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Abstract

:

This paper deals with spatial data that can be modelled by partially linear varying coefficient spatial autoregressive models with Bayesian P-splines quantile regression. We evaluate the linear and nonlinear effects of covariates on the response and use quantile regression to present comprehensive information at different quantiles. We not only propose an empirical Bayesian approach of quantile regression using the asymmetric Laplace error distribution and employ P-splines to approximate nonparametric components but also develop an efficient Markov chain Monte Carlo technique to explore the joint posterior distributions of unknown parameters. Monte Carlo simulations show that our estimators not only have robustness for different spatial weight matrices but also perform better compared with quantile regression and instrumental variable quantile regression estimators in finite samples at different quantiles. Finally, a set of Sydney real estate data applications is analysed to illustrate the performance of the proposed method.
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1. Introduction


Spatial econometric models can deal with the spatial correlation and heterogeneity of variables in cross-sectional data and panel data, which expands the application scope of traditional econometric models. Among many spatial econometric models, there is a large amount of literature focusing on the spatial autoregressive (SAR) model [1]. For instance, Lee [2] studied the asymptotic properties of the quasi-maximum likelihood estimator of the spatial autoregressive model. Lee [3] proposed the generalized method of moments method and classical two-stage least-squares method to estimate mixed regressive and spatial autoregressive models. Kakamu and Wago [4] compared the Bayesian method and maximum likelihood method to study small-sample properties of the panel spatial autoregressive model. Xu and Lee [5] considered the instrumental variable and maximum likelihood estimation for a spatial autoregressive model with a nonlinear transformation of the dependent variable among others.



However, these studies mainly focused on parametric models and could not well explain complex economic phenomena. In fact, the relationship among many economic variables is nonlinear [6,7,8,9]. In order to improve the flexibility and applicability of spatial econometric models, the research of semiparametric spatial econometric models has been gradually increasing. For example, Sun et al. [10] proposed semiparametric varying coefficient spatial autoregressive models. Chen et al. [11] developed a two-stage Bayesian estimation method for semiparametric spatial autoregressive models. Dai et al. [12] applied the quantile regression approach to partially linear varying coefficient spatial autoregressive models. Cai and Xu [13] constructed varying coefficient quantile regression models for time series data.



Although nonparametric spatial autoregressive models can improve the performance of the parametric spatial autoregressive model, it is unavoidable to suffer from the “curse of dimensionality” problem [14]. To solve the problem, a few dimension-reduction approaches have been developed in some literature, including additive model [15], single-index model [16] and varying coefficient model [17], to name a few. Among the different semiparametric models, the partially linear varying coefficient model is perhaps the most widely used. It not only contains the advantages of a linear model but also retains the robustness of nonparametric regression, which can overcome the “curse of dimensionality" problem well. Many scholars have enriched the estimation methods of varying coefficient models both theoretically and empirically, such as the splines method [18,19,20], the kernel method [21], local polynomial estimation [22,23], basis function approximation [24,25] and so on.



According to the regression object of the model, the semiparametric spatial econometric model usually includes mean regression model and quantile regression model. Most of the spatial econometric models involved in the existing literature belong to the former [26,27,28,29]. The mean regression model can only reflect the location information of the conditional distribution of dependent variable and cannot describe its scale and shape. On the contrary, the quantile regression model [30] can find the location, scale and shape of the conditional distribution of dependent variable and, in particular, capture the tail characteristics of the distribution. While linear regression needs to assume that the random error term obeys the normal distribution or generalized Gauss–Laplace distribution [31], the quantile regression approach has strong robustness without making any distribution assumption for the random error terms. Many early studies have been summarized in Koenker and Bassett [30], Koenker and Machado [32], Zerom [33], Chernozhukov and Hansen [34], Su and Yang [35], which considered quantile regression from both a frequentist and a Bayesian point of view. Form the former perspective, the estimation method relies on the minimum asymmetric absolute loss function [36]. Concerning the Bayesian approach, Yu and Moyeed [37] introduced the asymmetric Laplace distribution [38] as a working likelihood to perform the inference. Bayesian quantile regression has since been implemented in a wide range of applications, including models for longitudinal studies [39], Lasso regression [40] and spatial analysis [41], among others. As a result, we develop Bayesian quantile regression for a partially linear varying coefficient spatial autoregressive model.



The estimation methods of semiparametric spatial autoregressive models include quasi-maximum likelihood estimation method [42], instrumental variable method [43], generalized method of moments  [44] and Bayesian estimation methods [45]. Compared with the frequentist solutions, Bayesian estimation methods can infer the posterior distributions of parameters by utilizing prior information and allow for parameter uncertainty to be considered. To the best of our knowledge, Bayesian inference for quantile regression has been applied by few authors, such as [37,46,47]. In addition, P-splines [48] have been a popular way for estimating nonlinearities in semiparametric models. This has attractive properties, including that each piecewise polynomial only forms a local basis with unit integrals and overlaps with a limited number of other polynomials [49]. As they are composed of piecewise polynomials, the upper range of basis function is limited, and the differentials of splines are readily available [50]. These characteristics ensure the P-splines are available both numerically and analytically, and P-splines can approximate nonparametric components in the semiparametric spatial autoregressive model. Hence, we can apply a Bayesian P-splines method to approximate nonparametric functions using penalized splines with fixed number and location of knots inferred through Markov chain Monte Carlo (MCMC). Gibbs sampler is a common sampling method employing the MCMC technique, which can generate simple random samples from various distributions, including uniform distribution [51].



In this paper, we developed the partially linear varying coefficient spatial autoregressive (PLVCSAR) models with Bayesian quantile regression using the asymmetric Laplace error distribution for spatial data. It allows for different degrees of spatial dependence at different quantile points of the response distribution. The PLVCSAR model is a good balance between flexibility and parsimony, which can simultaneously capture linearity, non-linearity and the spatial correlation relationship of exogenous variables in a response variable. We employ a Bayesian P-splines method to estimate the unknown parameters and approximate the varying coefficient functions, and we also design a Gibbs sampler to explore the joint posterior distributions using the MCMC technique. It may update the iterations to draw parameters from the full conditional posterior distributions of the unknown quantities through appropriate selection of prior information, which makes Bayesian inference efficient and useful even in complicated situations. The proposed model combines a spatial autoregressive model with a semiparametric framework in an adaptive way, and estimators of this article may be a great breakthrough and improvement in the field of related research.



The rest of the paper is organized as follows. In Section 2, we introduce Bayesian quantile regression of PLVCSAR models for spatially dependent responses and discuss the identifiability conditions, and then we obtain the likelihood function by approximating the varying coefficient functions with the P-splines method. In Section 3, we give the prior distributions and infer the full conditional posteriors of latent variables and unknown parameters. We also describe the detailed Gibbs sampler procedure. Simulation studies for assessing the finite sample performance of the proposed method are reported, and an empirical example is illustrated in Section 4. We summarize the article in Section 5.




2. Methodology


2.1. Model


Given the following partially linear varying coefficient spatial autoregressive model with quantile regression


   y i  =  ρ τ   ∑  j = 1  n   w  i j    y j  +  x i ⊤   β τ  +  z i ⊤   α τ   (  u i  )  +  ε  τ , i   ,  i = 1 , ⋯ , n ,  



(1)




where   y i   is the dependent variable,    x i  =   (  x  i 1   , ⋯ ,  x  i p   )  ⊤   ,    z i  =   (  z  i 1   , ⋯ ,  z  i q   )  ⊤    and   u i   are the associated explanatory variables,   w  i j    is the   ( i , j )  th element of an exogenously given spatial weight matrix with known constants,    α τ   ( · )  =   (  α  τ 1    ( · )  , ⋯ ,  α  τ q    ( · )  )  ⊤    consists of a q-dimensional vector of unknown smooth functions,   ρ τ   denotes the  τ th quantile spatial regression parameters and is restricted to the condition    |   ρ τ   | < 1   ,    β τ  =   (  β  τ 1   , ⋯ ,  β  τ p   )  ⊤    is p-dimensional unknown parameters,   u i   is the smoothing variable, and   ε  τ , i    is the random error with the  τ th quantile on   (  x i  ,  z i  ,  u i  )  , which equals zero for   τ ∈ ( 0 , 1 )  .




2.2. Likelihood


We assume that   ε  τ , i    are mutually independent and identically distributed random variables from an asymmetric Laplace distribution with the density


  p  (  ε  τ , i   )  ∝   τ ( 1 − τ )   σ 0   exp  −  1  σ 0    λ τ   (  ε  τ , i   − μ )   ,  








where  μ  is the location parameter,   σ 0   is the scale parameter, and    λ τ   ( ε )  = ε  ( τ − I  ( ε < 0 )  )    is called the check function. Then, the conditional distribution of y is in the form of


  p  ( y | x )  =    τ n    ( 1 − τ )  n    σ 0 n   exp  −  1  σ 0    ∑  i = 1  n   λ τ    y i  −  ρ τ   ∑  j = 1  n   w  i j    y j  −  x i ⊤   β τ  −  z i ⊤   α τ   (  u i  )  − μ   .  



(2)







Quantile regression is typically based on the check loss function to solve a minimization problem. With model (1), the specific problem is estimating   ρ τ  ,   β τ   and    α τ   ( · )    by minimizing the following objective function


  L  ( y , x , z , u )  =  ∑  i = 1  n   λ τ    y i  −  ρ τ   ∑  j = 1  n   w  i j    y j  −  x i ⊤   β τ  −  z i ⊤   α τ   (  u i  )   ,  



(3)




and   y =   (  y 1  , ⋯ ,  y n  )  ⊤   ,   x =   (  x 1  , ⋯ ,  x n  )  ⊤   ,   z =   (  z 1  , ⋯ ,  z n  )  ⊤   ,   u =   (  u 1  , ⋯ ,  u n  )  ⊤   , giving (3) a likelihood-based interpretation. By introducing the location-scale mixture representation of the asymmetric Laplace distribution [52], model (1) can be equivalently written as


   y i  =  ρ τ   ∑  j = 1  n   w  i j    y j  +  x i ⊤   β τ  +  z i ⊤   α τ   (  u i  )  +  m 1   e i  +    m 2   σ 0   e i     ν i  + μ ,  i = 1 , ⋯ , n ,  



(4)




where    e i  ∼ exp  ( 1 /  σ 0  )    with mean   σ 0   and    ν i  ∼ N  ( 0 , 1 )    is independent of   e i  ,    m 1  =   1 − 2 τ   τ ( 1 − τ )     and    m 2  =  2  τ ( 1 − τ )    . In the following expressions, we omit  τ  for ease of notation.



Considering the advantages of the Bayesian P-splines method, we intend to approximate varying coefficient function    α j   ( · )    in (1) with P-splines. For   j = 1 , ⋯ , q  , the unknown function    α j   ( · )    is a polynomial spline of degree   t j   with   k j   order interior knots    ξ j  =   (  ξ  j 1   , ⋯ ,  ξ  j  k j    )  ⊤    with    a j  <  ξ  j 1   < ⋯ <  ξ  j  k j    <  b j   , i.e.


   α j   (  u  i j   )  =  ∑  l = 1   K j    B  j l    (  u  i j   )   γ  j l   =  B j ⊤   (  u  i j   )   γ j    u  i j   ∈  [  a j  ,  b j  ]  ,  



(5)




where    K j  = 1 +  t j  +  k j   ,    B j   (  u  i j   )  =   (  B  j 1    (  u  i j   )  , ⋯ ,  B  j  K j     (  u  i j   )  )  ⊤    is a    K j  × 1   vector of spline basis, which is determined by the knots,    γ j  =   (  γ  j 1   , ⋯ ,  γ  j  K j    )  ⊤    is a    K j  × 1   vector of spline coefficients, and boundary knots are


   a j  =  min  1 ≤ i ≤ n    {  u  i j   }    and    b j  =  max  1 ≤ i ≤ n    {  u  i j   }  .  



(6)







It follows from (5) that model (4) can be written as


   y i  = ρ  ∑  j = 1  n   w  i j    y j  +  x i ⊤  β +  D ⊤   (  z i  ,  u i  )  γ +  m 1   e i  +    m 2   σ 0   e i     ν i  + μ ,  i = 1 , ⋯ , n ,  



(7)




where   D  (  z i  ,  u i  )  =   (  z  i 1    B 1   (  u  i 1   )  , ⋯ ,  z  i q    B q   (  u  i q   )  )  ⊤    and   γ =   (  γ  1  ⊤  , ⋯ ,  γ  q  ⊤  )  ⊤   . We view   e i   as latent variables for   i = 1 , ⋯ , n   and define   e =   (  e 1  , ⋯ ,  e n  )  ⊤   . The matrix form of the model (7) is


  y = ρ W y +  x ⊤  β +  D ⊤   ( z , u )  γ +  m 1  e +  E  1 2   ν + μ  1 n  ,  



(8)




where   ν =   (  ν 1  , ⋯ ,  ν n  )  ⊤   ,   E =  m 2   σ 0  diag  {  e 1  , ⋯ ,  e n  }   ,    1 n  =   ( 1 , ⋯ , 1 )  ⊤    is   n × 1   vector with all elements being 1,   W = (  w  i j   )   is an   n × n   specified constant spatial weight matrix, and    D ⊤   ( z , u )    is an   n × (  K 1  + ⋯ +  K q  )   matrix with    D ⊤   (  z i  ,  u i  )    as its ith row. Denote    D ⊤   ( z , u )  =  (  D 1 ⊤   ( z , u )  , ⋯ ,  D q ⊤   ( z , u )  )   , where    D j ⊤   ( z , u )    is an   n ×  K j    matrix.



The likelihood function corresponding to (8) is as follows:


              p ( ρ , β , γ , μ ,  σ 0  | y , x , z , u , e )         ∝     |    I n  − ρ W   |    ∏  i = 1  n    (  σ 0   e i  )   −  1 2     exp  −  ∑  i = 1  n     (   y ˜  i  −  x i ⊤  β −  D ⊤   (  z i  ,  u i  )  γ −  m 1   e i  − μ )  2   2  m 2   σ 0   e i             ∝     |   A  ( ρ )   E  −  1 2      | exp { −   1 2    [  y ˜  −  x ⊤  β −  D ⊤   ( z , u )  γ −  m 1  e − μ  1 n  ]  ⊤              ×  E  − 1    [  y ˜  −  x ⊤  β −  D ⊤   ( z , u )  γ −  m 1  e − μ  1 n  ]  }         ≐     |   A  ( ρ )   E  −  1 2      | exp   −  1 2    [  y ^  −  x ⊤  β −  D ⊤   ( z , u )  γ ]  ⊤   E  − 1    [  y ^  −  x ⊤  β −  D ⊤   ( z , u )  γ ]           ≐     |   A  ( ρ )   E  −  1 2      | exp   −  1 2    [  y ^  − D  ( x , z , u )  θ ]  ⊤   E  − 1    [  y ^  − D  ( x , z , u )  θ ]   ,        



(9)




where   K =  ∑  j = 1  q   K j   ,   θ =   (  β ⊤  ,  γ ⊤  )  ⊤    is a   ( K + p ) × 1   vector of the regression coefficient,   D  ( x , z , u )  = D ( x ,  D ⊤   ( z , u )  )   is an   n × ( K + p )   matrix,   I n   is an identity matrix of order n,   A  ( ρ )  =  I n  − ρ W  , and    y ˜  = A  ( ρ )  y =   (   y ˜  1  , ⋯ ,   y ˜  n  )  ⊤   ,    y ^  =  y ˜  −  m 1  e − μ  1 n  .  





3. Bayesian Estimation


In this section, we construct a Bayesian P-splines method with a Gibbs sampler to analyse the proposed model. First of all, we specify the prior distributions of the unknown parameters, and then we infer the full conditional posteriors and describe the detailed Gibbs sampler procedure.



3.1. Priors


According to the Bayesian P-splines method, we need to provide appropriate prior distributions for all the unknown parameters, including spatial autocorrelation coefficient  ρ , regression coefficient vector  β , spline coefficient vector  γ  and the location and scale parameters  μ  and   σ 0  .



Firstly, we choose a hierarchical prior for  β , which consists of conjugate normal prior


  π  ( β |  τ 0  )  ∝   ( 2 π  τ 0  )   −  p 2    exp  −    β ⊤  β   2  τ 0     ,  








and an inverse-gamma prior


  π  (  τ 0  )  ∝  τ 0  −   r  τ 0   2  − 1   exp  −   s   τ 0   2   2  τ 0     ,  








where   r  τ 0    and   s  τ 0  2   are pre-specified hyper-parameters. Secondly, we choose the random walk prior for   γ j  


  π  (  γ j  |  τ j  )  ∝   ( 2 π  τ j  )   −    K j  − d  2    exp  −    γ j ⊤   M  γ j    γ j    2  τ j     ,  








where d is the order of the random walk,   M  γ j    is the penalty matrix that equals     (  P  d − 1   × ⋯ ×  P 0  )  ⊤   (  P  d − 1   × ⋯ ×  P 0  )    for d-order random walk prior,   P l   is a    (  K j  − l − 1 )  ×  (  K j  − l )    matrix with the form


   P l  =      − 1    1   0   ⋯   0     0   ⋱   ⋱   ⋱   ⋮     ⋮   ⋱   ⋱   ⋱   0     0   ⋯   0    − 1    1     ,  l = 0 , ⋯ , d − 1 .  











For   j = 0 , 1 , ⋯ , q  , the prior of hyper-parameters   τ j   is given by


  π  (  τ j  )  ∝  τ j  −   r  τ j   2  − 1   exp  −   s   τ j   2   2  τ j     ,  








where   r  τ j    and   s  τ j  2   are pre-specified hyper-parameters. In addition, we give no prior information for the location parameter  μ  and a conjugate normal inverse-gamma prior for the scale parameter   σ 0  


  π ( μ ) ∝ 1 ,  










  π  (  σ 0  )  ∝   (  σ 0  )   −   r 0  2  − 1   exp  −   s 0 2   2  σ 0     ,  








where   r 0   and   s 0 2   are also pre-specified hyper-parameters. We select    r 0  =  s 0 2  = 1   to obtain a Cauchy distribution of   σ 0   and use    r  τ j   = 1   and    s   τ j   2  = 0.005   to obtain a highly dispersed inverse gamma prior for each hyper-parameter of   τ j   for   j = 0 , 1 , ⋯ , q  . Lastly, the spatial autocorrelation coefficient  ρ  is set a uniform prior for   ρ ∼ U (  λ  min   − 1   ,  λ  max   − 1   )  , where   λ min   and   λ max   are the minimum and maximum eigenvalues of the standardized spatial weight matrix W


  π ( ρ ) ∝ 1 .  











The joint prior distribution of all the unknown quantities are presented by


  π  ( ρ , β , γ , μ ,  σ 0  , τ )  = π  ( ρ )  π  ( μ )  π  (  σ 0  )  π  (  τ 0  )  π  ( β |  τ 0  )   ∏  j = 1  q  π  (  τ j  )  π  (  γ j  |  τ j  )  ,  



(10)




where   τ =   (  τ 0  ,  τ 1  , ⋯ ,  τ q  )  ⊤    is a parameter vector that contains all the unknown hyper-parameters for computational convenience.




3.2. The Full Conditional Posterior Distributions of the Latent Variables


According to the likelihood function (9) together with a standard exponential density, we can derive the full conditional posterior distributions of latent variables   e i   for   i = 1 , ⋯ , n   under the condition of observation data   ( y , x , z , u )   and the remaining unknown quantities, as follows


              p (  e i  | y , x , z , u , ρ , β , γ , μ ,  σ 0  )         ∝     e i  −  1 2    exp  −  1  2  m 2   σ 0   e i      (   y ˜  i  −  x i ⊤  β −  D ⊤   (  z i  ,  u i  )  γ −  m 1   e i  − μ )  2  −  1  σ 0    e i           ∝     e i  −  1 2    exp  −  1 2   (  a e 2   e i  − 1   +  b e 2   e i  )   ,        



(11)




where    a e 2  =   (   y ˜  i  −  x i ⊤  β −  D ⊤   (  z i  ,  u i  )  γ − μ )  2  /  m 2   σ 0    and    b e 2  =  m 1 2  /  m 2   σ 0  + 2 /  σ 0   . Since (11) is the kernel of a generalized inverse Gaussian distribution, we infer


   e i   | y , x , z , u , ρ , β , γ , μ ,   σ 0  ∼ G I G  (  1 2  ,  a e  ,  b e  )  ,  








where the probability density function of   G I G ( υ , a , b )   is


  f  ( x | υ , a , b )  =    ( b / a )  υ   2  K υ   ( a b )     x  υ − 1   exp  −  1 2   (  a 2   x  − 1   +  b 2  x )   ,  x > 0 ,  − ∞ < υ < + ∞ ,  a , b ≥ 0 ,  








and    K v   ( · )    is a modified Bessel function of the third kind [53]. There exist efficient algorithms to simulate from a generalized inverse Gaussian distribution [54] so that our Gibbs sampler can be easily applied to quantile regressive estimation.




3.3. The Full Conditional Posterior Distributions of the Parameters


In this section, because the joint posterior of the parameters is complicated and it is not easy to draw samples directly, we propose a hybrid Gibbs sampler [55], also derive the full conditional posterior of all parameters and describe the detailed sampling procedure.



We can obtain the conditional posterior distribution of the spatial autocorrelation coefficient  ρ  from the likelihood function (9), which is proportional to


              p ( ρ | y , x , z , u , e , β , γ , μ ,  σ 0  , τ )         ∝     |  A ( ρ )  | exp {  −  1 2    [ A  ( ρ )  y −  x ⊤  β −  D ⊤   ( z , u )  γ −  m 1  e − μ  1 n  ]  ⊤              ×  E  − 1    [ A  ( ρ )  y −  x ⊤  β −  D ⊤   ( z , u )  γ −  m 1  e − μ  1 n  ]  } .        



(12)







However, it is difficult to directly simulate from (12) without the form of any standard density function. We apply the Metropolis–Hastings algorithm [56,57] to overcome the difficulty:   ( 1 )   generate a candidate   ρ *   from a truncated Cauchy distribution with location  ρ  and scale   σ ρ   on interval   (  λ  min   − 1   ,  λ  max   − 1   )  , where   σ ρ   acts as a tuning parameter; and   ( 2 )   calculate accept probability


  min  1 ,    p (  ρ *  | y , x , z , u , e , β , γ , μ ,  σ 0  , τ )   p ( ρ | y , x , z , u , e , β , γ , μ ,  σ 0  , τ )   ×  C ρ    








about   ρ *  , where


   C ρ  =   arctan  [  (  λ  max   − 1   − ρ )  /  σ ρ  ]  − arctan  [  (  λ  min   − 1   − ρ )  /  σ ρ  ]    arctan  [  (  λ  max   − 1   −  ρ *  )  /  σ ρ  ]  − arctan  [  (  λ  min   − 1   −  ρ *  )  /  σ ρ  ]    .  











From the likelihood function (9), the full conditional posterior of the location parameter  μ  is derived by


              p ( μ | y , x , z , u , e , ρ , β , γ ,  σ 0  , τ )         ∝    exp { −  1 2    [ A  ( ρ )  y −  x ⊤  β −  D ⊤   ( z , u )  γ −  m 1  e − μ  1 n  ]  ⊤              ×  E  − 1    [ A  ( ρ )  y −  x ⊤  β −  D ⊤   ( z , u )  γ −  m 1  e − μ  1 n  ]  }         ∝    exp  −  1 2    (  y *  − μ  1 n  )  ⊤   E  − 1    (  y *  − μ  1 n  )           ∝    exp  −  1 2   (  1 n ⊤   E  − 1    1 n  )    ( μ −  μ ˜  )  2   ,        



(13)




where    y *  =  y ˜  −  x ⊤  β −  D ⊤   ( z , u )  γ −  m 1  e  ,    μ ˜  =  (  1 n ⊤   E  − 1    y *  )  /  (  1 n ⊤   E  − 1    1 n  )   ,  μ  follows a normal distribution as   μ ∼ N (  μ ˜  , 1 /  (  1 n ⊤   E  − 1    1 n  )  )  , and the full conditional posterior of the scale parameter   σ 0   is as follows


         p (  σ 0  | y , x , z , u , e , ρ , β , γ , μ , τ )         ∝   (  σ 0  )   −   3 n +  r 0   2  − 1   exp  −  1  σ 0     ∑  i = 1  n   1  2  m 2   e i      (  y i *  − μ )  2  +  ∑  i = 1  n   e i  +   s 0 2  2    ,     



(14)




where    y i *  =   y ˜  i  −  x i ⊤  β −  D ⊤   (  z i  ,  u i  )  γ −  m 1   e i   . Since (14) is inverse-gamma distribution, we infer


   σ 0   | y , x , z , u , e , ρ , β , γ , μ , τ ∼ I G   (    r ˜  0  2  ,    s ˜  0 2  2  )  ,  








where     r ˜  0  = 3 n +  r 0    and     s ˜  0 2  =  s 0 2  + 2  ∑  i = 1  n   e i  +  ∑  i = 1  n    (   y ˜  i  −  x i ⊤  β −  D i ⊤   (  z i  ,  u i  )  γ −  m 1   e i  − μ )  2  /  m 2   e i   . Consequently, the  introduction of scale parameter does not cause any difficulties in our Gibbs sampler algorithm.



Furthermore, the joint posterior of   θ = ( β , γ )   conditional on   ( y , x , z , u , e , ρ , μ ,  σ 0  , τ )   is easy to find from likelihood function (9) and priors (10)


              p ( β , γ | y , x , z , u , e , ρ , μ ,  σ 0  , τ )         ∝    exp  −  1 2    [  y ^  −  x ⊤  β −  D ⊤   ( z , u )  γ ]  ⊤   E  − 1    [  y ^  −  x ⊤  β −  D ⊤   ( z , u )  γ ]               × exp  −    β ⊤  β   2  τ 0     ×  ∏  j = 1  q  exp  −    γ j ⊤   M  γ j    γ j    2  τ j             ∝    exp  −  1 2    [  y ^  − D  ( x , z , u )  θ ]  ⊤   E  − 1    [  y ^  − D  ( x , z , u )  θ ]   × exp  −  1 2   θ ⊤  diag    τ   − 1    θ          ∝      | Ξ |   1 2   exp  −  1 2    ( θ −  θ ^  )  ⊤  Ξ  ( θ −  θ ^  )          



(15)




where   diag    τ   − 1    = diag   τ 0  − 1    I p  ,  τ 1  − 1    M  γ 1   , ⋯ ,  τ q  − 1    M  γ q    ,     θ ^  =  Ξ  − 1    D ⊤   ( x , z , u )   E  − 1    y ^   ,   Ξ =  diag     τ   − 1    +  D ⊤   ( x , z , u )   E  − 1   D  ( x , z , u )   . From the joint posterior (15), we can use the method of composition [58] to generate  θ  from the conditional normal posterior


         p  ( θ | y , x , z , u , e , ρ , γ , μ ,  σ 0  , τ )  ∝   | Ξ |   1 2   exp  −  1 2    ( θ −  θ ^  )  ⊤  Ξ  ( θ −  θ ^  )   .     



(16)







For the hyper-parameters   τ j   for   j = 0 , 1 , ⋯ , q   which are mutually independent in posterior informations, the conditional posterior of   τ j   is an inverse-gamma distribution with densities


  p  (  τ 0  | β )  ∝  τ 0  −   p +  r  τ 0    2  − 1   exp  −    s   τ 0   2  +  β ⊤  β   2  τ 0     ,  



(17)




and


  p  (  τ j  |  γ j  )  ∝  τ j  −    K j  +  r  τ j   − d  2  − 1   exp  −    s   τ j   2  +  γ j ⊤   M  γ j    γ j    2  τ j     ,   j = 1 , ⋯ , q ,  



(18)




they can be simulated directly from (17) and (18), respectively.




3.4. Sampling


We will obtain the Bayesian estimation of   Θ = { ρ , μ ,  σ 0  , θ , τ }   by drawing from the full conditional posterior distribution of all parameters and running some MCMC tools, including the Gibbs sampler and the Metropolis–Hastings algorithm [56,57]. The detailed procedure of MCMC algorithm (Algorithm 1) in our method is presented as follows:






	Algorithm 1: The pseudocode of the MCMC sampling scheme



	
	
Input: Samples    {  (  y i  ,  x i  ,  z i  ,  u i  )  }   i = 1 , ⋯ , n   .



	
Initialization: Initialize the MCMC algorithm in iteration   t = 0   with   Θ  ( 0 )    and   e  ( 0 )   .



	
MCMC iterations: For   t = 1 , 2 , 3 , ⋯  , given the current state   Θ  ( t − 1 )   , successively.



	
(a) Sample   e i  ( t )    from   p (  e i  |  y i  ,  x i  ,  z i  ,  u i  ,  Θ  ( t − 1 )   )   for   i = 1 , ⋯ , n  .



	
(b) Sample   Θ  ( t )    from   p ( Θ | y , x , z , u ,  e  ( t − 1 )   )  .



	
Due to its complexity, step (b) is further decomposed into:



	
Generate   μ  ( t )    from   p ( μ | y , x , z , u ,  e  ( t − 1 )   ,  ρ  ( t − 1 )   ,  θ  ( t − 1 )   ,  σ 0  ( t − 1 )   ,   τ   ( t − 1 )   )  ;



	
Generate   σ 0  ( t )    from   p (  σ 0  | y , x , z , u ,  e  ( t − 1 )   ,  ρ  ( t − 1 )   ,  μ  ( t − 1 )   ,  θ  ( t − 1 )   ,   τ   ( t − 1 )   )  ;



	
Generate   ρ  ( t )    from   p ( ρ | y , x , z , u ,  e  ( t − 1 )   ,  θ  ( t − 1 )   ,  μ  ( t − 1 )   ,  σ 0  ( t − 1 )   ,   τ   ( t − 1 )   )  ;



	
Generate   θ  ( t )    from   p ( θ | y , x , z , u ,  e  ( t − 1 )   ,  ρ  ( t − 1 )   ,  μ  ( t − 1 )   ,  σ 0  ( t − 1 )   ,   τ   ( t − 1 )   )  ;



	
Generate    τ   ( t )    from   p ( τ |  θ  ( t − 1 )   )  , which is replaced by the following two steps:



	
Generate   τ 0  ( t )    from   p (  τ 0  |  β  ( t − 1 )   )  ;



	
Generate   τ j  ( t )    from   p (  τ j  |  γ  ( t − 1 )   )   for   j = 1 , ⋯ , q  .



	
Output: A MCMC sample from the joint posterior distribution of    {  Θ  ( t )   }   t = 1 , 2 , 3 , ⋯   .















4. Numerical Illustration


In the section, Monte Carlo simulations are implemented to demonstrate the finite sample performance of the proposed model and estimation method. We also apply to analyse a real dataset example. In order to ensure the robustness and applicability, two kinds of matrices are chosen to investigate the spatial influence of the spatial weight matrix W on the estimation effects. One is the Rook weight matrix as [35], and the Rook weight matrix is generated according to Rook contiguity, which allocates the n spatial units on a lattice of   m × m   (  ≥ n  ) squares and finds the neighbours for unit with row normalizing. The other is the Case weight matrix as in [59], we consider the spatial scenario with r districts and m members in each district, and each neighbour of a member in a district is given equal weight.



4.1. Simulation


The samples are generated from the following model:


   y i  = ρ  ∑  j = 1  n   w  i j    y j  +  x i ⊤  β +  z i ⊤  α  (  u i  )  +  ε i  ,  i = 1 , ⋯ , n ,  



(19)




where the covariate vectors    x i  =   (  x  i 1   ,  x  i 2   )  ⊤    follows a bivariate normal distribution with mean vector  0  and covariance matrix


  Σ =     1    − 0.5       − 0.5    1     .  








   z i  =   (  z  i 1   ,  z  i 2   )  ⊤    and    u i  =   (  u  i 1   ,  u  i 2   )  T    are bivariate,    z  i j   ∼ U  ( − 2 , 0 )    and    u  i j   ∼ U  ( 0 , 1 )    for   j = 1 , 2  ,   β =   ( 1 , − 1 )  ⊤    and the error term    ε i  =  ϵ i  −  F  − 1    ( τ )   , where F is the common cumulative distribution function of    ϵ i  ∼ N  ( 0 , 1 )   . By subtracting the  τ th quantile, the error term is equal to zero at the  τ th quantile. The varying coefficient functions   α  ( u )  =   (  α 1   (  u 1  )  ,  α 2   (  u 2  )  )  ⊤    with    α 1   (  u 1  )  = 2 cos  ( 2 π  u 1  )  + 1   and    α 2   (  u 2  )  = 0.5 exp  { − 2   ( 2  u 2  − 1 )  2  }  + 2  u 2   . Furthermore, we chose three different values of spatial parameters   ρ = { 0.2 , 0.5 , 0.8 }   at three different quantile points   τ = { 0.25 , 0.5 , 0.75 }  , two kinds of the Rook and Case weight matrix as the spatial weight matrix W, respectively. The sample sizes are   n = { 100 , 400 }   for the Rook weight matrix, districts and members are   ( r , m ) = { ( 20 , 5 ) , ( 80 , 5 ) }   for the Case weight matrix.



We conducted each simulation with 1000 replications. For   j = 1 , ⋯ , p  , we use a quadratic P-splines in which the number of knots    K j  = 18   are placed at equally spaced interval of the predictor variables and design hyper-parameters    (  r 0  ,  s 0 2  ,  r  τ 0   ,  s   τ 0   2  ,  r  τ  j 0    ,  s   τ  j 0    2  )  =  ( 1 , 1 , 1 , 0.005 , 1 , 0.005 )    in our computation. The second-order random walk penalties are used for the Bayesian P-splines to approximate the unknown smooth functions. The unknown parameters are drawn from their respective prior distributions. The tuning parameter   σ ρ   is used to control the resultant acceptable rate for parameter around 25% by incrementally increasing or decreasing value.



We generated 6000 sampled values following the proposed Gibbs sampler and deleted the first 3000 values as a burn-in period for each of the replications until the Markov Chains reach steady state. According to the last 3000 values, we calculate the corresponding means across 1000 replications for the posterior mean (Mean), standard error (SE) and 2.5th and 97.5th percentiles of the parameters, namely the 95% posterior credible intervals (95% CI), which are defined by the posterior probability of the parameters falling into the intervals is 95% based on the highest posterior density.



We also computed the standard derivations (SD) of the estimated posterior means to compare them with the means of the estimated posterior SE. From the model (19), LeSage and Pace [60] suggested scalar summary measures for the marginal effects, which are given by     ∂ y   ∂  x j    =   (  I n  − ρ W )   − 1    I n   β j    for   j = 1 , ⋯ , q  . The direct effects are labeled as the average of the diagonal elements. The average of either the row sums or the column sums of the non-diagonal elements are used as the indirect effects, and the total effects are the sum of the direct and indirect effects.



To check the convergence of the MCMC algorithm, five different Markov Chains corresponding to different starting values have been ran through the Gibbs sampler to perform each replication. Figure 1 displays the sampled traces of parts of the unknown quantities, including model parameters and fitting functions on grid points. It is clear that the five parallel sequences mix reasonably well. We further calculate the “potential scale reduction factor”    R ^    for all unknown parameters and varying coefficient functions on 10 selected grid points based on the five parallel sequences. Figure 2 shows the values of    R ^    after iterating 3000 times. We observe that all the values of    R ^    are less than 1.2 following the suggestion of Gelman and Rubin [61] after 3000 burn-in iterations, which is sufficient for convergence.



In order to investigate the finite sample performance of varying coefficient functions, the variability measures of the mean absolute deviation errors (MADE) and global mean absolute deviation errors (GMADE) are used to measure the estimation performance. MADE and GMADE are defined as


   MADE j   |     α ^  j   ( · )    | =   1 100   ∑  i = 1  100   |     α ^  j   (  u  i j   )  −  α j   (  u  i j   )    |   and   GMADE |    α ^   ( · )    | =   1 p   ∑  j = 1  p   MADE j   |    α ^  j   ( · )   |   








at 100 fixed grid points     u  i j     i = 1  100   that are equally-spaced chosen from interval   [  a j  ,  b j  ]  . Figure 3a displays the boxplots of the MADE and GMADE values with sample size   n = 100   and   ρ = 0.5   at   τ = 0.5   quantile point. Based on the Rook weight matrix on the left three panels, the medians are    MADE 1  = 0.2049  ,    MADE 2  = 0.1976   and   GMADE = 0.2048  . Based on the Case weight matrix on the right three panels, the medians are    MADE 1  = 0.1993  ,    MADE 2  = 0.1952   and   GMADE = 0.2028  . Figure 3b shows the boxplots of the MADE and GMADE values with sample size   n = 400   and   ρ = 0.5   at   τ = 0.5   quantile point. Based on the Rook weight matrix, the medians are    MADE 1  = 0.1049  ,    MADE 2  = 0.1164   and   GMADE = 0.1126   on the left three boxplots. Based on the Case weight matrix , the medians are    MADE 1  = 0.1019  ,    MADE 2  = 0.1160   and   GMADE = 0.1101   on the right three boxplots. We can see that the MADE and GMADE values not only decrease when the number of n increase but also become smaller under the Case weight matrix than the Rook weight matrix, meaning the varying coefficient functions become more accurate when increasing the sample size with application of the Case weight matrix. This shows that the proposed model and estimation method with both the Rook weight matrix and the Case weight matrix in the finite sample can obtain reasonable estimation and good performance.



Table 1 and Table 2 summarize the estimation results. The parameter estimates are quite different at three quantiles of the response distributions. Under the same spatial weight matrix, the accuracy of the results improves with the increasing of the sample sizes. We can see that the means of the unknown estimators are close to the respective true values, and the average values of the SE are close to the corresponding SD, indicating that the parameter estimates and the standard errors are more precise. For the parameter  ρ  under the same sample sizes, we find the SE and SD of parameter  ρ  with the Case weight matrix are slightly better than that with the Rook weight matrix. In addition, the general pattern from the estimates reported in Table 1 and Table 2 is that all estimators impose relatively larger bias on the total effect estimates when there is strong positive spatial dependence for similar sample sizes. When we repeat the aforementioned experiences with different starting values, the estimation results are similar, all of which indicate that the proposed Gibbs sampler performs quite well.



Figure 4 compares the estimation results of varying coefficient functions at different quantiles, along with its 95% pointwise posterior credible intervals of    α 1   ( u )    and    α 2   ( u )    from a typical sample under   ( ρ , n ) = ( 0.5 , 100 )   and   ( ρ , n ) = ( 0.5 , 400 )  , respectively. The typical sample is selected in such a way that its MADE value is equal to the median in the 1000 replications. We can see that the three fitting curves are fairly close to the solid curve, and the corresponding credible bandwidth is narrow. With the increasing of the sample sizes, the gaps between the fitting curves and the true value become short. There also exist visible differences at different quantiles of the response distributions. It illustrates that the varying coefficient function estimation procedure works well for small samples.



We compare the performance of the Bayesian quantile regression (BQR) estimator in this paper to the instrumental variable quantile regression (IVQR) estimator in Dai et al. [12] with two examples.



Example 1.

The model is given as follows


    y i  = ρ  ∑  j = 1  n   w  i j    y j  +  x i  β +  z  i 1    α 1   (  u i  )  +  z  i 2    α 2   (  u i  )  +  ε i  ,  i = 1 , ⋯ , n .   








where   ρ = 0.5  ,   β = 1  ,    α 1   ( u )  = 1 − 0.5 u   and    α 2   ( u )  = 1 + sin  (  2  π u )   ,    ε i  =  ϵ i  −  F  − 1    ( τ )   , F is the common cumulative distribution function of   ϵ i  , and the  τ th quantile of random error   ϵ i   is centred to zero.   x i   and   u i   are generated from   N [ 0 , 1 ]   and   U [ 0 , 2 ]  ,    z i  =   (  z  i 1   ,  z  i 2   )  ⊤    are bivariate.   z  i 1    and   z  i 2    are generated independently from   U [ − 2 , 2 ]   and   N ( 1 , 1 )  . Table 3 summarizes the comparison results of QR, IVQR and BQR estimators with a homoscedastic error term.





Example 2.

The model is given as follows


    y i  = ρ  ∑  j = 1  n   w  i j    y j  +  x i  β +  z  i 1    α 1   (  u i  )  +  z  i 2    α 2   (  u i  )  +  ( 1 + 0.5  z  i 1   )   ε i  ,  i = 1 , ⋯ , n .   








where   ρ = 0.5  ,   β = 1  ,    α 1   ( u )  = 1 − 0.5 u   and    α 2   ( u )  = 0.5  u 2  − u + 1  ,    ε i  =  ϵ i  −  F  − 1    ( τ )   , F is the common cumulative distribution function of   ϵ i  , and the  τ th quantile of random error   ϵ i   is equal to zero.   x i   and   u i   are generated from   N [ 0 , 1 ]  , and   U [ 0 , 2 ]  ,    z i  =   (  z  i 1   ,  z  i 2   )  ⊤    are bivariate.   z  i 1    and   z  i 2    are generated independently from   N ( 0 , 1 )   and   U [ − 2 , 2 ]  . Table 4 summarizes the comparison results of QR, IVQR and BQR estimators with a heteroscedastic error term.





The spatial weight matrix   W = (  w  i j   )   is generated based on mechanism that    w  i j   =  0.3  |  i − j  |     for   i , j = 1 , ⋯ , n  , and then standardized transformation is applied to convert the matrix W to have row-sums of unit [12]. After repeating the estimation procedure 1000 times for each case, we calculate the Bias and RMSE between the parameter estimates and true values, the MADE of the estimation accuracy of the varying coefficient functions.



Table 3 and Table 4 report the results of QR, IVQR and BQR corresponding to example 1 and example 2. It can be seen that the influence of explanatory variables on the response is quite different at different quantiles of the response distributions. When the sample sizes enhance, all the bias, RMSE and MADE of the estimators will decrease significantly. Comparing with the three methods QR, IVQR and BQR, the BQR estimator can obtain more robust results in the same condition with less bias, RMSE and MADE. We think that BQR algorithm is superior to QR and IVQR, although the later can also achieve reasonable estimations.




4.2. Application


As an application of the proposed model and methods to a real data example, we use the well-known Sydney real estate data with detailed description in [62]. The data set contains 37,676 properties sold in the Sydney Statistical Division (an official geographical region including Sydney) in the calendar year of 2001, which is available from HRW package in R. We focus on the last week of February only to avoid the temporal issue including 538 properties.



In this application, the house price (Price) is explained by four variables, which are the distance from house to the nearest coastline location in kilometres (DC), distance from house to the nearest main road in kilometres (DR), inflation rate measured as a percentage (IR) and average weekly income (Income). The DC and DR have linear effects on the response Price, while the IR and Income have nonlinear effects on the response Price. Moreover, we make Price and DC logarithmic transformation to avoid the trouble caused by big gaps in the domain. In addition, Income is transformed so that the marginal distribution is approximately   N ( 0 , 1 )  . Therefore, the following partially linear varying coefficient spatial autoregressive model will be developed:


   y i  = ρ  ∑  j = 1  n   w  i j    y j  +  x i ⊤  β +  z i  α  (  u i  )  +  ε i  ,  i = 1 , ⋯ , n ,  



(20)




where the response variable    y i  = log  (  Price i  )   ,    x  i 1   = log  (  DC i  )   ,    x  i 2   =  DR i   ,    z  i 1   =  IR i   ,    u i  =  Income i   . Regarding the choice of the weight matrix, according to the practice in Sun et al. [10], we use the Euclidean distance in terms of any two houses to calculate the spatial weight matrix W. The location is represented with longitude and latitude, denoted as    s i  =  ( L o  n i  , L a  t i  )   . The spatial weight   w  i l    is


   w  i l   =  exp { − ∥   s i  −  s l   ∥ }  /  ∑  k ≠ i    exp { − ∥   s i  −  s k   ∥ }  .  











For this dataset, we adopt quadratic P-splines and hyper-parameters   ( λ ,  r 0  ,  s 0 2  ,  r  τ  α 0    ,  s   τ  α 0    2  ,  r  τ   β j  0    ,  s   τ   β j  0    2  )     = ( 2 , 1 , 1 , 1 , 0.005 , 1 , 0.005 )   for   j = 1 , ⋯ , p  . The tuning parameter   σ ρ   is used to control the acceptable rate for updating  ρ  around 25%.



We run the proposed Gibbs sampler five times with different starting values and generate 10,000 sampled values following a burn-in of 20,000 iterations in each run. Traces of parts of the unknown quantities are plotted in Figure 5, and the five parallel sequences aggregate very well. Based on the five parallel sequences, we further calculate the “potential scale reduction factor”    R ^   , which is plotted in Figure 6. It is clear that all the values of    R ^    are less than 1.2 after 20,000 burn-in iterations. The proposed estimators can realize excellent convergence effects applying to the actual data.



Table 5 lists the estimated parameters together with their standard errors and 95% posterior credible intervals. It shows that the estimation of the spatial coefficient   ρ ^   is 0.57 with the standard deviation SE   = 0.003   at   τ = 0.5   quantile, which means that there exists positive and significant spatial spillover effects for the housing prices of Sydney real estate. However, the spatial coefficient decreases with the increase of quantiles, when the house prices are lower, the spatial effects and the interaction between different regions become stronger. The coefficients of the two covariates   log ( DC )   and  DR  are     β ^  1  = 0.6039   and     β ^  2  = 0.4033   at   τ = 0.5   quantile, they also have promotional effects on housing prices at the other two quantiles,   log ( DC )   and  DR  will play an important positive role with the house prices rising because the two parameters present an increasing trend at higher quantiles.



Figure 7 presents the estimated varying coefficient functions together with its 95% pointwise posterior credible intervals, which includes three quantiles   τ = 0.25 , τ = 0.5   and   τ = 0.75   by a dotted line, star line and forked line, respectively. The curves totally show an upward trend, especially when u becomes larger, the curves rise up more. This shows that the effect of covariate Income on the response has a U-shaped nonlinear relationship. More specifically, when the quantile at   τ = 0.5  , the varying coefficient function   α ( u )   is greater than the other two, meaning that Income has a significant promoting influence in areas with higher housing prices. The empirical result confirms the robustness and practicability of the Bayesian P-splines method.





5. Summary


This article focused on studying Bayesian estimation and inference in a quantile regression of partially linear varying coefficient spatial autoregressive models with P-splines. This can analyse the linear and nonlinear effects of the covariates on the response for spatial data, reduce the high risk of misspecification of the traditional SAR models and avoid certain serious drawbacks of fully nonparametric models.



We developed Bayesian quantile regression of PLVCSAR models using the asymmetric Laplace error distribution, which can capture comprehensive features at different quantile points without strict restrictions. Moreover, we considered a fully Bayesian P-splines approach to analyse the PLVCSAR models and designed a Gibbs sampler to explore the full conditional posterior distributions. Compared with the QR and IVQR estimators in the same condition, our methodology obtained more robust and precise results. Finally, the proposed model and method with an application were used to analyse a real dataset.



In this article, we considered spatial data with homoscedasticity or heteroscedastic error term, which does not need any specification of error distribution. Although we used a partially linear varying coefficient SAR model, the other models, such as a partially linear single-index SAR model and partially linear additive SAR model can also be considered. In addition, we also need to study variable selection and model selection in a large sample.
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Figure 1. Trace plots of five parallel sequences corresponding to different starting values for parts of the unknown quantities, where (a–c) are trace plots of parameters   ( ρ ,  β 1  ,  β 2  )  , (d–h) are trace plots of the varying coefficient function    α 1   ( u )   , and (i–l) are trace plots of the varying coefficient function    α 2   ( u )    (only a replication with   ( r , m ) = ( 80 , 5 )  , and   ρ = 0.5   is displayed). 
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Figure 2. The “potential scale reduction factor”    R ^    for simulation results (the case of spatial parameter is   ρ = 0.5  ,   τ = 0.5  ). 
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Figure 3. The boxplots (a) the mean absolute deviation errors with sample size   n = 100  . The boxplots (b) the mean absolute deviation errors with sample size   n = 400   (the three panels on the left are based on the Rook weight matrix and the three panels on the right are based on the Case weight matrix). 
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Figure 4. The estimated varying coefficient functions (dotted line at   τ = 0.25   quantile, star line at   τ = 0.5   quantile and forked line at   τ = 0.75   quantile) and their 95% pointwise posterior credible intervals (dot- dashed lines) for a typical sample (the left panels are based on the Rook weight matrix and the right panels are based on the Case weight matrix with   ρ = 0.5  ). The solid lines denote the true varying coefficient functions. 
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Figure 5. Trace plots of five parallel sequences corresponding to different starting values for parts of the unknown quantities, where (a–c) are trace plots of parameters   ( ρ ,  β 1  ,  β 2  )  , and (d–i) are trace plots of the varying coefficient function    α 1   ( u )   . 
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Figure 6. The “potential scale reduction factor”    R ^    for Sydney real estate data. 
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Figure 7. The estimated function (dot line) and its 95% pointwise posterior credible intervals (dot-dashed lines) in the model (20) for Sydney real estate data. 
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Table 1. Simulation results of the parameter estimation for   τ = { 0.25 , 0.5 , 0.75 }  .
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   τ   

	
Para.

	
n

	
Rook Weight Matrix

	
    ( r , m )    

	
Case Weight Matrix




	
Mean

	
SE

	
SD

	
95% CI

	
Mean

	
SE

	
SD

	
95% CI






	
   0.25   

	
   ρ = 0.2000   

	
100

	
   0.1904   

	
   0.0623   

	
   0.0706   

	
   ( 0.0690 , 0.3127 )   

	
(20,5)

	
   0.1895   

	
   0.05834   

	
   0.0662   

	
   ( 0.0749 , 0.3037 )   




	

	
    β 1  = 1.0000   

	

	
   0.9936   

	
   0.1242   

	
   0.1440   

	
   ( 0.7493 , 1.2367 )   

	

	
   0.9916   

	
   0.1244   

	
   0.1435   

	
   ( 0.7479 , 1.2354 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9923   

	
   0.1241   

	
   0.1483   

	
   ( − 1.2359 , − 0.7488 )   

	

	
   − 0.9930   

	
   0.1244   

	
   0.1487   

	
   ( − 1.2367 , − 0.7490 )   




	

	
Total effect

	




	

	
    x 1  = 1.2500   

	

	
   1.2432   

	
   0.1838   

	
   0.2049   

	
   ( 0.9039 , 1.6259 )   

	

	
   1.2372   

	
   0.1795   

	
   0.2010   

	
   ( 0.9040 , 1.6079 )   




	

	
    x 2  = − 1.2500   

	

	
   − 1.2424   

	
   0.1832   

	
   0.2159   

	
   ( − 1.6241 , − 0.9048 )   

	

	
   − 1.2402   

	
   0.1799   

	
   0.2138   

	
   ( − 1.6119 , − 0.9054 )   




	

	
   ρ = 0.5000   

	

	
   0.4879   

	
   0.0496   

	
   0.0566   

	
   ( 0.3900 , 0.5840 )   

	

	
   0.4904   

	
   0.0394   

	
   0.0459   

	
   ( 0.4123 , 0.5671 )   




	

	
    β 1  = 1.0000   

	

	
   0.9944   

	
   0.1249   

	
   0.1443   

	
   ( 0.7496 , 1.2383 )   

	

	
   0.9937   

	
   0.1246   

	
   0.1447   

	
   ( 0.7496 , 1.2380 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9942   

	
   0.1248   

	
   0.1479   

	
   ( − 1.2391 , − 0.7506 )   

	

	
   − 0.9940   

	
   0.1243   

	
   0.1483   

	
   ( − 1.2381 , − 0.7502 )   




	

	
Total effect

	




	

	
    x 1  = 2.0000   

	

	
   1.9818   

	
   0.3141   

	
   0.3487   

	
   ( 1.4170 , 2.6498 )   

	

	
   1.9744   

	
   0.2863   

	
   0.3237   

	
   ( 1.4430 , 2.5666 )   




	

	
    x 2  = − 2.0000   

	

	
   − 1.9830   

	
   0.3126   

	
   0.3653   

	
   ( − 2.6487 , − 1.4217 )   

	

	
   − 1.9774   

	
   0.2868   

	
   0.3420   

	
   ( − 2.5704 , − 1.4446 )   




	

	
   ρ = 0.8000   

	

	
   0.7909   

	
   0.0234   

	
   0.0270   

	
   ( 0.7447 , 0.8365 )   

	

	
   0.7949   

	
   0.0168   

	
   0.0200   

	
   ( 0.7613 , 0.8273 )   




	

	
    β 1  = 1.0000   

	

	
   0.9914   

	
   0.1242   

	
   0.1429   

	
   ( 0.7477 , 1.2348 )   

	

	
   0.9957   

	
   0.1254   

	
   0.1456   

	
   ( 0.7499 , 1.2415 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9938   

	
   0.1243   

	
   0.1447   

	
   ( − 1.2381 , − 0.7505 )   

	

	
   − 0.9964   

	
   0.1251   

	
   0.1491   

	
   ( − 1.2422 , − 0.7514 )   




	

	
Total effect

	




	

	
    x 1  = 5.0000   

	

	
   4.8700   

	
   0.8256   

	
   0.8677   

	
   ( 3.4306 , 6.6730 )   

	

	
   4.9200   

	
   0.7107   

	
   0.8079   

	
   ( 3.5967 , 6.3884 )   




	

	
    x 2  = − 5.0000   

	

	
   − 4.8891   

	
   0.8199   

	
   0.9282   

	
   ( − 6.6744 , − 3.4559 )   

	

	
   − 4.9292   

	
   0.7128   

	
   0.8545   

	
   ( − 6.4029 , − 3.6029 )   




	
   0.50   

	
   ρ = 0.2000   

	
100

	
   0.1926   

	
   0.0585   

	
   0.0616   

	
   ( 0.0771 , 0.3063 )   

	
(20,5)

	
   0.1913   

	
   0.0553   

	
   0.0581   

	
   ( 0.0819 , 0.2987 )   




	

	
    β 1  = 1.0000   

	

	
   0.9926   

	
   0.1255   

	
   0.1299   

	
   ( 0.7456 , 1.2381 )   

	

	
   0.9920   

	
   0.1254   

	
   0.1303   

	
   ( 0.7455 , 1.2372 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9951   

	
   0.1249   

	
   0.1356   

	
   ( − 1.2401 , − 0.7499 )   

	

	
   − 0.9958   

	
   0.1248   

	
   0.1335   

	
   ( − 1.2403 , − 0.7507 )   




	

	
Total effect

	




	

	
    x 1  = 1.2500   

	

	
   1.2426   

	
   0.1808   

	
   0.1852   

	
   ( 0.9051 , 1.6148 )   

	

	
   1.2377   

	
   0.1776   

	
   0.1784   

	
   ( 0.9044 , 1.6013 )   




	

	
    x 2  = − 1.2500   

	

	
   − 1.2466   

	
   0.1814   

	
   0.1978   

	
   ( − 1.6211 , − 0.9089 )   

	

	
   − 1.2438   

	
   0.1773   

	
   0.1912   

	
   ( − 1.6072 , − 0.9110 )   




	

	
   ρ = 0.5000   

	

	
   0.4924   

	
   0.0444   

	
   0.0481   

	
   ( 0.4042 , 0.5783 )   

	

	
   0.4933   

	
   0.0369   

	
   0.0392   

	
   ( 0.4194 , 0.5646 )   




	

	
    β 1  = 1.0000   

	

	
   0.9921   

	
   0.1257   

	
   0.1300   

	
   ( 0.7449 , 1.2383 )   

	

	
   0.9918   

	
   0.1254   

	
   0.1309   

	
   ( 0.7453 , 1.2373 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9986   

	
   0.1250   

	
   0.1357   

	
   ( − 1.2439 , − 0.7536 )   

	

	
   − 0.9994   

	
   0.1249   

	
   0.1350   

	
   ( − 1.2443 , − 0.7547 )   




	

	
Total effect

	




	

	
    x 1  = 2.0000   

	

	
   1.9850   

	
   0.3017   

	
   0.3097   

	
   ( 1.4309 , 2.6166 )   

	

	
   1.9765   

	
   0.2834   

	
   0.2873   

	
   ( 1.4433 , 2.5567 )   




	

	
    x 2  = − 2.0000   

	

	
   − 1.9994   

	
   0.3032   

	
   0.3310   

	
   ( − 2.6347 , − 1.4442 )   

	

	
   − 1.9935   

	
   0.2829   

	
   0.3083   

	
   ( − 2.5729 , − 1.4631 )   




	

	
   ρ = 0.8000   

	

	
   0.7965   

	
   0.0197   

	
   0.0218   

	
   ( 0.7577 , 0.8346 )   

	

	
   0.7967   

	
   0.0158   

	
   0.0172   

	
   ( 0.7649 , 0.8270 )   




	

	
    β 1  = 1.0000   

	

	
   0.9938   

	
   0.1260   

	
   0.1300   

	
   ( 0.7466 , 1.2409 )   

	

	
   0.9934   

	
   0.1262   

	
   0.1307   

	
   ( 0.7456 , 1.2411 )   




	

	
    β 2  = − 1.0000   

	

	
   − 1.0015   

	
   0.1258   

	
   0.1320   

	
   ( − 1.2483 , − 0.7548 )   

	

	
   − 0.9978   

	
   0.1256   

	
   0.1368   

	
   ( − 1.2444 , − 0.7516 )   




	

	
Total effect

	




	

	
    x 1  = 5.0000   

	

	
   4.9793   

	
   0.7911   

	
   0.8004   

	
   ( 3.5531 , 6.6600 )   

	

	
   4.9397   

	
   0.7075   

	
   0.7209   

	
   ( 3.6094 , 6.3893 )   




	

	
    x 2  = − 5.0000   

	

	
   − 5.0202   

	
   0.7887   

	
   0.8355   

	
   ( − 6.6920 , − 3.5937 )   

	

	
   − 4.9663   

	
   0.7078   

	
   0.7807   

	
   ( − 6.4156 , − 3.6369 )   




	
   0.75   

	
   ρ = 0.2000   

	
100

	
   0.1944   

	
   0.0526   

	
   0.0585   

	
   ( 0.0894 , 0.2962 )   

	
(20,5)

	
   0.1942   

	
   0.0507   

	
   0.0582   

	
   ( 0.0927 , 0.2917 )   




	

	
    β 1  = 1.0000   

	

	
   0.9916   

	
   0.1254   

	
   0.1454   

	
   ( 0.7459 , 1.2379 )   

	

	
   0.9927   

	
   0.1250   

	
   0.1440   

	
   ( 0.7475 , 1.2384 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9944   

	
   0.1258   

	
   0.1482   

	
   ( − 1.2411 , − 0.7482 )   

	

	
   − 0.9941   

	
   0.1255   

	
   0.1477   

	
   ( − 1.2403 , − 0.7483 )   




	

	
Total effect

	




	

	
    x 1  = 1.2500   

	

	
   1.2424   

	
   0.1765   

	
   0.2007   

	
   ( 0.9092 , 1.6014 )   

	

	
   1.2430   

	
   0.1744   

	
   0.1993   

	
   ( 0.9122 , 1.5965 )   




	

	
    x 2  = − 1.2500   

	

	
   − 1.2466   

	
   0.1771   

	
   0.2089   

	
   ( − 1.6063 , − 0.9118 )   

	

	
   − 1.2444   

	
   0.1749   

	
   0.2019   

	
   ( − 1.5978 , − 0.9120 )   




	

	
   ρ = 0.5000   

	

	
   0.4945   

	
   0.0384   

	
   0.0456   

	
   ( 0.4179 , 0.5677 )   

	

	
   0.4945   

	
   0.0338   

	
   0.0402   

	
   ( 0.4266 , 0.5591 )   




	

	
    β 1  = 1.0000   

	

	
   0.9925   

	
   0.1256   

	
   0.1467   

	
   ( 0.7463 , 1.2393 )   

	

	
   0.9935   

	
   0.1257   

	
   0.1437   

	
   ( 0.7475 , 1.2408 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9951   

	
   0.1258   

	
   0.1487   

	
   ( − 1.2421 , − 0.7481 )   

	

	
   − 0.9947   

	
   0.1259   

	
   0.1483   

	
   ( − 1.2420 , − 0.7485 )   




	

	
Total effect

	




	

	
    x 1  = 2.0000   

	

	
   1.9891   

	
   0.2897   

	
   0.3337   

	
   ( 1.4451 , 2.5824 )   

	

	
   1.9845   

	
   0.2787   

	
   0.3161   

	
   ( 1.4561 , 2.5499 )   




	

	
    x 2  = − 2.0000   

	

	
   − 1.9961   

	
   0.2908   

	
   0.3511   

	
   ( − 2.5915 , − 1.4499 )   

	

	
   − 1.9868   

	
   0.2791   

	
   0.3238   

	
   ( − 2.5521 , − 1.4570 )   




	

	
   ρ = 0.8000   

	

	
   0.7971   

	
   0.0160   

	
   0.0191   

	
   ( 0.7651 , 0.8275 )   

	

	
   0.7970   

	
   0.0144   

	
   0.0171   

	
   ( 0.7679 , 0.8242 )   




	

	
    β 1  = 1.0000   

	

	
   0.9936   

	
   0.1258   

	
   0.1465   

	
   ( 0.7471 , 1.2407 )   

	

	
   0.9946   

	
   0.1259   

	
   0.1446   

	
   ( 0.7488 , 1.2428 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9955   

	
   0.1259   

	
   0.1488   

	
   ( − 1.2430 , − 0.7490 )   

	

	
   − 0.9961   

	
   0.1263   

	
   0.1491   

	
   ( − 1.2443 , − 0.7489 )   




	

	
Total effect

	




	

	
    x 1  = 5.0000   

	

	
   4.9663   

	
   0.7327   

	
   0.8417   

	
   ( 3.5982 , 6.4729 )   

	

	
   4.9498   

	
   0.6930   

	
   0.8105   

	
   ( 3.6354 , 6.3539 )   




	

	
    x 2  = − 5.0000   

	

	
   − 4.9777   

	
   0.7341   

	
   0.8725   

	
   ( − 6.4838 , − 3.606 )   

	

	
   − 4.9575   

	
   0.6969   

	
   0.0939   

	
   ( − 6.3666 , − 3.6328 )   
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Table 2. Simulation results of the parameter estimation for   τ = { 0.25 , 0.5 , 0.75 }  .
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   τ   

	
Para.

	
n

	
Rook Weight Matrix

	
    ( r , m )    

	
Case Weight Matrix




	
Mean

	
SE

	
SD

	
95% CI

	
Mean

	
SE

	
SD

	
95% CI






	
   0.25   

	
   ρ = 0.2000   

	
400

	
   0.1958   

	
   0.0292   

	
   0.0375   

	
   ( 0.1386 , 0.2533 )   

	
(80,5)

	
   0.1960   

	
   0.0267   

	
   0.0338   

	
   ( 0.1438 , 0.2485 )   




	

	
    β 1  = 1.0000   

	

	
   0.9976   

	
   0.0589   

	
   0.0724   

	
   ( 0.8822 , 1.1126 )   

	

	
   0.9983   

	
   0.0588   

	
   0.0724   

	
   ( 0.8834 , 1.1133 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9973   

	
   0.0587   

	
   0.0721   

	
   ( − 1.1122 , − 0.8824 )   

	

	
   − 0.9975   

	
   0.0587   

	
   0.0720   

	
   ( − 1.1123 , − 0.8825 )   




	

	
Total effect

	




	

	
    x 1  = 1.2500   

	

	
   1.2449   

	
   0.0856   

	
   0.1089   

	
   ( 1.0818 , 1.4173 )   

	

	
   1.2451   

	
   0.0836   

	
   0.1037   

	
   ( 1.0854 , 1.4127 )   




	

	
    x 2  = − 1.2500   

	

	
   − 1.2443   

	
   0.0859   

	
   0.1049   

	
   ( − 1.4173 , − 1.0812 )   

	

	
   − 1.2442   

	
   0.0837   

	
   0.1042   

	
   ( − 1.4117 , − 1.0843 )   




	

	
   ρ = 0.5000   

	

	
   0.4956   

	
   0.0231   

	
   0.0299   

	
   ( 0.4506 , 0.5408 )   

	

	
   0.4979   

	
   0.0180   

	
   0.0226   

	
   ( 0.4616 , 0.5323 )   




	

	
    β 1  = 1.0000   

	

	
   0.9977   

	
   0.0590   

	
   0.0729   

	
   ( 0.8822 , 1.1132 )   

	

	
   0.9979   

	
   0.0591   

	
   0.0726   

	
   ( 0.8823 , 1.1135 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9988   

	
   0.0590   

	
   0.0716   

	
   ( − 1.1138 , − 0.8837 )   

	

	
   − 0.9983   

	
   0.0589   

	
   0.0719   

	
   ( − 1.1134 , − 0.8830 )   




	

	
Total effect

	




	

	
    x 1  = 2.0000   

	

	
   1.9886   

	
   0.1450   

	
   0.1852   

	
   ( 1.7155 , 2.2836 )   

	

	
   1.9900   

	
   0.1339   

	
   0.1668   

	
   ( 1.7342 , 2.2582 )   




	

	
    x 2  = − 2.0000   

	

	
   − 1.9906   

	
   0.1459   

	
   0.1784   

	
   ( − 2.2877 , − 1.7161 )   

	

	
   − 1.9909   

	
   0.1341   

	
   0.1659   

	
   ( − 2.2594 , − 1.7345 )   




	

	
   ρ = 0.8000   

	

	
   0.7979   

	
   0.0114   

	
   0.0152   

	
   ( 0.7755 , 0.8201 )   

	

	
   0.7985   

	
   0.0077   

	
   0.0097   

	
   ( 0.7832 , 0.8135 )   




	

	
    β 1  = 1.0000   

	

	
   0.9986   

	
   0.0590   

	
   0.0731   

	
   ( 0.8833 , 1.1140 )   

	

	
   0.9985   

	
   0.0593   

	
   0.0734   

	
   ( 0.8826 , 1.1146 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9983   

	
   0.0587   

	
   0.0719   

	
   ( − 1.1131 , − 0.8831 )   

	

	
   − 0.9987   

	
   0.0591   

	
   0.0726   

	
   ( − 1.1145 , − 0.8831 )   




	

	
Total effect

	




	

	
    x 1  = 5.0000   

	

	
   4.9827   

	
   0.3979   

	
   0.5163   

	
   ( 4.2478 , 5.8062 )   

	

	
   4.9727   

	
   0.3347   

	
   0.4163   

	
   ( 4.3318 , 5.6428 )   




	

	
    x 2  = − 5.0000   

	

	
   − 4.9795   

	
   0.3988   

	
   0.4860   

	
   ( − 5.8032 , − 4.2419 )   

	

	
   − 4.9737   

	
   0.3343   

	
   0.4173   

	
   ( − 5.6435 , − 4.3342 )   




	
   0.50   

	
   ρ = 0.2000   

	
400

	
   0.1958   

	
   0.0272   

	
   0.0321   

	
   ( 0.1421 , 0.2486 )   

	
(80,5)

	
   0.1966   

	
   0.0250   

	
   0.0299   

	
   ( 0.1475 , 0.2455 )   




	

	
    β 1  = 1.0000   

	

	
   0.9982   

	
   0.0652   

	
   0.0754   

	
   ( 0.8743 , 1.1215 )   

	

	
   0.9995   

	
   0.0587   

	
   0.0687   

	
   ( 0.8845 , 1.1146 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9955   

	
   0.0645   

	
   0.0744   

	
   ( − 1.1185 , − 0.8718 )   

	

	
   − 0.9958   

	
   0.0583   

	
   0.0656   

	
   ( − 1.1102 , − 0.8817 )   




	

	
Total effect

	




	

	
    x 1  = 1.2500   

	

	
   1.2447   

	
   0.0903   

	
   0.1051   

	
   ( 1.0750 , 1.4211 )   

	

	
   1.2424   

	
   0.0818   

	
   0.0957   

	
   ( 1.0888 , 1.4113 )   




	

	
    x 2  = − 1.2500   

	

	
   − 1.2415   

	
   0.0894   

	
   0.1044   

	
   ( − 1.4170 , − 1.0729 )   

	

	
   − 1.2424   

	
   0.0818   

	
   0.0937   

	
   ( − 1.4059 , − 1.0856 )   




	

	
   ρ = 0.5000   

	

	
   0.4961   

	
   0.0207   

	
   0.0290   

	
   ( 0.4553 , 0.5364 )   

	

	
   0.4974   

	
   0.0168   

	
   0.0200   

	
   ( 0.4644 , 0.5300 )   




	

	
    β 1  = 1.0000   

	

	
   0.9979   

	
   0.0652   

	
   0.0756   

	
   ( 0.8741 , 1.1211 )   

	

	
   1.0005   

	
   0.0589   

	
   0.0685   

	
   ( 0.8853 , 1.1156 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9964   

	
   0.0645   

	
   0.0741   

	
   ( − 1.1196 , − 0.8730 )   

	

	
   − 0.9956   

	
   0.0585   

	
   0.0654   

	
   ( − 1.1104 , − 0.8811 )   




	

	
Total effect

	




	

	
    x 1  = 2.0000   

	

	
   1.9900   

	
   0.1463   

	
   0.1755   

	
   ( 1.7149 , 2.2798 )   

	

	
   1.9954   

	
   0.1312   

	
   0.1529   

	
   ( 1.7427 , 2.2586 )   




	

	
    x 2  = − 2.0000   

	

	
   − 1.9670   

	
   0.1451   

	
   0.1711   

	
   ( − 2.2763 , − 1.7140 )   

	

	
   − 1.9859   

	
   0.1312   

	
   0.1496   

	
   ( − 2.2482 , − 1.7344 )   




	

	
   ρ = 0.8000   

	

	
   0.7979   

	
   0.0096   

	
   0.0283   

	
   ( 0.7790 , 0.8164 )   

	

	
   0.7988   

	
   0.0072   

	
   0.0085   

	
   ( 0.7847 , 0.8127 )   




	

	
    β 1  = 1.0000   

	

	
   0.9978   

	
   0.0657   

	
   0.0752   

	
   ( 0.8742 , 1.1215 )   

	

	
   1.0001   

	
   0.0592   

	
   0.0683   

	
   ( 0.8844 , 1.1158 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9982   

	
   0.0651   

	
   0.0737   

	
   ( − 1.1205 , − 0.8745 )   

	

	
   − 0.9966   

	
   0.0588   

	
   0.0654   

	
   ( − 1.1118 , − 0.8820 )   




	

	
Total effect

	




	

	
    x 1  = 5.0000   

	

	
   4.9841   

	
   0.3766   

	
   0.4580   

	
   ( 4.2792 , 5.7414 )   

	

	
   4.9836   

	
   0.3296   

	
   0.3799   

	
   ( 4.3511 , 5.6389 )   




	

	
    x 2  = − 5.0000   

	

	
   − 4.9863   

	
   0.3727   

	
   0.4499   

	
   ( − 5.7377 , − 4.2875 )   

	

	
   − 4.9663   

	
   0.3277   

	
   0.3710   

	
   ( − 5.6204 , − 4.3385 )   




	
   0.75   

	
   ρ = 0.2000   

	
400

	
   0.1987   

	
   0.0243   

	
   0.0317   

	
   ( 0.1508 , 0.2457 )   

	
(80,5)

	
   0.1971   

	
   0.0230   

	
   0.0299   

	
   ( 0.1518 , 0.2418 )   




	

	
    β 1  = 1.0000   

	

	
   1.0000   

	
   0.0585   

	
   0.0752   

	
   ( 0.8855 , 1.1146 )   

	

	
   1.0000   

	
   0.0587   

	
   0.0748   

	
   ( 0.8849 , 1.1147 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9970   

	
   0.0584   

	
   0.0739   

	
   ( − 1.1112 , − 0.8826 )   

	

	
   − 0.9964   

	
   0.0584   

	
   0.0742   

	
   ( − 1.1107 , − 0.8819 )   




	

	
Total effect

	




	

	
    x 1  = 1.2500   

	

	
   1.2511   

	
   0.0820   

	
   0.1058   

	
   ( 1.0933 , 1.4142 )   

	

	
   1.2480   

	
   0.0810   

	
   0.1015   

	
   ( 1.0915 , 1.4087 )   




	

	
    x 2  = − 1.2500   

	

	
   − 1.2474   

	
   0.0817   

	
   0.1048   

	
   ( − 1.4095 , − 1.0898 )   

	

	
   − 1.2438   

	
   0.0807   

	
   0.1045   

	
   ( − 1.4039 , − 1.0882 )   




	

	
   ρ = 0.5000   

	

	
   0.4985   

	
   0.0178   

	
   0.0234   

	
   ( 0.4634 , 0.5327 )   

	

	
   0.4981   

	
   0.0155   

	
   0.0200   

	
   ( 0.4677 , 0.5281 )   




	

	
    β 1  = 1.0000   

	

	
   0.9999   

	
   0.0586   

	
   0.0740   

	
   ( 0.8850 , 1.1144 )   

	

	
   0.9997   

	
   0.0588   

	
   0.0748   

	
   ( 0.8847 , 1.1146 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9967   

	
   0.0585   

	
   0.0740   

	
   ( − 1.1114 , − 0.8823 )   

	

	
   − 0.9971   

	
   0.0586   

	
   0.0741   

	
   ( − 1.1116 , − 0.8827 )   




	

	
Total effect

	




	

	
    x 1  = 2.0000   

	

	
   2.0001   

	
   0.1349   

	
   0.1729   

	
   ( 1.7414 , 2.2689 )   

	

	
   1.9961   

	
   0.1296   

	
   0.1629   

	
   ( 1.7460 , 2.2533 )   




	

	
    x 2  = − 2.0000   

	

	
   − 1.9941   

	
   0.1343   

	
   0.1729   

	
   ( − 2.2622 , − 1.7365 )   

	

	
   − 1.9913   

	
   0.1294   

	
   0.1662   

	
   ( − 2.2480 , − 1.7418 )   




	

	
   ρ = 0.8000   

	

	
   0.7993   

	
   0.0078   

	
   0.0107   

	
   ( 0.7838 , 0.8144 )   

	

	
   0.7990   

	
   0.0066   

	
   0.0086   

	
   ( 0.7859 , 0.8116 )   




	

	
    β 1  = 1.0000   

	

	
   1.0001   

	
   0.0587   

	
   0.0750   

	
   ( 0.8853 , 1.1150 )   

	

	
   1.0007   

	
   0.0589   

	
   0.0753   

	
   ( 0.8855 , 1.1161 )   




	

	
    β 2  = − 1.0000   

	

	
   − 0.9964   

	
   0.0585   

	
   0.0738   

	
   ( − 1.1111 , − 0.8821 )   

	

	
   − 0.9970   

	
   0.0587   

	
   0.0745   

	
   ( − 1.1120 , − 0.8824 )   




	

	
Total effect

	




	

	
    x 1  = 5.0000   

	

	
   5.0040   

	
   0.3456   

	
   0.4462   

	
   ( 4.3430 , 5.6963 )   

	

	
   4.9901   

	
   0.3233   

	
   0.4063   

	
   ( 4.3664 , 5.6310 )   




	

	
    x 2  = − 5.0000   

	

	
   − 4.9868   

	
   0.3451   

	
   0.4524   

	
   ( − 5.6767 , − 4.3267 )   

	

	
   − 4.9730   

	
   0.3220   

	
   0.4205   

	
   ( − 5.6121 , − 4.3508 )   
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Table 3. Simulation results of the parameter estimation.






Table 3. Simulation results of the parameter estimation.





	
n

	
Para.

	
   τ   

	
QR

	

	
IVQR

	

	
BQR




	
0.25

	
0.50

	
0.75

	

	
0.25

	
0.50

	
0.75

	

	
0.25

	
0.50

	
0.75






	
100

	
  ρ  

	
Bias

	
   0.0214   

	
   0.0373   

	
   0.0528   

	

	
   0.0037   

	
   0.0025   

	
   0.0021   

	

	
   0.0093   

	
   0.0115   

	
   0.0166   




	

	

	
RMSE

	
   0.0516   

	
   0.0700   

	
   0.0993   

	

	
   0.1315   

	
   0.1186   

	
   0.1329   

	

	
   0.0446   

	
   0.0533   

	
   0.0701   




	

	
  β  

	
Bias

	
   − 0.0063   

	
   − 0.0036   

	
   − 0.0149   

	

	
   − 0.0065   

	
   − 0.0030   

	
   0.0041   

	

	
   0.0020   

	
   0.0036   

	
   0.0008   




	

	

	
RMSE

	
   0.1440   

	
   0.1334   

	
   0.1460   

	

	
   0.1431   

	
   0.1364   

	
   0.1508   

	

	
   0.1309   

	
   0.1222   

	
   0.1310   




	

	
    α 1   ( · )    

	
   MADE 1   

	
   0.2203   

	
   0.1973   

	
   0.2207   

	

	
   0.2202   

	
   0.2031   

	
   0.2200   

	

	
   0.1829   

	
   0.1703   

	
   0.1787   




	

	
    α 2   ( · )    

	
   MADE 2   

	
   0.2038   

	
   0.1930   

	
   0.2002   

	

	
   0.2139   

	
   0.1971   

	
   0.2145   

	

	
   0.2030   

	
   0.1910   

	
   0.2001   




	
200

	
  ρ  

	
Bias

	
   0.0198   

	
   0.0341   

	
   0.0569   

	

	
   0.0016   

	
   0.0008   

	
   − 0.0011   

	

	
   0.0023   

	
   0.0035   

	
   0.0057   




	

	

	
RMSE

	
   0.0372   

	
   0.0527   

	
   0.0804   

	

	
   0.0853   

	
   0.0761   

	
   0.0859   

	

	
   0.0304   

	
   0.0355   

	
   0.0466   




	

	
  β  

	
Bias

	
   − 0.0054   

	
   − 0.0044   

	
   − 0.0171   

	

	
   0.0003   

	
   − 0.0016   

	
   0.0021   

	

	
   − 0.0014   

	
   − 0.0009   

	
   − 0.0024   




	

	

	
RMSE

	
   0.1010   

	
   0.0930   

	
   0.1035   

	

	
   0.1009   

	
   0.0918   

	
   0.0966   

	

	
   0.0912   

	
   0.0840   

	
   0.0891   




	

	
    α 1   ( · )    

	
   MADE 1   

	
   0.1479   

	
   0.1379   

	
   0.1491   

	

	
   0.1520   

	
   0.1377   

	
   0.1515   

	

	
   0.1328   

	
   0.1250   

	
   0.1317   




	

	
    α 2   ( · )    

	
   MADE 2   

	
   0.1533   

	
   0.1425   

	
   0.1452   

	

	
   0.1513   

	
   0.1423   

	
   0.1530   

	

	
   0.1480   

	
   0.1392   

	
   0.1445   




	
500

	
  ρ  

	
Bias

	
   0.0213   

	
   0.0384   

	
   0.0572   

	

	
   0.0025   

	
   − 0.0006   

	
   0.0009   

	

	
   0.0013   

	
   0.0009   

	
   0.0009   




	

	

	
RMSE

	
   0.0297   

	
   0.0463   

	
   0.0672   

	

	
   0.0539   

	
   0.0462   

	
   0.0520   

	

	
   0.0194   

	
   0.0229   

	
   0.0292   




	

	
  β  

	
Bias

	
   − 0.008   

	
   − 0.0103   

	
   − 0.0106   

	

	
   − 0.0011   

	
   − 0.0002   

	
   − 0.0010   

	

	
   0.0020   

	
   0.0019   

	
   0.0006   




	

	

	
RMSE

	
   0.0600   

	
   0.0590   

	
   0.0635   

	

	
   0.0599   

	
   0.0600   

	
   0.0635   

	

	
   0.0587   

	
   0.0520   

	
   0.0598   




	

	
    α 1   ( · )    

	
   MADE 1   

	
   0.0925   

	
   0.0862   

	
   0.0921   

	

	
   0.0919   

	
   0.0857   

	
   0.0914   

	

	
   0.0882   

	
   0.0824   

	
   0.0875   




	

	
    α 2   ( · )    

	
   MADE 2   

	
   0.1066   

	
   0.1083   

	
   0.1044   

	

	
   0.1040   

	
   0.1027   

	
   0.1041   

	

	
   0.0918   

	
   0.0833   

	
   0.0877   




	
800

	
  ρ  

	
Bias

	
   0.0226   

	
   0.0362   

	
   0.0599   

	

	
   − 0.0002   

	
   − 0.0006   

	
   − 0.0004   

	

	
   0.0009   

	
   0.0005   

	
   0.0009   




	

	

	
RMSE

	
   0.0280   

	
   0.0413   

	
   0.0660   

	

	
   0.0405   

	
   0.0385   

	
   0.0402   

	

	
   0.0154   

	
   0.0181   

	
   0.0229   




	

	
  β  

	
Bias

	
   − 0.0038   

	
   − 0.0064   

	
   − 0.0116   

	

	
   − 0.0029   

	
   − 0.0020   

	
   0.0005   

	

	
   − 0.0007   

	
   0.0009   

	
   0.0014   




	

	

	
RMSE

	
   0.0486   

	
   0.0451   

	
   0.0485   

	

	
   0.0478   

	
   0.0443   

	
   0.0476   

	

	
   0.0463   

	
   0.0427   

	
   0.0471   




	

	
    α 1   ( · )    

	
   MADE 1   

	
   0.0721   

	
   0.0675   

	
   0.0722   

	

	
   0.0711   

	
   0.0674   

	
   0.0701   

	

	
   0.0710   

	
   0.0669   

	
   0.0700   




	

	
    α 2   ( · )    

	
   MADE 2   

	
   0.0981   

	
   0.0956   

	
   0.0947   

	

	
   0.0741   

	
   0.0892   

	
   0.0924   

	

	
   0.0713   

	
   0.0658   

	
   0.0687   
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Table 4. Simulation results of parameter estimation.
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n

	
Para.

	
   τ   

	
QR

	

	
IVQR

	

	
BQR




	
0.25

	
0.50

	
0.75

	

	
0.25

	
0.50

	
0.75

	

	
0.25

	
0.50

	
0.75






	
100

	
  ρ  

	
Bias

	
   0.0477   

	
   0.0861   

	
   0.0560   

	

	
   0.0070   

	
   0.0011   

	
   0.0009   

	

	
   0.0208   

	
   0.0169   

	
   0.0180   




	

	

	
RMSE

	
   0.0835   

	
   0.1252   

	
   0.0915   

	

	
   0.1289   

	
   0.1197   

	
   0.1289   

	

	
   0.0657   

	
   0.0721   

	
   0.0660   




	

	
  β  

	
Bias

	
   − 0.0147   

	
   − 0.0204   

	
   − 0.0101   

	

	
   − 0.0074   

	
   0.0014   

	
   − 0.0026   

	

	
   0.0009   

	
   0.0012   

	
   − 0.0020   




	

	

	
RMSE

	
   0.1298   

	
   0.1222   

	
   0.1309   

	

	
   0.1326   

	
   0.1155   

	
   0.1325   

	

	
   0.1150   

	
   0.1104   

	
   0.1183   




	

	
    α 1   ( · )    

	
   MADE 1   

	
   0.2257   

	
   0.1892   

	
   0.2323   

	

	
   0.2317   

	
   0.1989   

	
   0.2405   

	

	
   0.1969   

	
   0.1700   

	
   0.2153   




	

	
    α 2   ( · )    

	
   MADE 2   

	
   0.1953   

	
   0.1782   

	
   0.1982   

	

	
   0.2004   

	
   0.1775   

	
   0.2030   

	

	
   0.1727   

	
   0.1638   

	
   0.1970   




	
200

	
  ρ  

	
Bias

	
   0.0445   

	
   0.0874   

	
   0.0531   

	

	
   − 0.0004   

	
   0.0036   

	
   − 0.0007   

	

	
   0.0104   

	
   0.0081   

	
   0.0087   




	

	

	
RMSE

	
   0.0638   

	
   0.1049   

	
   0.0723   

	

	
   0.0801   

	
   0.0740   

	
   0.0907   

	

	
   0.0442   

	
   0.0484   

	
   0.0438   




	

	
  β  

	
Bias

	
   − 0.0114   

	
   − 0.0177   

	
   − 0.0133   

	

	
   0.0029   

	
   − 0.0008   

	
   − 0.0056   

	

	
   − 0.0048   

	
   − 0.0007   

	
   − 0.0028   




	

	

	
RMSE

	
   0.0837   

	
   0.0786   

	
   0.0827   

	

	
   0.0819   

	
   0.0736   

	
   0.0839   

	

	
   0.0795   

	
   0.0703   

	
   0.0786   




	

	
    α 1   ( · )    

	
   MADE 1   

	
   0.1337   

	
   0.1093   

	
   0.1421   

	

	
   0.1406   

	
   0.1139   

	
   0.1403   

	

	
   0.1338   

	
   0.1034   

	
   0.1400   




	

	
    α 2   ( · )    

	
   MADE 2   

	
   0.1231   

	
   0.1141   

	
   0.1211   

	

	
   0.1256   

	
   0.1117   

	
   0.1235   

	

	
   0.1225   

	
   0.1114   

	
   0.1206   




	
500

	
  ρ  

	
Bias

	
   0.0433   

	
   0.0804   

	
   0.0510   

	

	
   − 0.0013   

	
   0.0009   

	
   − 0.0001   

	

	
   0.0033   

	
   0.0007   

	
   0.0015   




	

	

	
RMSE

	
   0.0512   

	
   0.0878   

	
   0.0585   

	

	
   0.0440   

	
   0.0429   

	
   0.0517   

	

	
   0.0257   

	
   0.0277   

	
   0.0269   




	

	
  β  

	
Bias

	
   − 0.0104   

	
   − 0.0140   

	
   − 0.0117   

	

	
   0.0008   

	
   0.0008   

	
   − 0.0001   

	

	
   0.0001   

	
   0.0014   

	
   0.0009   




	

	

	
RMSE

	
   0.0466   

	
   0.0464   

	
   0.0473   

	

	
   0.0476   

	
   0.0420   

	
   0.0484   

	

	
   0.0465   

	
   0.0418   

	
   0.0469   




	

	
    α 1   ( · )    

	
   MADE 1   

	
   0.0789   

	
   0.0548   

	
   0.0906   

	

	
   0.0757   

	
   0.0582   

	
   0.0766   

	

	
   0.0740   

	
   0.0545   

	
   0.0761   




	

	
    α 2   ( · )    

	
   MADE 2   

	
   0.0703   

	
   0.0643   

	
   0.0691   

	

	
   0.0706   

	
   0.0628   

	
   0.0715   

	

	
   0.0682   

	
   0.0619   

	
   0.0678   




	
800

	
  ρ  

	
Bias

	
   0.0417   

	
   0.0776   

	
   0.0495   

	

	
   0.0013   

	
   0.0013   

	
   0.0000   

	

	
   0.0022   

	
   0.0000   

	
   0.0006   




	

	

	
RMSE

	
   0.0462   

	
   0.0823   

	
   0.0545   

	

	
   0.0326   

	
   0.0340   

	
   0.0380   

	

	
   0.0192   

	
   0.0213   

	
   0.0211   




	

	
  β  

	
Bias

	
   − 0.0083   

	
   − 0.0174   

	
   − 0.0081   

	

	
   − 0.0042   

	
   − 0.0009   

	
   − 0.0014   

	

	
   0.0001   

	
   0.0014   

	
   0.0014   




	

	

	
RMSE

	
   0.0367   

	
   0.0381   

	
   0.0347   

	

	
   0.0358   

	
   0.0317   

	
   0.0346   

	

	
   0.0352   

	
   0.0311   

	
   0.0343   




	

	
    α 1   ( · )    

	
   MADE 1   

	
   0.0657   

	
   0.0408   

	
   0.0762   

	

	
   0.0582   

	
   0.0402   

	
   0.0585   

	

	
   0.0554   

	
   0.0369   

	
   0.0575   




	

	
    α 2   ( · )    

	
   MADE 2   

	
   0.0522   

	
   0.0502   

	
   0.0530   

	

	
   0.0521   

	
   0.0483   

	
   0.0526   

	

	
   0.0499   

	
   0.0467   

	
   0.0504   
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Table 5. Parameter estimation in the model (20) for Sydney real estate data.
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   τ   

	
    τ = 0.25    

	

	
    τ = 0.5    

	

	
    τ = 0.75    




	
Para.

	
Mean

	
SE

	
95%CI

	

	
Mean

	
SE

	
95%CI

	

	
Mean

	
SE

	
95%CI






	
  ρ  

	
   0.5766   

	
   0.0077   

	
   ( 0.5510 , 0.5807 )   

	

	
   0.5700   

	
   0.0030   

	
   ( 0.5657 , 0.5736 )   

	

	
   0.5558   

	
   0.0037   

	
   ( 0.5521 , 0.5640 )   




	
   β 1   

	
   0.5998   

	
   0.0291   

	
   ( 0.5429 , 0.6564 )   

	

	
   0.6039   

	
   0.0340   

	
   ( 0.5373 , 0.6707 )   

	

	
   0.6070   

	
   0.0429   

	
   ( 0.5238 , 0.6913 )   




	
   β 2   

	
   0.2458   

	
   0.0239   

	
   ( 0.1977 , 0.2907 )   

	

	
   0.4033   

	
   0.0348   

	
   ( 0.3321 , 0.4689 )   

	

	
   0.8497   

	
   0.0598   

	
   ( 0.7353 , 0.9667 )   




	
Total effect

	




	
   x 1   

	
   1.4166   

	
   0.0715   

	
   ( 1.2735 , 1.5597 )   

	

	
   1.4044   

	
   0.0763   

	
   ( 0.7085 , 1.5669 )   

	

	
   1.3665   

	
   0.0988   

	
   ( 1.1690 , 1.5641 )   




	
   x 2   

	
   0.5805   

	
   0.0593   

	
   ( 0.4620 , 0.6992 )   

	

	
   0.9379   

	
   0.0783   

	
   ( 0.7812 , 1.0945 )   

	

	
   1.9128   

	
   0.1372   

	
   ( 1.6384 , 2.1871 )   

















	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






media/file13.jpg
au)






media/file4.png
(a)Rook weight matrix (n=400) (b)Case weight matrix (r=80,m=5)

26 T 26 B

I I I I I I I I I
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000

iterations iterations





nav.xhtml


  symmetry-14-01175


  
    		
      symmetry-14-01175
    


  




  





media/file2.png
03 1 L 1 1 L L 1 L L 1 1 L 1 1 L
0 1000 2000 3000 4000 5000 6000 1000 2000 3000 4000 5000 6000 1000 2000 3000 4000 5000 6000

(d) 0 v, (€) 0, M. (U

3 r T r r T 1 T r T T r 0 r T

|

10 10IOO 20IOO 30IOO 40IOO 50IOO 6000 _10 10IOO 20I00 30IOO 40IOO 50I00 6000 _20 10IOO 20IOO 30IOO 40IOO 50IOO 6000
(9) 0, (h) (U () o U,
2 . T . . T 4 T . T T T 2 T r T T
1
G0 10IOO 20IOO 30IOO 40IOO 50IOO 6000 20 10IOO 20I00 30IOO 40IOO 50I00 6000 G0 10IOO 20IOO 30IOO 40IOO 50IOO 6000
() o, (u,) ) 0 u) () o ug)
2 . T . . T 3 T . T T T 3 T T T .

0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000





media/file5.jpg
(b) MADE (n=400)






media/file3.jpg
(a)Rook weight matrix (n=400) v, (B)Case weight matrix (r=80.m=5)

| £,
\ 4

erations iterations





media/file1.jpg
@p O ©F,

o

I
I
I

Y W W e W @w i m W0 e @0 aw 0 W0 B0 % & G
@ a,uy 0oy vy
It --Ll""'_n.,,,“".,.,“""*.m.,, —
(9) ayfurg) (h) @ (uge) () ayfuye)

O ojug ® et e

|
|

8
g
¥
&
g
g





media/file7.jpg
) n=100)






media/file10.png
0 0.5 1 1.5 2 25 3

(oL, (u,)

(e)o, (u,)

(oL, ()

0 0.5 1 1.5 2 25 3






media/file12.png
sqrt hat R

2.8

2.6

2.4

0.8

15
iterations






media/file9.jpg
@p

®) B, ©B,

% R - S

MW n‘ RS
@0 (ug) (@)

00,9






media/file0.png





media/file14.png
ol(u)

~/~
‘/
K4
~/
‘/
7/ *
’ **
’ .4
1 , »
4 ﬁ'l‘ .
/ * .
* .
, o L
d * .
/’ *.* .t
R ‘.'. . s
R " ’ -
Kd *# . P
Rd * . -
05 - «* e
- »* i -
- *ﬂ' ) -
,*" . -
- * . L
- * . -~
a *** O P
- * % .
BT Rt
ettt T
------------------------- ;:;:;;;;********
[0 o -
05 | | | |
-0.1 -0.05 0 0.05 0.1
u






media/file8.png
o, (u)(n=100)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

True

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
u

oL, (u)(n=400)

L, (u)(N=400)

o, (u)((r,m)=(20,5))

o, (u)((r,m)=(20,5))

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

u
o, (u)((r,m)=(80,5))

0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1





media/file11.jpg





media/file6.png
=400)

(b) MADE (n

100)

) g g g g,

(a) MADE (n

4 3JAVINO

- ¢3AvnN

-- 13AvN

41- JAVINO

- ¢3Av

41 13AvN

4 3JAVINO

- ¢3Av

-- 13AvN

4 - JAVINO

- ¢3Av

4 13AvN





