}-free block-chain of order at least 32 is traceable, a contradiction. Therefore,
there exist at least two vertices z and z{ such that {z},z{} € N(z;) N (V(H) \ V(T)).
Claim 4. ux; and uy; are cut edges of H.

Proof. By symmetry, we just need to prove that ux; is a cut edge of H. By contradiction,
suppose that ux; is not a cut edge of H. Note that H is K3-free. Then, by Claims A.2 and A.2,
there exists at least one vertex x;, (say) such that N(x;,) " V(T'\ Q1) # @ for ip € {1,2}.
Let xj € N(x;,) N V(T'\ Q1) forip € {1,2}. If xj € {y1,y2,21,22}, then H[V(Q1 U Q2) U
{z1,2},2]}] contains a subgraph F; = L~1(Z3). Then H[{E(F;),z3z4}] is a L™}(Ky U Z3),
a contradiction. If x; € {z3,z4}, then H[V(Q1 U Q3) U{z},z{'}] contains a subgraph F, =
L=Y(Z3). Then H[{E(F),y1y2}] is a L~!(K; U Z3), a contradiction. These contradictions
show that ux; isa cutedge of H. O

By Claim 4, ux; and uy; are cut edges of H. Then, by Lemma A2, the edge uz; is not
cut edge of H. By Claims 3,4, u has a neighbor in V(Q3) \ {u,z1}. Letu’ € Ny(u). Then
u' € {zp,23,24}. Since H is Kz-free, i’ # z;. This implies that u’ € {z3,z4}. Then H[V(Q, U
Qs3) U {z},2}'}] contains a subgraph F = L=1(Z3). Then H[{E(F), x1x2}] isa L~1(K; U Z3),
a contradiction. This contradiction implies that every connected {Kj 3, Z3 U K }-free graph
of order at least 32 is traceable. [

In order to prove the statements (4),(5) and (6), we choose a maximal T, , k, (1) in H
consisting of three paths Q1 = uxy -+ - x;, Q2 = uyy - - - yx,, Q3 = uzy - - - z, and it satisfies

D ks >ka >k >2;

(II) k3 is maximized;

(IM) k, is maximized subject to (I);

(IV) kq is maximized subject to (I), (II) and (III).

By Theorem 7, Ty, x, k(%) contains a (not necessary induced) copy of Tpo4(u) =
L1 (N1,1,3). Then ks > 4. Let T = Tklrkzlks (u) Then T’ C T. Let Q: = H[(V(Q,) \ {u}) U
V(Dr(Q;\ {u})] for i € {1,2,3).

Proof of (4): Let G be {Kj 3, K3 U Py U Kj }-free block-chain.
Claim 5. Each element of D(T) is isomorphic to a connected subgraph of Cy,
i-e-/ {Kl/ KZ/ P3/ P4/ C4}

Proof. Suppose, by contradiction, that there exists a component Dy (say) in D(T) such
that it is not isomorphic to a connected subgraph of C4. Then Dy contains a subgraph
F that it is isomorphic to P5 or Ky 3. If F = P5, then the subgraph H[{uxy, uy, uz}] U
H[E(Ps)] U H[{z3z4}] is a L7}(K3) U L7Y(Py) U L7!(K;), a contradiction. If F = Kj3,
then H[E(F)] U H[{uz1,z122,2223,2324}] U H[{y1y2}] is a L~1(K3) U L™1(Py) U L7Y(Ky),
a contradiction. [

Claim 6. Fori e {1,2}, H[V(Q;UD(T)) \ {u}] does not contain subgraph which is
isomorphic to Kj 3.

Proof. Suppose, by contradiction, that there exists a integer iy € {1,2} such that H[V (Q;, U
D(T)) \ {u}] contains subgraph which is isomorphic to K; 3. Then H[V(Q; UQ, UD(T)) \
{u}] contains a subgraph F = K; 3 U K. Then H[{E(F), uzy1,2122,2223,2324 }] isa L™} (K3 U
P, UKj), a contradiction. [

Claim 7. |Dr(v)| <1foreveryv € V(T)\ {u}.

Proof. Suppose, by contradiction, that there exists a vertex vy € V(T) \ {u} with |Dr(vg)| >
2. Then we assume that D, D’ C Dr(vp). By Claim 6, vy ¢ V(Qq U Q) \ {u}. This implies
that vy € V(Q3) \ {u}. Then H[V(Q3 U D U D’) \ {u}] contains a subgraph F = K; 3 U Kj.
However, H[{E(F), x1x2, Xou, uy2, yoy1 }] isa L~ (K3 U Py U K1), a contradiction. [J
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Claim 8. |Dr(u)| > 3.

Proof. Suppose, by contradiction, that |Dr(u)| < 2. Then k3 < 7. Otherwise, then the sub-
graph H[{uxy, uy1, uz1,z42s, 2526, 2627, 2728, 2223 } | is a L1 (K3 U Py U K1), a contradiction.

Note that ky < k < k3 < 7. Then, by Claims 5-7, n(H) < 118. By Theorem A5, since
H is K3-free, e(H) < 3481 and n(G) < 3481. This implies that every {Kj 3, K3z U Py UK }-
free block-chain of order at least 3482 is traceable, a contradiction. [

Then k3 = 4. Otherwise, k3 > 4. By Claim 8, H[V(D(T)) U {u}] contains a subgraph
F = Kj 3. Then the subgraph H[{E(P),Z]Zz, 2223,2324, 2425, X1XQ}] isalL™! (Kg U Py U K]),
a contradiction. Therefore, 2 < k1 < ky < k3 < 4. Let u!, 2, u3 be the vertex u’s neighbor
in different element in D(T), respectively. [

Claim 9. Foranyi € {1,2,3}, H[V(Q;UD(T)) \ {u}] does not contain subgraph
which is isomorphic to Ps.

Proof. Suppose, by contradiction, that there exists a integer iy € {1,2,3} with H[V(Q;, U
D(T)) \ {u}] contains subgraph F; (say) which is isomorphic to Ps. Let Q;, = uvy - - Ok -
Then k;, € {2,3,4}. By Claim 5, V(F}) N (V(Q;,) \ {u}) # @. If [V(F) N {ut,u?u®}| <1,
then there exist at least two vertices uy, uy € {u',u? u3} such that {uj,us} NV(F) =
@. Note that H[V(T \ Q;,) U {u,uy,us}] contains a subgraph F, = Kj3 UK. Then
H[{E(F,),E(F,)}] is a L™'(K3 U Py UK;), a contradiction. This implies that |V (F;) N
{u',u?,u}| > 2. Suppose that {u',u?,u%} C V(F)). Note that u',u? u3 belong to
different components of D(T), and so are not connected by a path in D(T). Then F
is a path whose vertices are alternately in V(Q;,) \ {u} and {u',u? u®}. By Claim 7,
|[V(Fi) N (V(Qj,) \ {u})| > 3. Then |V(F;)| > 6, contradicting |V (F;)| = 5. This implies
that |V (F) N {u!,u?,u3}| = 2. Without loss of generality, suppose that {u!,u?} C V(F).
By Claim 7, |[V(F) N (V(Q;,) \ {u})| > 2. Since H is Ks-free, N(v1) N {u!,u?} = @.
By choice of T, N(vkio) N {ul,u?} = @. Therefore, k;; = 4 and {u!,u? vy, 03} C V(F).
Note that u!,u?, u® belong to the different component of D(T) and H is K3-free. Then,
v1 ¢ V(F). Therefore, H[V(T \ Q;,) U {u,u® v1}] contains a subgraph F; = Kj3 U K.
Then H[{E(F,),E(F})}] isa L~ }(K3 U Py UK;), a contradiction. [J

Claim 10. For any component D € D(T), Ny(V(D))NV(T) C {x1,y1,22,23,1}.
Moreover, if Ny(V(D))NV(T) # {u}, then D = Kj.

Proof. By Claim 6, Ny(V(D)) N (V(Q1 U Q2) \ {u, X1, Xk, Y1, Yk, }) = @. By Claim 9,
Ny(V(D)) N (V(Qs) \ {u,z2,23}) = @. By the choice of T, Ny (V (D)) N {xk,, Yk, 2k } = -
Therefore, NH(V(D)) N V(T) - {xl,yl,z2,23,u}.

Moreover, suppose, by contradiction, that there exists an element Dy € D(T) such
that Ny(V(Dg)) N V(T) # {u} and Dy 2 K;j. Note that Ny(V(Dy)) N V(T) # @ and
Ny (V(Dg)) NV(T) C {x1,y1,22,23,u}. Then there exist a vertex vg € {x1,¥1,22,23}
such that vg € Ny (V(Dyp)) N V(T). Then, by Claim 5, H[V(Dy) U {vo}] contains a path
Py, = vyvqv; starting from vy such that {v1,v,} € V(Dy). By Claim 9, vy ¢ {zp,2z3}.
Then we only consider the case that vy € {x1,11}. By Claim A.2 again, k; < 3ork, < 3,
contradicting the choice of Ty, k, i, (1). O

Claim 11. dp_g,(v) = 1 for every vertexv € Np(7)(V(Q;) \ {u}) fori € {1,2,3}.

Proof. Suppose, by contradiction, that there exists a vertex vgp € Np(7)(V(Q;) \ {u}) for
i € {1,2,3} with dy_y,3(v0) > 1. By Claim10, vy has no neighbor outside V(T) and
Ny (vo) € {x1,y1,22,23}. Since H is Ks-free, [Ny_y,3(v0) N {z2,23}| < 1. It means
that [Ny _ g,y (v0) N {x1,y1}| > 1. Since H is K3-free, vy ¢ {ul, u?, u}.

Suppose first that [Ny _g,) (v0) N {z2,23}| = 0. Then Ny_g,3(v0) € {x1,y1}. Then
H[{uu', uu?, uud, xox1, x100, 9oy1, Yy1y2, 2122 }] is an L~1 (K3 U P, U K1), a contradiction.

Suppose now that [Ny_g,)(v0) N {z2,z3}| = 1. Then Ny_g,0(vo) N {x1, 11} # .
Without loss of generality, we assume that vox; € E(H). Then H[V(Q; UQ3U Q2) \ {u})]
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contains a subgraph F = P5 U Kp. Then H[{uu', uu?,uu E(F)}]isa L~1(K3 U Py UKy),
a contradiction. [

Claim 12. each element of {Q}, Q,, Q4} is the component of H — {u}.

Proof. By contradiction, suppose that there exists a pair of vertices xg € V(Q}) fori €
{1,2,3}, yo € V(Q;-) for j € {1,2,3} \ {i} such that xoy9 € E(H). Then, by Claim11,
xg € V(Q;) \ {u} fori € {1,2,3} and yo € V(Q;) \ {u} forj € {1,2,3}\ {i}.

Suppose, first, that 7, j € {1,2}. Without loss of generality, we assume thati = 1 and
j = 2. First, we assume that xo € {x,, xx,—1} and yo € {y,, Yk,—1}. If each component
of Dr(u) is trivial component, then, by Claim 10, a cycle C can be found in H[V(Q; U
Q2) U {u}] passing through u that dominates E(H[V (Q} U Q5) U {u}]). By Claim 10 again,
H[E(C U Q3)] is a dominating trail of H, a contradiction. This indicates that there exists at
least one component D (say) in D(u) with it is non-trivial component, then H[V (D) U {u}]
contains a path P of length at least two with starting from u. Note that xqyg € E(H). Then
H[V(Q1 UQ>)] contains a path Q, starting from u that it longer than Q,. We can construct
a new Tlilszrka (u) = {P,Q,, Q3} larger than T, which is opposite to the choice to T. Now,

we assume that xo & {xy,, Xk, —1} or Yo & {Yk,, Yik,—1}- Then H[V(Q1 U Qz) \ {u}] contains
a path Ps. Then H[{uu!, uu?,uu® E(Ps),z122}] isa L~ 1(K3 U P, U K1), a contradiction.

Suppose, now, that i € {1,2} and j = 3. Then H[V(Q; U Q2 U Q3) \ {u}] con-
tains a subgraph F = P5; UK. Then H[{uu',uu?, uu®,E(F)}] is a L~'(Kz U Py U Ky),
a contradiction. [

Let Dy, - - - , Dy be all the non-trivial components of H — {u}. By Claim 12, {Q}, Q}, Q3} C
{D1,---,Dt} and t > 3. Let D; = Q}, D, = Q) and D3 = Q). By Claims 6 and 9, D; is
isomorphic to a connected subgraph of Cs for i € {2,3}. Note that Dy, - - -, D; also are
components of H — T. Then, by Claim 5, each element of {Dy, - - - , Dy} is isomorphic to a
connected subgraph of C4. Therefore, D; is isomorphic to a connected subgraph of C4 for
i€{2,---,t}.Let D! = H[V(D;) U{u}] fori € {1,--- ,t}and D = {D}, -, D;}.

Claim 13. Fori € {1,--- ,t}, either D/ contains a cut edge of H that is not pendent or
there exists a cycle C; in D] passing through u that dominates E(D;).

Proof. We assume on the contrary that D! does not contain a cut edge of H that is not
pendent. We will show that there exists a cycle C; in D; passing through u that dominates
E(D}). Note that D; is a non-trivial components of H — {u}. Then

Nu(V(Di)) N V(H\D;) = {u} for ic{l,--- t} (A1)

Suppose first that i = 1. Since H is Ks-free, uz, ¢ E(H). Note that the edge z,z3 is not
a cut edge of H. Then, by (A1), Ny (u) N (V(Dr(z3)) U{z3,24}) # @. Then, by Claim 11,
a cycle C; can be found in D] passing through u that dominates E(D).

Suppose now thati € {2,---,t}. Note that H is K3-free and D] does not contain a
cut edge of H that is not pendent. Then, by (A1), D; 2 Kj. Since D; is isomorphic to a
connected subgraph of Cy fori € {2,--- ,t}, D; € {P3, Py, C4}. Note that H is K3-free and
D; does not contain a cut edge of H that is not pendent. Then, by (A1), a cycle C; can be
found in D] passing through u that dominates E(D}). [

Claim 14. Fori € {1,- <y £}, if le contains a cut edge of H that is not pendent, then
D; has a dominating path P’ with one end is u that dominates E(D}).

Proof. Suppose first that i = 1. Then, by Claim 11, D} has a dominating path P! =
2423221 u terminating at u that dominates E(D).

Suppose now thati € {2,---,t}. Note D; is isomorphic to a connected subgraph of C4
fori € {2,---,t}. Then D; U {u} has a dominating path P’ of D! which terminates at u for
ie{2,---,t}. O
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By Lemma A2, there exists at most two element of D which contains cut edges in H
that is not pendent. Firstly, we assume that no element of D contains cut edges in H that is
not pendent. It means that all cut edges in H are pendent. Then, by Claim 13, we can find a
dominating trail T; = H[J!_; E(C;)] that dominates every edge in H, a contradiction.

Secondly, suppose that there exists exactly one element of D which contains cut edges
in H that is not pendent, say D; fork € {1,--- ,t}. Then, by Claim 13, H \ Dj contains a
closed trail T, = H[U!_, E(C;) \ E(Cy)] starting at u and terminating at u that dominates
E(H \ Dy). By Claim 14, we can find a dominating trail T = H[E(T, U P¥)] that dominates
every edge in H, a contradiction.

Finally, suppose that there are exactly exactly two elements of D which contains
cut edges in H that is not pendent, say DI’<1 and Dl’<2 for {ki,ko} € {1,2,---,t}. Then,
by Claim 13, H \ (D, U Dy,) contains a closed trail T3 = H[U!_; E(C;) \ E(Cy, U Cy,)]
starting at u and terminating at u that dominates E(H \ (D, U Dy, )). By Claim 14, we
can find a dominating trail T = H[E(P*' U P2 U T3)] that dominates every edge in H,
a contradiction.

These contradictions imply that every connected {Kj 3, K3 U Py U Kj }-free block-chain
of order at least 3482 is traceable. [

Proof of (5): Let G be {Kj 3, N7 11 UK }-free block-chain.

Note that k3 > 4. Then k3 = 4. Otherwise, the subgraph H[{ux, x1x, uy1, y1Y2, z1,
2120} U H[{z324,2425}] isa L™1(Ny,1,1) U L7}(Ky), a contradiction. This implies that 2 <
ki <k, <ks=4

Claim 15. For any component D € D(T), if Ny(V(D)) N V(Q1 U Q2) # @, then
D = Kj.

Proof. Suppose, by contradiction, that there exists an element Dy € D(T) with Dy 2 Kj.
Then there exist a vertex vy € V(Qq U Qy) such that vy € Ny(V(Dp)) NV (Q1 U Qy).
Then, H[V(Dg) U {vp}] contains a path P,, = vgv,v; starting from vg such that {vq,v2} C
V(Dy). By the choice of Ty, k,k, (%), Vo & {Xk,s Xk, —1,Ykyr Yky—1}- Then H[V(Q1 U Qz) U
{v1,02}] contains a subgraph F = Ty,,. Then H[{E(F) U {z12,20z3}}] isa L™ (N 11 U
K3), a contradiction. O

Claim 16. For any component D € D(T), if Ny(V(D)) N (V(Q3) \ {u}) # @, then
Ny(V(D)) N (V(Qs) \ {u}) = {z2}. Moreover, D is isomorphic to Kj.

Proof. Suppose, by contradiction, that there exists a vertex vy # z, with vy € Ny(V(D)) N
(V(Q3) \ {u}). Note that ks = 4. Then vy # z4. Hence, vy € {z1,z3}. If vy =
z1, then H[V(Q1 U Q2 U D) U {z1}] contains a subgraph F; = T5,. Then H[{E(F;) U
{z223,2324}}] is a L™'(N111 U K3), a contradiction. This implies that vy = z3. Then
H[V (D) U{z3,24}] contains a subgraph F, = P5. Then H[{ux1, x1X2, uy1, y1Y2, Uz1,2122} U
E(F)]isa L~1(Ny11 UKy), a contradiction.

Moreover, suppose, by contradiction, that there exists a component Dy € D(T) with
Ny (V(Dg)) N (V(Q3) \ {u}) # @ and Dy is not isomorphic to K;. Then there exist a vertex
vo € V(Q3) \ {u} withvy € Ng(V(Dg)) N (V(Qs3) \ {u}). Then, H[V(Dy) U{vp}] contains
a path Py, = vgv1v; starting from vy with {v1,v,} C V(Dyp). By Claim 16, vy = z5. Then
H[V(Dp U Q3)] contains a subgraph F3 = T, 5. It is now easily seen that

H[V(H \ (Do U Qs3))] does not contain a subgraph Ps. (A2)

By (A2), k; = ko = 2 and Dr(v) = @ forv € V(Q; U Q2) \ {u}. Next, we will
show that
each element of {Qf, Q5, Q5} is the component of H — {u}. (A3)

Proof of (A3): By contradiction, suppose that there exists a pair of vertices xy € V(Q!) for
ie€{1,2,3},y € V(Q;) for j € {1,2,3} \ {i} such that xoyg € E(H). Note that Dr(v) = @

forv € V(Q1UQ2) \ {u}. Then, xo € V(Q;) \ {u} fori € {1,2,3} and yo € V(Q;) \ {u}
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forj € {1,2,3} \ {i}. By (A2), we just need to consider the case xop € V(Q1 U Q2) \ {u}
and yo € V(Q3) \ {u}. Without loss of generality, we assume that xp € V(Q;) \ {#} and
yo € V(Q3) \ {u}. Iif yo € {z1,22}, then, H[V(Do U Q1 U Q3) \ {u}] contains a subgraph
Fy 2 Tpp,. Then H[{uy1,y1y2} UE(Fy)]isa L~1(Ny 11 UKy), a contradiction. This implies
that yo € {z3,z4}. Note that ky = k, = 2. Then, by Claims 15 and 16 we can find a
dominating trail T that dominates every edge in H, a contradiction. This implies that (A3)
holds. O

Note that ky = kp = 2. Then, by (A3), the edges {ux; } and {uy; } are the cut edges
of H. Note that H[V(Dy) U {z2}] contains a path P,, = z,v10; starting from z such that
{v1,v2} C V(Dy). By Lemma A2, the edges {z,v1 } and {zz3} are not the cut edges of H.
Then N(u) N{vy, 02} # @ and N(u) N{z3,24} # @. We assume that u’ € N(u) N {vy, v}
and u” € N(u) N{z3,24}.

For any component D € D(T) \ {Do}, D = K;. (A4)

Proof of (A4): Otherwise, there exist a component D; € D(T) \ {Dp} such that D; is
not isomorphic to K;. By Claim 15, Ny(V(D1)) N (V(Qs) \ {u}) # @. By Claim 16,
Ny (V(D1))N(V(Q3)\ {u}) = {z2}. Then, H[V(DyU Dy UQ3) \ {u}] contains a subgraph
F5 2 Typp. Then H[{uy;,y1y2} UE(Fs5)] isa L~1(Ny 1,1 UKy), a contradiction. This implies
that (A4) holds. O

Then, by (A4) and Claim 16, we can find a cycle C = uu"" Q3z, Py u'u in Q} passing
through u that dominates E(Qj). By Claim 15, we can find a dominating trail 7" =
H[E(Q7 U Qp UC)] that dominates every edge in H, a contradiction. This contradiction
shows that Claim16 holds.

O

Let X = {x¢, %, -1} U V(Dr(xk,-1)), Y = {Yip Y1} U V(Dr(yk,-1)) and Z =
{23/24}'
Claim 17. Ny(u)N(XUYUZ) =Q.

Proof. By contradiction, suppose that Ny(u) N (XUYUZ) # @. If Nyg(u)NX # @,
then, by Claim 15, a cycle C; can be found in Q) passing through u that dominates E(D).
By Claims 15 and 16, we can find a dominating trail H[E(C; U Q3 U Q;)] that dominates
every edge in H, a contradiction. If Ny (1) N Z # @, then, by Claim 16, a cycle C; can be
found in Q} passing through u that dominates E(Dj). By Claims 15 and 16, we can find
a dominating trail H[E(C3 U Q1 U Q)] that dominates every edge in H, a contradiction.
If Ng(u)NY # @, then, by Claims 15 and 16, we can find a dominating trail that dominates
every edge in H, a contradiction. [J

Claim 18. Each element of {Q], Q}, Q}} is the component of H — {u}.

Proof. By contradiction, suppose that there exists a pair of vertices xg € V(Q}) fori €
{1,2,3}, y0 € V(Q}) forj € {1,2,3} \ {i} such that xgyg € E(H). First, we will show that

no edge has one end in V(QY) and one end in V(Q5). (A5)

Proof of (A5): Suppose, by contradiction, that xp € V(Q}) and yp € V(Q}). If xg € X
and yo € Y, then, by Claim 15, we can find a cycle C; in H[V(Q] U Q}) U {u}] passing
through u that dominates E(H[V(Q] U Q5) U {u}]). By Claims 15 and 16, we can find
a dominating trail H[E(C; U Q3)] that dominates every edge in H, a contradiction. This
implies that xg € X or yp ¢ Y. Without loss of generality, we assume that xg ¢ X. Then
ki € {3,4}. Since H is K3-free, H[V(Q} U Q5) U {u, 21 }] contains a subgraph F; = T .
Then H[E(F) U {z223,2324}] isa L~!1(Ny 11 UK3), a contradiction. This implies that (A5)
holds. [
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Next, we will prove that
no edge has one end in X UY and one end in V(Q3). (A6)

Proof of (A6): Suppose, by contradiction, that xg € XU Y and yp € V(Q}). Without loss of
generality, we assume that xg € X. If yy € Z, then, by Claims 15 and 16, we can find a cycle
C in H[V(Q} U Q4%) U {u}] passing through u that dominates E(H[V(Q} U Q%) U {u}]).
By Claims 15 and 16, we can find a dominating trail H[E(C, U Q;)] that dominates every
edgein H, a contradiction. This implies that yy ¢ Z. By Claim 16, z; has no neighbor outside
Tie, ko ks (1) We can find a path P in H[V(Q] U Q3) U {u}] starting with u that dominates
E(H[V(Q} U Q%) U{u}]). By Claim 15, we can find a dominating trail H[E(P U Q,)] that
dominates every edge in H, a contradiction. This implies that (A6) holds. [

Then we will prove that
no edge has one end in V(Q) U Q5) and one end in Z. (A7)

Proof of (A7): Suppose, by contradiction, that xg € V(Q] U Qj) and yy € Z. Without loss
of generality, suppose that xg € V(Q}). By (A6), xg ¢ X. Thenk; € {3,4}. If xg € {x1} U
V(Dr(x1)), then, by Claims 15 and 16, we can find a path P" in H[V (Q} U Q}) U {u}] from u
to xy, that dominates E(H[V(Q] U Q%) U {u}]). By Claim 15, we can find a dominating trail
H[E(P"UQ;)] that dominates every edge in H, a contradiction. This implies that k; = 4 and
xo € {x2} UV(Dr(x2)). Then the vertex x1 has no neighbor outside T. Otherwise, we can
find a L™1(Ny 11 UK3), a contradiction. Combining this with Claims 15 and 16, we can find
apath P"in H[V(Q} U Q%) U {u}] from u to x4, that dominates E(H[V(Q] U Q3) U {u}]).
By Claim 15, we can find a dominating trail H[E(P"” U Q;)] that dominates every edge in
H, a contradiction. This implies that (A7) holds. O

By (A5)—~(A7), xo € V(Q;UQ5) \(XUY) and yo € V(Qj) \ Z. Without loss of
generality, we assume that xy € V(Q}). Then, k; = 2. Otherwise, Then, H[V(Q; U Q3]
contains a subgraph F, = T,5,. Then H[E(F) U (E(Qz) \ {uy1})]isa L~1(Ny11 UKy),
a contradiction. Note that xg ¢ X and yp ¢ Z. Then there exists at least one path P of
length at most two from x; to z; fori < k; —2and j € {1,2} such that V(P)NV(T) =
{xi,z}. Note that k; = 2. Then, by (A5) and (A6), the edge uy; is a cut edge of H. By
Lemma A2, the edge set {{xy, 1Xx, 2}, {2223} } has at least one element that is not the
cut edge of H. Suppose, first, that xj, _1x, 2 is not the cut edge in H. By Claim 17, (A5)
and (A6), N(X) N (V(Q5U Q) U{u}) = @. Since H is Kz-free, N(xi, ) N X = @. Then
ki = 4 and N(xt,_3) N X # @. By Claims 15 and 16, we can find a dominating trail that
dominates every edge in H, a contradiction. Suppose, now, that z,z3 is not the cut edge in
H. By Claim 17, (A7), N(Z) N (V(Q} U Q%) U{u}) = @. Since H is K3-free, by Claim 16,
z4z1 € E(H). By Claims 15 and 16, we can find a dominating trail that dominates every
edge in H, a contradiction. These contradictions show that Claim 18 holds. O

By Claim 18, Ny (V(Q})) N V(H \ Q}) = {u} fori € {1,2,3}. By Claim 17, Ny (u) N
(XUYUZ) = Q. Then, it is not difficult to find that every D/ contains a cut edge of H that
is not pendent, contradicting Lemma A2. This contradiction shows that {K; 3, N7 11 UK }-
free block-chain is traceable. [

Proof of (6): Let G be {Kj 3, Ny 12 UK }-free block-chain. Then we will show that G is
isomorphic to a member of Gj.

Note that k3 > 4. Then k3 = 4. Otherwise, the subgraph H[{ux1, x1x2, uy1, y1y2, uz1,
2122,2223 }] U H[{z4z5}] isa L7} (Ny12) U L71(K7), a contradiction. This implies that 2 <
k1 < ky < k3 = 4. Moreover, k; = ky = 2. Otherwise, H[V(Q1 U Q2) U {z1,22}] contains a
subgraph F 22 T, 3. Then H[{E(F) U {z3z4}}] isa L~!(Ny 1, UKj), a contradiction. Then,
T = T4 (u). Furthermore,

N(z2) N (V(H) \ V(T224(u))) = @. (A8)
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Proof of (A8): By contradiction, suppose that z; has a neighbor z} outside V(T4 (1)),
then the subgraph H[{ux1, x1x2, uy1, y1y2, uz1,2122, 2225 }| U H[{z324}] is a L™ (Ny12) U
L~1(Ky), a contradiction. This implies that (A8) holds. [

Claim 19. For any component D € D(T), D = K;.

Proof. Suppose, by contradiction, that there exists an element Dy € D(T) such that Dy 2
Kj. Then there exist a vertex vy such that vg € Ny(V(Dpy)) NV (Tp24(u)). Then vy ¢
{x2,y2,24}. By (A8), vy # zp. If vy = u, then H[V(Q; U Q3 U Dy)] contains a subgraph
F| 2 Tpp3. Then H[E(Fy) U {y1y2}] isa L™1(Ny 1, UKj), a contradiction. If vy = z3, then
H[V(Dy)] contains a subgraph F, = K,. Then H[{ux1, x1X2, uy1, y1y2, Uz1,2122, 2223} U
E(F)]isa L™1 (N1 UKy), a contradiction. If vg € {x1,y1,21}, then H[V(Q1 UQ, U Dy) U
{z1,22}] contains a subgraph F3 = Ty53. Then H[E(F;) U {z3z4}] is a L™}(Ny 12 UKy),
a contradiction. [

Claim 20. d(v) = 1 for any vertexv € Np(1)(V(Q;)) fori € {1,2}.

Proof. Suppose, by contradiction, that there exists a vertex vg € Np(r)(V(Q;)) fori €
{1,2} with d(vp) > 1. Without loss of generality, suppose that vg € Np(1)(V(Q1)). By
Claim 19, N(Uo) N (V(H) \ V(T2/2,4(Ll))) = Q. By (A8), N(UQ) - {xl,yl, M,Zl,Zg}. Since H
is K3-free, [N (vg) N {x1,u}| = 1.

Suppose first that [N(vg) N {z1,z3}| = 0. Then y; € N(vp). Since H is Kz-free,
x1 € N(vp). By Claim 19, we can find a dominating trail T} = z42z3z2z1ux100y1Y> that
dominates every edge in H, a contradiction.

Suppose now that |N(vg) N{z1,2z3}| # 0. Ifz; € N(vp), then x; € N(vp). By Claim 19,
we can find a dominating trail T, = z4z32pz199x1uYy Y2 that dominates every edge in
H, a contradiction. This implies that zz3 € N(vg). If u € N(vp), then, by Claim 19, we
can find a dominating trail T3 = xpx1uvyz322z1uy1Y> that dominates every edge in H,
a contradiction. This implies that x; € N(vp). By Claim 19, we can find a dominating trail
Ty = x2X1002322211Y1Y2 that dominates every edge in H, a contradiction. O

Claim 21. E(H[V(T)]) \ E(T) = {x122} or {y122}.

Proof. First, we will show that
N(V(Q;)) N{z3,z4} =@ fori € {1,2}. (A9)

Proof of (A9): Suppose, by contradiction, that there exists a Q;, with N(V(Q;,)) N {z3,z4} #
@ for ip € {1,2}. Without loss of generality, we suppose that N(V(Q1)) N {z3,z4} # @.
If N(V(Qq1) \ {u}) N{z3,2z4} # @, then, by Claim 19, a cycle C; can be found in Q; U Q3
passing through u that dominates E(Q; U Q3 U D7(Q1 U Q3)). By Claim 19 again, we can
find a dominating trail H[E(Q, U Cy)] that dominates every edge in H, a contradiction. This
implies that N(u) N {z3,z4} # @, then, by Claim 19, a cycle C, can be found in Q3 passing
through u that dominates E(Q3 U Dr(Q3)). By Claim 19 again, we can find a dominating
trail H[E(Q1 U Qp U Cy)] that dominates every edge in H, a contradiction. This implies that
(A9) holds. O

Next, we will prove that
N(v) N{z1,2z2} = @ for any vertex v € {x2,12}. (A10)

Proof of (A10): Suppose, by contradiction, that there exists a vertex vy € {xp, 12} with
N(vg) N{z1,22} # @. Without loss of generality, we assume that N(xy) N {z1,22} # @.
If xpz1 € E(H), then, by Claim 19, we can find a dominating trail T) = z4z32021X2X11Y1Y2
that dominates every edge in H, a contradiction. This implies that xpz; € E(H). Then
N(z1) N (V(H)\ V(T224(1))) = @. Otherwise, we can find an L~!(Ny 1 , UKj). Therefore,
we can find a dominating trail T, = z4z3zpX2x1uy1Y> that dominates every edge in H,
a contradiction. This implies that (A10) holds. O
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Now,
N(u) NV(Tapa(u)) = {x1,y1,21}- (A11)

Proof of (A11): Suppose, by contradiction, that N(u) N V(Ty24(1)) # {x1,y1,21}. Note
that {x1,y1,21} € N(u) N V(T24(u)). Then there exists a vertex vg € V(Tpp4(1)) \
{x1,y1,21} withvg € N(u) NV (Tp2,4(1)). Since H is K3-free, vg & {x2,y2,22}. This implies
that vy € {z3,2z4}. By Claim 19, a cycle C can be found in Q3 passing through u that
dominates E(Q3 U Dr(Qs3)). By Claim 19 again, we can find a dominating trail H[E(Q; U
Q> UC)] that dominates every edge in H, a contradiction. This implies that (A11) holds. O

If [IN(z2) N {x1,y1}| # 1, then |[N(z2) N {x1,y1}| > 1. Otherwise, by Claim 20 and
(A9)—(A11), the edges uxy, uy; and uz; are cut edges of H that are not pendent, contradicting
Lemma A2. This implies that {zyx1,z211} € E(H). Then, by Claim 19, we can find a
dominating trail T = z4z3zpX11z122y1Y> that dominates every edge in H, a contradiction.
This implies that Claim 21 holds. [

Claim 22. d(v) = 1 for each vertex v € Np(1)({z1,22,23}).

Proof. Suppose, by contradiction, that there exists a vertex vg € Np(r)({z1,22,2z3}) with
d(vo) > 1. By Claim 19, vg has no neighbor outside V (T, , k, () ). By Claim 20, N(vp) N
V(Ql U Qz) = @. By (AS), N(Z)o) = {21,23}. By Claim 21, |N(Zz) N {xl,y1}| = 1. With-
out loss of generality, we assume that zpx; € E(H). Then, by Claim 19, there is a dominating
trail T = z423v0z122X1uY1Y2 that dominates every edge in H, a contradiction. [J

Dr(z1) # @. Otherwise, by Claim 19, we can find a dominating trail that dominates
every edge in H, a contradiction. Therefore, by (A8) and Claims 19-22, H is isomorphic to a
member of Fy. That means G is isomorphic to a member of Gy. O

Appendix A.3. Proofs of Theorem 11

Proof of Theorem 11. By contradiction, suppose that G is {Kj 3, S U Py }-free non-traceable
block-chain with |V(G)| is as small as possible for S € {Py, Z; } such that |V(G)| > 212.
We use Cut(G) to denote the set of vertices which is cut vertex of G. Let F be a subgraph
of G and D(F,G) be the set of all components of G — F and Dr(v,G) = {D : D €
D(F,G),Ng(v)N V(D) # @} forv € V(F).

Suppose that G is 2-connected. Note that G is S U Ps-free, then G must be Nj ; 5-free.
By Theorem A6, G is traceable. Thus Cut(G) # @ and let x € Cut(G).

Claim 23. At least one element of D(x, G) consists of an isolated vertex if x € Cut(G).

Proof. Clearly, |D(x, G)| = 2; otherwise x U (N(x) N V(D(x,G))) will induce a claw. Let
{H1,H>} = D(x,G). Suppose that |V(H;)| > 2 and |V(H)| > 2. Fori = 1,2, let
Yi € Np;(x), and let G; be the subgraph of G induced by H; U {x,y3_;}. Itis not hard to see
that G; is a block-chain, and that {y3_;} = Ng, (x). By selecting G, G; contains a Hamilton
path Q; (starting from y3_;). Then H; U {x} contains a Hamilton path Qf = Q; — y3—; which
starts from x. Thus G contains a Hamilton path Q| xQ, a contradiction. [

Let x € Cut(G), and let y € D(x,G). It is not hard to see that {x,y} induce the
subgraph which is an end-block of G. If |Cut(G)| > 3, then there will be at least three
end-blocks of G, a contradiction. Thus |Cut(G)| < 2.

By Theorem Al, let H be a triangle-free graph with G = L(H). Recall that G is
traceable if and only if H contains a dominating trail. Then by the choice of G, H does
not contain a dominating trail. Let ¢,(G) be the length of the longest cycle of G passing
through v. Let G’ = G — y and H’ be the subgraph of H corresponding to G’ and let e, ¢y be
the edges of H corresponding to the vertices y, x of G, respectively. Denote e = v"v" and
eo = v'vg. Let Cyy = vov102 - - - U|V(Cyy)|~100 be a longest cycle of H passing through vy.

Fact1. ¢, (H) <5.
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H[{vllv/

Proof. By contradiction, suppose that c,,(H) > 5. First, we will prove that
V(Cap)| < 8. (A12)

Proof of (A12): By contradiction, suppose that |V (Cy,)| > 8. Next, we will prove that
H includes S U Py as a subgraph, thus arriving a contradiction in all cases. If S = P,
then H[{v""v/,v'vg, vov1, 102 }] U H[{0304, 0405, U506, 0607 }] is @ L1 (Py) U L1 (Py). If S =
Z1, then there are two paths in C,, starting vg of length 1. Let vpv; and V00|V (Cyy )| -1
be such two paths. Note that |V(Cy,)| > 8. Then H[{v"v/,v'vy, UOULUOU\V(CDO)|—1}] U

H[{v2v3,v304, 0405, 0506 }] is a L™1(Zy) U L~1(Py). This implies that (A12) holds. [
By (A12),6 < ¢y (H) < 7. Let X = V(Cy,) U{/,0"}.

Suppose, first, that S = Py.
Claim24. N(u)N (V(H)\ X) =@ forany u € N(v;) N (V(H) \ X), fori € {0,1,3}.

Proof. By contradiction, suppose that there is a vertex ug € N(v;) N (V(H) \ X) with
N(ug) N (V(H)\ X) # @ fori € {0,1,3}. We assume that u; € N(up) N (V(H) \ X). Then

,0'vg, Voo, tgtr) }| U H[{v102, 0203, U304, 0405}, if ug = vy,

H[{v"v,v vy, vov‘v(cvo)\,l,U\v(cv0)|71?f\v(cv0)|72}] U H[{uquo, ugvq,v102, v203}], if ug = vy,
., / .
H[{v"V,v UO'DOU\V(CvO)\—lfD\V(Cvo)l—lv\V(Cvo)l—Z}] U H[{uquo, ugvs, v3vp, vov1}], if g = 03,

isa L~!(Py) UL™(Py), a contradiction. [
Claim 25. |V(Cy,)| = 6.

Proof. By contradiction, suppose that |V (Cy,)| > 7. By (A12), |V(Cy)| = 7. N(u)N
(V(H)\ X) =@ forany u € N(v) N (V(H) \ X). Otherwise, suppose that there exist at
least one vertex 1y € N(vy) N (V(H) \ X) with N(ug) N (V(H) \ X) # @. Then we assume
thatuy € N(ug) N (V(H)\ X). Then H[{v"?', v'vg, vyve, v6vs }] U H[{u1ug, tgva, 0203, 0304 }]
isa L~!(Py) U L~1(Py). Therefore, by symmetry and Claim 24, H contains a dominating
trail T = v"v'Cy,, a contradiction. [

Claim 26. For every component D € Dy x)(v2, H), D has no P; as a subgraph such
that one of end of P is adjacent to v;. Moreover, H[V(Dyx)(v2, H)) U {v2}] does not
contain subgraph which is isomorphic to Ps.

Proof. Suppose, by contradiction, that there exists a path P3 € Dyx)(v2, H) such that one
of end of P; is adjacent to v,. Let P3 = yjyoy3 and yv2 € E(H). Then the
H[{y3y2, yay1, Y102, 0201 }] U H[{0"v',v'vg, vovs, vsv4 }] isa L1 (Py) U L~1(Py).

Suppose, by contradiction, that H[V (Dyx)(v2, H)) U {v2}] contains subgraph F; (say)
which is isomorphic to Ps. Then H[E(F;)] U H[{v"v/,v'vg, vgvs, vsv4})] is a L~1(Py) U
L~Yp). O

If either each of element of Dyy(xj(v2, H) U Dyx) (va, H) is isomorphic to a subgraph
of P;, then by Claim 24, H contains a dominating trail T = v'v'Cy,, a contradiction. Then,
by Claim 26, there exists one element D € Dy (x| (v2, H) U Dyx)(vs, H) such that D has a
P, as a subgraph such that one of end of P, is adjacent to v, or v4. Without loss of generality,
we assume that one of end of P, is adjacent to vy. Let P, = v5v} and v,v, € E(H). We can
know that

N({o1,05}) N (V(H) \ (XU V(Py))) = @ (A13)

Otherwise, we can find an L~1(Py) U L™!(P;). Then, v4 has a neighbor v} outside
X UV(P,) and v} has a neighbor v} outside X U V(P,). Otherwise, by Claims 24, 26
and (A13), H contains a dominating trail T = v"'v' 0050403020504, a contradiction.
By Lemma A2, the number of cut edges in H that is not pendent is at most two and H’

is the subgraph of H corresponding to G'. Then, the number of cut edges in H' that is not



Symmetry 2022, 14, 1221

19 of 32

pendent is at most one. Then, by symmetry and Claim 26, (A13), there is either a vertex v

in {v), v} } with dp(v) > 2 or a vertex u in {v4, v} } with dp(u) > 1.

(1) Thereis a vertex v in {0}, v} } with dpy(v) > 2. Without loss of generality, we assume
that dy/(v)) > 2. By Claim 24, {vg,v5} N N(v5) = @. Since g(G) > 4, N(v5) N
{v1,v3} = @. By Claim 26, {vy,v), v} } "N(v}) = @. Then, dyy (v}) = 2, contradicting
dH/(Uz) > 2.

(2) There is a vertex u in {v5,v}} with dp(u) > 1. Without loss of generality, we
assume that dg(v)) > 1. By Claim 24, {vg, v1,v3,v5} N N(v5) # @. By Claim 26,
{v4,v), v} } N N(?} ) # @. Then, dy/(vY)) = 1, contradicting dH/(Uz) > 1.

These contradictions show that ¢y, (H) < 5.

Suppose, now, that S = Z;.
Claim 27. |V(Dyx)(vi, H))| < 4fori € {0,1,3}.

Proof. By contradiction, suppose that |V(DH x)(vi,H))| > 5fori € {0 1,3}.
First, we will show that | Dy (v;, H)| < 1. Otherwise, Dy (v;, H)| > 1. Then there
exist at least two vertices {v},v/'} C N(v;) N (V(H) \ X), the

H[{vov',v'v" vovo, vovg ] U H[{v102, 0203, 0304, 0405 }], ifi=0,
H[{Ulvz, 0203, ZJlZ)l,Z)lUl H U H[{U‘V Cv Y- 2U\V(Cv0)\ 1,U|V(CUO)|,1U(), 007),, U’U”}], ifi = 1,
H[{v3v4, v405, v305, v305 } U H[{v"V', v'vg, vov1, v102})], ifi =3,

isa L™1(Z;) UL™!(Py), a contradiction. This contradiction implies that | Dy (v;, H)| <1,
Let {Dz} = DH[X](Ui/ H) Then

dp(u;) <2 for any vertex u; € V(D;). (A14)

Proof of (A14): Otherwise, there exists a vertex u;, € V(D;,) with d D;, (uj,) > 3. Then

H[V(Dq) U{vy,v2}], ifi=1,

{ H[V(Do) U {v0,0'}], ifi=0,
H[V(Dg) U {03, Uz}], ifi =3,

contains a subgraph F = T; 1 5. Then

H[E(F)] U H[{v22, U303, 0304, v405}], ifi=0,
H[E(F)] UH[{U”’U’ v vOrUOU\V(Cv )— 1’v|V(Cv0)| 19)v( (Cop)|— ZH ifi € {1,3},

isa L71(Z;) UL™1(Py), a contradiction. This implies that (A14) holds. O

D; does not contain a subgraph Ps. Otherwise, H[{0"'v',v"vg, vov1, vov)y( Cop)|— 1HU
H[E(Ps)]isa L~1(Zy) UL~!(Py), a contradiction. Combining this with (A14), |V (Dy Hx) (Vi
H))| <4. O

Claim 28. |V(Cy,)| = 6.

Proof. By contradiction, suppose that |V (Cy,)| = 7. First, we will show that
N(v)) N (V(H)\ X) = @ fori € {2,5}. (A15)

Proof of (A15): By symmetry, it just need to deal with N (02) (V(H)\ X) = @. By con-
tradiction, suppose that there exists at least one vertex v5 € N(v) N ( (H) \ X). Then
H[{vo?',v'v", 0901, 0906 }| U H[{0hv2, 0203, 0304, 0405 }] isa L~1(Z;) U L~1(Py), a contradic-

tion. This contradiction implies that (A15) holds. O

By Claim 27 and (A15), n(H) < 29. By Theorem A5, since H is K3-free, e(H) < 211
and n(G) < 211, contradicting n(G) > 212. O
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By Claim 28, |V (Cy,)| = 6. Then N(u)N (V(H) \ X) = O for any vertex u €
N(v2) N (V(H) \ X). Otherwise, there exists at least one vertex v, € N(v2) N (V(H) \
X) with N(05) N (V(H) \ X) # @. We assume that vj € N(v5) N (V(H) \ X), then
H[{vyv}, 050, vav3, va01 }] U H[{v""v', v'vg, vovs, vsv4 }] isa L1(Z; U Py).

Suppose first that | N(v2) N (V(H) \ X) |< 1and | N(vq) N(V(H) \ X) |
By Claims 27, n(H) < 26. By Theorem A5, since H is K3-free, e(H) < 169 and n(G) <
contradicting n(G) > 212.

Suppose now that | N(v2) N (V(H)\ X) |> 1or | N(vg) N (V(H)\ X) |> 1. By
symmetry, it suffices to consider that | N(v2) N (V(H) \ X) |> 1. Then N(v;) N (V(H) \
X) = @fori € {0,1,3,5}. Otherwise, we also can find an L~!(Z; U P;). Then H contains a
dominating trail T = v"'v'Cy,, a contradiction.

These contradictions show that ¢y, (H) < 5. Therefore, Fact 1 holds. [J

<1
169,

Claim 29. ¢(H) < 5.

Proof. By contradiction, suppose that c(H) > 5. Let C = x3x3 - - - x.(p)_1 X1 be a longest
cycle of H. Note that there are at most two cut vertices in G. Then, by Claim 23, H contains
at least a maximal 2-connected subgraph Hj such that vy € V(Hj). It is easy to see that
C C Hj. Otherwise we can find a SUPs in H for S € {P5,T112}. By Fact1, vy ¢ V(C).
By Fan Lemma, there exists a (v, V(C))-fan {L1, Lo } of width 2 in Hy. Then |V (Cy,)| = 5.
Otherwise, by Fact 1, |V (Cy, )| = 4. Then it will produce a cycle of length at least 5 passing
through v, a contradiction.

Note that |V(Cy,)| = 5and ¢(H) > 5. Then ¢(H) = 6 and L, is an edge between the
vertex vg and C for i € {1,2}. Otherwise, it will produce a cycle of length at least 6 passing
through vy, a contradiction. Without loss of generality, we assume that L1 = vpx; and
Ly = voxg. Let Z =V(C) U {0", 0, vg}.

Suppose, first, that S = P4. We will prove that

N(V(C)) N (V(H)\ Z) = @. (Al6)

Proof of (A16): Otherwise, there exists a vertex x € N(V(C)) N (V(H) \ Z). By symmetry,
we just need to consider the case x is the neighbor of x; or x;. If x is the neighbor of x1, then
H[{v"v',v"vg, vox1, x1x) }] U H[{x2x3, x3X4, X4Xs5,x5X6}] is @ L™1 (P4 U Py), a contradiction.
If x is the neighbor of xp, then H[{v" v/, v'vg, vox1, x1x6 }] U H[{xX2, X2x3, X3X4, X4X5}] is a
L=Y(P4U Py), a contradiction. These imply that (A16) holds. [

N(u) N (V(H)\ Z) = @ for any vertex u € N(vg) N (V(H) \ Z). Otherwise, there
exists at least one vertex 1y € N(vg) N (V(H) \ Z) such that N(ug) N (V(H) \ Z) # @. Let
uy € N(up) N (V(H) \ Z). Then H[{uqug, ugvy, vov’, v'v" }] U H[{x1x2, X2X3, X34, X4 X5 }] is
a L~1(Py U Py). Then, by (A16), H contains a dominating trail T = v”v'vyC, a contradiction.
This implies that ¢c(H) < 5.

Suppose, now, that S = Z;. N(v9) N (V(H) \ Z) = @. Otherwise, there exists at least
one vertex v € N(vg) N (V(H) \ Z), then H[{vgv', v'v", vov), vox1 }] U H[{x2x3, X3X4, X435,
x5xg}] isa L™1(Z; U Py), a contradiction. Furthermore, N(x;) N (V(H) \ Z) = @. Other-
wise, there exists at least one vertex x| € N(x1) N (V(H)\ Z), then H[{xx], x1x2, X1 X6, X6X5
} U H[{x3x4, X409, 000, 0'v"'}] is a L~1(Z1 U Py), a contradiction. Next, | Dz (x2, H)| < 1
and Dy(z)(x2, H) contains at most one element of {P, P, }. Otherwise, we also can find a
L~Y(Z1 U Py). It means that n(H) < 17. By Theorem A5, since H is K3-free, e(H) < 74 and
n(G) < 74, contradicting n(G) > 212. This implies that c(H) < 5. O

Note that |Cut(G)| < 2. Then we should distinguish the following cases to prove
Theorem 11.

Case 1. |Cut(G)| =1, say {x} = Cut(G).

If |V(G')| = 2, then the result is trivially true. Thus we suppose that |V (G')| > 3. If
Cut(G') # @, say y € Cut(G’) (note that x ¢ Cut(G')), then y € Cut(G), a contradiction.
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So we assume that G’ is 2-connected. Then H’ is an essentially 2-edge-connected graph
such that g(H) > 4. Let Hy be the core of H'.

If Hy is 2-connected, then, by Fact 1, ¢y, (H) < 5. By Claim 29 and Theorem A7, Hy
has a spanning trail that starts from vy. Then H has a dominating trail, a contradiction.
Therefore, Hy has cut vertex of H.

We define A(H') to be the set of the vertices in H' which are also vertices in Hy
and adjacent to a vertex of degree 1in H'. Let By, By, - - -, By be all the blocks of Hy and
H(B;) = B;U{e: eisapendent edge of H' and e has one end in V(B;) N A(H')}. H(B;) is
called a super-block of H'. Note that H is 2-edge-connected graph with ¢(H) > 4. Then B;
is not isomorphic to K, fori € {1,...,t'}. Let B(vp) be the set of block of Hy which contain
the vertex v and Cut(Hy) be the set of cut vertices of Hy. By Fact 1, 4 < ¢y, (B;) < 5 for
ie{1,...,t'}.

Claim 30. If |V(Cy,)| = 4, then ¢(B;) = 4 for any block B; € B(vp). Moreover,
B = Ky fort > 2.

Proof. By contradiction, suppose that there exists at least one block B;, € B(vp) such that
c¢(Bj,) > 5. Let Cj, be a longest cycle of B;,. Then vy ¢ V(C;,). By Fan Lemma, there exists
a (vo, V(Cj,))-fan {L1, Lo} of width 2. Note that |V(Cy,)| = 4 and c¢(B;,) > 5. Then it will
produce a cycle of length at least 5 passing through v, a contradiction.

Moreover, if ¢(B;) = 4, then it easy to check that B; = Ky ; for t > 2. Otherwise it will
produce a cycle of length at least 5 in B;, contradicting ¢(B;) = 4. O

Let Bl(v()) = {B S B(Uo) : CUO(B) = 4} and Bz(vo) = {B S B(Uo) : CUU(B) = 5}. Then,
by Claim 29, B(vg) = B (vg) U Ba(vg). Then We should tell the following two cases apart.

Casel1l.1 S = Py.

Suppose first that |B(vg)| = 1, say B(vg) = B;. Note that Hj has cut vertex. Then there
exists at least one block say B, such that By # By and vy ¢ V(B N By). Then ¢y, (By) = 4.
Otherwise, by Fact 1, cy,(B1) = 5. Note that g(By) > 4. Then we can find a P5J D5,
a contradiction. By Claim 30, By = Ky, for t > 2. It is easy to verify that ¢(B,) < 5 and
Hy = B1 U B,. Otherwise, we can find a Ps|J Ps. Letv € V(By) U V(B;). Then v # vg. Let
C = vgv1v203v0 be a longest cycle of By passing through vy and v.

If v e {vy,v}, then vy € Vo(H(By)). (A17)

Proof of (A17): By contradiction, suppose that there is at least one vertex v5 € V(H(By)) \
{vo,v2} and v3v € E(H(B;)). Note that g(B,) > 4. Then H[V(B,) U {v1,v;}] contains
a subgraph F 2 Ps5. Then the subgraph formed by v"/v'vyv30; and Ps is an L~1(Py U Py),
a contradiction. This implies that (A17) holds. O

We assume that v € {v1,v3}. Without loss of generality, we assume that v = v1. Note
that By = Ky for t > 2. Then, by (A17), there exists a dominating trail T = vyv3v,7v1 of
H(By) from v, to v1. Note that ¢(By) < 5. Then by Theorem A7, there exists a dominating
trail T, of H(B,) that starts from v;. Since Hy = By U By, we can find a dominating trail
v""v'Ty U T, of H, a contradiction. This implies that v = v,. Then, by (A17), there exists a
dominating trail T} = vyv3v; of H(B1) from v to v;. Note that ¢(B,) < 5and Hy = By U B,.
Then, by Theorem A7, we can find a dominating trail of H, a contradiction.

Suppose now that [B(vp)| # 1. Then there exist at least two block B;, B; such that
{Bi,Bj} € B(v). It is easy to verify that Cut(Gg) = {vo}. Otherwise, we can find a Ps | Ps
in H.

Claim 31. For any block B;, B; has a dominating cycle of H(B;) passing through vy.

Proof. Note that Cut(Gp) = {vg}. Then B; € B(vp). By Fact 1, ¢y, (B;) < 5.

Suppose first that B; € Bj(vp). By Claim 30, B; = Ky;. Then | (V2(B;) \ {vo}) N
A(H') [< 1. Otherwise, H[V(H(B;)) \ {vo}] contains a subgraph F; = Ps,and H[V (H(B;)) U
{v",v'}] contains a subgraph F, = Ps. Then we can find P5 J Ps in H. Therefore, B; has a
dominating cycle of H(B;) passing through v,.
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Suppose now that B; € B, (vg). Let C = vgv102030400 be a longest cycle of B; passing
through vy. By Claim 29, ¢(B;) = 5.

{o1,04} C V2(H). (A18)

Proof of (A18): By contradiction, suppose that d(v1) > 2 or d(vs4) > 2. Without loss of
generality, we assume that d(v;) > 2. Note that ¢(B;) = 5 and there exist at least one block
B; such that V(B;) N V(B;) = {vo}. Then there exist one vertex v} € V(H) \ (V(B; UB;) U
{0”,v'}) such that v19] € E(H). Then H[V(B;) U {¢v",v'}] contains a subgraph F = Ps.
Therefore, H[{v}vy, 102,003,304} U H[E(F)] is a L™}(Py U Py), a contradiction. This
indicate that (A18) holds. O

By Claim 29 and (A18), B = S, ;. By symmetry and (A18) again, (V(B;) \ {vo, v2,v3}) C
V>(H). Then B; has a dominating cycle C of H(B;) passing through vg. [

Note that Hy = UB; for i € [1,#]. By Claim 31, H contains a dominating trail T,
a contradiction.

Case1.2 S = Z;.

Claim 32. Cut(Ho) # {00}.

Proof. By contradiction, suppose that Cut(Hy) = {vp}. For any block B; (i € [1,t]),
B; € B(vp). By Fact 1, ¢y, (B;) < 5. We will prove that

each B; has a dominating cycle of H(B;) passing through vy. (A19)

Proof of (A19): Suppose first that B; € B;(v,). By Claim 30, B; = Kj;. Note that
|B(vg)| # 1. Then there exist at least one block B; such that V(B;) N V(B;) = {vo}. There-
fore, H[V(B;) U {v”,v'}] contains a subgraph F; = Ty 1 5. Then | (V2(B;) \ {vo}) NA(H') |<
1, otherwise, | (Va(B;) \ {vo}) N A(H') |> 2, say {u,w} C (Va(B;) \ {vo}) N A(H').
Then there exist at least two vertices {u/,w’'} C V(H) \ (V(B; UB;) U{v',v"}) such that
{uv',ww'} C E(H). Therefore, H[(V(B;) U {u,w'}) \ {vo}] contains a subgraph F, = Ps.
Then H[E(F;)] U H[E(F,)] is an L~!(Z; U Py), a contradiction. Therefore, B; has a dominat-
ing cycle of H(B;) passing through vy. [J

Suppose now that B; € B>(v,). Let C = vyv1v2030400 be a longest cycle of B passing
through vp. By Claim 29, ¢(B;) = 5.

{v1,v4} C Vo(H). (A20)

Proof of (A20): By contradiction, suppose that d(v;) > 2 or d(vs) > 2. Without loss of
generality, we assume that d(v;) > 2. Note that ¢(B;) = 5 and there exist at least one block
B; such that V(B;) N V(B;) = {vo}. Then there exist one vertex v} € V(H) \ (V(B; UB;) U
{0”,v'}) such that v} € E(H). Then H[V(B;) U {v",v'}] contains a subgraph F = Ty 1 ».
Therefore, H[{v}jv1, 0102, 0,03, v304}] U H[E(F)] is a L™1(Z; U P4), a contradiction. This
implies that (A20) holds. [

By Claim 29 and (A20), B; = S,,, ;. By symmetry and (A20) again, B; has a dominating
cycle C of H(B;) passing through vj.

These imply that (A19) holds.

Note that T(Hp) = {vp} and B(vg) = B1(vo) U Ba(vp). Then, by (A19), H contains a
dominating trail, a contradiction. [J

Next, we will show that

Coo(Bi) =4 for any B; € B(vp). (A21)
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Proof of (A21): Otherwise, there exists at least one block B;; € B(vp) such that ¢y, (B;,) = 5.
By Claim 32, Cut(Hy) # {vg}. Note that Hy has cut vertex. Then we can finda Ty 1, U P5
in H, a contradiction. This implies that (A21) holds. O

Note that Hy has cut vertex. Then there exists at least two blocks {By, Bo} C Hy such
that By € B(vg), B, ¢ B(vg) and B; N By = {v}. By (A21), cyy(B1) = 4. By Claim A 3,
By =2 Kyy. Let C; = vyv1v2030) be a longest cycle of By passing through vy and v. Then
v € {v1,v2,v3}. And Hy = By UB; and ¢(B,) < 5, otherwise, we can find a Ty 1, | P5 in H.
Then t > 2, otherwise, note that ¢(By) < 5. Then, by Theorem A7, there exists a spanning
trail T'(say) of B, starts from any given vertex. Therefore, H contains a dominating trail,
a contradiction.

Suppose first that v € {v1,v3}. By symmetry, it suffices to consider that v = v;. Then

v3 € V2(H). (A22)

Proof of (A22): Otherwise, there exist at least one vertex v5 € V(H) \ (V(C; UBy) U
{v/,v"}) such that v304 C E(H). Note that g(B,) > 4. Then H[V(B;) U {v>}| contains a
subgraph F; 2 Ty 1. Therefore, H[{v""v',v'vg, vovs, v304}) U H[E(Fy)] is a L™1(Z; U Py),
a contradiction. This implies that (A22) holds. O

Note that B; = Kp;. Then by (A22), {v1,v3} C Va(Bp). Note that Hy = By U By.
Then, by symmetry and (A22), V5(B;) \ {v1} C Vo(H). Then vyv3v,v1 is a dominating
tail of H(B;) from vy to v1. Note that ¢(Bp) < 5. Then, by Theorem A7, there exists a
spanning trail T’(say) of B, starts from the vertex v;. Therefore, H contains a dominating
trail, a contradiction.

Suppose now that v = v;. Then

U1 € VQ(H) (A23)

Proof of (A23): Otherwise, there exist at least one vertex v, € V(H) \ (V(C; UBy) U
{v/,v"}) such that v1v] C E(H). Note that g(B;) > 4. Then H[V(B;) U {v3}] contains a
subgraph F| 2 Tj 1 ,. Therefore, H[{v"v/,v'vg, vgv1, 010} }] U H[E(F])] is a L™1(Z; U Py),
a contradiction. This implies that (A23) holds. [

By (A23), {v1,v3} C V,(By). Note that Hy = By U B,. Then, by symmetry and (A23),
Vo(By) € Vo(H). Then vyv3v; is a dominating tail of Hj from vg to vp. Note that ¢(B) < 5.
Then, by Theorem A7, there exists a spanning trail T'(say) of B, starts from the vertex v;.
Therefore, H contains a dominating trail, a contradiction.

Case 2. |[Cut(G)| = 2.

Let {r,s} = Cut(G), and let ry € D(r,G) and sp € D(s,G), respectively. Let B =
G —{ro,s0}. If V(B) = {r,s}, then obviously G is traceable. Therefore, we suppose that
|V(B)| > 3. It can be observed that if Cut(B) # @, say b € Cut(B), then b € Cut(G)(clearly
{r,s} N Cut(B) = @), a contradiction. Then, we suppose that B is 2-connected.

Let B’ be the subgraph of H corresponding to B and let e, £, ep, fo be the edges of H
which correspond to the vertices r, s, 79, 59 of G, respectively. Denote ey = v}, e = v}7],
fo = v20) and f = v40}.

Note that G is traceable if and only if there is dominating trail of H, and it is obvious
that every dominating trail in H is certain to have v,/ v’l and v, /v) as end vertices. Let T
be a trail in H from v; to v, satisfying it dominates a maximum number of edges. By the
hypothesis, T is not a dominating trail. Let D be a non-trivial component of H — V(T).

Claim 33. | Np(D) |> 2.

Proof. By contradiction, suppose that Np(D) = {u}. If [Np(u)| = 1, say Np(u) = {x},
then ux is a cut edge of H and the vertex of G which corresponds to ux that belongs to
Cut(G) \ {r,s}, a contradiction. Thus |[Np(u)| > 2,say {x,y} C Np(u). Let P be a path of
D from x and y. Then T = T U uxPyu is a trail dominating more edges than T, which is
opposite to the choice to T. O
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By Claim 33, let {uy, 2} C Nr(D). Let P be a path from u; to up with |[V(P)| > 3 and
{V(P)\ {u1,uz}} C V(D). If uguy € E(T), then T" = T — ujup U P is a trail dominating
more edges than T, a contradiction. Hence we come to a conclusion that ujuy ¢ E(T). Let
Q be a path from 17 to up with all edges in T. Note that ujuy ¢ E(T). Then | E(Q) |> 2.
We choose Q as long as possible. Clearly C = P U Q is a cycle of H.

Let Q; be a path from v; to C, and Q> be a path from v, to CU Q;. Let w; and w, be
the end vertices of Q1 and Q, other than v; and v,, respectively. Let Y = V(Q; UQ, U C).

Since G is S U Py-free, H does not contain copy of L~1(S U Py) as a (not necessarily
induced) subgraph. In the below, we prove that H contains L~ (S U P;) as a subgraph, thus
deducing a contradiction in all cases.

Case2.1S = Py.

Case 2.1.1. wy € V(Qq).

In this case, Q; is divided by w, into two subgraphs. Let P| be the subgraph of
Q1 from v; to wy, and Py’ from w; to w; (P consists of only one wy if w; = w;). Since
N (vy) = {v1, 01}, we have |[V(P])| > 3, and similarly [V(Q2)| > 3. Let {x1} = Np: (w2),

{x1} = Np;(x1) \ {w2}, and let {x2} = N, (w2), {x3} = No, (x2) \ {w2}.

If V(P UC) \ {wy}| > 5, then there is a path in P’ U C staring from w, of length at
least 5. Let wpyy11/2y3 be such a path. Then H[{x]x1, xywy, waxy, x2x5 } U H{way, yy1, y1y2,
yays}lisa LM (Py U Py).

If [V(P{ UC) \ {wz}| = 4, then w; = w, or wyw, € E(T). Suppose first that wiw, €
E(T). Note that uju, ¢ E(C). Let C = ujyupzuy, where y is a vertex of D, and let
y' € Np(y). Then H[{y'y, yus, uoz, zus } U H{x|x1, xywp, wox, x2x4}] is an L™1(Py U Py).
Suppose now that w; = w,. Note that ujuy ¢ E(C). Let C = wyy1zxy,w,. Then

N(y)) N (V(H)\Y) =@, fori € {1,2}. (A24)

Proof of (A24): By contradiction, without loss of generality, suppose that N(y1) N (V(H) \
Y) # ©@. Then there exists a vertex y; € N(y1) N (V(H)\Y). Then the
H{{y\y1, 12, 2%, xy2} U H{x|x1, xjw1, w1 X2, X225 }] is a L™1(Py U Py). This implies that
(A24) holds. O

If {y1,y2} N V(D) = @, then u; = y;3 or upy = y,. Without loss of generality, we
assume that u; = y;. Let u} € Nr(u1) and 1] # w, Since H is triangle-free, u} ¢
{x1,x2,%,y2}. By (A24), u} € V(Q1 U Q) \ {w2,x1,x2}. Then there exists a path from
uq to up in T longer than Q, a contradiction. Then y; € V(D) or y, € V(D). Now we
assume that y; € V(D). By (A24), z € V(D). Note ujup; ¢ E(C). Then u; = w, and
up = x. Letuy € Nr(up) and ul, # y, (u} exists due to dr(uz) is even). Since H is K3-
free, ub & {wy,y1}. I u) € V(Q1 U Q2) \ {w2, x1,x2}, then there exists a path from u4
to up in T longer than Q, a contradiction. If u}, = x;, then x; # v} and x] # v;. Let
x{ € Ng,(x}) and x{ # x1. Then H[{x}x], x{x1, x1%, xy2}| U H[{x}x2, Xow», woy1, y12}]
isa L71(PyUPy). If u) = xp, then xp # v} and x} # vy Let x§J € Np,(x}) and x} #
xp. Then H[{x}x1, x1wa, way1, y1z}] U H[{xyx}, x}x2, x2%, xy2}] is an L~1(Py U Py). Thus,
uy & V(QrUQuUCQC). Letu) € Np(ub) and 1 # uy (u)) exists due to the dr(uz) is even).
Since H is Kz-free, uf ¢ {z,y2}. f uf € V(Q1 UQ2UC)\ {wo,z,y2}, then there exists
a path from u; to up in T longer than Q, a contradiction. If uf ¢ V(Q; UQ, UC), then
H[{ufub, uhx, xz,zy1 }] U H[{x]x1, xyw2, waxp, x2x5}] is a L™1(Py U Py). Now we assume
that u} = wy. Note that 1} has no neighbor outside V(Q; UQ, UC). Then T" = T —
{wauh, ubx} + {woy1,y12,zx} is a trail dominating more edges than T, which is opposite to
the choice to T.

Now we assume that |[V(P{ UC) \ {w2}| = 3, which implies that w; = w, and
the length of C is 4. Note ujuy ¢ E(G). Let C = ujyurzuj, where y € V(D), and let
¥ € Np(y). Now we assume that wq = uy. Let u), € Nr(up) and uy, # z (u} exists due
to dr(uy) is even). Since H is Ks-free, ub ¢ {uy,y'}. I u) € V(Q1 U Q2) \ {wy, x1,x2},
then there exists a path from u; to up in T longer than Q, a contradiction. If u/, = x,, then
xo # vhand x) # vp. Let x5 € Np,(x5) and xj # xp. Then H[{x]x1, x1w1, w1y, yy'}] U
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[{xzxz, xhxo, o117, uzz}] isan L™} (Py U Py). If uy = x1, then x; # 0} and x| # v;. Let

e NQ1(x1) and x{ # xl Then H[{x{x], x{x1, x1up, upz}] U H[{y’y,ywl,wlxz, xpxh}] is
a L L(PyU Py). Hence, uy ¢ V(Q1 U Qz UC). Letuj e Nr(ufy) and uf) # uy (1 exists due
to dy(u}) is even). Since H is K3-free, ul) ¢ {z,y}. If u) € V(Q1 UQp U C) \ {w1,z,y}, then
there exists a path fromujtouyin T longer than Q, a contrad1ct10n Iful ¢ V(QUQ2UC),
then H[{ujus, uzuz,uzy,yy " U H[{x]x1, X121, w1 X2, Xpx5}] is an L™ (P4 U Py). Now we
assume that u2 = wi. Note that u’2 has no neighbor outside V(Q; U Q, UC). Then
T = T — {wyub, ubus} + {w1y, yuz} is a trail dominating more edges than T, which is
opposite to the choice to T.

Next we assume that wy # uq, and similarly, wy # up, which implies that wy = z. Let
uy € Ny(up) and u), # wq (ub exists due to dr(uy) is even). Since H is K3-free, u, & {uq,y'}.
If uy € V(Q1UQz) \ {w1}, then there exists a path from u; to up in T longer than Q,
a contradiction. Therefore, 1, ¢ V(Q1 U QU C). Let uy € Nr(uy) and uf # up (uf)
exists due to dr(uj) is even). Since H is Kz-free, uf ¢ {wy,y}. If uf € V(Q1UQx U

C) \ {w1,y, 11}, then there exists a path from u; to 1, in T longer than Q, a contradiction.
If u’z’ ¢ V(Q1UQp,UC), then H[{u} uz, uhuy, uzy, yy' YU H[{x|x1, xqw1, w1x2, x5 }] is an
L~1(Py U Py). Now we assume that 1) = u;. Note that N(u5) N (V(H)\ Y) = @. Then
T = T — {uuh, ubur} + {uqy, yus} is a trail dominating more edges than T, which is
opposite to the choice to T.

Case 2.1.2 wy ¢ V(Qq).

In this case, {wy, wp} € V(Q) and wy # w,. Without loss of generality, suppose that
u1, w1, Wy, Uy appear along Q in this order (with possibly w; = u; or wp, = uy or both).
As in Case 2.1.1, let x; € Ng, (w1), and x| € N, (x1) and x| # wy, and let xo € Ng, (w»),
and x) € Ng, (x2) and x} # w,.

Case 2.1.2.1 wyw; € E(Q).

By Claim 29, c(H) < 5. Then the length of C at most is 5.

We first assume that the length of C is 5. Let C = yjwiwayrz. If z € V(Q), then
| {y1,y2} N V(D) |= 1. Without loss of generality, suppose that y; € V(D), and let y] €
Np(y1). Then H[{zy2, yows, waxa, xox5 }] U H[{x|x1, xyw01, w1y1, 194 }] is an L~ (Py U Py).
Now, suppose that z € V(D). We assert that either 117 = y; or uy = yp; otherwise
up = wy, up = wy and uqupy € E(T). Without loss of generality, suppose that u; = y;.
Let u} € Nr(up) and 1} # w; (u] exists due to dr(uq) is even). If u} ¢ V(Q;UQ,UC),
then H[{Z]/z, YawWy, WrXy, xe/z}] @) H[{xﬁxl, X1Wq, W1l1, 1/[11/1/1}] isaL™! (P4 U P4). Then u’l €
V(QiUQyUC). Since H is triangle-free, 1] ¢ {y»,x1,w2}. If uj ¢ V(Q1 U Q) \
{wy, wo, xz, x1}, then there exists a path from uq to uz in T longer than Q, a contradic-
tion. If u} = xz, then Xy # vy and x) # vy Letx) € NQz(xz) and x) # x. Then

H[{zuq, u1x2, x2x5, x4x5 }] U H[{x]x1, xy01, wywa, waya }] is an L~ (Py U Py).

As far as the last subcase is concerned, suppose that |[V(C)| = 4. This indicates
that |[V(P)| = |V(Q)| = 3. Let C = yjwiwpysy1. Since wy, w, ¢ V (D), without loss of
generality, say y, € V(D), which indicates that 11 = y; and uy = ws. Let y, € Np(y2). Let
uj € Nr(up) and 1} # wq. Since H is triangle-free, uj ¢ {wo, x1}. If uj € V(Q1 U Qy) \
{w1,wy, x3,x1}, then there exists a path from u; to u, in T longer than Q, a contradiction.

uj # x. (A25)

Proof of (A25): By contradiction, suppose that ] = x5. Then x, # v} and x} # vs.
Let x§ € Ng,(x5) and xj # x,. Let %, be a neighbor of x, on T other than w,, x5,
uy (£ exists due to dr(xy) is even). Since H is triangle-free, £, §é {y2, x{,w1}. Then
N(xY)N(V(H)\Y) = @, otherwise, there exists a vertex x}’ € N(x§) N (V(H) \ Y), then
H[{{x}x1, x1w1, w1y1, y1y2}| U H[{x'xY, x5 x5, xlx0, xowp }] is an L™ (P4 U Py), a contradic-
tion. Therefore, £, ¢ V(Qy). If £, € V(Qq) \ {w1}, then there exists a path from u; to
up in T longer than Q, a contradiction. Then £, ¢ V(Q; U Q2 UC). Let £, € Nr(#£;) and
% # xo (%) exists due to dT(322) is even). Since H is triangle-free, £, # w,. Note that
N(x))N(V(H)\Y) =®. Then £, ¢ V(Q,). If £, € V(Q UC) \ {w1,y>}, then there exists
a path from uq touy in T longer than Q, a contradlctlon If £ eé V(Q1 UQoUC), then
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H[{x}x1, xyw1, wiyr, y1y2 ) U H{{x5x}, xbxa, X222, 285 }] isa L~ (Py U Py), a contradiction.
This implies that (A25) holds. O

By (A25), u} ¢ V(Q1UQpUC), then H[{yhys, yows, waxa, xpxh }) U H[{ x| x1, xqw1, wruq,
uyuy Y isa L7 (Py U Py).

Case 2.1.2.2 wyw;, ¢ E(Q).

In this case, C is divided into two subpath (from w; to w»), say R and Ry, by w; and
w;. Clearly the lengths of R; and R; are both at least 2. For i = 1,2, let [(R;) be the length
of R;. Without loss of generality, suppose that /(R;) > I(Ry). By Claim 29, the length of C
is at most 5. Then I[(Ry) = 2. Let Ry = wqzws.

Firstly, suppose that |V(C)| = 5. Let C = wjy1ywpzwy. Then

N({x1,zx}) N (V(H)\Y) =@ (A26)

Proof of (A26): By contradiction, suppose that there exists a vertex u € N({x},z,x5}) N
(V(H)\ Y). By symmetry, we just need to consider the case u € N({x},z}) N (V(H) \ Y).
Then

{ H[{ux}, x{x1, xqw1, w1z }] U H{x5x0, xowp, woyn, yoy1 }], if u € N(x}) N (V(H) \ X),
H[{x}x1, x1w1, w1z, zu}| U H[{x5xp, xow2, woy2, yoy1 }], ifu € N(z) N (V(H) \ X),

isa L~!(Py U Py), a contradiction. This implies that (A26) holds. [

Then {y1,y2} N V(D) # @.If {y1,y2} C V(D), then, by (A26), T' = T — {wyz,zwy } +
{w1y1, y1y2, y2wy } is a trail dominating more edges than T, which is opposite to the choice
to T. Since wy, w, ¢ V(D), without loss of generality, suppose that y; € V(D), which
implies that 3 = wy and up = y,. Lety} € Np(y1). Let u, € Ny(up) and u} # wy. Since
H is triangle-free, u} # z. If uy € V(Q1 U Q2) \ {wy, wy, x1, %}, 2}, then there exists a path
from u; to uy in T longer than Q, a contradiction. If u}, = x; or x/, then x1 # v} and x| # v;.
It means that the vertex x| has a neighbor outside V(Q; U Q, U C), a contradiction. Then
uy & V(Q1UQaUC), then H[{ubuy, uptwr, waxy, x2x5 } U H[{x|x1, xyw1, wiy1, y1y; }] is a
L= (P U Py).

Suppose that |[V(C)| = 4. Let C = wyywyzw;. Since wy, w, ¢ V(D), without loss of
generality, say y € V(D), which means that 17 = w; and uy = wy. Lety’ € Np(y). Then

N(z) N (V(H)\Y) =@ (A27)

Proof of (A27): By contradiction, suppose that there exists a vertex u € N(z) N (V(H) \ Y).
Note that D is a non-trivial component of H — V(T). Then u # y'. Therefore, the
H[{x|x1, xjw1, w1z, zu}] U H[{x}x2, xowy, way, yy'}| isa L~} (P4 U Py), a contradiction. This
implies that (A27) holds. O

Then, by (A27), T = T — {wyz,zw, } + {w1y, yw, } is a trail dominating more edges
than T, which is opposite to the choice to T.

Case2.2S = Z;.

Case 2.2.1w; € V(Qq).

In this case, Q; is divided by w, into two subgraphs. Let P; be the subgraph of Q;
from v; to wy, and P;’ from w; to wq (P;’ consists of only one w; if wq = w;). Since the only
neighbors of v} in H are v; and v}, we have |V(P])| > 3, and similarly of |V(Q,)| > 3. Let
{x1} = Np (w2), {x1} = Np: (x1) \ {wz}, and let {x2} = Ng, (w2), {x3} = N, (x2) \ {w2}.

If |[V(P{UC)\ {wy}| > 6, then there exists a path in P/ U C staring from w, of
length at least 5. Let yy1y2y3yay5 be such a path. Then H[{x|x1, x1wy, wyx2, woy}] U
H{[{y1y2, y2y3,Y3ya, yays}] isa L1 (Z1 U Py).

If [V(P/UC)\ {w2}| = 5, then the length of P;’ is 0 or 1 or 2. Suppose that the
length of P/ is 2. Let Py = wpzw;. Then |V(C)| = 4. Let C = wyyyi1yow;. Then
H[{wyz, wiya, w1y, yy1 }) U H[{x|x1, x1w2, wpx2, x2x5}] is a L™1(Z1 U Py). Therefore, the
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length of P” is 1 or 0. By Claim 29, the length of P;’ is 1. Otherwise, it will produce a cycle of
length atleast 6 in H, a contradiction. Then wyw, € E(T). Note that |V(P; UC) \ {w,}| = 5.
Then H[V(P;’ UC) \ {w,}] contains a subgraph F = P5 and H[V(P;' U C)] contains a sub-
graph F/ = Ty 1 5.

Claim 34. |V(Dyy)(u, H))| < 2foru € {x},x1, w2, x2, %3 }.

Proof. By symmetry, we just need to consider the case |V(Dyy)(u, H))| < 2 foru €
{x}, x1, w2 }. Let P = x| xywpxpx).

First, we will show that |Dyjy|(u, H))| < 1. Otherwise, |Dyyy)(u, H)| > 1. Then
H[V(P) U {u}] contains a subgraph F; 2 T} 1 5. Then H[E(F;)] U H[E(F)]isa L~!(Z; U Py).
This implies that [Dyy) (u, H)| < 1.

Suppose that |Dyy) (u, H)| = 1. Let { Dy} = Dyjy|(#, H). Then

dp, (v) <2 for any vertex v € V(D,,). (A28)

Proof of (A28): Otherwise, H[V(D,) U V(P)] contains a subgraph F, = Tj1,. Then the
subgraph formed by F and F, is an L=!(Z;) U L~!(P;), a contradiction. This implies that
(A28) holds. O

D, does not contain a subgraph P;. Otherwise, D, contains a subgraph Ps. Suppose
first that u = x}. By (A28) and |Dyyy)(x3, H))| < 1, H[V(D,/) U {x},x1}] contains a
subgraph F; = Ps. Then H[E(F')] U H[E(F;)] is a L~!(Z1) U L~1(Py), a contradiction.
Suppose now that u € {x1,wp}. H[V(D,) U {u}] contains a subgraph Fy = T; ;5. Then
H[E(F)] U H[E(Fy)]isa L™'(Z;) U L~1(Py), a contradiction. [

Note that the length of Py’ is 1. Then |V (C)| = 5. Let C = yoy1y2Y3Y4Y0- If Yj(moas) hasa
neighbor y; ¢  V(Q1 U Q UC), then H{yy} yiyit1, Vit1Yi+2 Yiyiva}]V
H[{x}x1, xyw2, wpxp, xox5}] is a L™Y(Z; U Py), i = 0,1,2,3,4. Therefore, by Claim 34,
n(H) < 20. By Theorem A5, since H is Ks-free, e(H) < 100 and n(G) < 100, contra-
dicting n(G) > 212.

If [V(P{ UC) \ {wz}| = 4, then wy = w, or wyw, € E(T). Suppose first that wiw, €
E(T). Note that ujuy ¢ E(C). Let C = uyyupzuy, wherey € V(D), and let y’ € Np(y).
Then H[{y'y, yus, usz, yu }| U H[{x}x1, xyw1, w1 x2, x2x4 }] is a L™1(Z; U Py). Suppose now
that w; = w,. Note that ujuy ¢ E(C). Let C = wyy1zxyrw,.

If {y1,y2} N V(D) = @, then u; = y;3 or up = y». Without loss of generality, we
suppose that uy = y,. Let uy, € Nr(up) and u, # wy. Since H is triangle-free, u, ¢
{x1,%2,z,y1}. Iy € V(Q1UQ7) \ {wa, x1, x2}, then there exists a path from uy to up in T
longer than Q, a contradiction. Therefore, 1y, ¢ V(Q1UQp, UC). Let u} € Ny(u}) and uf) #
up (1Y exists due to dp(u}) is even). Since H is Ks-free, u} ¢ {x,wp}. If ull € V(Q1 U Q2 U
C) \ {wy, z,x,y1}, then there exists a path from u; to u, in T longer than Q, a contradiction.
If uf ¢ V(Q1UQyUC), then H[{woy1, wpx1, waxy, x2x5 } U H[{zx, xup, upuly, ujul}] is
an LY(Zy U Py). If uf) = z, then H[{zu},zx, xup, zuy }] U H[{x}x1, xqw2, wpxa, x2x5 }] is
a L=1(Z; U Py). These imply that uy = u;. Note that N(u5) N (V(H)\ Y) = @. Then
T' = T — {upub, ubu } + {y2x, zx,zu; } is a trail dominating more edges than T, which is
opposite to the choice to T.

Then {y1,y2} N V(D) # @. Now we assume that y; € V(D). Note that z has no
neighbors outside V(Q; UQy UC). Then z € V(D). Note uqupy ¢ E(C). Then u; = w,
and up = x. Let u) € Nr(up) and ul, # y, (u} exists due to dr(up) is even). Since
H is Ks-free, uy ¢ {wy,y1}. I ub ¢ V(Q1UQpUC), then H[{upub, urz, zy1, usys }| U
H[{x]x1, xiwa, wyxp, xpxh }] isa L=H(Zy U Py). If uh € V(Q1 UQy) \ {wy, x1, x2}, then there
exists a path from u; to uy in T longer than Q, a contradiction. If u}, = xj, then x; #
vy and x] # v1. Let x{ € Np,(x]) and x{' # x1. Then H[{w)x2, x2x5, woy, woy1, }| U
H[{xx}, x]x1, x1wa, wpup}] is a L=1(Z1 U Py). If u = x,, then xp # v} and x, # 0. Let
x5 € N, (x5) and x5 # xp. Then H[{x]x1, x1w, woy1, way2 }] U H[{x5x}, X5x2, Xp1ip, Upz}]
isa L™ (Z;UPy).
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Now we assume that |V(Py UC) \ {wz}| = 3, which implies that w; = w; and
|[V(C)| = 4. Note ujuy ¢ E(G). Let C = ujyupzuy, where y € V(D), and lety’ € Np(y).
Now we assume that wy = u9. Let uy, € Ny (up) and u), # z () exists due to dr(uz) is even).
Since H is Kz-free, u} ¢ {u1,y'}. I uhy ¢ V(Q1 U Qo UC), then H[{upuh, upz, uzy, yy'} U
H[{x]x1, xjwy, w122, xpxh }] isa L™H(Zy U Py). If uh € V(Q1 UQy) \ {wy, x1, x2}, then there
exists a path from u; to 1y in T longer than Q, a contradiction. Then u} € {x1,x2}.
Without loss of generality, we assume that u}, = x,. Then x; # v}, and x} # v;. Then let
x§ € No,(x%) and x4 = x,.

N(Y)N(V(H)\Y) = . (A29)

Proof of (A29): By contradiction, suppose that there exists a vertex u € N(x5) N (V(H) \
Y). Then H[{wyx1, x1x}, waz, wpy}] U H[{uxy, x!/x}, xhxs, xou5}] is a L~1(Zy U Py), a con-
tradiction. This indicates that (A29) holds. [

Let x% be a neighbor of x; on T other than uz,x’z,wz (x% exists due to dr(x;) is even).
Note that D is a non-trivial component of H — V(T). Then x} # y/. If x1 & V(Q1 U QU C),
then H[{xax}, xhx%, xou, xous }] U H[{x}x1, x1wa, way, yy'}] is a L71(Z; U Py). Since H is
Kj-free, by (A29), x} € V(Q1) \ {wa}. Then there exists a path from u; to uy in T longer
than Q, a contradiction.

Next we assume that wy # uq, and similarly, wy # up, which implies that w; = z.
Let u), € Nr(uz) and u # w; (u} exists due to dr(uy) is even). Since H is Ks-free,
ub & {uy,y'}. fub € V(Q1UQy) \ {w1}, then there exists a path from uy to up in T
longer than Q, a contradiction. Therefore, u5 ¢ V(Q; U Q, UC). Note that D is a non-
trivial component of H — V(T). Then u} # y'. Therefore, the H[{yy', yuy, upuf, yus }] U
H[{x]x1, xjwa, wyxp, xpx4 ] isa L71(Z4 U Py).

Case 2.2.2 wy ¢ V(Q1).

In this case, {wy, w2} € V(Q) and wq # w,. Without loss of generality, we suppose
that 11, wq, wy, uy appear along Q in this order (with possibly w; = 17 or w, = u; or both).
Asin Case 2.2.1,let x; € I\]Q1 (wl), and x’l € NQl (X]) and xi # wy, and let x, € NQZ(ZUz>,
and x5 € Ng, (x2) and x) # w,.

Case 2.2.2.1 wyw; € E(Q).

By Claim 29, the length of C is at most 5.

We first assume that the length of C is 5. Let C = yywiway2zy.

If z € V(Q), then | {y1,y2} N (V(C)N V(D)) |= 1. Without loss of generality, we
assume that y; € V(D), and let yj € Np(y). Then uy = wy and up = z. Let u}) €
Nr(uy) and u), # y» (ub exists due to dr(up) is even). Since H is Ks-free, ub, & {wy, w1}.
If uy ¢ V(Q1UQ2UC), then H[{uzy1, y1y}, uauh, uzys }] U H[{x]x1, X102, wpx2, Xpx5 }] is a
L™YZyUPy). Ifuh € V(Q1 U Q2) \ {wa, w1, x, x1,x] }, then there exists a path from u; to
up in T longer than Q, a contradiction. If u}, = x5, then xp # v} and x} # v,. Let xJ €
No, (x3) and x§ = xp. Then H[{x2x}, 5%, Xoup, xowy }] U H[{x]x1, xqw1, wiy1, y1y; }] is an
L=Y(Zy U Py). If ul = xq, then H[{wpxa, x2x}, waya, wows }] U H{[{x]x1, X112, U2y, y1y} }) is
a L7Y(Zy U Py). If ul = x}, then H[{waxy, xaxh, wayn, wowy }| U H[{x1x], X} ua, uay1, 1y} }]
isa L7 (ZUp).

Now suppose that z € V(D). We assert that either 17 = y; or up = yp; otherwise
up = wy, Uy = wy and uqup € E(T). Without loss of generality, we suppose that 17 = y;.
Let u} € Nr(uq) and 1} # wy (1] exists due to dr(u) is even). Since H is triangle-free,
wy & {ya, x1,wp}. I uj € V(Q1UQ2) \ {w1,wy, x2,x1}, then there exists a path from u; to
up in T longer than Q, a contradiction.

uj # x. (A30)

Proof of (A30): By contradiction, suppose that u} = x,. Then x, # v} and x} # v;. Let
x§ € Np,(x5) and x§ # x;. Let £, be a neighbor of x, on T other than wy, x5}, u; (%2
exists due to dr(x) is even). Since H is triangle-free, £, ¢ {yp,z,w1}. If 25 ¢ V(Q1 U
Q2 UC), then H[{xaxh, x5xy, xown, x222}] U H[{x}x1, xw1, wiy1, y12}] isa L™1(Zy U Py). If
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%2 € V(Qy), then H[{xpwy, waya, x2x%, X282 }] U H[{x]x1, X101, w1y1,y12}] is a LYz, U
Py). Therefore, £ € V(Qq) \ {w1}. Then there exists a path from u; to u, in T longer than
Q, a contradiction. This implies that (A30) holds. O

By (A30), uj ¢ V(Q1UQyUC). Theny, € V(D). Otherwise, note uju, ¢ E(G)
and z € V(D). Let 2 € Np(z). Then H[{zZ/, zul,ulu’l,zyz}] U H[{x}x7, xowy, wyxq, x1x7 }]
isa L71(Zy U Py). Therefore, up = wy. Let uf € Nr(uj) and uf # uy (uf exists due
to dr(u}) is even). If uf € V(Q1UQ2) \ {w1,wy}, then there exists a path from u; to
Uy in T longer than Q, a contradiction Since H is triangle-free, uf # wy. If uf = wy,
then H[{wzxz, X2X5, wzyZ, wouf ] U H[{xlxl,x1w1,w1u1,ulz}] isa L YZ1UPy). Letu” €
Nr(uf) and u" # | (u}" exists due to dr(uf) is even). If u{" € V(Q; U Qz), then there
ex1sts a path frorn u1 to up in T longer than Q, a contradiction. Since H is triangle-
free, u /// # u1. Then MW ¢ V(Q1 U Qz) U {ul}. Then H[{wzxz,X2x§,W2y2,wZW1H U
H[{u’l”u’l’, TATARTY u1,ulz}] isa L71(Z;UPy).

As far as the last subcase is concerned, suppose that |V(C)| = 4. This indicates
that |V(P)| = |[V(Q)| = 3. Let C = yywiwyyoy. Since wy, wy ¢ V(D), without loss of
generality, we assume that y, € V(D), which indicates that u; = y; and up = wy. Let
Y3 € Np(y2). Let Z =Y U {y;}.

Claim 35. | N(x))N(V(H)\ Z2) |[< LIEN(x})N(V(H)\ Z) = {x]}, then | N(x/) N
(V(H)\ 2) < LIEN(x]) N (V(H)\ Z) = {x]"}, then N(x{") N (V(H) U{x{}\ Z) = @
fori e {1,2}.

Proof. By symmetry, we just need to consider the case i = 1. By contradiction, suppose
that | N(x}) N (V(H) \ Z) |> 1. Then there exists at least two vertices {x/!, x/2} C N(xl)
(V(H)\ Z). Then H[{x}x{!, x| x72, x} x1, xyw07 }] U H[{xhx2, Xow0, way2, yoyh }] isa L™1(Zy U
Py). This means | N(x]) N (V(H)\ Z) |< 1.

IfEN(x))N(V(H)\ Z) = {x]}, then | N( )N (V(H)\ Z) |< 1, otherwise, there exists
at least two vertices {x/1, x/2} C N(x})n )\Z),then H[{x’l’x’l’l,xi’x’{z, xyxy, Xy H U

[{x2XQ, XZZUQ,ZUzyz,]/zyZ}] isalL1 (Z] U P4) This implies that | N( ) ( ( ) \Z) |§ 1.

If N(x{) N (V(H)\ Z) = {x{'}, then N(x{") N (V(H) U {x} }\Z) = @. Otherwise,
there exists at least one vertex x{"1 € N(x}") N (V(H) U {x}}\Y), then H[{wyx2, xpx}, w2y,
wowy, U H[{xyx}, xjx, x)x)’, x'x{" }] isa L1 (Zy U Py). O

Letuj € Nr(u1) and u} # wy (1] exists due to dr(u) is even). Since H is triangle-free,

uj & {wy,x1}. I u) € V(Q1 UQy) \ {wo, x2}, then there exists a path from u; to up in T
longer than Q, a contradiction.

uj # x. (A31)

Proof of (A31): By contradiction, suppose that 1] = x,. Then x, # v} and x, # v. Let
x5 € Np,(x5) and x5 # xo. Let £; be a neighbor of x; on T other than w, x5, u; (£ exists
due to dr(x7) is even). Since H is triangle-free, £, & {yo, x5, w1}. If £, ¢ V(Q1 U Q2 UC),
then H[{xpx}, x5xy, xawa, x2%2}] U H[{x]x1, X101, w1y1, y1y2}] is a L™H(Z; U Py). If %5 €
V(Qy), then H[{xpx}, xhx}, xowa, xa%2 }] U H[{x}x1, X101, w1y1, y1y2}] is an L=1(Z1 U Py).
Then %, € V(Qq) \ {w1}, then there exists a path from u; to uy in T longer than Q,
a contradiction. This implies that (A31) holds. O

By (A31),uj ¢ V(Qu U Qz UC). Letuf € NT(ul) and u # u; (u} exists due to dr(u})
is even). Since H is Kz-free, 1] ¢ {y, wl} Iful € V(Q1UQuUC)\ {wq, wy}, then there
exists a path from u; to up in T longer than Q, a contradiction.

Claim 36. u # w,.

Proof. By contradiction, suppose that 1} = wp. If N(u}) N (V(H)\Y) = @, then T" =
T — {uquy, uywr } + {u1y2, yowy } is a trail dominating more edges than T, which is opposite
to the choice to T. This implies that N(u}) N V(H)\ Y # @. Leti; € N(uj) N V(H) \' Y
and Y’ =Y U {u, i1, y5}. Then

0y # yh. (A32)
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Proof of (A32): By contradiction, suppose that ii; = y5. Note that D is a non-trivial com-
ponent of H — V(T). Then 1y ¢ V(T). Therefore, T" = T — {ujw,} + {5, yhy2, yows } is
a trail dominating more edges than T, a which is opposite to the choice to T. This implies
that (A32) holds. O

Nu)N (V(H)\Y') = @ for any vertex u € {x1, w1, wy, Xp, U1, U7, Y2} (A33)

Proof of (A33): By contradiction, suppose that u! € N(u) N (V(H) \ Y’). Then, by (A32),

H[{x1wy, w1y, x1x}, 212} ] U H[{xhx2, xow0, waya, yoyh }], ifu = xq,
H[{xawa, waya, x2x3, xox5] U H[{x]x1, xywq, wyuy, ujiy }], ifu = xo,
H{[{wyx1, x1x], wyy1, wiwy] U H[{x)xa, X212, woy2, yays }],  if u = wy,
H[{wzx2, X2x), Wy, wowy] U H{ x| x1, xyw1, w1y, yaui Y], if u = wy,
H{[{y1w1, w1x1, y192,y1y7] U H[{x5x2, Xowa, wouy, uiin}],  if u =y,
H[{y2y1, y1w1, y2y3, y2ys) U H{x322, xowp, wouty, i }],  if u =y,
H[{ufuy, uywy, ujiy, uyul] U H[{xbxo, xowz, waya, yoyh}],  ifu = uj,

isa L™1(Z; U Py), a contradiction. This indicates that (A33) holds. []

[V(Dypy (v, H))| < 1. (A34)

Proof of (A34): First, we will show that |Dyjy/ (y5, H))| < 1. Otherwise, | Dypyr (y5, H)| >

1. Then there exist two vertices {y2 ,yz} C N(yh)N(V(H)\Z). Then H[{yZyz,yzyl,yZyz Yh
y2 2] U H[{x1wq, wywy, waxp, x2x5 }] isa L~1(Z1 U Py). This indicates that Dy (v2), H)| < 1.

i

Suppose that |Dyy (y5, H)| = 1. Let {y3 } € Dypyn (v, H) and y2y2 E(H). Then
Ny )N(V(H)\Y') = @ Otherwise, there exists at least one vertex y5’ € N(y5) N (V(H) \
/1,01

Z), then H[{wyxy, xox%, woul, wowi) U H[{y1y2, Yol Ysls Ys vy '} isa L~ 1(Zy U Py). This
indicates that (A34) holds. is a L~(Z; U P4), a contradiction. This implies that (A34) holds.

[V (Dppy (i1, H))| < 1. (A35)

Proof of (A35): First, we will show that | Dy (11, H))| < 1. Otherwise, there exist two ver-
tices {u}, u3} C N(i1) N (V(H)\Y’'). Then H[{#iyu}, ujur, iyul, dyul] U H[{xw1, wiwa, wy
X, Xp%5}] is a L~1(Z1 U Py). This indicates that |V(Dypy (1, H))| <1. O

Suppose that |V(Dyyn (i1, H))| = 1. Let {#l}} € Dyypyr (i, H) and ﬁlA € E(H)
Then N (i) N (V(H) \ Y') = @. Otherwise, there exists at least one vertex 1] € N ( 2l
(V(H)\Y'), then H[{waxp, xpx}, woyo, wowy) U H[{uqul, ujiy, iy}, 240} }] isa L™ (21 U
Py). This indicates that (A35) holds.

By (A33)—(A35) and Claim 35, n(H) < 19. By Theorem A5, since H is K3-free, e(H) <
91 and n(G) < 91, contradicting n(G) > 212. O

By Claim 36, u{ ¢ V(Q1 U Qo UC). Letuf” € Nr(uf) and uf" # uj (u}" exists due to
dr(uf) is even). If u”’ € V(Q1 U Qp UCQ), then there ex1sts a path from uptoupyin T longer
than Q acontrad1ct10n Then uf" ¢ V(Q1UQyUC). Letu}” € Nr(uy’) and u}" # uf (uy"
exists due to dr(uf") is even). If u" € V(Q1UQUC) \ {u1}, then there exists a path from
uptoupin T longer than Q, a contrachctlon If )" = uy, then H[{uquy, ufuy, ugu’, uyy,) U

H[{x1wy, wiwy, waxp, X2x5}] is a L~1(Z1 U Py). Therefore, uf” ¢ V(Q1 U Q2 UC). Then
H[{waxa, x2xb, woyp, wowq | U H[{uquy, ufuf, ufu’, uf'u"}]isa L=1(Z; U Py).
Case 2.2.2.2 wiwp ¢ E(Q).
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In this case, wy and w, divide C into two subpath (from w; to w;), say R; and R».
Clearly the lengths of Ry and R; are both at least 2. For i = 1,2, let /(R;) be the length of R;.
Without loss of generality, we suppose that [(Ry) > I(Ry). By Claim 29, the length of C is
at most 5. Then [(Ry) = 2. Let Ry = wyzwy.

When we refer to the case that the length of C is 4, we assume that C = wiyw,zw; and

y € V(D).
Thereis a path Pin CUDUQ, from x5 of length is 4 not passing through wy and z. (A36)

Proof of (A36): Suppose first that the length of C is 5. We assume that C = w; 1y y,wozw;.
Then P = x,xowyy1Y> is such path. Suppose now that the length of C is 4. Note that
y € V(D). Then u; = wy and up = wy. Lety’ € Np(y). Then P = x)xpwoyy’ is such path.
(A36) holds. O

LetZ=YUV(P
)

)
Claim 37. N(u)N(V(H)\ Z) = @ for any vertex u € {x1,wy,wy, X2}

Proof. By symmetry, we just need to consider the case N(u) N (V(H) \ Z) = @ for any
vertex u € {x1,w; }. By contradiction, suppose that u! € N(u) N (V(H) \ Z). Then

H[{xjw1, w1z, x1x}, 1% }JUH[E(P)], if u = xy,
Hlwyxy, x1x}, w1z, wiwl}|UH[E(P)], ifu=1w,

isa L~1(Z; U Py), a contradiction. [
Claim 38. | V(Dyz(x}, H)) |< 1fori € {1,2}.

Proof. By symmetry, we just need to consider the case | V(Dyjz(x], H)) |< 1. By contra-
diction, suppose that |V (D7 (¥}, H))| > 1.

First, we will show that | Dy (x7, H)| < 1. Otherwise, | Dz (x], H)| > 1. Then there
exist at least two vertices {x{}, x2} C N(x})N(V(H)\ Z), then H[{x}x{!, x| x?2, x} x1, x101 }]
UHIE(P)]isa L™1(Z;) U L~1(Py). This implies that [ Dhiz)(xy, H)| < 1.

Suppose that |Dyz(x}, H)| = 1. Let {D1} = Dyz(x], H). Then D; does not
contain a subgraph P,. Otherwise, H[V (D7) U {x}, x1, w1 }| contains a subgraph F; = P5
and H[V(Z) \ V(Q1)] contains a subgraph F, = Tj1,. Then H[E(F;)]U H[E(F,)] is a
L=Y(Z;) U L=Y(Py), a contradiction. [

Claim 39. | N(z) N (V(H)\ Z) |< 1and | V(Dyz (2 H)) |< 4

Proof. By contradiction, suppose that |V(Dyz(z, H))| > 5. First, we will show that

| N(z) N (V(H)\ Z) |< 1. Otherwise, | N(z) N (V(H) \ Z) |> 1. Then there exist at

least two vertices {z/,z"} C N(z) N (V(H) \ Z), the H[{zwy, wyx1,22’,2z"" }] U H(E(P)] is

a L71(Zy) UL"1(Py), a contradiction. This contradiction shows that | Dhyjz)(z, H)| < 1.
Suppose that Dy (z, H)| = 1. Let {D;} = Dyz)(z, H). Then

dp(u) <2 for any vertex u € V(D). (A37)

Proof of (A37): Otherwise, there exists a vertex ug € V(D;) such that dp_(ug) > 3. Then
H[V(D.) U {w1}] contains a subgraph F; = Ty 1,. Then H[E(F;) UE(P)]isa L™1(Z;) U
L~(Py), a contradiction. This implies that (A37) holds. [J

D, does not contain a subgraph Ps. Otherwise, H[V(Q, U C U P)] contains a subgraph
F, 2 Ty 1. Then H[E(F,) UE(Ps)]isa L~1(Z;) UL~(Py), a contradiction. Combining this
with (A37), |V(Dyz(z, H))| < 4. O

Firstly, suppose that |[V(C)| = 5. Let C = wyy1y,wpzw;. Then

N(u)NV(H)\ Z =D for any vertex u € {y1,y2} (A38)
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Proof of (A38): By symmetry, we just need to consider the case N(y;) N V(H)\ Z = Q.
By contradiction, suppose that y! € N(u) N V(H) \ Z. Then H[{wyx2, xpx}, waya, wyz}] U
H[{x|x1, xqw1, w1y1, y1 y% }isa L=1(Z; UPy), a contradiction. This implies that (A38) holds.
O

By Claims 37-39 and (A38), n(H) < 15. By Theorem A5, since H is K3-free, e(H) < 57
and n(G) < 57, contradicting n(G) > 212.

As far as the last subcase is concerned, we assume that |V (C)| = 4. Let C = wyywazw;.
Since wy, wy ¢ V(D), without loss of generality, we suppose that y € V(D), which implies
that u1 = wy and uy = w;. Lety’ € Np(y).

IfEN(z)N(V(H)\Y) =@, then T =T — {w1z,zw, } + {wyy, yw; } is a trail dominat-
ing more edges than T, which is opposite to the choice to T. Therefore, N(z) N (V(H) \ Y) #
@. Note that D is a non-trivial component of H — V(T). Theny’ ¢ N(z) N (V(H)\Y). Com-
bining this with Claim 39, | N(z) N (V(H)\Y) |= 1. Let{z'} = N(z) N (V(H) \ Y). By sym-
metry, {y'} = N(y) N (V(H) \ Y). Let {D:} = Dyy|(z, H) and {Dy} = Dyy|(y, H). Then

| V(Dyyy)(u, H)) |< 4 for any vertex u € {z,y}. (A39)

Proof of (A39): By symmetry, we only need to deal with the case | V(Dyy(z, H)) |< 4
First, we will prove that D, N D, = @. Otherwise, by Claim 29, z'y" € E(H). Then
T' = T — {wiz} + {w1y,yy',y'z} is a trail dominating more edges than T, which is opposite
to the choice to T. This implies that | V(Dyy|(z, H)) [=| V(D (z, H)) |. By Claim 39,
| V(Dypy)(z H)) [< 4. (A39) holds. [

By (A39) and Claims 37 and 38, n(H) < 18. By Theorem A5, since H is K3-free,
e(H) < 81 and n(G) < 81, contradicting n(G) > 212.
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