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Abstract: We study the thermodynamics for a uniformly rotating system of chiral fermions under
the uniform magnetic field. Then, we obtain the mathematical expressions of some thermodynamic
quantities in terms of the series with respect to the external magnetic field B, the angular velocity Q)
and the chemical potential y, expanded around B = 0, ) = 0 and y = 0. Our results given by such
series are a generalization of the expressions available in the references simply corresponding to the
lower-order terms of our findings. The zero-temperature limit of our results is also discussed.

Keywords: magnetic field; rotating; series expansion; chiral magnetic effect; chiral vortical effect

1. Introduction

The properties of the Dirac fermion system have been investigated from many aspects
for a long time. For a hydrodynamic system consisting of Dirac fermions under the
background of electromagnetic fields, the Wigner function is an appropriate tool, which
can provide a covariant and gauge invariant formalism [1,2]. It is worth pointing out that,
although the Wigner function defined in 8-dimensional phase space is not always non-
negative, one can always obtain non-negative probability density when the 4-dimensional
momentum is integrated out. For a massless (or chiral) fermion system with uniform
vorticity and electromagnetic fields, the charge current and the energy-momentum tensor
up to the second order have been obtained from the Wigner function approach, including
the chiral anomaly equation, chiral magnetic and vortical effects [3,4]. The pair production
in parallel electric and magnetic fields with finite temperature and chemical potential from
the Wigner function approach has also been investigated recently [5]. Without external
electromagnetic fields, the energy-momentum tensor and charge current of the massless
fermion system up to second order in vorticity have been obtained from thermal field
theory [6-8]. For a uniformly rotating massless fermion system, the analytic expressions of
the charge current and the energy-momentum tensor are obtained [9]. For the massive and
massless fermion systems under the background of a uniform magnetic field, the general
expansions with respect to fermion mass, magnetic field and chemical potential are derived
by the approaches of proper-time and grand partition function [10-12]. There are also
some investigations on the system of free fermion gas, quark matter or hadronic matter,
with pure rotation [13-15], or with the coexistence of rotation and magnetic field [16,17],
or with specific boundary conditions [18-22]. The quantum superfluid phenomena of
Dirac fermions in the background of magnetic field and rotation have been discussed
recently [23,24].

In this article, we consider a uniformly rotating chiral fermion system in a uniform
magnetic field, where we ignore the interaction among the fermions and the directions
of the angular velocity and the magnetic field are chosen to be parallel. In this article,
we will adopt the approach of normal ordering and ensemble average to calculate the
thermodynamic quantities of the system. First, we briefly derive the Dirac equation in a
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rotating frame under the background of a uniform magnetic field from the Dirac equation
in curved space. Then, through solving the eigenvalue equation of the Hamiltonian in
cylindrical coordinates, we can obtain a series of Landau levels, from which one can
calculate the expectation value of corresponding thermodynamic quantities for each
eigenstate. From the approach of ensemble average used in [25-27], the macroscopic
thermodynamic quantities can be expressed as the summation over the product of the
particle number (Fermi-Dirac distribution) and the expectation value in each eigenstate.
We expand all thermodynamic quantities as threefold seriesat B =0, =0and =0,
where the lower orders are consistent with that from the approaches of thermal field theory
and the Wigner function, respectively [4,6,7], and to our knowledge, the general orders
have not been obtained before. We also calculate all quantities in a zero temperature limit,
and obtain the equality of particle/energy density and corresponding currents along the
z-axis, which can provide a qualitative reference for the thermodynamics of compact stars
in astrophysics, such as the neutron star and magnetic star, since the magnitudes of the
magnetic field and rotational speed are huge compared to the temperature of the compact
stars [28,29]. In this article, all thermodynamic quantities will be calculated at the rotating
axis (r = 0), so the boundary condition at the speed-of-light surface will not affect our
results.

From the point of view of hydrodynamics, it has been pointed out that the relativistic
hydrodynamical equations with only the first-order term does not obey the causality [30-32],
i.e., the group speed of some transport coefficients, such as heat conductivity, would
exceed the speed of light [33]. Therefore, the high-order terms in hydrodynamics are
necessary, which indeed repair the issue of causality. There have been some earlier works
to study the second-order terms of transport phenomena, such as the Kubo formula
from quantum field theory [34,35], thermal field theory [6,7], Wigner function [4,36],
etc. All of these works are essentially perturbation theory, from which the general order
terms have not been obtained. In this article, we consider a special configuration for the
electromagnetic field and vorticity field in hydrodynamics, i.e., with a pure homogeneous
magnetic field parallel to a homogeneous vorticity field, and obtain the general order terms
of all thermodynamic quantities, which is important to study the analytic behavior of
hydrodynamics in mathematics.

The rest of this article is organized as follows. In Sections 2 and 3, we briefly derive the
Dirac equation in a uniformly rotating frame and list the Landau levels and corresponding
eigenfunctions of a single right-handed fermion, which are just reference reviews. In
Sections 4 and 5, we obtain the expressions of some thermodynamic quantities in terms
of the series with respect to the external magnetic field B, the angular velocity (2 and the
chemical potential y, expanded around B = 0, () = 0 and p = 0, which are our main results.
In Section 6, the zero temperature limit of the thermodynamic quantities is discussed. This
article is summarized in Section 7.

Throughout this article we adopt natural units where # = ¢ = kg = 1. We use
the Heaviside-Lorentz convention for electromagnetism and the chiral representation
for gamma matrices where 4> = diag (—1, —1, +1, +1), which is the same as Peskin and
Schroeder [37].

2. Dirac Equation in a Uniformly Rotating Frame

In this section, we briefly introduce the Dirac equation in curved spacetime [38], which
is applied to a uniformly rotating frame [16].

In curved spacetime, under the background of the electromagnetic field, the Dirac
equation for a single chiral fermion is

iv'Dyp(x) =0, 1

where the covariant derivative D), and gamma matrices y* are defined as

Dy =0y, +ieA,+Tyu " =1"]" )
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The underline in y# is used to distinguish the spacetime-dependent gamma matrices 7/
from the constant gamma matrices 7?, and I'y, = %wwb [v?, AP ] is the affine connection. The
definitions of vierbein e,, metric tensor guv, and spin connection w,, are listed as follows,

P >

> B Tl ©
— 3 a /S I‘ﬁ v 4
Wyab gtxﬁea( ue, +1ue, ), 4)
1
rﬁv = Egﬁa(gay,v + Sov,u — g;w,a)/ 5)

where 1,, = diag (+1, —1, —1, —1) is the metric tensor in Minkowski space, X? and x* are
the coordinates in a local Lorentz frame and in a general frame, respectively.

In curved spacetime, the vector | g, axial vector | Z and symmetric energy-momentum
tensor T*” become

Ty =91, i =921""yp, ©)
T = i (¥in"D"p + iy’ Dy + HC.), @)

where D¥, v# in curved spacetime have replaced 9”, v* in flat spacetime.

Now we consider a frame K rotating uniformly with angular velocity Q = Qe; relative
to an inertial frame K. The coordinates in K and K are denoted as x* = (¢, x,y,z) and X? =
(T, X,Y,Z), respectively, which are related to each other by following transformations,

= t

x cos Ot — ysin Ot
= xsinQt+ycosOt °
= z

®)

N <
[

It should be pointed out that the rotational angular velocity () cannot be too large,
otherwise the synchronous condition in Equation (8) cannot be satisfied. According to
Equation (3), the metric tensor g, and its inverse are

1-(2+y2)0% yQ —-xQ 0
B e 1 0 0
S = —xQ 0o -1 o0 | ©)
0 0 0 -1
1 yQ —x0) 0
Q 207 -1 —xyQY? 0
pv Yy y Y
§ —xQ  —xyQ? x*’0%2-1 0 (10)
0 0 0 -1

Keeping g, unchanged, the vierbein ¢, still has a freedom degree of an arbitrary

local Lorentz transformation. We can choose e”y as

d=e =5 =¢%=1, ey=—yQ, & =x0, (11)
with zeros for other components.

Now we consider a single chiral fermion in a uniformly rotating frame under the
background of a uniform magnetic field B = Be;, and we choose the gauge potential in the
inertial frame as A* = (0, A) with B = V x A. The covariant derivative D, and gamma
matrices y* become

D, = <at - %ng + Q(yAy — xAy),dx — ieAy, 9y — ieAy,d, — ieAZ>, (12)
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= (70,3/070 + 91, —xQ9° + 12, 73), (13)
and in this case, the Dirac equation for a single chiral fermion can be written as
.0 .0 .
= p(x) = [=ir®y - (V — ieA) — Q| (x), (14)

where e is the charge of the chiral fermion, |, = %23 — i(xdy — ydy) is the z-component
of the total angular momentum J, and the term —(}], can be naturally explained as the
coupling of the angular momentum J and the angular velocity Q.

3. Landau Levels for a Single Right-Handed Fermion in a Rotating Frame

In the chiral representation of gamma matrices, where 75 = diag (—1,—-1,+1,+1),
we can divide the chiral fermion field into left- and right-handed fermion fields, i.e.,
¢ = (1, ¢r)T. Since the equations of motion for iy and P decouple, we only discuss
right-handed fermion field in this article. All results can be directly generalized to the
left-handed case. In the following, we set eB > 0 for simplicity.

The right-handed part of Equation (14) is

i 9r(x) = Hyn(2) 19)

H = —ioc-(V —ieA) —QJr., (16)

where H, Jr , = %(73 —i(xdy — ydy) is Hamiltonian and the z-component of the total angular
momentum of the right-handed fermion. In this article, we shall choose the symmetric
gauge for A, ie., A = (—%By, %Bx, 0). Then, the explicit form of the Hamiltonian is

H=—ic-V+ %eB(yal —x02) — QJR ;. (17)

It can be proved that these three Hermitian operators, H,p, = —id;, Jr., are
commutative with each other, then we can construct the common eigenfunctions of them.
According to the calculations for Landau levels in Appendix A, we list the common
eigenfunctions and corresponding energy in the cylindrical coordinate system (where the
three coordinate variables are z, 7, ¢) as follows:

Whenm =33 2 ...,

272727°
B(E4p,+mQ) _2 m_1 m—} 1 o
T B o e A O L PR N
(n+m—1)! iAeB e_%P%JF%L?jl%(p)ei(m‘*‘%)‘P T

V/ (E+mQ) (E+p.+mQ)

A/ pZ+2eBn—mQ, n>0
E= A (19)

. —mQ), n=0"
When m = —%,—%,—%,”‘,
wodlem,
_ %e%p% FL27 " (p)el(m—1)# o—iEt+izp: 20)
(n—m+1)! _ iAeB(n—m+1) b lmo—j-m i(m+3)¢ 2’
2 TErmo ey P 2L (p)ett 2
1
E:/\\/p§+2eB<n—m+2)—mQ, (21)

where p = leBr?, L}, (p) is the general Laguerre polynomial as introduced in Appendix B,
m is the magnetic quantum number, A = =1 represent the states with positive and
negative energy, respectively, and n = 0,1,2, - - - represent different Landau levels. The
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lp/\nmpz =

eigenfunctions ¥, p. are denoted by the group of good quantum numbers (A, n, m, p;),
which are normalized according to

/ dej\’n’m’pélp)\nmpz = 5)\’A§n’n5m’m5(p; - pZ) (22)

4. Particle Current

In this section, we consider a right-handed fermion system under the background of a
uniform magnetic field B = Be;, and the system is rotating uniformly with angular velocity
Q = Qe;. The interaction among the fermions in this system is ignored. We assume that
this rotating system is in equilibrium with a reservoir, which keeps constant temperature
T = 1/B and constant chemical potential y.

4.1. Ensemble Average

We will calculate the macroscopic particle current of the system at the rotation axis (i.e.,
at r = 0) through the ensemble average approach, in which all macroscopic thermodynamic
quantities are the ensemble average of the normal ordering of the corresponding field operators.

The forms of the eigenfunctions in Equations (18) and (20) at r = 0 or p = 0 are
simplified to

e iEt+izp; EB(E+Pz+Q/2)5 e—iEt+izp: 0
2E+Q/2) 9m1/2 | 4 —— - ireBy/nil s , (23)
0 T VE—Q/2)(E+p.—0/2) "1/2

which are to be used in the following calculations of ensemble average. We find that the
z-component m of the total angular momentum can only take values +1/2 due to the
absence of the orbital angular momentum at r = 0.

For the right-handed fermion system, the field operator of the particle current at ¥ = 0 is

JH = photyr, (24)

with o# = (1, ¢). From the approach of ensemble average used in [25-27], the macroscopic
particle current J* can be calculated from J# as follows,

Jh o= (T
- nil ~ /_0; dp: e/S(En—/\Q;\Z—/\y) Jr1‘/’},n,l/2,pz‘7’41/12»,:1,1/2,,%
+ g;/i dp: eﬁ(5n+1+/\(;\/27/\y) n 1‘/’X,n,q/z,pz‘f”%,n,q/2,pz
+ ; /_o:o dp: eﬁ(|pz|ff(g}/\ff))\y) 1 1/’1,0,1/2,;;;7“¢A,0,1/2,pZ, (25)
where (: --- :) means normal ordering and ensemble average of corresponding field

operator [2,39], 6(x) is the step function, and we have defined E, = /p? + 2¢eBn. The
second, third, and fourth lines of Equation (25) represent the contributions of high Landau
levels with m = 1/2, all Landau levels with m = —1/2, and the lowest Landau level with
m = 1/2, respectively. We can see that the macroscopic particle current J* consists of the
summation over the product of the particle number (Fermi-Dirac distribution) and the
expectation value in each mode described by the quantum numbers (A, n, m, p).

4.2. Particle Number Density
Firstly we calculate the particle number density p = J° of the system. Making use of
eB E+Q/2+4p,

t — 12 E+Q/2
lp/\nmpzlp/\nmpz = ¢eB E-Q/2—p; _ 1
2 E-qn2 r M=73

1
R (26)
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C2n+l (x)

and from Equation (25) one can obtain
bw 1 d
3 _ -
PP =12 "3 szzﬂ aag<a+ 55, b) (27)

where we have defined three dimensionless quantities a = By, b = 2¢Bf?, w = Q, and
have defined g(x,b) as

1 2
b (1—5,1,)1 14X Vnbtys) (28)
glxb) = 47r2/ ynZOSZﬂ 3éun | In(1+¢ )

In a recent article [11], making use of the Abel-Plana formula, the authors obtained
the asymptotic expansion of g(x,b) at b = 0 as follows

(xb) _ 777r2+x72+ x? _bzlnbz_ b2 ln(i)
8= \360 " 12 " 2472 ) T 38am2  96m2 \2GS
4n+1
2n2 Z @+ ) ,,%2n+2C2n+1( x)b*"2, (29)

where G = 1.28242... is the Glaisher number, %, are Bernoulli numbers, and Cy,,.1(x) is
defined and expanded at x = 0 in the following,

1 ) d4n+1 1 1
no+ (4n +1)! /o dylnydy4”+1 (ey+x +1 + ey=x + 1)

Plugging Equations (29) and (30) into Equation (27), one can obtain the threefold series
expansion of the particle number densityata = 0,b = 0,w =0orpu =0,B =0,Q = 0Oas
follows,

2k

(30)

An-+2k+2j+3 / a1
n ] _ _ _ _ . -
Xk§0(2 1)@( 4n — 2k — 2j 2)( PR

(31)

The lower orders O(bz, w?, bw) in Equation (31) are consistent with the perturbative
results in [4,6,7], where the authors used the approaches of thermal field theory and the
Wigner function, respectively.

4.3. Particle Current along Z-Axis
Next we calculate the space components of the particle current J#. According to the

rotation symmetry along z-axis of the system, the x- and y-components of J* vanish. The
unique nonzero component is J*. Making use of

eB E+Q/24p: !

t — 472 E1Q
¢Anmpza3¢/\nmpz = { _723 E-Q/2—p,

(32)
_ 1
@ EQnR s MmM=—3

and from Equation (25) one can obtain
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T = ab2 +5 ! 2 s— ( ;sw b> (33)

which can be expanded as the threefold seriesata =0, =0,w =00orp=0,B=0,Q2=0
as follows,

ab w w3 wa?

87r2 4872 ' 4m?
1 Z 932 Jr2b2n+2 i
7'[2 =0 (4n + 4)!1(4n)! = (2j+1) 221+1

J2ﬁ3 —

w2t

x ]g(24”+2’<+21'+3 - 1) ¢'(—4n—2k —2j —2)-2 (34)

Al

when w = 0 or O = 0 in Equation (34), one can obtain J* [33 = 8‘%, which is the chiral
magnetic effect [4044]; when b = 0 or B = 0 and keeping the leading order of w in

Equation (34), one can obtain J*B° = £ (1 + %) , which is the chiral vortical effect [45-50].

5. Energy-Momentum Tensor

In this section, we will calculate the energy-momentum tensor 7" (at r = 0) of the
right-handed fermion system as described in Section 4. According to the rotation symmetry
along the z-axis, the energy-momentum tensor at = 0 are unchanged under the rotation
along the z-axis, which leads to following constraints on 7#":

TH=T2=T2=TP=T"=0, T"=T% (35)
The possible nonzero components of 7+ are 70, 711 = 722 733 and 7%,

For the right-handed fermion system, the field operator of the symmetric energy-
momentum tensor at r = 0 is

1 . )
T = 1 (1pjgzai‘D}gsz + yhic' Dy + HC) (36)
with 0# = (1, o) and the right-handed covariant derivative DI’; defined as
i
Di = (at — 5003, —0x, —0y, —az>. (37)

The macroscopic energy-momentum tensor 7" can be calculated from T*" as follows,

TR = (TR
- i;;/_i dp: oB(En mjtz )y 1¢An1/2 P2 (I‘TFD +iavD£)¢A,n,l/2,pz
+i :;) /7 o:o dp, BET m)‘/% W1 Y3172, (i(ﬂ‘ DY + iang) Yrn—1/2,p.
"& ;/_o:o dp- eﬁ(‘pz‘f\fg())/ij) n 11‘/Jj\,0,1/2,pz (i‘TVD}/z + ia”Dg) ¥r01/2,p. T HC (38)

5.1. Energy Density
Firstly, we calculate the energy density e = T of the system. Making use of

L (E+p+0Q/2), m=}

o (a1 _
llJ/\nmpz <lat + 200’3) lp/\nmpz = { Si(E P, — Q/Z), "= _% (39)
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and from Equation (25) one can obtain

abw 3 0
ept = o +S:Z (2 bab)g(a+zsa) b) (40)

+1

which can be expanded as the threefold seriesata =0, =0,w =0orp=0,B=0,Q2=0
as follows,

O FU N
120 16 = 82 1672 128772
abw  b2Inb? b2 2e7 1
162 T 3842 T 962 n( G6 )
47’l+ 1 %2 +2b2n+2 > wzf
712 Z (4n + 4)!1 (4n)!! = (2))12%

+

(41)

2k

w Y (24424204 9\ ol (_ap — 2k — 2j) 2
k;}( )2 ATl

where the logarithmic term b2 In b2 has been discussed in detail in [11], and its coefficient is
independent of w in this work. It is worth noting that there would be no such logarithmic
term if the un-normal ordering description of field operators was adopted [4,51].

5.2. Pressure

The pressure P of the system is 7°°. Making use of

. eB2 (E+p4+Q/2)p; m=1
¢Anmp2‘73(_1az)¢/\nmpz = _87273 (Efﬁgg/z)pz o _21 (42)
8nZ E-Q/2 =72
and from Equation (25) one can obtain
abw 1
Pp* = b 4
IB 167‘[2 szilg<a + st > ( 3)

which can be expanded as the threefold seriesata =0, =0,w =0orp=0,B=0,Q1=0
as follows,

ppt = 7—n2+£+w2+ @ e, o
360 48  247?  167? 38472
abw b Inb? b? 2e7
162 3842 96m2 n<G6)
By, +2b2n+2 © 2
7'(2 E (4n + 4)11(4n "];o (27)12%

2k

oo . o a
X ;}(24"““27“ - 1)g’(—4n — 2k — 2j) (44)

3l

One can obtain 7! from the traceless condition for energy-momentum tensor, 7% =

5.3. Energy Current

The energy current along the z-axis is 7. Making use of

) 1 B (E+p:+Q/2) m=13
Phnmp. <—zaz + 03id; + 20) PAnmp, = 8723 (EE+pZQ/(2)/2) ) (45)
82 E-0/2 7 M= 72
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and from Equation (25) one can obtain

2 W 2 ba 1
T = 8712<6+8+2>+2 (1‘zab)g(“+zs“”b)’ 0
S

==+1

which can be expanded as the threefold seriesata =0, =0,w =0orp=0,B=0,Q2=0
as follows,

b (7 w? a? aw  Pw awd
B3pd (2 0 " P e __
T = 8n2<6 g +2>+<6 +6n2+24712>
N i nPBoy, +217211+2 0 w2+l
T2 4n—|—4 H 471)”] i (2]_|_1)|22]+1

ﬂ2k+1

‘o @)

<y (2424242 — 1)/ (—4n — 2k — 2j — 2
k=0

Up to now, we have obtained all thermodynamic quantities of the right-handed
fermion system. For the left-handed fermion system, one can derive corresponding
quantities from the right-handed case through space inversion: pr — pr, Jg — —J[,
er —> €1, Pr — Py, 7}?3 — =T, Ur — pr, B — B, Q — ), where the subscripts R, L are
used to distinguish the quantities in the right-handed case from that in the left-handed
case.

6. Zero Temperature Limit

Now we turn to the thermodynamics of the system at zero temperature limit. When
the temperature tends to be zero, with chemical potential 1, magnetic field B, and angular
velocity ) fixed, then the three dimensionless quantities a = By, b = 2eBf?, w = pQ all
tend to be infinity. The asymptotic behavior of g(x,b) as x — oo and b — oo has been
obtained in [11],

2
lim g(x,b) = x°b

4
x,b— 00 167'[2 ( 8)

From Equations (27) and (33), one can derive the expressions of the particle density p
and the current J* at the zero temperature limit as follows,

. ¢eB Q

At the zero temperature limit, due to the coupling of the spin with the magnetic field and
the angular velocity, the spin alignment of all particles and antiparticles will be along the
z-axis of the system. Since these particles are right-handed, they will move along the z-axis
with the speed of light ¢ (c = 1 in natural unit), so it is reasonable that the particle density p
equals to the z-component current 77 at the zero temperature limit.

From Equations (40), (43) and (46), the expressions of energy density ¢, pressure P and
energy current T at the zero temperature limit are

2
e=p=T7%= eB (pH-(;). (50)

The movements of the particles and antiparticles with the speed of light along the
z-axis leads to the equality of the energy density € and the energy current 7%. Since there
is no energy current along the direction of the x- and y-axis, then 7! and 722 vanish in
this system, which results in the equality of the energy density ¢ and the pressure P.
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7. Summary

In this article, we have investigated the thermodynamics of the uniformly rotating
right-handed fermion system under the background of a uniform magnetic field through the
approach of normal ordering and ensemble average, where all thermodynamic quantities
are expanded as threefold series at B = 0, 3 = 0 and p = 0. For these threefold series,
our results at lower orders are consistent with previous ones by other authors. It is worth
pointing out that the general orders of B and (2 in the expressions of the thermodynamic
quantities are obtained for the first time and can provide a useful reference for the high-
order calculations from several different approaches, such as thermal field theory and the
Wigner function. We also calculate all quantities in the zero temperature limit, and obtain
the equality of particle/energy density and corresponding currents along the z-axis. Since
for the chiral fermion the right-handed part decouples from the left-handed part, in this
article, we only considered the case of the right-handed fermion system, which can be
directly generalized to the left-handed case through space inversion. In this article, the
currents and energy-momentum tensor are calculated at the rotating axis (r = 0), so the
boundary condition at the speed-of-light surface will not affect our results. The calculations
for these quantities off or far from the rotating axis (v # 0), as well as with the boundary
condition at the speed-of-light surface may be investigated in the future.
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Appendix A. Landau Levels for a Single Right-Handed Fermion

The Hamiltonian for a right-handed fermion under the background of the uniform
magnetic field B = Be; is

H=—ic-(V—ieA)=—ic-V + %eB(ycn — x09), (A1)

where we have chosen A = (—31By, 1Bx,0) for the gauge potential. One can refer
to [39,51,52] for other choices of the gauge potential.
In the following, we will solve the eigenvalue equation of H in cylindrical coordinates,

Hy = Ey. (A2)

We can see that the three Hermitian operators, H, p, = —id;, fz = %03 + (xﬁy —YPx)
are commutative with each other, so the eigenfunction i can be chosen as

_( freitmme N L
' ( ig(rembe |© (83)

where —c0 < p, < oc0and m = £1/2,£3/2,£5/2, ... are the eigenvalues of p, and I.,
respectively. The explicit form of the Hamiltonian H in cylindrical coordinates is

- 0 —1 : 0 10 i
_ZE e (P(—lm_;w‘i‘EEBT’)

H = . .
314’(—1'% + %% — éeBr) i

(A4)
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then from Equation (A2) we can obtain two differential equations for f(r)

r),&(r) as follows,
o m+3i 1
(-~ E)F(r) + (ar Rihs eBr)gm

2

1
<_aar 0 . z_ ;eBr>f(r) + (=pz — E)g(7)

which are equivalent to

= 0 (A5)

= 0, (A6)

2
2 10 (m=3)°

1 1
_ 22 N L op20 _
R 2 [pz E eB<m+ 2)] 1° By f(r) =0

! 9 m—3 1
g(r) = m <_ar + P zeBr>f(1’)

We can define a dimensionless variable p = 5eBr~, then

(A7)

(A8)

d d d? d d?
— = eBr— = eB— + 2¢B A
P eBrdp, 72 = de +2e pdp2 (A9)
Now Equation (A7) becomes

1 1
— pZ—E2—6B<m+2)]—4p f=0

Next, we choose

(A10)

f=e2p271G(p), (Al1)
then Equations (A8) and (A10) become

VB

(o)

Define following two quantities,

e 3G (o), (A12)

B
} " 2B (pz_Ez)GZO'

(A13)

(A14)
then Equation (A13) becomes

pG" + (v —p)G' —aG =0,
which is the confluent hypergeometric equation [53]
0)|,|f (oo

(A15)
. With the boundary conditions,
|£(0)], |f(o0)| < oo, the solutions for G(p), f(p), ¢(p) can be chosen as
(1) When vy =0

i'e" m = 71/2/ 73/2/ 75/2
|£(0)] < oo requires that

the boundary condition

13
Gp) = p! 7F(uc—%LLZ—"r,p)IIO%_mF(’)‘_mJszz mP)

(A16)
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where F(a, 7, p) is the confluent hypergeometric function as discussed in Appendix B.
In addition, the boundary condition |f(o0)| < oo requires that

K-mt 5= -n (nEN), E:A\/p;+ze3(n—m+§) (A=+1),  (A17)

cler=e HF(_”E "”’P> ~ oL (), (A18)

where LX (p) is the general Laguerre polynomial as discussed in Appendix B. Then
one obtains

B \/2eB
E+p,

fp) ~ e‘iprfLé*m(P)f g(p) ~

(20 Wheny =1,2,3,..,ie,m=1/2,3/2,5/2,..., the boundary condition |f(0)| < oo
requires that

G(p) = F(a,7,p) = F(tx, % + m,p). (A20)

In addition, the boundary condition | f(c0)| < oo requires that

a=-n (neN), E=A\/p?+2eBn (A==1), (A21)

1

G(p) IP(—W,2+m,p) ~ Ly Z(p). (A22)
Then one obtains
e m_1 m-1 V2B _o mi1 m4l
Flo) e Bp AL ) g() ~ g e B AL ). (a2

There is a special case we must point out here: When m > 0, n = 0, we must choose
E = p,, in which case we have f(p) = e’%p%’%, ¢(p) = 0. There is no physical solution
form>0,n=0,E = —p,.

Making use of the orthonormal relation of the general Laguerre polynomials,

T(n+y+1)

7’1' 57?1?1/ (A24)

/0 dxe *xYL) (x)L} (x) =

we can obtain the normalized eigenfunctions as follows:

Whenm < 0,
! B o E Ly e g A25
Prnmp. = (n—mt 1y _% 7§p—%—%L;%fmei(m+%)¢ 7o (AZ5)

Pz
1

E:/\\/p§+2€B<n—m+2)- (A26)

When m > 0,

p eB(E+ps) —§ o2~ "3 pilm—3)g oizp

IIJ/\nmpz = (Vl +m— %), iAeB efgp%Jr%anj%el(erz)‘/’ 2’ (827)
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E = Ay/p2 + 2¢Bn. (A28)

All normalized eigenfunctions are orthogonal with each other,
/dleNn "m!pl, lp/\nmpz 5)\’)\511’115711’7715(77; - Pz)- (A29)

Appendix B. Confluent Hypergeometric Function and Laguerre Polynomial
The confluent hypergeometric equation is [53]
zy" + (v — 2)y —ay = 0. (A30)

when v ¢ Z, there are two independent solutions as follows,

vi = F(a,7,2),
yo = 27 Fla—y+1,2—7,2), (A31)

where F(a, 7, z) is the confluent hypergeometric function defined as

& ()2 o a a(et1) 22 a(a+)(e42)2
Flamz 27 BT CE S R e =k - (A

= \

The asymptotic behavior of F(a,y,z) as z — oo is the same as ¢*. When « is a non-
positive integer, then F(«, 7, z) becomes a polynomial.
The general Laguerre polynomial L} (z) is defined from F(a, 1y, z) as follows [54],

I'(y+n+1)

Ln(z) = n!T(y+1)

F(—n,v+1,z) = < ’)’:l‘” )F(—n,’y—i—l,z), (A33)

where v € Rand n € N. Laguerre polynomial L) (z) satisfies following differential equation
2"+ (y+1—2)y +ny=0 (A34)

We can rewrite Equation (A34)) as a type of Sturm-Liouvelle equation,

;Z < Z1 ™2 ZZ > +nzVe %y =0, (A35)

which gives the orthogonality of L} (z),

IF'(n+9y+1)

| Omn- (A36)

/ dze *z"L)(2)L) (z) =
0
when 7 = 0, then L;) (z) becomes the normal Laguerre polynomial Ly (z),

Lu(z) = LY(z) = F(—n,1,2). (A37)
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