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2

Abstract: This study is the first to use Laplace transform methods to solve a system of Caputo
fractional Volterra integro-differential equations with variable coefficients and a constant multi-time
delay. This technique is based on different types of kernels, which we will explain in this paper.
Symmetry kernels, which have properties of difference kernels or simple degenerate kernels, are able
to compute analytical work. These are demonstrated by solving certain examples and analyzing the
effectiveness and precision of cause techniques.

Keywords: system fractional-integro differential equation; Laplace transform; Caputo fractional
derivative; delay differential equations; difference and simple degenerate kernels

1. Introduction

The purpose of this paper is to solve linear system integro-fractional differential
equations of the Volterra type (LS-VIFDEs) with variable coefficients and multi-time delay
of the retarded type (RD):

n—1 &

SDfur(t) + T Pr(t) §D" Vs () + Prn(£)ur(8(t, 7))
= ()
=fr(H)+ L Ay fat Ky (t,x)ui(g(x, 1) )dx, a <t <b.
j=0

Allr=0,1,2,---,m, as well as the fractional orders, have the basic ordering property
App > Rp(n_1) > Qp(y_2) > .. > &r1 > a0 = 0, and are given together with the initial condi-

tions. Forallr =0,1,...,m; {ugk’)(t)} o, = Uk, and historical functions, uﬁkr) (t) = (pgk’)(t)

forall t € [@,a], aswellas@ = a —max{7,5; : j=0,1,...,m}, k, = 0,1,..., 1, — 1,
ur = max{d,|£=0,1,2,...,n}, dy = [a,], where u,(t) are (m+1). This function
is unknown and is the solution of LS-VIFDE’s multi-time RD, Equation (1), with con-
ditions and functions: K;j : S x R — R. (S={(tx):a<x<t<b}),rj=012...,m
and f;DPyi:[a,b) >R foralli =1,2,...,m;r = 0,1,...,m for all real bounded contin-
uous functions. In addition, for all » = 0,1,...,m , where u,(t) € R, ngMur(t) is
the w,-fractional Caputo-derivative order of the functions u, on [a,b] and all a,,, € R,
dyy—1 > ayy < dy, dy = [ay] forallr =0,1,...,m; £ =1,2,...,n. Moreover, the
value of Trj, Tr € R* forallj =0,1,...,m are called positive constant time lags or time
delays. Because the problem of LS-delayed VIFDE’s time delay is a relatively new topic in
mathematics, there are only one or two ways of solving it, and since the specific analytic
solution no longer exists, an approximation method must be used. In this paper, we use the
Laplace transform to provide an explanation for how to solve Equation (1) with conditions.
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The Laplace transform is a very useful method for solving various types of equations,
such as integro-differential equations, integral equations, fractional equations, and delay
differential equations. It can also be used to solve initial and boundary value problems re-
lated to differential equations and partial differentials with constant coefficients [1-6]. This
transform method is also used for solving linear Caputo fractional-integro differential equa-
tions with multi-time retarded delays [7] and for solving linear system integro-fractional
differential equation of Volterra-type equations [8]. When using this technique, it is impor-
tant and necessary to explain and define several properties of the Laplace transform that
are important for driving this transformation of delay functions and the Caputo fractional
derivative, which is expressed in Equation (1).

This work is classified into these sections as follows: some definitions and important
properties are shown in Section 2. In Section 3, a system of integro-fractional differential
equations of the Volterra type with variable coefficients and multi-time delay technique
is presented. In Section 4, the results are illustrated with all of the examples. Finally, a
discussion of this method is included in Section 5.

2. Definitions with Important Properties
2.1. Fractional Calculus

In this subsection, we recall the most common definitions and results of fractional
calculus that will be useful for this research. First, we start from the definition of function
space Cy,v € R, which is the basic definition that operational calculus needs for the
differential operator:

Definition 1. [4,7]. A real valued function u defined on[a, b] is in the space of y-functions C.[a, b],
7 € R if there exists a real number r > vy, such that u(t) = (t — a)"0(t), where i € Cla, b, and
it is said to be in the spaceCl}[a, b] if and only if ul™ € Cy[a,b], n € Ny.

Definition 2. [4,8]. For a function u € C,[a,b], 6 > —1, the Reimann-Liouville fractional
integral operator ,J& of fractional order « € R™ and origin point a is defined as:

JEu(t) = ol [ - )" Tu(x)dx.
Jou(t) =u(t), a <t <b.

Z

where I is the gamma function. [} has an important (or semigroup) property, that is:a]f‘afi5 u(t) =
a ]f Jiu(t) = ¢ P u(t) for arbitrary o > 0 and B > 0. Additionally, it has the following properties

JEtE—a)’ = N L@) (t—a) ™, 5> —1.

d+a+1)

Definition 3. [7,8]. Let « > 0, m = a and a € R. The Reimann—Liouville fractional derivative of
order w and starting pointa of a function u(t) € C™, [a, b] is given as:

aDfu(t) = D" [, ] "u(t)].
RDOYu(t) = u(t), a <t <b.
If o =m(€ Z) and u € C"[a, b], thus KD u(t) = Lou(t).

Definition 4. [8,9]. Let « > 0, m = a, then the Caputo fractional derivative of order « and
starting pointa of a function u(t) € C™,[a, b] is given as:

EDFu(t) = (" (1) = gy [1( = 9)" ) (s)ds.

DO%u(t) = u(t), a <t <b.

Additionally, if « = m(€ Z7) and u € C™[a, b], thus SD/u(t) = %u(t}.



Symmetry 2022, 14, 984

3o0f11

2.2. Some Important Properties

In this subsection, we are interested some important properties which are used later
on this paper [4,7-9].

i. ffoA = A(rt(_la_);) ; where A is any constant; (x > 0, « ¢ N).

ii.  If the Caputo fractional derivative of a constant function is equal to zero, it means
¢D¥A = 0, for any constant A and all « > 0.

iii.  The relationship between the R-L integral and Caputo derivatives are shown here:

Leta >0, m = aw and u € C™[a, b], then:

D lJfu(t)] = u(t); a<t<b

m=1,(k) (g
JE[eDtun)] = u - ¥ W o).
k=0 .

iv.  Let T;,—1[7; a] be the Taylor polynomial of degree (m — 1) for the function 7y, then:

¢Dfy(t) = §D[v(t) — Tua[v:al],

where (m —1 < a < m).
v.  Letu(t) = (t— a)’5 and & > 0 ;m = a for some > 0, then:

0 ifpef{0,1,2- ,m—1}
CDfu(t) = T(B+1) (- a)*g_”‘ ifpeNand B> m
T(p+1=a) orp¢ Nand p>m—1

Definition 5. [1,10]. The Laplace transform (LT) for the suitable function, u(t), of real vari-
able t > 0, is the function U(s), which is defined by the integral form:

U(s) = L{u(t)} = /Oooe’”u(t)dt %)

with U(s) the LT of u(t), and inverse Laplace transform of U(s), denoted by L1 {U(s);t},
being the function u defined on [0, c0), which has the fewest number of discontinuities and satisfies
L{u(t);s} = U(s). Laplace transform has various properties with some lemmas, which are the key
for our work, as shown below [1,6,11-13]:

i If u(t) and q(t) have well-defined Laplace transforms, then U(s) = L{u(t)} and Q(s) =
L{q(t)}, respectively. Now, the Laplace transform of the convolution integral is defined by
the form:

t
£(tuws o) = £{ [ ule =) g()ar} = u)Q0) ®
If u =1, then:
of 1
ﬁ{ / q(x)dx;s} =~ Q) )

ii. Put the power function t™ of order m € 7, then:

L{mu(t)} = (~1) " T £{u(t)} = (-1 T U(s) ©

iii. From (ii and iii), we obtain:

£{f§) tu(x)dx;s } =-4 (ls Uf(s) ) and E{fotx u(x)dx;s} =14 u(s) . (6)
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The following shows the important lemma for the Laplace transform of a constant
delay function:

Lemma 1. [7]. Let u(t)be a continuous differentiable function on a closed bounded interval [0, b],
b € R, and let T be a constant delay such that:

u(t) = ¢(t), for—t <t <0. (7)
Then, the Laplace transform of a T — delay function is given by:
L{u(t—71);s} =e T [U(s)+ Q(s, 7)) 8)

where Q(s, T) = LOT e Sto(t)dt and L{u(t) } = U(s). If the historical function ¢(t) is defined
by power function t"(n € Z*), we obtain:

—ST - - n Tn_p n! —ST
L{u(t—7);s} =e T U(s) +p§6(—1)” P p! ( ) ) G g ©)

Lemma 2. [4,9]. Laplace transform of Caputo fractional of order « (m —1 < « < m), m = & can
be obtained as:

L{SDE u(t);s} = L{"*Du(t);s} = s~ (m=) L{u(’”)(t);s}
m (10)
k

—1 m—1
= s (m=a) {gm 1(s) — Y s k-1 u(k)(O)} =s*U(s) — ¥ s* k140 (0).
- k=0

0
3. Solving LS-VIFDE’s Multi-Time RD Using the Laplace Transform Technique

In this section, we try to find a general analytical solution to a linear system of integro-
differential equations of the arbitrary orders with variable coefficients and multi-time
delays using the Laplace transform method in various types of kernels.

3.1. First Type (Difference Kernel)

We use Equation (1) with different kernels and a = 0 as the starting point. Further-
more, we consider P;(t) asa power function, with difference kernels form K,; (t,x) =

Ky (t — x), where C,;t"i, C,; € R are constants and ¢,; are arbitrary non-negative integers
for all r and 7, and the Laplace transformation is taken for all r = 0,1, ..., m, which is:

E{ng’” u,(t);s} + C{nil P,i(t) aCDl:'("”u,(t);s} + L{Prn(H)ur(g(t, ));s}
i=1

m ; (11)
= L{fr(t);s} +]§O )\rjﬁ{ Jo Koj (8 = x)uj(g(x, Tr]‘))dx,‘s}.

After applying the Laplace transformation in Equation (11), using Lemma 2 with the
initial condition for the first part, where m,,, — 1 < a;; < m,,, forally =0,1,...,m, and

also using Definition (5; part (ii)) and Lemma 2 for second parts, where My, g — 1<
Xy (n—i) < Mo, s forallr =0,1,...,m, we obtain:
o (kr)
L{EDfmu,(t);s} = s Up(s) — Y. s k=1y,57(0)
k=0 (12)

My, —1

— gl Ur(S) _ Z Slxrn*krfl Upk, -
k=0
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where 1, ;. are given for all » from the conditions. For all = 0,1, ..., m using Equations (5)
and (10) and conditions, for eachi =1,2,...,n — 1, we obtain:

Xy (n—i
£{ () §D (1)

Ly dbri i
= Cui(—1) rlﬁ[slxr(n—l) Ur(s)}

(13)
b | DT k-1
i dbri N —k,—
_C}’l(_l) ri ds[n‘ kZO ghr(n—i) —"r ul’,ky .
=

where {,; is the order of P,;(t) foreachi=1,2,...,n—1landr=0,1,...,m. Consequently,
we use Equation (5) and then apply the Lemma (1, Equations (8) and (9)), respectively, with
the defined g(t, 7+) = t — 7, thus obtaining for each r:

dfrn

L{Pn (g1, 7));5} = Con (~1)™ S [T (U (5) + Qs 5,7))]:

where:

Q:(s, ) = /0 e St (t)dt.

—T

If the historical function ¢,(t) is t77, q, € Z* forallr = 0,1, ..., m, in this special case,

we obtain:
L{Prn (t)ur(g(t, T)); s}
Crn lrn lrn ar r— 9= lrn st 14
= Crn (_1) {dds[VH[e STyur(S)] + ;sfm [ ZO(_l)q P p'< er > T5Z+1p] - ddsw |:s'7qr+1e ST’:| } ( )
p:

the Laplace transform of the homogenous part is simply written as:
L{fi(t);s} =F(s), r=0,1,...,m. (15)

By applying Equation (3) from Definition 4 with Lemma (1, Equations (8) and (11))
with defined g(x,7,;) = x — 7 forallr;j = 0,1,...,m, the last part of Equation (11) will
become:

C{ /Ot Ky (t—x)uj(g(x, Trj))dx;s} = KCyi(s) e T [Uj(s) + Qj(s, 1)) |-

where: 0

Q] (S, Tr]') = / 675t¢j(f)dt.

— Trj

The symbolic K;;(s) is the Laplace transform of the difference kernel K,; ( — x) for
each r and j. If the historical function <p]-(t) ist?, g, € Z* forallr = 0,1,...,m, in this
special case, we obtain:

£{ Jy Ky (= x)uj (8 (x, 7)) ;s }

o qr _ Ar=p e (16)
~ g0 e s B ()5 - e

p=0 p

After putting Equations (12)—(16) into Equation (11), they become:
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Mgy =1 n—1 0. b ,
glrn Ur(s) _ kz_o s“rn*kr*l ur,k,"‘ Zgl Cn(_l) ri ;SZ:I [Sﬂér(nfl) ur(s)]
n=l ¢ M) T k-1 O f dlrn [ —
= G0 | D s g o (1) {7 e (U () + Qs )

= Fy(s) + é AriKrj(s) e [U;(s) + Qj (s, )]

If t7, g, € Z* foreach r = 0,1,...,m is a power function, which is also a historical
function, using part two of Lemma 1 above the equation means it becomes:

My, —1
st Uy (s) — kzo shm—hr =1y o
=
n—1 . n—1 . X (n—i) -
li d’ , ti d' k-1
+ 21 Cri(—1) n% [s"r=i) Uy (s)] — '21 C,i(—1) rzﬁ kZO Wi~k =1y,
1= 1= =
' (17)

érn lrn —sT; lrn qr r— rﬂr*P lrn ! —STy
et g muon g | B rn( § ) ) - ga e ]|
p:

4 —5Tyj & ar—p gr \ w7’ ar! =5ty
= FV(S) + Z )\rj Ier(S) e " U]'(S) + Z (_1) ' P! ]p+1 - qr+1e -
j=0 p=0 p /s s
Consequently, the system of ordinary differential equation of components
{U;(s) :r=0,1,...,m} is solved to find U,(s). In the end, the inverse of the Laplace
transform on U, (s) is used to obtain the solution u,(t) of LS-VIFDEs for multi-time RD (1).
After some simple manipulations, from Equation (17), we obtain:

a n—l l,; déri o i Ly d[rn —ST, —ST,
5t " Cu(1)/ 0 G (1) e = Ay (e | Uy )

i=1 dstrn
m n—1
—5bj Lyi o~ dbri
= L A Kygls)em () E Cu(=1)7st S U(s)
j = O 1=
jET
lrn —
+Cr (—1)[’”6_”’ ;S@m Uy(s) = F(s).r=0,1,...,m
where

My, —1

= o —kr—1 n_l Ly dbri " &y —kr—1
F(s) = F(s) + k2 ST T Uy, + '21 Cri(—1)" 7 Y s U,
= 1=

7.
0 ds’ri k=0

lrn trn & r— P trn r sty
—Cm(_l) {;slfm [ZO(_l)q P P!< Z; ) Tsp+1 ‘| - ;s(fm [Sqqﬁ—le ST}}
p=

m qr _ _ar—p R
+ ‘20 /\rj IC,]'(S) [ ZO<_1)‘1r p P!( qr ) Ts]p+1 . sqquE srr]] )
= p=

p

As a special case, if the P,;(t) and P, (t) are only constants, this means that /,; and
4y, are equal to zero. Thus, after some simple manipulations, from Equation (17), we obtain

the following system forallr =0,1,...,m:

Hr(S)Ur(S) - i )‘rj ’er(s)e_STrjuj(s) = Fr(s)' (18)
j=0
j#r
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where:

n—1

= b _ dbrn
Hr(S) = gfm Z Cri(—l)g”ﬁsa’(”") + Cpp (—1)&"F€_5Tr — Apr ICrr(S)(?_ST”.
i:l rt m

Finally, the system of ordinary differential equation of components
{Uy(s) :r=0,1,...,m} is solved to find U,(s). In the end, the inverse of the Laplace
transform on U, (s) is used to obtain the solution u,(t) of LS-VIFDEs for multi-time RD (1).

3.2. Second Type (Simple Degenerate Kernel)

Some types of linear-system VIFDEs of consistent multi-time can be solved using
the Laplace transform approach. We take the same conditions as Equation (12) with all
conditions by changing the kernel from difference kernel to a simple degenerate kernel.

1 2
Define the kernel: IC,j (t,x) = c,jtk’f + drjxkrf, where ¢, ;, d,j e R forallr,j=0,1,...,mand
k}j,kfj € ZF; then:
n—1 .
L{GDy™uy(t);s} + ﬁ{ L P(t) uCDf'("‘)Mr(f)/‘S} + L{Prn (t)ur(g(t, 7)); s}
i=1

m 1 2 (19)
= L{fr(t);s} +j§0 Arjﬁ{ Jo [ertk’f + drjxkrj] uj (g (x, Tr]-))dx;s}.

The left hands in all parts of Equation (19) are the same as Equation (11) in Section 3.1,
while for the integral part, it is different. We apply the important property of Equation (6)
part (iii) in Section 2.2 using Equations (8) and (9), respectively, and for higher derivative of
multiplication functions using Leibniz’s formula [7,14], with the property g(x, 7,j) = x — T;;
then, after some manipulating, we obtain:

L{ Jo [ertk}j - drjxkzj] uj(g(x, Trf)>dx;s}

- ky k! K —b 2 Rl e K2\
e 5Ty Vi 1 _ i +k=. b ri dri
= Cri b! [ o dyiTyi " d —1)" ", /
| { dp=t ( b )sb ! B I i ,EO( > ( )dskgfb
KL—1 1 kL—b—1 1 1
rj bkl k. 1 rj k. —b it
+le ¥ (=) THptl T )5 Y (=L)Pgp| u
{U b:O( ) < b )\ =0 (1) p a5t

! %( e (K| 1 d
+59 6 - "o RS s
s ] =0 b s dskrj—b

forallr,j=0,1,...,m, where:

(20)

e °Tr Qj (s, Trj) ; if the historical function be any countinous differential function.

H[’] — qr _ r,qr*lﬂ R .
V/(S) ; (=D)*F P!< b ) Ts]%’ﬂ - squ'le T Af p(t) =t
p=0 p
and: 0
Qj(s, 1) = /T e *gi(t)dt.
1,

After some simple manipulations, and using Equation (20), we obtain the general
solution for Equation (19):
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shrn Ur(S) _ 2 sam—k—l ur,k,
k

nl L d'i T i n-l Ly dbri mﬂ‘y(nii)il o n—k—1
+ ‘Zl Cn,(,l) ri o [S r(n—i) Ur(s)} + .Zl Cr,( 1) ri m Y ghr(n—i) Uy,
= i=

b ) dtrm ¢ trn | o q ar— tm [ gl st
+Cn (1) {i/ =57 U, (s )]+;SM pgo(q)ﬂ 4 w( p“ ) Ts;+lp:| ;SM quyue br]}
=F(s
Ky kL. b 2 K1 b2 k2. 2 b 1)
Crj > b! 7] lhT,]- rj +drorj 4 dyj > (7 ) '/T]h " dkz >
b=0 b )° b=0 b Jasti Uy(s)
K21 1 k2 —b-1 1 1 A
m STy ] b+k k . 1 ] k . — b dk,] b—p
+ ¥ A + e gpt( )4 —1)pe, i a7
]EO s " IEO( 2 ( b >sb ( p=0 ( )Pr,ﬂ’( p 4
K i 1
1) o | 3 bt oY1 dnt 1y G q
+5 {c,] L):O( 1) /b!( K +dp | (1) dsk3/ Hrj(s)
Equation (21) becomes:
My —

— Myypy — n—1 o4l r(n—i) e
F(s)=F@)+ L ¢W%”uMA*ZCA*U%§% ro st
kr=0 i=1 s kr=0

Y2 dlrn qr — Qr T, ar—p dlrn q!
_Crn(_l) " dsfrn Z (_1)‘77 P p' ;erl - dsfm 5177116 ST
p=0 p
k! 1 2
rj b4kl k : 1 dkrjfb K2, dkrj
+ B atan | £ 0w B3 0B ).
=0 b=0 dsi ds i

As a special case, if the P,;(f) and P, (t) are the only constants, this means that /,; and
4y, are equal to zero. Thus, after some simple manipulations, system Equation (21) was
formed, and we obtained the following system, for allr =0,1,...,m:

m
Hos)Us(s) = Y. Ay Ryls)e ™ L(s) = Fi(s). 22)
j=0
jET
where:
n—1 0 dé ¢ dfm
Hr(S) = ghm 4 Z Cri(_l) dSZW Kr(n—i) + Cip (_ ) mdSTV” e — Ay Krr( ) 5T,
and:

kl. 1 24—1 2 2
_ 7j k. 1 2 ] 2 k. Jeo.—b
— 1 k.—b kZ. b+kZ_p dri
Kij(s) = |crj| X bl( . )strj S A I AR VR G A P
= s

b=0 b
kL—1 1 kL—b—1 1 1
7j ey ko N q ki.—b dk’J b—p
ey ¥ (=0 apt| T )L s (—D)Ph e
rj =0 ( b sb p=0 ( ) 1] p ds U —b—p

If the (HF) is any continuously differentiable function ¢,(t). Consequently, there
is an ordinary differential equation in U,(s), U;(s), which is solved to find U;(s), U;(s).
Finally, the inverse of the Laplace transform is used on U, (s), U;(s) to obtain the solu-

tion u,(t), u;(t) for the system of integro-fractional differential equations with variable

coefficients and multi-delays.
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4. Analytic Examples

Here are some examples of the system of integro-fractional differential equations with
variable coefficients and multi-delays, which were solved by Laplace transform method:

Example 1. Consider the linear SIFDEs of the Volterra type with the constant multi-time delay
and variable coefficients of retarded delay on [0, 1] :

SDISug(t) —t §DYug(t) — 3tu0(t—1)

= fo(t) + fo [(t = x)up(x —2) — et ¥uy (x —1)] du. 23)
§DPOur(t) — 3 SDPSu(£) + 3 ua(t—0.2)
= A+ fy [(t — X)up(x — 0.3) + (£ — x)%uy (x — 0.5)] dx. (24)
where:
fo(t) = sz) 19+ r(225)t25 +ef — 11—21!4 - §t3+4t2 —5t—1.

fi(t) = (121) 01 r(11 5)t0'5 — %t‘l +0.1£—0.045#2 +t+0.3.

with historical function (HF) and initial condition ug(0) = 0;uy(0) = 0; o(t) = t%u1(0)
1; w4 (0) = 2; 1 (t) = 2t + 1, s0 we have:Ko1(t,x) = (t — x) ; Kop(t, x) = =% Kq11(t, x)
(t—x);ICllz(t,x) = (t—x) and 1) = 111 =21=111=02 1,=03; le = 0.
which are constant different time delays, and Py (t) = t, Pop(t) = =3¢, P11(t) = & 1 p 2(1)
% are variable coefficients.

The Laplace transform is taken to the above equation and Equations (17) and (18) are used
to obtain:

||U1||

e*S —
Ho(5)Un(s) + 75 —5 U s) = Fo(s) (25)
670.35 _
Hi(s)U1(s) — —5—Uo(s) = Fi(s). (26)
where: d d 1
Ho(S) = 515 %505 + 3%6_5 - Ze_zs
0.9 1 0.5 1 —0.2s —0.5s
Hi(s) =s 58 T e 3
and:
Frgo 2,5 6t 18 2eF 27 o
0)=q5 T35~ 3 s ¥ 2(s—1)  s(s—1)
o 11 1 e 025 025 9,035 4,05 9,05
Fl(s) = Slil — 5175 + 5071 - 2505 + 52 + 25 - S5 o SS o S4

After substituting Equation (25) into Equation (26) and solving this with U(c0) = 0,
which is ODE of the first order, the following is obtained: Uy(s) = S%

By substituting Up(s) into one of either Equation (25) or Equation (26), we obtain:
LI1 (S) = s% + %

By taking the inverse of the Laplace transform of Uy(s) and U (s), the exact solutions,
up(t) and uy(t), are obtained from Equations (22) and (23): ug(t) = £ ! { s%} =t u(t) =

L1 { S% + %} = 2t + 1, which is the exact solution for our given system.

Example 2. Consider linear SIFDEs of a constant multi-time retarded delay with variable coeffi-
cientson [0, 1] :
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t
CDMBug(£) +2 uo(t — 0.4) = o) +/O (4 x)u1 (x — 1) dx. 27)
1 t
SDYBuy (1) — EOCD?'Sm(t) :fl(t)—i—/o <2t+2x2)u1(x—0.2) dx. (28)
where : fo(t) = 1 w7 Sta 2 o801
T(17) 6
1 1 45 15 07, 064, )
t) = $02 05 2P L 2 P 10,04 £
At) r(12) 2T(15) 5 3 0Tz P00

With initial conditions and historical functions:

up(0) = 0;uf(0) = 0; 9o(t) = 3t2; u1(0) = L;uj(0) = 2; 1 (t) = t + 1, since here we
have: Ko1(t,x) = (t+x); K11(t x) = (2t +2x2) ; 19 = 04, 191 = 1,711 = 0.2, which are
constant different time delays, and Poo(t) =2, Py1(t) = = ; are variable coefficients.

Taking the Laplace transform for the above equation and using Equations (21) and

(22), we obtain:

m
Ho(s)Uo(s)+ Y, Aor Kor(s)e ™ Ui(s) = Fo(s). (29)
j=0
7
m — J—
Hi(s)Ui(s)+ Y. Mg Kig(s)e ™0Uy(s) = Fy(s). (30)
j=0
7
where: . ) p
— 1 2 d? d
KlO(S) = S{O48+ g +2@ — 28d5}
Hy(s) = s'3 4 2¢704,
Hy(s) = s%8 — %50'5.
and:

Foe) = 1 207045 575 58 e
0(5)_517+ S B B

=1 1 1 1 104e9% 048¢ 0% 24,702
Fi(s) = S12 ~ pgl5 T 02 05 & @4 T 6

After substituting Equation (29) into Equation (30) and with U(c0) = 0, which is
ODE of the first order, after solving it, the following is obtained:Uy(s) = S% Next, by
substituting Uy (s) in either one of Equation (29) or Equation (30), we obtain: U; (s) = % + %
By taking the inverse of the Laplace transform of Uy(s) and U (s), the exact solutions,
up(t) and uq(t), are obtained from Equations (27) and (28): ug(t) = E‘l{s%} = 1%

uy(t) = L1 { s% + %} = t + 1, which are the exact solutions for our given system.

5. Discussion

In this work, after using the Laplace transform to solve a linear system of integro-
fractional differential equations of the Volterra type with variable coefficients and multi-
time retarded delay using some illustrating examples, we found the following:
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1.  Generally, this method which was amended here, provided good results and valida-
tion.

2. Here: we successfully applied the Laplace transform method for two different types
of kernels, which were difference and simple degenerate kernels.
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