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1. Introduction
Let A be the class consisting of the functions of the form

fz)=z+ iakzk, )
k=2

which are analytic in the open symmetric unit disc U = {z € C : |z| < 1}. A function
f € Aissaid to be strongly starlike of order ¢ and type <y, denoted by S* (9, v), if it satisfies

2f (2)
ar —
& ( f@) )
On the other hand, a function f € A is said to be strongly convex of order ¢ and type
7, denoted by K (4, v),if it satisfies

arg (1 + +f (2) - ’)/)

o
< n 7

> 0<y<land0<é< 1.

@)

5
<7", 0<y<1and0<é<1. 3)

)

In (2) and (3) , if ¥ = 0, then f belongs to the class of strongly starlike and con-
vex functions of order J, respectively, which have been studied by Mocanu [1] and
Nunokawa [2], while if § = 1, then f € S*() and f € K(v), where S*() and k(1) are
the classes of starlike and convex functions of order +, respectively, which were introduced
by Robertson [3]. In particular, if ¥ = 0 and 6 = 1, then the functions f € §*(0) = S*
and f € K(0) = K, where §* and K are the classes of starlike and convex functions,
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respectively. For 0 < y,a <1 and 0 < 4,8 < 1, let B(J,, B, «) be the class of functions
f € A satisfying the condition
2f (2)
arg< ) 7)

for some k € S*(B,«). In (4), if 6 = B = 1, then the function f € B(v,a), where B(vy,«)
is the class of close-to-convex functions of order 7y and type «, which has been studied
by Libera [4], while if ¥ = « = 0 and B = 1, then f belongs to the class of strongly
close-to-convex functions of order J, which has been studied by Reade [5].

o
< 7, (4)

If f,g € Asuch that f is given by (1) and g is given by g(z) =z + E b2k, then the
k=2
Hadamard product (f * g)(z) is defined by

(fxg)(z)=z+ i bk
k=2

It is well -known that

2(fxg) = frzg' = gxzf. ®)

Many real-life phenomena can be described and modelled using distributions of ran-
dom variables, which have an important role in statistics and probability. Some of these
distributions are commonly used and have been specified by special names to empha-
size their significance, such as the Binomial, Poisson, and Pascal (or Negative Binomial)
distribution. The Pascal distribution has been widely used in many fields such as com-
munications, health, climatology, demographics, and engineering (see [6]). Recently, in
geometric function theory, there has been a growing interest in studying the geometric
properties of analytic functions associated with the Pascal distribution (see [7-13]).

A variable x is said to be a Pascal (or Negative Binomial) distribution if it takes the
values 0,1,2,3, ... with probabilities

m(l—g)" g?m(m —q)" ¢@®m(m m —q)"
(1—qm 1 (11! 9)” q°m( +21!)(1 9)" a'm( +1)(3!+2)(1 9"

respectively, where m and g are called the parameters, and thus

n+m-—1
m—1

P(x =n) = ( )q”(lq)m,n =0,1,2,...

This distribution is based on the binomial theorem with a negative exponent and it
describes the probability of m success and # failure in (n + m — 1) trials, and success on
(n + m)th trials where (1 — q) is the probability of success.

Recently, a power series whose coefficients are probabilities of the Pascal distribution
was introduced by El-Deeb et al. [14] as follows

" S (k+m—2\ ;_ "
oy = (-9 1 (1" )¢ cew,

where m € Z",0 < g < 1. By the ratio test, we can note that the radius of convergence of
the series above is infinity. For m € Z*,0 < g < 1,we consider the Pascal operator

A?:A—LA,
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which is defined as follows
NG f(2) = fom(z) x f(2),
k 2
s+ 5 (T e e,

where or(2)
z X (k4+m—2
9 k—1_k
= = G u .
fntd) = o ==+ L (" 2)F 0 eew
Now, we define the operator £} : A — A which is analogous to the Pascal operator
A;”, as follows

LIf(z) = fin (@) * fz)  (zeu), ©)

where
z

fam@ * fin @) = — (el )

We define and investigate the properties of the following new classes of analytic
functions by using the two operators Af' and Lj'. Let

Simg@m) = {fe AN €S (6, 0<y<10<s<LzeU}, (B
Sfma(6,7) = {feA Em(f)eS*(J,y),O§7<1,O<5§1,zeU}, )
Kmaq(8,7) = {feA AI'(f EIC(57)0<7<10<(5<126U} (10)
Kmg(6,7) = {feA Lr(f 6/C(57)0<7<10<(5<126U} (11)
Bpmg(6,7.B,&) = {fE.A:A;”(f)EB((S,fy,ﬁ,oc),ngy,a<1
and0<4,8<1,ze U}, (12)
and
B[:/m/q(é,')/,‘B,lX) = {fEAE?(f) EB(é,'}’,ﬁ,ﬂ(),Ogr)/,(X<1
and0 <4, <1,ze U}. (13)

In 1975, Ruscheweyh [15] introduced his famous differential operator of normalized
analytic functions in the open symmetric unit disc U. This operator has an important role in
geometric function theory. In this paper, motivated by the significant work of Ruschewey,
we obtained some argument properties and inclusion relations of the classes S} q(é, ),

SZ,m,q(5/ V) Kamg(6:7), Kimg(0,7), Bamg (8,7, B,a), and B (6,7, B, ). Additionally,
we derive the integral preserving properties of these classes.

2. Inclusion Relations

In proving our main results, we need the following lemmas.
Lemma 1. [16] (Alexander’s Theorem). Let f € A. Then f € K <~ zf/ e S

Lemma 2. [2] Let I(z) = 1+ c1z + ¢cp2% + ... be analytic function in U and suppose that there
exists a point zg € U such that

o
larg1(z)| < = (Iz] < [z]),
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and
largl(zo)| = -
where 0 < 6 < 1. Then we have
Zol (20) _
1(zo)
where . . 5
T
> - -
b> 2( d) when argl(z,) = 7
and

o

b< — ) when argl(z,) = 5

&.\P—‘

(o

Proposition 1. z(AZ’f(z))l = mAZ”lf(Z) — (m—1)A7f(2).

N —

where (1(z,))/° = +id, d > 0.

Proof. Since

o (k+m—=1)(k+m—=2)! 1 4
= m(m—=1)!(k—1)!
_|_

- k4+m-—-2 m— k4+m—2\ ;1 &
=z k(m )q 4z +— Z( )q a2z~
_1
om
_"_

iy

mi> -1 k=2
) k—|—m—2 k—1 k

z—l—k; ( m—1 )q az

m {

2

k
()
o1 (10) Rt )

m

which is equivalent to

!/
mAIf(z) = z(A;" f(z)) + (m = DAL f(2).
This completes the proof of Proposition 1. [

By using (5)—(7) and Proposition 1, we get the following identity

2(Lp () =m (£rf@) — m-1) (£ 5(2). (14)

In the following theorems, we will prove several inclusion relationships for analytic
function classes, which are associated with A’qn and E;”.

Theorem 1. Sl*\,mﬂlq(é,'y) - Sj‘\mq(é,’y), 0<y<land0<é<1.
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Proof. Let f € S} 11 ,(d,7). We need to show that

A" /
arg Z(/\;J{((;)) - <577T, 0<y<1,0<6<1.
Set ( )/
z( A f(2)
W =7+ (1-7)(z), (15)

where [(z) = 1+ ¢1z + cz* + .... By using Proposition 1 and (15), we get

At f(z) 1

Wza[wm—lﬂl—v)l(zn- (16)

Differentiating both sides of (16) logarithmically, we obtain

z (Aq’"“f(z))/
At f(z)

zl'(z)

YEm—1+ (-] 17)

—r=0-7lz)+
Suppose that there exists a point zg € U such that

O
larg1(z)| < == (Iz] < [z]),

and 5
s
argl(z)] = 5,
where 0 < < 1. By applying Lemma 2, we get

zol (z0) .
= ibd,
1(20)
where . . s
T
> - z ==
b> 2<d—|— d> when argl(z,) X
and . . 5
T
< = - ==
b < 2<d+ d) when argl(z,) X
where

(I(zo))? = +id,d > 0.



Symmetry 2022, 14,1079 6 of 20
At first, if argl(z,) = ‘57”, then
/ /
2 (A7 e0) P P -
ar — =ar — z ,
B\ T A ) T T T (T (=)
: ibd
R LI
e {( e - Y+m—1+(1—y)doeion/2
IO A
2 8 Y4m—14 (1—)doe |’
_on
2

) ( bé{s—f—td‘scos(%”)} )
+ tan™ ,

s2 4 2stdd cos(%”) + 2420 + botdo sin(%”)

wheres = y+m —1and t =1 — <. Then

/
20 (A1 f(z0)) on
arg P = 5
Ng f(zo0)
which obviously contradicts the assumption f € S3 | +1,q((i, 7). Similarly, if arg [(z,) = —‘57”,
then we get that
/
20 (A1 f(20)) o
Ng f(zo0)

which also contradicts the same assumption f € S} .1 g (8, 77). Therefore, the function I(z)
should satisfy that |arg(z)| < %* (z € U). This shows that

2(Arf(z))
arg (A;f(z)) -7 || < 57” & f € Spmqd,7).

Hence, the proof is completed. O
Theorem 2. Szlm,q(é,'y) - Sz,mﬂ,q(‘s' v), 0<y<1land0<é<1.

Proof. Let f € 57, .(6,7). We need to show that

(L) o
Set ( )/
z £m+1f(Z)
q — —
W =7+ (1 -7)z), (18)
where [(z) = 1+ ¢1z + ¢z% + ... By using (14) and (18), we get
Em
/() ! [y+m—14+(1—9)(z)]. (19)

Lrf(z)  m
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Using logarithmic differentiation for (19), we obtain
!
z (Ey f (z))
Lif(z)

The proof is completed similarly to Theorem 1. [

zl'(z)
r+m=1+1-7)(z)]

—r=0-mlz)+ (20)

Theorem 3. KCp 1u114(0,7) C Kamg(d,7), 0<y<land0<d<1.
Proof. Let f € K ny1,4(d,7). From (10), we have

AII(f) € K(6,7).

Applying Lemma 1, we obtain

(APH(f) € 5°(6,).

From (5), we have
A (z f/) € S*(6,7),
which is equivalent to
zf € Shirg(6,7).

By using Theorem 1, we get
zf € Shmg(6,7),
which is equivelant to
A (zf’) € 8*(5,7).
From (5) and Lemma 1, we obtain
/
2(AJ() €861 & AJ(f) € K(6,7),
which means f € K4 ,4(J,7). Hence, the proof is completed. [
Theorem 4. Kr4(9,7) C Krmi1,4(6,7), 0<y<land0<é<1.
Proof. Let f € Kr,,4(6,7). From (11), we have
Lg'(f) € K6, 7).
Applying Lemma 1, we obtain
m ! %
2(L7(f) €8,

From (5), we have
i (zf) e $°6,m),
which is equivalent to
2f € 87 a(6,7).

By using Theorem 2, we get

2f € Semi,(0,7),
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which is equivelant to

c;"“(zf) € S*(6,7).

From (5) and Lemma 1, we obtain
/
2(L01(f) € 87 @) & LN € K(6,7),

which means f € Kz ,11,4(6,7). Hence, the proof is completed. [
Theorem 5. BA,m+1,q(5, v, B ) C BA,m,q((S, Y. Ba), 0<ya<land0<d,B <1
Proof. Let f € B u114(d,7, B, &) which is equivalent to

ATTHf) € B(3, v, B ).

Then there exists a function k € §*(B, a) such that

/
z(Aquf(z)) o Cosge
arg k(—z)—')’ <7, S7a0<1,0< ,‘B_ .

Letting k(z) = AJ'""'g(z), we have g € SAmi1,q(B ) and

2(Ap1£) -
e )|t
Now, we set
(Arf(2)
ez T (1=7)(z), (21)

where [(z) = 1+ c1z + cz* + .... By using Proposition 1 and (21), we get

mAG T f(z) = (m = D)AJ f(2) = Afg(2)[y + (1 - 1)l(z)]- (22)
Now, differentiating (22), we obtain
mz(APFf() = 2(Ar8() [+ (1 - )]+ (Afg() A7)l (2)
+(m - 1)z(Af(2)) (23)
If we apply Proposition 1 for the function g(z), then (23) gives
Z(A;”Hf(z)), _ yom- 1 A78(z)
Agﬂ-lg(z) - m Am+1 (Z)
A78(z) (1-7)2l (2)
Aftigz) om
-1 Z<Amf ))
)

m Am+1 (Z

[v+ (1 —=7)(z)]
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By using Proposition 1 and (22), we have

!/
z Am+1f(z) Alo(z 1— l’
G L) IR NLES = ) en
A7 g(2) A7 g(2) n
Since k = Ag”l (g) € S*(B,a), an application of Theorem 1, we have
/
(ay5() pn
arg W — < 7
Now, let /
Z(A?g(z))
=a+ (1—a)L(z), 25
g (1-w)L(2) 5)
where L(z) = |L(z)]e!®8L(), larg(L(2))| < 57” Therefore, we can rewrite (24) as
!/
z Ame(Z) /
(ql) —y=0-7)|l(z)+ 2 (z) . (26)
AJg(2) a+m—1+(1—a)L(z)

Suppose that there exists a point zy € U such that
o
larg1(z)| < =~ (Iz] < [zo]),

and 5
T
jarg1(20)] = 5,

where 0 < 6 < 1. By applying Lemma 2, we get

zol (z0) .
= 1b/,
1(zo)
where . ) 5
T
> — - = —
b> 2<d+d) when argl(z,) 7
and . . 5
7T
< = - ==
b< 2<d+ d) when argl(z,) 7
where

(I(z0))"? = +id,d > 0.



Symmetry 2022, 14, 1079

10 of 20

Let a+m—1+ (1 —a)L(zo) :pei%I wherea +m—1 < p <coand —B <6 < B. At
first, if argl(z,) = ‘57”, then

oo AMHLE(2 ! zol'(29)
arg O( i A O)) —q | =arg [(1—7)l(zo)(1+ Hzo) )],

A;”Hg(zo) a+m—14(1—a)L(zp)

; ibé
= arg |:(]. — ')’)déelén/z (1 + peleﬂ/z)]'

= 577-( + arg [1 + bjeig(l_e)} ,

= 57" +tan"' H(6),
where
bé cos U
HO) = —— =2,
p + bé sin 7t
_ 11 COS 97”
1+ nq sin 97" ’

-1<f#<land0 < ny = %5 < 1. We note that H(6) is a decreasing function in

[% sin’l(—nl),l] and an increasing function in [—1 2 sin’l(—nl)} . Therefore, H(0) > 0

'
on [—1,1] and

!
20 (A1 f(20)) on
arg .| |5
Ag T 8(20)
which obviously contradicts the assumption f € B u11,4(6,7,B,«). Similarly, if
argl(z,) = —°f, we get
/
z0(AJ*1f(z0) .
arg —q | === +tan 1 H(9),
A" g(z0) 2
where
bd cos
H) = — 2,
p + bd sin 7t
__mcos bz
1+ nysin 97” ’

-1<f6<land -1 < mp = % < 0. We note that H(0) is an increasing function in

[% sin~1(—ny), 1} and a decreasing function in [—1, 2 sin_l(—nz)} . Therefore, H(0) < 0

on [—1,1] and
z0( A+ f(z0) ) o

arg -7 <-4
A8 (z0) 2
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which also contradicts the same assumption f € B At (6,7, B, ). Therefore, the function
1(z) should satisfy that |arg!(z)| < °f (z € U). This shows that

Z(A?f(z))/ S
S APg(z) Y| <5 fE€Bamg0,7. B ).

arg
Hence, the proof is completed. O
Theorem 6‘ BL,m,q(‘S/ ’)// ,B/ ‘X) C B[,,m—l—l,q((sx r)// ,B/ 06), 0 S ’)//D‘ < 1 and 0 < 5/ﬁ S 1
Proof. Let f € Bglm,q(é, 7, B, &) which is equivalent to
Ly (f) € B(6,7,B,a).

Then there exists a function k € S*(B, a) such that

2(cpf(2)

o
_ _ < <1.
arg ) Yl < > 0<ya<1,0<46,B<1

Letting k(z) = L{'g(z), we have g € Szrm’q(ﬁ,oc) and

(er@) | _on
arg| —— 2 — =,
8\ T e 7 2
Now,we set ,
2(Lp ()
W =7+ (1 -7)(z), (27)

where [(z) = 1+ c1z + cz% + .... By using (14) and (27), we get

mEyf(z) — (m— 1)L f(2) = L5 () [y + (1 - NI(2)]. 28)

Now, differentiating (28), we obtain
mz(Lpf(2) = 2(£ps@) Iy + (- i)+ (£ e(=) (1 - Pl (2)
+(m = 1)z( Ly (2)) (29)

If we apply (14) for the function g(z), then (29) gives

(L7 1) [1 =D ETEE N i)

m Lig(z)

Li8(z) (1= )2l (2)
E?g(z) m
me1 2(Lprif(2)
m Lig(z) '
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By using (14) and (28), we have

2(Lpf(a)) (1= )l () £21(2)
N o 1— )l i . 30
(@) T+ (1 =7)(z) + m Lrg(z) (30)
Since k = LJ'(g) € §*(B,«) and by Theorem 2, we get
(4 s@) n
arg W )< S
Now, let /
z(ﬁg”lg(z))
W =a+(1—a)L(z), (31)
where L(z) = |L(z)]e!?8L(), larg(L(2))| < ﬁ% Therefore, (30) can be written as
=(£1(2) (2
e B Sl L0 ey wry gy e (32)

The rest of the proof is the same as in Theorem 5. Then we obtain that

2(Lpip@) 5

arg - ,Y < = <:>f S BL',,m 1, (5/’)/15106)-
E;”Hg(z) +Lq

2

Hence, the proof is completed. O

3. Integral Operator

In this section, we will prove several integral-preserving properties of analytic function
classes which are introduced above.
Suppose that f € Aand ¢ > —1. For z € U, the Bernardi operator [17] is defined as

J(F@) = S5 [ poya, @)
when ¢ = 1; the integral operator J; was introduced by Libera [18]. From (33), we can easily
get that

2(API(F(2)) = (c+ DAYF(z) — A Te(£(2)), (34)
and

2(L(f(2)) = (c+ 1LYF(2) — L el f(2). (35)
Theorem 7. Forc > ,let0 <y <1and0 <6 <1 If f € S/*\’mlq(d,q/), then J.(f) €
Shmq(0:7)-

Proof. Let f € S/*\,m,q(é,fy). We need to show that

2(AI(F(2))

o7
arg| ——— % — <—, 0<9y<1l,0<dé6<landc > 7.
8\ Ay 2 T 7
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Set ( )/
z(A7'e(f(2))
ATy i 6
where [(z) = 1+ ¢1z + ¢z% + ... By using (34) and (36), we get
Am
/12 et 1) (37)

A=) e+
Differentiating both sides of (37) logarithmically, we obtain
/
z (AZ1 f (z))
A7 f(2)

Suppose that there exists a point zy € U such that

zl'(z)

cHr+ -G ] 38)

—r=0-mlz)+

o
larg1(z)| < = (Iz] < [zo]),

and 5
T
arg(z0)| = 5,
where 0 < 6 < 1. By applying Lemma 2, we get

= ibJ,
1(z0)
where . . 5
T
> = = ==
b> 2<d+ d) when argl(z,) 7
and . . 5
T
<= = =_2Z
b < 2<d+ d) when argl(z,) 7
where
(I(z0))"? = +id,d > 0.
At first, if arg I(z,) = 2, then
! /
(o) i
arg| ———~ — =arg|(1—9)Il(z 1+ 2 ,
B\ “Apfy ) T U T i)
. ibd
=ang (1= (1 )
=Ty arg| 14 tbo
2 8 v+ (1—y)dde |
_on
2

(et

k2 + 2ktd® cos(%”) + 12420 4 botdd sin(%”
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wherek =c+yand t =1— . Then

!/
o(Mf@) | e
arg| —————+ — > —,
ey 2
which obviously contradicts the assumption f € S3 q((S, 7). Similarly, if arg(z,) = — ‘57”,
then we get that
!/
a(Affe) | e

TE| AT (z0)

which also contradicts the same assumption f € S} , - (6, 7). Therefore, the function /(z)
should satisfy that |arg!(z)| < ¢ (z € U). This shows that

(A1) i *
e W_ry < 7<:>]C(f) eSA,m,q((Sr'Y)-

Hence, the proof is completed. O

Theorem 8. Forc > v,let 0 < v < 1and0 < 6 < 1. If f € Szlmrq(é,'y), then
Je(F) € 8710 (6,7):

Proof. Let f € Sz,m,q(é,”y). We need to show that

2(Lpre(f(2))
— | < 5
LI @) 2

arg 0<y<l0<dé<landc > 7.

Set

(1)
W =7+ (1-=7)(z), (39)

where [(z) = 1+ c1z + ¢z% + ... By using (35) and (39), we get

Lyf(z) 1
Cr(fE) et

Using logarithmic differentiation for (40), we get

{le+7) + (A =niz)} (40)

2(Lyf(2)
Lif(2)

The rest of the proof is the same as in Theorem 7. Then we obtain that

zl'(z)
cty+1=-7iz)]

=) [uz) n (41)

z(ﬁy]c(f(z)))/ S *
| @) || 2 ) € Stage )
Hence, the proof is completed. O

Theorem 9. Forc > v,1let 0 < v < 1and 0 < 6 < 1. If f € /CA,m,q(zS,'y), then
]C(f) S ICA,m,q((Sr’Y)'
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Proof. Let f € K ,4(d,7). From (10), we have

Ag(f) € K(6,7)-

Applying Lemma 1, we obtain

m ! *
2(AF() €876,
(5) gives
Ay (2f') € 8°0,m),
which is equivalent to
2f € Skmg(0,7):
An application of Theorem 7 yields
Je(2f') € Shma(6.7),
or
2(Je(£)" € SR mq(8,7)-
Applying again Lemma 1, we obtain

]C(f) € ICA,m,q(‘sr '7)'

Hence, the proof is completed. O

Theorem 10. Forc > 7,let0 <y <1and0 <3 < L If f € Kz u,4(6,7), then Jo(f) €
’Cﬁ,m,q (5/ r)’)

Proof. Let f € Kr,,4(6,7). From (11), we have
Ly'(f) € K(6,7).

Applying Lemma 1, we obtain

m ! *

(L)) € 8°@6)-

(5) gives
cp(zf) e s*@,m),
which is equivalent to
2f € SLmg(6,7)-
An application of Theorem 8 yields
T (zf’) c SZ,m,q(5' ),

or
2(Jc(f)) € Stpg(6,7).

Applying again Lemma 1, we obtain

Je (f)elcﬁ,m,q(d/ v)-

Hence, the proof is completed. O
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Theorem 11. Forc > wa,let 0 < y,a < 1and0 <, < 1L If f € BA,m,q((S,'y,,B,oc), then
]C(f) € BA,m,q(ér'Y/,B/‘X)'

Proof. Let f € B A,m,q(é, 7, B, &) which is equivalent to

AL(f) € B(S,7,p,).

Then there exists a function k € S*(B, «) such that

z(Al'f(z) /
g((km) “*)

Letting k(z) = AJ'g(z) where the function g € S/*\,m,q( B, ) and

<577T, 0<y,a<1,0<46,B<1.

M ECIE) N
& Al'g(z) i 2
Now, put
z(AJI(f))
W =7+ 1 -7)(2), (42)

where [(z) = 1+ ¢1z + ¢z% + .... By using (34) and (42), we get

(c+1)AIF(Z) = AP Te(f(2) = ALJe(g(2)) 17 + (1= 1 (2)]. (43)
By differentiating (43), we obtain
e+ 0z(Arf@) = 2(AFJ(s@)) Ty + A1)
+(ATe(3(2)) (1 =)zl (2)
tea(AI(F(2))) (44)

If we apply (34) for the function g(z), then (44) gives

2(Anfz) A,
2(ApfE) [1_le "A;;g(;” =+ (1= )i(2)]

AgJe(8(2) (1 =)zl (2)
Al'g(z) c+1
o 2(Amre))
c+1  Arg(z)

By using (34) and (43), we have
!/
z (A;” f (z))
Ay'g(z)
Since k = Af'(g) € S*(B,n), by applying Theorem 7, we have

]C(g) € Sj\,m,q(ﬁ/ a)'

AT'Je(8(2)) (1 =)zl (z)

=7+ 1=z + Alng(z) c+1

(45)
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If we let ( )/
z( A7 )e(8(2))
) a4+ (1-a)L(2), 46
ATe(8(2) a+(1—-a)L(z) (46)
where L(z) = |L(z)[e!*8L(2), |arg(L(z))| < ﬁTH, then we can rewrite (45) as
z (A;”f(z))/ 2l (2)
nig O R e | @)

Suppose that there exists a point zy € U such that

o
larg1(z)| < == (Iz] < [z0]),
and

o
jargl(z0)| = 7,
where 0 < § < 1. By applying Lemma 2, we get

zol (z0) .
= ibo,
1(z,)
where . ) 5
T
> - Z ==
b> 2<d+ d) when argl(z,) >
and . . 5
T
< = - ==
b < 5 <d+ d) when argl(z,) X
where

(I(zo))? = +id,d > 0.

Let c+a+ (1 —a)L(z9) = pem”/2 where c+a < p < o0 and —B < 6 < B. The rest of
the proof is the same as in Theorem 5. Then we obtain that

(A1) i
Y T ALy T < = € Je(f) € Bamg(é,7,B,a).

Hence, the proof is completed. O

Theorem 12. Forc > a,let 0 < y,a < 1and0 < J§,B < 1. If f € Bgrmrq(é,'y,ﬁ,zx), then
]C(f) € Bﬁ,m,q ((5, Y, IB/D‘)'

Proof. Let f € B g,m,q(é, 7, B, &) which is equivalent to

Ly (f) € B(6,7,B,).

Then there exists a function k € S*(B, a) such that

!
Z(ﬂqnf(z)) O < a<10<6B<1
arg W_’)’ 7/ NN %49 ’ /,B_ .
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Letting k(z) = L{'g(z) where the function g € ‘Sz,m,q(ﬁf“) and
!
N ECIC) R
& Lig(z) 2

2(Lo1e(f(2)))
Eq”‘jc(g(z))
where [(z) = 1+ ¢1z + ¢z% + .... By using (35) and (48), we get

Now, put

=7+ (1 =-7(),

(c+1)LYf(z) —cLy]e(f(2) = LG Je(g(2)) [y + (1 = 1)I(z)].

By differentiating (49), we obtain

+02(Lpf) = 2(Lprls@)) b+ 1 - i)
+(L01e(3(2)) (1 = 1)l (2)
ez (L)1)
If we apply (35) for the function g(z), then (50) gives
2(cpf(2) e ()
c+1 Lig(z)
L7]e(8(2)) (1 — )zl (z)
Lig(z) c+1
e 2(Lrer@))
c+1 Lig(z) '

[v+ (1 —7)(z)]

By using (35) and (49), we have

2(epf) L2:(8(2)) (1= y)2l (2)
W_'y+(l—'y)l(z)+ C'qng(Z) 1 .

Since k = LJ'(g) € S*(B, ), by applying Theorem 7, we have

]C (g) € Sz,m,q(,B' ‘X)'

If we let ,
2(LaTe(3(2)))
Lye3(2))

where L(z) = |L(z)[e!*8L(2), |arg(L(z))| < ﬁTH, then we can rewrite (51) as

=a+(1—a)L(z),

(48)

(49)

(50)

(51)

(52)

(53)
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The rest of the proof is the same as in Theorem 5. Then we obtain that

2(Ly1(F(2) i
| @y || < 7 ) € Brmg@m po).

Hence, the proof is completed. O

4. Conclusions

Recently, the Pascal distribution has attracted the attention of many researchers in
the field of geometric function theory. This distribution was used by various authors;
see [8-13] to consider the properties of some famous subclasses of analytic functions. In the
present paper, using the normalized Pascal operator Ag' and its dual £§', we introduced
new subclasses of analytic functions. Due to the earlier works on different operators such as
the Ruscheweyh diffrential operator [15] and Noor integral operator [19], we find inclusion
relations of certain new subclasses of analytic functions in the open symmetric unit disc
U that are associated with the Pascal distribution. Furthermore, we studied the integral-
preserving properties for these subclasses. Making use of the definition of Pascal operators
could inspire researchers to create new different subclasses of analytic functions.
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