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Abstract: Aiming at the problems of low precision, low search efficiency, and being easy to fall into
local optimization of the multi-objective harris hawk optimization algorithm (MOHHO) based on
grid method, a MOHHO based on blank angle region enhanced search (BARESMOHHO) is proposed.
The main changes of the algorithm are as follows: firstly, chaotic mapping is used to initialize the
population, which is beneficial to speed up the search. Then, in order to find low-density regions
faster, the algorithm adjusts the classification level according to the number of individuals in the
external archive. In order to make the distribution of individuals in the target space more uniform,
inspired by the idea of symmetrical segmentation, the number of archives at different levels are
symmetrically distributed. Finally, it strengthens the search for the non-individual region (blank
angle region) in the process of division. The effectiveness of the proposed algorithm is verified by
comparing it with some known classical functions on test functions.

Keywords: multi-objective optimization; harris hawk optimization; computation intelligence;
swarm intelligence

1. Introduction

The multi-objective optimization problem has many applications in real life, such as
electrical, machine learning, biological, and the internet [1–5]. Generally speaking, the
problems to be dealt with in these fields need to be evaluated by at least two or more
goals, but these goals are usually mutually restrictive or even contradictory and cannot
be linked with a definite qualitative relationship. It is very difficult to find the optimal
solution to make each optimization goal achieve the optimal one simultaneously. Because
of the particularity of this kind of problem, the solution of multi-objective optimization is
usually not a single one but a set of many solutions. Judging the merits and demerits of
each solution becomes a complex problem with multiple objective evaluation criteria. With
the increase in target number and target dimension, the difficulty of creating an optimal
solution set will be greatly increased.

At present, population-based evolutionary algorithms are widely used in the field
of multi-objective optimization. The progress of multi-objective algorithms benefits from
the progress of single-objective algorithms and computer technology. The evolutionary
algorithm has made more and more achievements in the application of multi-objective
optimization. According to the choice of solutions, the current evolutionary algorithms can
be divided into three categories:

The first one is indicator-based multi-objective algorithms. In these algorithms, individ-
uals are evaluated by some known or user-defined metrics. Indicator-based multi-objective
algorithm (IBEA) [6], first proposed by Zitzler and Künzli, uses predefined optimization
goals to measure the contribution of each solution. A multi-objective algorithm (R2-EMOA)
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based on R2 indicators was proposed by Heike Trautmann et al. [7]. The multi-objective
algorithm (QHV) based on the HV index was proposed by L. M. S. Russo and A. P. Fran-
cisco [8].

The second category is based on decomposition or aggregation methods. The first clas-
sical algorithm (MOEA/D) based on decomposition strategy was proposed by Q. Zhang
and H. Li [9]. Some mathematical programming methods such as the weighted sum
approach, Tchebycheff approach, and Penalty-based boundary intersection are used to
transform multi-objective problems into single-objective problems. A new algorithm
(MOEA/D-DE) [10] has been proposed, combining the differential evolution algorithm
commonly used to solve single-objective problems with MOEA/D. This algorithm proves
that the decomposition-based multi-objective evolutionary algorithm has a good applica-
tion prospect in dealing with complex shapes of Pareto frontiers. An improved MOEA/D al-
gorithm (MOEA/D-AWA) [11], which can adaptively adjust the weights of single-objective
problems, is proposed by Yutao Qi and Xiaoliang Ma to help the non-inferior solution set
distribute more uniformly.

The third category is multi-objective algorithms based on the Pareto dominance
relationship. These algorithms can produce multiple solutions at a time. Most of the
classical multi-objective algorithms are based on Pareto domination. The new algorithms
are formed by combining with some other strategies such as elite strategy, crowding
distance operator, and external archives. Among them, the classical algorithms include
NSGA-II [12], SPEA2 [13], PESA-II [14], M-PAES [15], MOPSO [16], MOABC [17], etc.

The structure of this paper can be divided into the following sections. The first section
introduces the review and classification of multi-objective optimization algorithms. The
second section introduces the related research of the multi-objective harris hawk algorithm.
The third section introduces the structure and principle of the single-objective harris
hawk algorithm. The fourth section introduces the proposed improved strategy and the
structure of the BARESMOHHO algorithm in detail. In the fifth section, three comparative
experiments are designed, and the results are analyzed to prove the effectiveness of the
proposed strategy and the superiority of the improved algorithm. The sixth section is a
summary of the paper and the prospect of future work.

2. Related Work

The meta-heuristic intelligent algorithm is a general name for a class of algorithms.
These algorithms use mathematical modeling of physical laws objectively existing in nature
or survival and reproduction patterns of biological populations to deal with optimization
problems. The meta-heuristic intelligent algorithm has the advantages of simple structure,
wide application range, and randomness, so it can obtain a better optimization effect
compared with the traditional optimization algorithm [18]. There are many kinds of
meta-heuristic algorithms, such as the genetic algorithm (GA) [19], simulated annealing
(SA) [20], ant colony algorithm (ACA) [21], particle swarm optimization (PSO) [22], artificial
bee colony (ABC) [23], whale algorithm (WOA) [24], gray wolf algorithm (GWO) [25],
harris hawks optimization (HHO) [26], spotted hyena optimizer (SHO) [27], the farmland
fertility [28], and so on.

This paper mainly studies the harris hawk optimization, which was first proposed
in 2019. It is a meta-heuristic intelligent optimization algorithm to simulate the hunting
behavior of the harris hawk. The significant advantages of the HHO are its simplicity and
have a few exploratory and exploitative mechanisms. Moreover, it has fewer control pa-
rameters and fast convergence speed. Due to its excellent performance, the corresponding
multi-objective harris hawk optimization algorithm is also generated, which combines
external file policy and roulette rules with the HHO algorithm [29]. PeiDu et al. designed a
new roulette probability operator and proposed a new MOHHO algorithm combined with
the archive strategy. The algorithm was used to adjust the parameters of the extreme learn-
ing Machine (ELM) to achieve high-precision air quality prediction [30]. Wenlong Fu et al.
proposed a multi-objective harris hawk algorithm (HMOHHO) to solve the PID parameter
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tuning of the hydraulic turbine control system. The escape energy model of the HHO
algorithm was modified into a nonlinear energy model. In the algorithm, Latin hypercube
sampling was used for population initialization to achieve uniform distribution of the initial
population in the decision space. In addition, a mutation strategy is introduced to enhance
the diversity of the solution set [31]. Ali Selim et al. proposed a multi-objective harris
hawk algorithm based on a gray relational strategy to find the compromise solution to
solve the problem of finding the optimal distribution mode in the distribution network [32].
Mohammad Asif Hossain et al. applied MOHHO to deal with routing problems in vehicle
self-organized networks (VANET) and found in application tests that the optimization
effect of this algorithm was superior to the previous algorithm [33]. Jayashree Piri et al.
used binary-coded MOHHO (MOQBHHO) to solve feature selection problems and com-
pared it with other multi-objective optimization algorithms for feature selection, proving
that MOQBHHO has advantages in solving feature selection problems [34]. Benyamin
Abdollahzadeh et al. proposed a hybrid algorithm named MOHHOFOA, which mixed
MOHHO and MOFOA. This algorithm has been applied to the feature selection problem
of data mining and, compared with other commonly used algorithms, it has proved to be
effective [35]. Studies on MOHHO have been applied in many fields, and the research heat
of this algorithm is gradually increasing, so MOHHO has profound research significance.

After analyzing previous versions of the multi-objective harris hawk optimization
algorithm, most of them are based on the grid selection method. We find that there are
many blank regions when using the grid selection method, which will affect the search
efficiency of the multi-objective optimization algorithm and may cause the algorithm to
fall into local optimal. To remedy these deficiencies, a new multi-objective harris hawk
optimization algorithm with blank angle region enhanced search is proposed in this paper.
The main contributions of this algorithm are as follows:

(1) The angle segmentation method is introduced into an external archive to divide the
target space. An adaptive partition strategy is designed according to the number of
non-inferior solutions of external archives.

(2) Blank angle region enhanced search. In the early stage of the algorithm, empty regions
may appear in the target space, for which the algorithm is guided to explore the empty
region by selecting its neighborhood. The algorithm introduced with this strategy
saves calculation time and improves search efficiency.

(3) Chaos strategy is introduced and combined with the proposed algorithm. The Tent
chaotic map is selected as the initialization method of the algorithm through experi-
ments. This method improves the search speed of the algorithm.

3. Harris Hawk Optimization Algorithm

The harris hawk optimization algorithm was first proposed in 2019 [26], which is
a new bionic intelligent optimization algorithm simulating the characteristics of har-
ris hawk predation. The algorithm contains two stages: the exploration phase and the
exploitation phase.

3.1. Exploration Phase

Each harris hawk represents a solution. According to the different situations where
the harris hawk does and does not find prey, the updated mathematical model is as follows:

X(t + 1) =
{

Xrand(t)− r1|Xrand(t)− 2r2X(t)| q ≥ 5
(Xrabbit(t)− Xm(t))− r3(LB + r4(UB− LB)) q < 5 (1)

where X(t + 1) is the position vector of hawks in the next iteration t, X(t) is the current
position vector of hawks, Xrabbit(t) is the location of the prey. Xrand(t) is a randomly selected
hawk from the current population. r1, r2, r3, r4, and q are random numbers between 0 and
1. UB and LB are the upper and lower limits of the search space, respectively. Xm(t) is the
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average position of all individuals in the current hawk group. Xm(t) can be described by
the following formula:

Xm(t) =
1
N

N

∑
i=1

Xi(t) (2)

where Xi(t) is the location of each hawk in iteration t and N represents the total number
of hawks.

The HHO algorithm uses an escape energy model to achieve the transition from
exploration to exploitation and varies between different exploitation behaviors. The escape
energy model can be described as:

E = 2E0

(
1− t

T

)
(3)

where E is the escape energy of prey, T is the maximum iteration number, and t is the
current iteration number. E0 is the initial value of escape energy. When |E| ≥ 1, the
exploration phase is executed. When |E| < 1, the exploitation phase is executed.

3.2. Exploration Phase

The prey has the probability to escape when being chased: λ is set as the probability
of prey escape. HHO algorithm switches four simulated hunting behaviors according to λ
and E.

Soft besiege: when λ ≥ 0.5 and |E| ≥ 0.5, the prey has enough energy and escapes the
capture by jumping, while the harris hawk will gradually consume the energy of the prey,
and then choose the best position to capture the prey. The updated equation is as follows:

X(t + 1) = ∆X(t)− E|JXrabbit(t)− X(t)| (4)

∆X(t) = Xrabbit(t)− X(t) (5)

where ∆X(t) is the difference between the position vectors of hawk and prey. J = 2(1− r5)
represents the random jump energy of prey in the process of escape. r5 is random numbers
between 0 and 1.

Hard besiege: when λ ≥ 0.5 and |E| < 0.5, the prey is exhausted and the escape
energy is very low. The harris hawk chooses to attack rapidly. The updated strategy is
as follows:

X(t + 1) = Xrabbit(t)− E|∆X(t)| (6)

Soft besiege with progressive rapid dives: when λ < 0.5 and |E| ≥ 0.5, the prey has
enough energy to escape. In order to simulate the prey escape mode, levy Flight (LF)
function is integrated into HHO algorithm. The updated strategy is as follows:

X(t + 1) =

{
Y = Xrabbit(t)− E|JXrabbit(t)− X(t)| i f F(Y) < F(X(t))

Z = Y + S× LF(D) i f F(Z) < F(X(t))
(7)

where D is the dimension of the problem, and S is the D-dimensional random column
vector. The mathematical model of LF function is as follows:

LF(x) = 0.01× µ× σ

|v|
1
β

, σ =

 Γ(1 + β)× sin
(

πβ
2

)
Γ
(

1+β
2

)
× β× 2(

β−1
2 )


1
β

(8)

where µ and v are random numbers between 0 and 1, and β is the default constant 1.5.
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Hard besiege with progressive rapid dives: when λ < 0.5 and |E| < 0.5, the prey does
not have enough energy to escape. The updated strategy is as follows:

X(t + 1) =

{
Y = Xrabbit(t)− E|JXrabbit(t)− Xm(t)| i f F(Y) < F(X(t))

Z = Y + S× LF(D) i f F(Z) < F(X(t))
(9)

4. Improved Multi-Objective Harris Hawk Algorithm

After analyzing the previous versions of the multi-objective harris hawk algorithm,
most algorithms are inspired by the multi-objective particle swarm optimization algorithm.
The external archive maintenance strategy of these algorithms is based on the grid method.
We find that the grid method will produce many empty regions when dividing the target
space, and more empty regions will waste computing resources. We designed some
strategies to improve the algorithm.

4.1. The Strategy of Angle Region Division

The algorithm sets an external archive in advance to store the generated non-inferior
solutions. Each iteration of the algorithm produces a set of non-inferior solutions whose
fitness value is f numarchive

k , (k = 1, 2), numarchive is the number of external archive individuals.
For these non-inferior solutions, we use the following Formula (10) to get their angle
information to divide the region and calculate the density.

θnumarchive = arctan
f numarchive
1

f numarchive
2

(10)

After obtaining their angle information, we use Formula (11) to standardize the fitness
values of non-inferior solutions to facilitate the division of the target space.

f numarchive
sk =

f numarchive
k −min( f numarchive

k )

max( f numarchive
k )−min( f numarchive

k )
(11)

At the initial stage of the algorithm, the number of non-inferior solutions generated is
small. If the target space is divided by a fixed number of regions, there will be many equal
density regions, which is not conducive to the choice of leaders. As shown in Figure 1, the
number of non-inferior solutions for external files is small in the early iteration, assuming
that we divide the target space from a fixed number of angle regions (here, we set the
number of regions to 12 to illustrate). Each region has an individual in region 1–8.
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According to the rules of the roulette wheel method, when choosing a leader, all eight
individuals are equally likely to be selected. If we divide by regions A, B, C, and D, region
D is the real region with the lowest density, so we should prefer to choose the solution in
region D. Therefore, the number of regions divided by external archives should be adjusted
at any time according to the number of individuals in external archives. This method helps
to better select low-density regions. We defined five segmentation levels based on the
number of individuals stored in the external archive per iteration. The number of archives
is inspired by the idea of symmetrical segmentation, which is to divide the region in half.
This process can be described by the following mathematical formulas:

i− 1
5

maxarchive < numarchive ≤
i
5

maxarchive, i = 1, 2, 3, 4, 5 (12)

numdivision = 4 + 24× (i− 1) (13)

where maxarchive is the maximum external file capacity, and maxarchive is set to 100 in the
algorithm proposed in this paper. i is the classification level, numdivision is the number of
archives corresponding to different classification level.

In this way, in the early stage of the algorithm, the number of external file individuals
was small, and the number of divided regions was small so that the real low-density
regions could be accurately found. As the number of external file individuals increases,
the number of divided regions increases. Ideally, when only one individual exists in each
region, iteration will be stopped, or iteration will be stopped when the maximum number
of iterations is reached.

4.2. Blank Angle Region Enhanced Search

In the process of dividing the target space, there will be non-individual regions. The
reason why there is a non-individual region is that there is no solution, or the region has
not been searched. In general, grid methods ignore non-individual regions and select
individuals in low-density regions.

In this way, there is a problem. As shown in Figure 2, there are high-density regions 1
and 2 near the non-individual regions, but the probability of selecting this region is very
low. The population iteration will be carried out according to the individuals in low-density
regions 3 or 4, and the possibility of falling into local optimal is relatively high. If a solution
exists in the non-individual region and the search for the region is not strengthened, the
search efficiency will be reduced, although the solution may be found in the region in
subsequent iterations. In order to deal with the non-individual region, a blank region
enhanced search strategy is proposed. In the presence of a non-individual region, the
region with individuals is selected in the neighborhood of the non-individual region, and
the individual is selected as the guide. Combining this strategy with the angle region
division strategy, the distribution of non-individual regions will occur in the following
three cases:

Case 1: There is only one blank region in the target space. As shown in Figure 3,
region 3 is a non-individual region, and there are individuals in other regions. In this case,
the non-individual region is likely to have solutions, so select the low-density region 4 in
neighborhoods 2 and 4, and select the individual a closer to region 3. For the convenience of
later expression, the individual whose angle is closest to the individual-free region (such as
individual a) is called the candidate solution If two neighborhoods have the same density,
randomly select the candidate solution in a region.

Case 2: There are many non-individual regions, and they are all adjacent. As shown in
Figure 4, the three non-individual regions of regions 4–6 are adjacent, so these three regions
are considered as a region. Although the density in region 3 is higher than that in regions 1
and 2, selecting individuals in region 3 can help explore non-individual regions and select
candidate solution b closer to region 3.

Case 3: There are many non-individual regions, and they are distributed at intervals.
As shown in Figure 5, regions 1, 3, and 5 are separated by regions 2, 4, and 6; regions 1 and
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5 have the same density. Individual c is selected as the candidate solution by comparing the
individual information in the two regions. If the density of regions 1, 3, and 5 is different,
the individual in the lowest density region is selected as the candidate solution.
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The pseudo-code of the blank angle region enhanced search strategy is shown in
Algorithm 1.

Algorithm 1 pseudo code of the blank angle region enhanced search strategy

Inputs: Values of non-inferior solutions of populations f numarchive
k , current number of

non-inferior solutions numarchive.
Obtain individual angle information through Formula (10) and standardize
using Formula (11).

if numarchive < maxarchive do
Use Formulas (12) and (13) to determine numdivision. Calculate the number
of individuals in the region and obtain the number of non-individual regions.

if number of non-individual regions ==0
Execute the roulette wheel to choose the leader.

end
if number of non-individual regions ==1 then

Case 1;
else if number of non-individual regions >1 and adjacent then

Case 2;
else if number of non-individual regions >1 and non-adjacent then

Case 3;
else

Remove excess individuals from high density regions.
Output: Selected individual leader Xrabbit(t)

4.3. Initialize the Population Using Chaotic Map

Most of the multi-objective swarm intelligence optimization algorithms adopt ran-
dom initialization. The chaotic map sequence has the property of ergodicity and non-
repetition [36]. The algorithm proposed in this paper uses a tent map to initialize the
population, and the initialization formula is as follows: each harris hawk represents a
solution. According to the different situations where the harris hawk does and does not
find prey, the updated mathematical model is as follows:

X = lb + chaos(m× dim)× (ub− lb) (14)

where m is the number of individuals, dim is the dimension of the problem, ub and lb are
the upper and lower limits of the decision variables, respectively.

Combining the harris hawk algorithm with the above strategies, a multi-objective
harris hawk algorithm with blank angle region enhanced search is proposed. The pseudo-
code of the BARESMOHHO algorithm is shown in Algorithm 2 and the flow chart of
BARESMOHHO is shown in Figure 6.
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Algorithm 2 pseudo code of BARESMOHHO

Inputs: Number of individuals m, external archive capacity maxarchive, maximum iteration maximumiteration
T, problem dimension dim, initial value of chaos U0.
Initialize population using Formula (14), calculating the fitness value of hawks,
add the non-inferior solution to the external archive.

While t < T do
Gets the value of non-inferior solution f numarchive

k , gets the number of non-inferior
solution numarchive, run Algorithm 1.

for each hawk do
Update escape energy E using Formula (3).

if |E| ≥ 1 then
Exploration phase
use Formula (1) to update the position of the hawk.

if |E| < 1 then
Exploitation phase

if λ ≥ 0.5 and |E| ≥ 0.5 then
Soft besiege, use Formula (4) to update the position of the hawk.

else if λ ≥ 0.5 and |E| < 0.5 then
Hard besiege, use Formula (6) to update the position of the hawk.

else if λ < 0.5 and |E| ≥ 0.5 then
Soft besiege with progressive rapid dives, use Formula (7) to update
the position of the hawk.

else if λ < 0.5 and |E| < 0.5 then
Hard besiege with progressive rapid dives, use Formula (9) to update
the position of the hawk.

end for
Boundary detection, calculate the fitness values of the updated hawk population.
Add new solutions to external archive, determine the dominant relationship.

Return Updated external archive
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5. Experimental Results and Discussion

In this chapter, we carry out three experimental verifications of the proposed strategies.
We will test them on the ZDT benchmark functions [37] shown in Table 1, where the PF of
ZDT1 and ZDT4 functions are convex, the PF of ZDT2 and ZDT6 functions are concave, and
the PF of ZDT3 function is disconnected. The function ZDT5 has not been tested because it
requires binary encoding. For ZDT1-ZDT3, ZDT4, and ZDT6, 10 decision variables were
used in the tests.

Table 1. Description of ZDT test functions.

Function Name Equation

ZDT 1


min f1(x1) = x1

min f2(x) = g
(
1−

√
f1/g

)
g(x) = 1 + 9 ∑m

i=2 xi/(m− 1)
s.t 0 ≤ xi ≤ 1, i = 1, 2, . . . , 30

ZDT 2


min f1(x1) = x1

min f2(x) = g
(

1− ( f1/g)2
)

g(x) = 1 + 9 ∑m
i=2 xi/(m− 1)

s.t 0 ≤ xi ≤ 1, i = 1, 2, . . . , 30

ZDT 3


min f1(x1) = x1

min f2(x) = g
(

1−
√
( f1/g)− ( f1/g) sin(10π f1)

)
g(x) = 1 + 9 ∑m

i=2 xi/(m− 1)
s.t 0 ≤ xi ≤ 1, i = 1, 2, . . . , 30

ZDT 4


min f1(x1) = x1

min f2(x) = g
(

1−
√
( f1/g)

)
g(x) = 1 + 10(m− 1 + ∑m

i=2 x2
i − 10 cos(4πxi))

s.t 0 ≤ x1 ≤ 1,−5 ≤ xi ≤ 5, i = 2, 3, . . . , 10

ZDT 6


min f1(x1) = 1− exp(−4x1) sin6(6πxi)

min f2(x) = g
(

1− ( f1/g)2
)

g(x) = 1 + 9
(

∑m
i=2 xi/(m− 1)0.25

)
s.t 0 ≤ xi ≤ 1, i = 1, 2, . . . , 10

In order to measure the performance of the algorithm in the test, we used two perfor-
mance indicators.

The first indicator is the HV indicator [38]. HV index can evaluate the convergence
and distribution performance of the algorithm without relying on real PF. The larger the
value of HV, the better the overall performance of the algorithm.

HV = δ
(⋃S

i=1
vi

)
(15)

S is the non-dominated solution set calculated by the algorithm. vi represents the
volume enclosed by a reference point and a nondominated solution set. δ(•) is the Lebesgue
measure used to evaluate the volume. The reference point coordinates of the HV index in
this section are (1,1).

The second indicator is the IGD indicator [39], which is a comprehensive performance
evaluation index. It evaluates the convergence and distribution performance of the algo-
rithm by calculating the minimum distance sum between each individual on the real Pareto
front and the individual set obtained by the algorithm. The smaller the value of IGD, the
better the overall performance of the algorithm.

IGD(x, PF) = ∑ min d(x, PF)
|PF| (16)
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where min_d(x, PF) denotes the minimum Euclidean distance between x and the points
in the reference set PF, x is the solution set calculated by the algorithm, and |PF| is the
number of reference points selected in the real Pareto front.

5.1. Experiment 1

The pseudo-code of Algorithm 1 is given in the previous section. In this experiment,
Algorithm 1 is compared with the grid method. To ensure the scientific nature of the
experiment, the multi-objective harris hawk algorithm based on Algorithm 1 and the multi-
objective harris hawk algorithm based on the grid method are both randomly initialized and
tested in the same environment. The number of BARESMOHHO and MOHHO populations
is set to 200, the external archive capacity is set to 100, the length of the decision variable
is 10, and the maximum number of iterations is set to 300. We conducted 10 repeated
experiments and chose the smallest results. The results are shown in Figure 7.
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Figure 7. Experiment 1 results: (a) shows the number of iterations when the number of non-inferior solu-
tions for external files reaches maximum capacity; (b) shows the running time when the algorithms stop.

In Figure 7a, ABARESMOHHO has more iterations than MOHHO on five test func-
tions. The result indicates that BARESMOHHO is trying to find solutions in non-individual
regions during the search process. This proves the effectiveness of the proposed strategy.

In Figure 7b, the running time of BARESMOHHO is less than that of MOHHO in ZDT1,
ZDT2, ZDT3, and ZDT6 test functions. The result shows that the calculation efficiency
of BARESMOHHO is higher than that of MOHHO. It should be noted that in the ZDT4
test function, the running time of MOHHO is less than that of BARESMOHHO because
MOHHO is trapped in local optimization, which leads to the end of the algorithm soon.

5.2. Experiment 2

In order to verify the advantages of selecting the tent map as the initialization popula-
tion, we take 10 chaotic maps as the initialization methods of the algorithm and compare
them with the multi-objective harris hawk algorithm based on random initialization. The
initial value of the chaotic maps is set to 0.7. The population number of the eleven algo-
rithms is set to 200, the external archive capacity is set to 100, and the maximum number
of iterations is set to 300. The dynamic changes of the IGD index and HV index with the
number of iterations were taken as references in this experiment, and the results are shown
in Figures 8–12. The legends in Figures 8–12 are consistent. The legend 1–10 correspond to
the serial numbers of chaotic sequences in Table 2, respectively, and the legend 11 represents
the algorithm using random initialization.

Figure 8 shows the IGD and HV dynamic curves. The curve corresponding to legend
9 reaches the flat section of the curve first, which means that this method of legend 9 has
the fastest convergence speed in the ZDT1 problem.
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As can be seen from IGD and HV dynamic curves in Figure 9, the curve corresponding
to legend 10 is significantly better than other curves, indicating that this method has the
fastest convergence speed in the ZDT2 problem.

As can be seen from the IGD and HV dynamic curves in Figure 10, the convergence
rate of the legend 10 curve is significantly better than other curves in the IGD curve. In the
HV curve, it can be seen that the curve of legend 9 first rises to a high point and then flattens
out. This is because the algorithm briefly falls into the local optimum in the early stage and
gets a large HV value. Then the algorithm jumps out of the local optimum, and the change
of HV value tends to flatten out, indicating that the initialization mode of legend 9 may
cause the algorithm to fall into the local optimum. It also shows that the algorithm has the
ability to jump out of the local optimum. Except for the curve of legend 9, the convergence
rate of the legend 10 curve is significantly better than other curves in the HV curve.

It can be seen from the IGD and HV dynamic curves in Figure 11 that the two index
change curves of legend 10 both show the characteristics of rapid convergence, proving
that the effect of this initialization method is superior. It should be noted that the curve
of legend 3 seems to have a better performance, but its initial solution position vector
distribution is too concentrated, so it is not considered.
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Table 2. Description of chaotic maps.

No. Map Name Map Equation

1 Chebyshev map Un+1 = cos
(

n ∗ cos −1Un
)

2 Circle map Un+1 = Un + b−
( a

2π

)
sin(2πUn)mod(1), a = 0.5 and b = 0.2

3 Gauss map Un+1 =

{
0 Un = 0

1
Unmod(1) otherwise

4 Iterative map Un+1 = sin
(

aπ
Un

)
, a = 0.7

5 Logistic map Un+1 = aUn(1−Un), a = 4

6 Piecewise map Un+1 =


Un
P 0 ≤ Un < P

Un−P
0.5−P P ≤ Un < 1

2
1−P−Un

0.5−P
1
2 ≤ Un < 1− P

1−Un
P 1− P ≤ Un < 1

, P = 0.4

7 Sine map Un+1 = a
4 sin(πUn), a = 4

8 Singer map Un+1 = a
(
7.86Un − 23.31U2

n + 28.75U3
n − 13.302875U4

n
)
, a =

1.07
9 Sinusoidal map Un+1 = aU2

n sin(πUn)

10 Tent map Un+1 =

{
Un
α Un < α
(1−Un)

1−α Un ≥ α
, α = 0.7

It can be seen from the IGD and HV dynamic curves in Figure 12 that the two index
change curves of legend 10 have a fast convergence rate. The initial solution vector positions
of curves of legends 3 and 5 are too concentrated to be considered. It should be noted that
the density of the real optimal solution set of the ZDT6 test function is not uniform, so the
middle of the HV curve presents unstable changes.

After analyzing the results in Figures 8–12, we find that although the initialization
mode of the tent chaotic map corresponding to legend 10 is slightly worse than that of the
Sinusoidal chaotic map corresponding to legend 9 in the ZDT1 test function, it achieves
better results in the remaining test functions. Therefore, the tent chaotic map is selected as
the initialization method of the BARESMOHHO algorithm.

5.3. Experiment 3

In this experiment, the BARESMOHO proposed in this paper is compared with two
classical multi-objective algorithms MOPSO and NSGA-II, as well as MOHHO and MOABC.
Among them, MOPSO, NSGA-II, and MOABC have been proved to be practical algorithms
in many scenarios. MOHHO is a common version in existing research, so it is used
for comparison to prove the effectiveness of the proposed algorithm. The population
number of these 5 algorithms is set to 200, the maximum number of iterations is set to 300,
and the dimension of the decision variable is set to 10. The external archive capacity of
BARESMOHHO, MOPSO, MOHHO, and MOABC is set to 100. In MOPSO, the inflation
parameter setting is set to 0.1, the number of grids per dimension is set to 10, leader
selection pressure and deletion selection pressure are set to 2, the mutation rate is set to 0.1,
inertia weight is set to 0.73, inertia weight damping rate is set to 0.99, and personal learning
coefficient and global learning coefficient are set to 2. In NSGA-II, the crossover rate is
0.9, the mutation rate is set to 0.1, and the distribution indexes for SBX and polynomial
mutation operators are both set to 20.

The comparison between the PF calculated by the five algorithms and the real PF is
shown in Figures 13–17.

As can be seen from Figure 13, the optimal solution sets of the five algorithms converge
to the real frontier. BARESMOHHO algorithm’s optimal solution set has the most uniform
distribution, while the distribution of the other four algorithms has obvious intervals.

It can be seen from Figure 14 that the optimal solution sets of the five algorithms
converge to the real frontier. The optimal solution sets of the proposed BARESMOHHO
algorithm and NSGA-II algorithm are evenly distributed, while the optimal solution sets of
the other three algorithms are not well distributed on the real frontier.
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As can be seen from Figure 15, except for MOPSO’s optimal solution set, the optimal
solution sets of the other four algorithms converge to the real frontier, and the optimal
solution sets of the BARESMOHHO algorithm and NSGA-II algorithm are more evenly
distributed than the MOHHO algorithm and MOABC algorithm.

As can be seen from Figure 16, only the optimal solution set of the BARESMOHHO
algorithm and NSGA-II algorithm converges to the real frontier, while the MOHHO al-
gorithm falls into the local optimum. MOABC has poor search performance on the test
function on ZDT 4. The optimal solution set of the MOPSO algorithm is evenly distributed
but does not converge to the optimal frontier, and the convergence is poor.
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As can be seen from Figure 17, only the optimal solution set of the BARESMOHHO
algorithm and NSGA-II algorithm completely converge to the optimal frontier and have
good distribution.

Based on the above analysis of the results in Figures 13–17, we find that the optimal
solution set calculated by the BARESMOHHO algorithm and NSGA-II algorithm achieves
a better distribution result for the distribution of the five test functions.
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This section also compares the dynamic changes of the HV and IGD of these algorithms
on different test functions, and the results are shown in Figures 18–22.
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As can be seen from Figure 18, the curve of the BARESMOHHO algorithm converges
within dozens of generations, and the other four algorithms converge after 50 generations.
It can be seen that the BARESMOHHO algorithm converges faster in the ZDT1 function
than other algorithms.

As can be seen from Figure 19, the convergence speed of the two indicators of the
BARESMOHHO algorithm is better than that of the other four algorithms. The two indexes
of the MOHHO algorithm have initial values in the initial stage of the algorithm, but in
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the late stage of the algorithm, the HV index has obvious fluctuation, and the MOHHO
algorithm runs stably on the ZDT 2 test function. This shows that the BARESMOHHO
algorithm not only has fast convergence speed but also runs stably in dealing with non-
convex problems.

As can be seen from Figure 20, the convergence speed of the two indicators of the
BARESMOHHO algorithm is better than that of other algorithms. In the change of HV
index, the change curve of the BARESMOHHO algorithm and MOABC algorithm rises
steadily and finally converges. MOHHO and NSGA-II have an unstable stage before
convergence. It may be caused by falling into local optimum, which jumps out of local
optimum after several iterations, while the MOPSO algorithm falls into local optimum and
does not jump out of local optimum in the limited number of iterations. This shows that
the BARESMOHHO algorithm performs better than other algorithms when dealing with
discontinuous problems.

As can be seen from Figure 21, the convergence speed of the two indicators of the
BARESMOHHO algorithm is better than that of other algorithms. In the early stage of the
algorithm, the initial IGD value of MOABC and NSGA-II is above 60, while its HV value is 0.
This is because the solution calculated by the algorithm is outside the reference point. After
the multi-generation calculation, MOABC has not fully received the real frontier, NSGA-II
converges to the frontier, and MOPSO has not yet converged to the optimal frontier. It
can be considered that the BARESMOHHO algorithm is superior to other algorithms in
handling multimodal problems.

As can be seen from Figure 22, the convergence speed of the BARESMOHHO algorithm
is better than other algorithms, while the convergence speed of the other four algorithms
is slow.

Based on the above analysis of the results in Figures 18–22, we find that the BARESMO-
HHO algorithm has a fast convergence speed in handling the five types of test functions.
This proves that the convergence speed of the BARESMOHHO algorithm is improved
compared with other comparison algorithms.

For each test function, run 30 times independently and then statistically analyze the
calculation results; the HV and IGD statistical results of different algorithms evaluated on
each function are shown in Tables 3 and 4, respectively. The maximum values of HV and
minimum values of IGD are bolded for observation.

Table 3. HV statistical results of different algorithms.

MOABC MOHHO MOPSO NSGA-II BARESMOHHO

ZDT 1

Max 0.7177 0.7160 0.7172 0.7182 0.7193
Min 0.6811 0.4525 0.7034 0.7133 0.7126

Mean 0.7133 0.6974 0.7127 0.7165 0.7164
Std 0.0052 0.0477 0.0018 0.0016 0.0016

ZDT 2

Max 0.4422 0.4400 0.4426 0.4447 0.4446
Min 0.4343 0.0909 0.4203 0.4432 0.4433

Mean 0.4387 0.1489 0.4366 0.4442 0.4439
Std 0.0017 0.1320 0.0028 0.0002 0.0004

ZDT 3

Max 0.6581 0.6925 0.8161 0.6595 0.6651
Min 0.6530 0.3072 0.6813 0.6583 0.6522

Mean 0.6562 0.5839 0.7519 0.6588 0.6581
Std 0.0011 0.1280 0.0574 0.0001 0.0021

ZDT 4

Max 0.6412 0.0000 0.0000 0.6974 0.7181
Min 0.3504 0.0000 0.0000 0.6753 0.6997

Mean 0.4957 0.0000 0.0000 0.6851 0.7169
Std 0.0604 0.0000 0.0000 0.0057 0.0022

ZDT 6

Max 0.4022 0.4137 0.4148 0.4165 0.4165
Min 0.3451 0.0043 0.4056 0.4112 0.4141

Mean 0.3815 0.3547 0.4126 0.4159 0.4159
Std 0.0110 0.1196 0.0010 0.0008 0.0007
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Table 4. IGD statistical results of different algorithms.

MOABC MOHHO MOPSO NSGA-II BARESMOHHO

ZDT 1

Max 0.0109 0.2662 0.0198 0.0175 0.0093
Min 0.0060 0.0082 0.0060 0.0043 0.0050

Mean 0.0071 0.0251 0.0084 0.0051 0.0070
Std 0.0010 0.0464 0.0015 0.0015 0.0010

ZDT 2

Max 0.0113 1.2752 0.0256 0.0064 0.0063
Min 0.0057 0.0053 0.0063 0.0043 0.0056

Mean 0.0070 1.0637 0.0088 0.0048 0.0059
Std 0.0006 0.4809 0.0014 0.0003 0.0002

ZDT 3

Max 0.0282 0.5942 0.2728 0.0076 0.0071
Min 0.0097 0.0085 0.0378 0.0065 0.0064

Mean 0.0153 0.1605 0.1854 0.0067 0.0069
Std 0.0037 0.2301 0.0768 0.0003 0.0002

ZDT 4

Max 0.2868 68.4069 1.8721 0.0070 0.0066
Min 0.0569 20.6531 1.1516 0.0052 0.0051

Mean 0.1621 47.4865 1.3256 0.0059 0.0059
Std 0.0433 12.5340 0.1189 0.0005 0.0003

ZDT 6

Max 0.0120 0.1363 0.0087 0.0048 0.0045
Min 0.0044 0.0032 0.0026 0.0022 0.0033

Mean 0.0077 0.0206 0.0047 0.0028 0.0038
Std 0.0015 0.0368 0.0010 0.0004 0.0003

Table 3 shows the HV numerical results of five algorithms on five test functions. The
optimal data (HV minimum) in each row is highlighted in bold in the table. In the test
data of the five test functions, the BARESMOHHO algorithm and NSGA-II algorithm
contain the same number of optimal values. MOPSO showed a large HV value on the
ZDT3 test function, and its value was marked as the optimal value, not because of the
superior performance of the algorithm, but because the algorithm fell into a local optimal,
and the optimal solution set did not completely converge to the real frontier. Excluding this
group of abnormal data, the BARESMOHHO algorithm and NSGA-II algorithm show little
difference in performance on the ZDT3 test function. However, in the ZDT4 test function,
the BARESMOHHO algorithm outperforms the NSGA-II algorithm in all values.

Table 4 shows the IGD numerical results of five algorithms on five test functions.
The optimal data (IGD minimum) in each row is highlighted in bold in the table. From
the horizontal view, among the test data of the five test functions, the BARESMOHHO
algorithm contains a large number of optimal values, so it can be considered that the
BARESMOHHO algorithm has better performance than the NSGA-II algorithm in terms of
index values. In the ZDT4 test function, the IGD value of the MOHHO algorithm is too
large, and the algorithm falls into the local optimum.

Based on the above analysis of the results in Tables 3 and 4, we believe that the
proposed BARESMOHHO algorithm performs better than other algorithms on the five
test functions.

6. Conclusions and Future Work

We propose a BARESMOHHO algorithm to extend the HHO algorithm to deal with
multi-objective problems. The BARESMOHHO algorithm can easily select real leaders by
introducing the angle region division method. In order to improve the search efficiency and
obtain the optimal solution set with uniform distribution and good coverage, we adjust the
selection method by introducing the blank region enhanced search method. Experiment 1
shows that the blank angle region strategy is effective. In addition, in order to improve the
search speed of the algorithm, a tent chaotic map is selected as the initialization method
of the algorithm through Experiment 2. Through Experiment 3, on the distribution of the
optimal solution set, the BARESMOHHO algorithm and NSGA-II algorithm have better
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distribution on the five test functions, which shows that these two algorithms can deal with
these five kinds of problems well. The BARESMOHHO algorithm has obvious advantages
in the convergence speed of the five algorithms, which proves that the rapidity of the
improved algorithm is improved. The proposed BARESMOHHO algorithm has certain
advantages in the numerical evaluation index. Under comprehensive consideration, the
proposed algorithm is superior to several other algorithms of comprehensive performance.

The angle region partition strategy and the blank region processing strategy used in
this paper provide a new idea for the improvement of the multi-objective optimization
algorithm. In future research, this strategy can be combined with other algorithms to
explore whether it has better results. However, this algorithm has certain limitations,
and the current research can only deal with the dual-objective optimization problem.
Three target versions of this approach can be studied in the future. In this experiment,
the algorithm with extensive application research is selected for comparison, which is
hoped to prove that the proposed algorithm has the potential to deal with multi-field
problems. In future research, the processing effect of the algorithm in specific applications
can be explored.
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