symmetry

Article

Multiplicity of Solutions for Quasilinear Differential Models
Generated by Instantaneous and Non-Instantaneous Impulses

Tengfei Shen "*, Wenbin Liu ! and Wei Zhang 2

check for
updates

Citation: Shen, T.; Liu, W.; Zhang, W.
Multiplicity of Solutions for
Quasilinear Differential Models
Generated by Instantaneous and
Non-Instantaneous Impulses.
Symmetry 2022, 14, 1141.
https://doi.org/10.3390/
sym14061141

Academic Editor: Mariano Torrisi

Received: 19 April 2022
Accepted: 28 May 2022
Published: 1 June 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

School of Mathematics, China University of Mining and Technology, Xuzhou 221116, China;
liuwenbin-xz@163.com or wbliu@cumt.edu.cn

School of Mathematics and Big Data, Anhui University of Science and Technology, Huainan 232001, China;
zhangwei_azyw@163.com

*  Correspondence: stfcool@126.com or shentengfei@cumt.edu.cn

Abstract: This paper aims to deal with the multiplicity of weak solutions for quasilinear differential
models generated by instantaneous and non-instantaneous impulses. By establishing the new
variational structure and overcoming the influence of impulsive effects brought by the quasilinear
term, some new results are acquired via the gene property, which extends and enriches some previous
results. Moreover, an example is given to illustrate the conclusion of the main results.
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1. Introduction

In this paper, we are concerned with the following one-dimensional second-order
quasilinear differential equation with instantaneous and non-instantaneous impulses
as follows.

—u"(t) +b(H)u(t) — (?(t))"u(t) = fi(t,u(t)), ae.t € (si,tiy1],i =0,1,2,..., N,

A (t) = Li(u(t;)), i=1,2,.., N,

u'(t) =6;(t"),t € (t,si], 1_1 2,..,N, (1)
w'(sh)y=u'(s;),i=12,.,N,

u(0) = u(T) =0,

where f;(t,u) = g;i(t,u) + Ah;(t)|ul'"2u, ¢i € C((si,tiz1) x R,R), b € L®([0,T],R),
h € L®((si, tiy1),R), 6; € L*((t;,s],RT), A € RY, RT = [0,+), v € [1,2),50 = 0
<tH <s1 <t <sy<tny1 =T, 1; € C(R,R), A(u’(t,»)) = u/(tj) — u’(t;) and
W' (£7) = lim, ,,+ u’(t), 0;(t) = lim,_, .+ 6;(t).

This problelm has a practical backglround that arises from the standing wave solutions
(¢(t,x) = e"™u(x), w € R) of a kind of quasilinear Schrodinger equation as follows.
—0up+ V()¢ = xx(|p1)p — 91", x ERg > 1. @)
For the theme of existence and multiplicity of standing wave solutions for (2), one can refer
to [1-4] and the references therein. Naturally, an interesting question is whether there is a
standing wave solution to (2) with suitable boundary conditions when impulsive effects
happen. The multiplicity of solutions of boundary value problems (BVPs for short) to
differential equations is an important research topic in the qualitative theory of differential
equations. It originated from the practical application in the fields of physics and engineer-
ing, etc., and can ensure that appropriate solutions may be found in practical nonlinear
problems. Therefore, it has important theoretical significance. By establishing the new
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variational structure and overcoming the influence of impulsive effects, the multiplicity of
weak solutions for Dirichlet BVP (1) is considered via the gene property.

As is known to all that the BVPs of impulsive differential equations are an effective
means to describe the discontinuous change of things. It has many practical applications
in the scientific and technological fields, such as SIR epidemic models, aerospace tech-
nology, controllability, optimization, signal communication, and economic regulation, etc.
(see [5-8] and references therein). Thus, BVPs of differential equations with impulses have
attracted the attention of many scholars. For example, Nieto and O’Regan [9] dealt with
the instantaneous impulsive Dirichlet BVP

t])),] =1,2,...m, (3)

and achieved some existing results via employing some critical point theorems. Zhou
and Li [10] extended the results of [9] to the case of the variable coefficient. For more
articles concerning the second-order Dirichlet BVP with instantaneous impulsive effects,
see Zhang and Yuan [11], Sun and Chen [12], etc. It should be mentioned that Shen and
Liu [13] investigated the multiplicity of solutions for the Dirichlet BVP (1) by the symmetry
mountain pass theorem with instantaneous impulsive effects.

In 2013, Herndndez and O’Regan [14] firstly introduced the non-instantaneous im-
pulsive problem, whose impulsive effects keep active on a finite time interval. Since then,
more and more scholars have paid attention to this interesting problem (see [15,16] and
references therein). Recently, Bai and Nieto [17] made use of the classical Lax-Milgram
Theorem to construct the variational structure of the second-order Dirichlet BVP with
non-instantaneous impulsive effects and obtained the existence and uniqueness of weak so-
lutions. Khaliq and ur Rehman [18] extended the results of [17] to the case of the fractional
Dirichlet BVP with non-instantaneous impulsive effects. Based on Ekeland’s variational
principle, Tian and Zhang [19] created a further study on the existence of solutions for the
second-order Dirichlet BVP with non-instantaneous and instantaneous impulses as follows.

Wt = git u(t), £ € (siytival i = 0,1,2,) N

AW () = Lu(t)), i = 1,2, N,

w' () =u(t}),t € (tys], i=1,2,..,N, 4)
W'(sh)=u'(s;),i=1,2,..,N,

u(0) =u(T) = 0.

Zhang and Liu [20] extended the results of [19] to the case of the fractional Dirichlet BVP
with non-instantaneous and instantaneous impulsive effects. Moreover, for the topic of
the existence of multiple weak solutions for impulsive equations, one can read [21,22] and
references therein.

Motivated by the works mentioned above, we are concerned with the multiplicity of
weak solutions for the Dirichlet BVP (1). Let us present the characteristics of this paper: First,
under the influence of non-instantaneous and instantaneous impulsive effects, a new en-
ergy functional is established for the second-order Dirichlet BVP of quasilinear differential
equations, which implies that the variational methods can be used to investigate the exis-
tence and multiplicity of weak solutions for this problem. Second, the non-instantaneous
and instantaneous impulsive effects generated by the quasilinear term (u2)"u are more
complicated than the case of u”/, which makes this problem more interesting and difficult.
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2. Preliminaries

To begin with, we introduce some necessary basic knowledge and signs. Let
C := C([0, T], R) with norm [|ue = max;c(o 7] [u(t)] and LF := LP([0, T], R) with norm

lullr = fo | (t |F’dt ,1 < p < oo. In the Sobolev space H}(0,T), define the
inner product

T
<u,v>=/ u( dt+/ t)dt, Vu, v € H}(0,T),
0

inducing the norm

= ([ o+ o) ®

By Poincaré’s inequality [Ju|;2 < ﬁ ||t'||;2, where p = % means the first eigenvalue
relating to —u” = pu with Dirichlet boundary conditions, it follows that [[u'[|7, < [|u|* <
(1+ %) || ||%2 Therefore, the norm ||u’||;2 is equivalent to ||u||. In this paper, assume that
ess inf,c (o r)b(t) > gand p = min{20%. ,q} > —u, where ,,;,, = min;,_15_n 0;(t}),qisa
constant. If we consider the following inner product

T
<u,v >p:/0 pu(t)v dt+/ t)dt, Vu, v € H}(0,T),

inducing the norm

)2 2 ?
full, = () oOF + 1Pt ), ©
by the Lemma 2.1 in [10] and Poincaré’s inequality, there exists a constant ¢ € (0,1)
such that
O 2 <l < (14 D)l )

Thus, the norms ||u/||;2, ||u]|, and ||u|| are equivalent. Moreover, in view of the Sobolev

llo
imbedding theorem, we can find a constant S > 0 such that [|ul < S|u|. It should
be mentioned that for each u € H& (0,T), u is absolutely continuous and u' € L2. Thus,

impulsive effects may occur. Therefore, the following lemma can be established.

Lemma 1. Ifa function u € H (0, T) is a solution of problem (1), then the following identity

T T N s
/0 u’(t)v’(t)dt+/ (Zu’z(t)u(t)v(t)+2u2(t)u’(t)v’(t))dt+;/t_ 207 (¢ Yu(t)o(t)dt

N rtip N i
1P By AL OLOk( dt+2 (@ () + Du)o(w) = 3 [ filsu(n)o(nd ®)

holds for any v € H} (0, T).

Proof. In view of (1), we have
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/0 Qu(8)u(t)o(t) + 26 ()’ (£)0' (1) )dt
= [ @) elm)a
N i N s
=3 [ woy ey Y [7 (o) () d
i=0"5 i=1"ti
N £ N o rtig
e CIUTICEDIVEES vy RN OIRIOROL
- N - 71\] .S
+;(2u2(t)u’(t)v(t)) |th+ —;/t (u(t)u' (t)) u(t)v(t)dt
= %(Zuz(tl)u’(tl—)v(t,) — 2u2(t1)u’(t;’)v(ti)) +2u®(T)u/ (T)v(T) — 2u?(0)u’(0)v(0)
i=1
s yolsy) — 2 (s () — 1 [ 020 u(tyo(ey
l;l i=0
- ; ) 20" (H)u(t)o(t)dt
h Nt
-y Jo(t) = - [ @) u(ye(t)at
i=0"%i
N s:
- Zzef(tj)/ "u(t)o(t)dt. )
i=1 i
Similarly, it follows that
T N N ot
/O W (0 (B)dt = — Y (u(t))o(t;) — Z/ W (B)o()dt. (10)
i=1 i=0"Si
Moreover, we can obtain
T N et N s
/O b(t)u(t)v(t)dt:Z/ b(t)u(t)v(t)dt+z/ b(H)u(t)o(t)dt, (11)
i=0"75i =17t

which together with the eqution

(1) b(u(t) — (W2(0)"ut) = fillu(t), ae.t € (siti),
(9) and (10) yield (8). O

Definition 1. A function u € H}(0,T) is labeled as a weak solution of problem (1), if (8) is
satisfied for any v € H} (0, T).

Define the functional ® : H}(0, T) — R by
du) = t)dt + = b(t)u?(t)dt + 02 (" )u?(t)dt + t)u?(t)dt
T g/ R /
2 _ t“ 1/
+l;/0 (2t + 1) I;(t)dt — Z/ i(tu(t))dt 2/ dt.
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where G;(t,u) = fou gi(t,s)ds. In view of the continuity of g; and I;, by employing the
standard approaches, we can get that ®(u) € C'(H}(0,T),R) and the critical points of
®(u) are weak solutions of the problem (1).

Next, for obtaining our main results, some knowledge on “genus” will be presented.
Let E be a Banach space, ® € C!(E,R),

Y ={A C E\{0}: Aisclosed in E and symmetric with respect to 0},
Ko = {u€ E:0(u) = 0,/ (u) = 0}, & = {u € E: B(u) < o},

where o € R.

Definition 2 ([23]). For A € %, if there is an odd map ¢ € C(A,R" \ {0}) such that n is the
smallest integer with this property, then the genus of A is n defined by v(A) = n.

Lemma 2 ([23]). Assume that ® € C'(E,R) meets the (PS)-condition. Moreover, ® is an even
functional. For any n € N, set

Y, ={A€X:vy(A)>n}, 0, = inf supP(u).
A€Zn e A

(i) If £, # 0and oy, € R, then oy, is a critical value of O;
(ii) If there exists k¥ € N such that 0, = 041 = -+ - = Oypx = 0 € R, and o # D(0), then
’)/(Ka) > x4+ 1.

3. Main Results

In order to describe our main results, the following assumptions are given.
(I1) Forany u € R, [;(u) are odd in v and I;(u)u > 0,i =1,2..., N.
(I2) There exist constants a; > 0, d; > 0 and v; € [0,1) such that

|Ii(u)| < aj|u|"for any |u| < dj.

(G1) There exist constants g; > 0,d, > 0and I € [0,1) such that g;(¢,u) are odd in u,
V(t,u) € (s, ti+1] X [—dz,dz] and

Qi(t,u) < ﬁi|u\l,V(t,u) € (s, tip1] xR,i=1,2...,N.

(G2) There exist constants ¢; > 0,d3 > 0, T € [V, + 1) and the open sets Q; C (s;, t;11]
such that
Gi(t/u) 2 §i|u|rr v (tru) € Qi X [_d3/d3}/i - 1/2---1N/

where 7, = min;_15 __n 7. Moreover, f;"“Gi(t,u)dt > 0.

Let ¢;yin = min;—1 5 N G;- Now, we state our main results.

Theorem 1. Assuming that the conditions (I1), (12), (G1) and (G2) are fulfilled, there exist positive
constants &, Ay such that if &y € (0,8x) and A € [0, Ay), the Dirichlet BVP (1) has infinitely
many nontrivial weak solutions {uy} satisfying ®(uy) — 0as k — +oo.

Remark 1. In (G1), the oddness of g;(t, 1) in u are local.
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For obtaining our main results, inspired by [24], by constructing the following trun-
cated functional, the following Lemma 3 can be established.

) = 2/ Dt + 2/ (t)dt+i/%bf(tf)ﬁ(t)dt—l—/OTu/z(t)uz(t)dt
N it
_ fz/ (O)lu(t) th—i—Z/ (22 + 1)t dt—Y(|u|)Z(:J/; Gi(t, u(t))dt,

where Y € C!(R*, [0,1]) satisfying

L (12)

. Oyt
where 7 = min{d;, d,,d3}. Assume that Bmax < %, where By = maxj—12, N Bi-

Thus, the critical points {u,} of | satisfying ||u,| < 5k are the critical points of ®. Next,
we show that the functional | satisfies the (PS)-condition.

Lemma 3. Assume that the conditions of Theorem 1 hold, then there exists a positive constant A*
such that if A € [0,A*), ] (u) satisfies the (PS)-condition, i.e., for any {u,} € H}(0,T), if

{J(un)} is bounded and J'(u,) — 0asn — +oo,
then {u,} has a convergent subsequence in H} (0, T).

Proof. Based on the definition of J(u), if ||ul| > %, by (I1), we can obtain
N si
Jw) = 3 / Dt + Z/ OLESY / 02 (1 )2
T i z+1
+/ u?(H)u?(t)dt + 2/ (22 + 1)L (t)dt — = 2/ (£)|Vdt
; S

Ili?lﬂ.x T
> 2/ Dt + /pu / ()|t
0
ANy TSY
> el = =),
2(1+p) +14)
which yields that
J(u) — +ooas ||ul| — +oo, (13)

yoer

over, for any {un} e H1 0, T) if {](un } is bounded and J'(u,) — 0, it follows that {u,}
is bounded in H}(0, T) by (13). Based on the fact that H (0, T) is a reflexive Banach space,
{ux} has a convergent subsequence (called again {u,}). Since H} (O T)is compactly em-
bedded into C, so u,;, — u in Hl(O T), uy — u uniformly in C. If 5 < |lun| < S,by I1),
(G1) and (G2), we have
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]/(un)”n

_ /OT M/i(t)dtJré/:ﬂb(t)u%(t)dt+2i/:sj9i2(tf)u%(f)dt+4/; W2 (1)l ()dt
N
+ L@ (k) + DI(u(t) Az / (1) (1)t
Y () uunnz/ (b, 1 (£))dt — Y (1t z/ it 1t (8) 10 ()1

> / W2 (1)dt +/ o2 (£)dt — /\hmax/ i ()]t — 5max/ i (£)] 1t
0 0 0 0
1%
2 1 f 11> = Mtmax TSY ||t || — Bnax TS| |+
%
> 1—01/{]/!(2175) /\hmaxTﬂ ,B axTﬂH_l
which together with Bmax < % yield that there exists a positive constant A** such
thatif A € [0,A**), J' (up)up > 0. If [Jun|| > &, J' (un)un > |Jun|)” (HH(”) Y — Mpax TSY).

Hence, there exists a positive constant A*** such that if A € [0, A***), J' ()1t > 0. There-
fore, J'(un) - 0 forA € [0,A*), where A* = min{A**, A***}. Thus, we just need to deal
with the case of |[u,|| < 55. It follows that [uy| < [Junllee < S|lun|| < %, which together
with (12), (G1), u,, — uin Hé (0, T), up — uuniformly in C, J'(u,) — 0as n — +o0 and

/ W O) ) 2O+ [ ROl (1) o (1) e

yields that
T
<](un)—](u),un—u>:/0 ! () — 1 ( 2dt+2/ ()| (£) — u(t) Pt
LS 2 ) n”
+ 3 [ 20 () — (o) P + [ 200 (0) — 20y (1) — )
T
[ R0 (0) = w2 () (1) — o (1)t
()l (D22 (8) = ()] 21(8)) (0 (1) — ()

Mz

+ x(zui(ti) + D) I (un (7)) (un () — u(t:)) = Y (20 () + D) I (i) (un () — u(t;))

l
—
I
—

N -t

=X [ e (1) = it () (e (1) — (1))t

Sl — o 24t th (8) — ' (8)]2dt 4 o(1)
0 = P4 [0l — o' (1) Pt + (1),

which leads to that u, — u in H} (0, T), which means that ] (1) satisfies the (PS)-condition. [

Proof. Note that ] € C}(H}(0,T),R) and J(0) = 0. If |lu|| > %, based on the definition of
Y, we have J(—u) = J(u). If |lu|| < %, we have |u| < ||lu|le < S|ju|| < 5, which together
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with (I1) and (G1) yield that J(—u) = J(u). Thus, J(—u) = J(u),Yu € H}(0, T). Next,
in view of Lemma 2, we aim to present that there exists m > 0 such that

yJ ™) >k keZt,

Let k disjoint open sets A; satisfy U?:l A; C Ufil );, where k > N. Moreover, there has at
least one : € {1,2, ..., k} such that

A, CO; C (Si, tl'_,_ﬂ.
Let u; € H{(A;) \ {0}, [|lui]| = 1 and
Ay = spanf{uq, uy, ..., ug }, I = {u € Ay : ||Jul| = 1}.

For any u € Ay, in view of the equivalence of the norms on the finite-dimensional space,
there exist ¢; > 0,cp > 0 such that cp||u| < ||u||rr, |||y < cz||u||- Moreover, it follows
that there exists w; € R,i = 1,2, ...,k such that u(t) = 22‘:1 win; (1),

k k
lullfe = Y- bl [ it at, ullis = Yo lorl” [ i) a
i=1 A i=1 A

and

lul? = ) ?/A(Iui(t)|2+|u§(f)|2)df=Zw?- (14)

i=1 i i=1
Let us reorder 7; (i = 1,2,..., N) as follows.
0<1<M<--<Iw<],
where 71 = Y. Now, we need to consider two cases:
(i) h; is a negative or sign-changing function; (ii) #; is a positive function.

For case (i), from (I12), (G2) and (14), for any u € ITy and 0 < { < r that r = min{1, 5t },
we have

b||pe + 262, +1)7? N . _ N _ .
](éu) (H ”L + Zmax+ )g HuH2+Z[xi57:+1€"r:+l||u“%+l+Zzais’yl+3§%+3“u“%+3
i=1 i=1

k k
Sl = i Y- Jenl” [ O+ AL i Y el [ Ju(t)at
i=1 TN i=1 v

IN

IN

2

1= 1=

blpe + 262, +1)> X N
(H ”L + 20005 T )g + Z ai57’+1§7"+1 + 2ai5’¥i+3§%+3
i=1 =1

+820% — T E il + AL hinaxch
MZT — 27 E T + ALY hyaxch
= U(MZTYY = ITVE el + Aaxch),

2 N N
where M = M + ¥ a; STt 4 ¥ 20,873 + S, B0 = maxi1p, N 0i().
i=1 =1
Define

ll](t) = Mﬂﬁ-l—v _ tT—vainCi[’ 0 <t S "
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T+l-vix _
Thus, from &,,;,, € (0,&*) that {* = w, there exists
1
gmincf(’r_ V) 1

- [TEse

such that fort—9; —1 <0,

':mmc1( ’71 - 1) ( ’::zminc’lr(T - V)

= AT <0,
0<t<r Y+1-v M('yl—i—l—v))

Hence, if A € [0, A****) and

gminvcf('yl +1- T) ( gminc-lr(T B V)

AFRRE ! " % > 0,
Cghmax(')’l +1-— 1/) M(’)/l +1-— 1/))
we can find constats m > 0, @ > 0 such that
J(ou) < —m for u € IT. (15)

Moreover, (15) holds for case (ii), provided that ¢,,;, € RT \ {0},A € RT. Choose A €
[0,A), where A, = min{A****, A*}. It implies that | satisfies the (PS)-condition and
(15). Let

k
1€ = {ou:u €I}, E = {(wy, w, .., wy) € RF: Y w? <@}
i=1
From (15), we have
J(u) < —mforu € I,

which implies that Hk‘o C J~™ € X. Moreover, based on (15), there exists an odd homeo-
morphism mapping ¢ € C(II?, 9Z), which together with the properties of genus (see [23])
yield that

Y(J") = y(IY) = v(9E) = k. (16)

Let

= inf
0k = inf sup J(u).

Since J(u) is coercive and bounded from below, by (16), one has —o0 < 0 < —m < 0.
Based on the above facts, by Lemma 2, the Dirichlet BVP (1) has infinitely many nontrivial
weak solutions {uy} satisfying ||luy| < 5% and ®(uy) — 0ask — +oo. O

Next, an example is given to illustrate the conclusion of the main results.

4. Example

Consider the following problem:

—u" (1) + (t+ Du(t) — 2(4)"u(t) = ud (£) + Au(t)| " Bu(t), ae.t € (sitipa]i =0,1,2,.., N,
A(u’(t)): wi(t), i=1,2,..,N,

u'(t) = sin 2(i?;r), (tl,sl] i=12,..,N, (17)
u'(sh) = u’(s;) i=12,.,N,
u(0) =u(T) =

It is not difficult to verify that the conditions (I1), (I2), (G1), (G2) are satisfied.

5. Conclusions

Under the influence of non-instantaneous and instantaneous impulsive effects, by con-
structing a new energy functional, which makes the variational methods applicable, and
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overcoming the difficulties brought by the quasilinear term (12 (t))"u, the multiplicity of
weak solutions for quasilinear differential models generated by instantaneous and non-
instantaneous impulses are obtained, which extend and enrich some previous results. In the
future, we will develop a further study of the multiplicity of weak solutions to BVPs of
differential equations with non-instantaneous and instantaneous impulsive effects when
the nonlinear term g satisfies the satisfies superlinear growth.
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