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Abstract: The fluid in global equilibrium must fulfill some constraints. These constraints can be
derived from quantum statistical theory or kinetic theory. In this work, we show how these constraints
can be applied to determine the non-dissipative transport coefficients for chiral systems along with
the energy-momentum conservation, chiral anomaly for charge current and trace anomaly in the
energy-momentum tensor.
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1. Introduction

The charge currents associated withchiral anomaly exhibit peculiar properties which
normal currents do not possess, such as the famous chiral magnetic effect [1,2] and chiral
vortical effect [3-5]. These currents are all non-dissipative and may exist even in global
equilibrium. These anomalous currents can be derived from various approaches, such as
gauge/gravity duality [6-11], principle of entropy increase [12-15], Kubo formula from
quantum field theory [16-21] or quantum kinetic equation [22-29]. Because these currents
are non-dissipative, they may exist even in global equilibrium. However, in order to arrive
at global equilibrium, the system must satisfy some specific constraints, especially when
the electromagnetic field is present. In this work, we use these constraints along with the
energy-momentum conservation law, trace anomaly for energy-momentum tensor and
chiral anomaly for charge current to determine or constrain the non-dissipative transport
coefficients up to the second order. A similar method was used to deal with first-order
coefficients in References [30,31]. In Section 2, we first review how the constraint in global
equilibrium can be derived from either quantum statistical theory or kinetic theory when
the electromagnetic field is imposed. In Section 3, we show how to determine the energy-
momentum tensor and charge current from the conservation laws and chiral anomaly. We
summarize our results in Section 4.

We choose the metric tensor g, = diag(1, —1,—1,—1) and the Levi-Civita tensor
eM"P? with the convention €1?® = 1. For simplicity, we set the electric charge of the chiral
fermion as the unit.

2. Global Equilibrium Constraints

When a fluid is in global equilibrium without external fields [32,33], the fluid four-
velocity u" with u?> = 1 should be expansion-free and shear-free, and the thermal potential
fi = /T, which is defined as the chemical potential y# divided by the temperature T should
be constant, i.e.,

Symmetry 2022, 14, 948. https:/ /doi.org/10.3390/sym14050948 https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym14050948
https://doi.org/10.3390/sym14050948
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://doi.org/10.3390/sym14050948
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym14050948?type=check_update&version=2

Symmetry 2022, 14, 948

20f11

where A = g — y#u" denotes the spatial projection tensor. In conjunction with the ideal
hydrodynamical equation, it is easy to verify that these above conditions are equivalent to
the following equations

where ¥ = u#/T can be referred to as the thermal velocity similar to the the thermal
potential for chemical potential. These are just the constraint conditions which should
be obeyed by the fluid in global equilibrium without external fields. When an external
electromagnetic field tensor F,, is present, the constraint conditions are generalized to

ay,Bv + avﬁy =0, ayﬁ = _Fyv,BV (3)

where the electromagnetic field should be static so as to be able to arrive at the global
equilibrium. The second equation above indicates that the external electromagnetic field
is balanced by the gradient of the thermal potential. In this work, we assume further that
the electromagnetic field is also homogeneous, which means that F,, must be constant, i.e.,
d)\Fuw = 0.

Now, we first review how these constraint conditions can be derived from more
underlying theories. The derivation from quantum statistical theory is based on the
global thermodynamic equilibrium density operator, whose details are given in [30,34].
The general covariant form of the local thermodynamic equilibrium density operator is
given by

A 1 UV =
b= Sexp {—/Zdzy(:rﬂ B, — ") |. )

where TH is the symmetric energy-momentum tensor operator, j* the conserved current
operator, Z the normalization factor such that trp = 1, and X a spacelike 3-D hypersurface.
In global equilibrium, the integrand should be time independent

4z, (T, — ) = [ dm (T, ) =0 5
/Z(T) (T B =) = [, ey P (T = ) 5)
and will not depend on the hypersurface X any more. With the assumption that the field
B* and i vanish at the timelike boundary which connects two spacelike hypersurfaces,
¥ (1) and X(7 + A7), and according to Gauss’s theorem, the above equation implies that
the integrand is divergenceless:

0 (THB, — ") = (B T)Bu + T3y — (3)]" — (3,") =0 ©

Using the conservation equations for energy-momentum tensor 9, T#" = F'# ]} and
charge current 9, j# = 0 and the fact that the energy-momentum tensor is symmetric,
we obtain

1. A
ETW (9uBv +0vBu) — (duft + Fuwp")j* =0 @)

It is obvious that this equation always holds if the constraint condition (3) is satisfied.

The global equilibrium condition can also be derived from kinetic theory [22,35]. In
equilibrium, the collision terms in the Boltzmann equation will vanish due to the detailed
balancing principle and the kinetic equation will reduce to the Vlasov equation:

d d
o2 =) (57— Fwzpe ) Fup) = 0, ®
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where p# denotes the four-momentum of the particle with mass m and we have written the
Vlasov equation in Lorentz covariant form. In equilibrium, the distribution function f(x, p)
should depend on x, p through the argument - p — i

flx,p) = g), y=B-p—f )

Then, the kinetic Equation (8) can be expressed as
2 2 1 U,V Hy = u v dg
o(p~ —m?) SP°P (OpPv + 0vBy) — prouft — p" Fu @:0, (10)

Obviously, the kinetic equation always holds if the equilibrium conditions (3) are satisfied.
Now, let us consider the constraint conditions listed above in more detail. We can
solve the first condition directly [36] and the general solution is given by

By = by—Qux’ (11)

where by, is a constant vector and (), is a constant antisymmetric tensor. Actually, O,y
is just the thermal vorticity tensor of the fluid (there is a minus sign difference from the
usual definition)

1
QHV = E(a}tﬁv - av,By) . (12)
The second condition in (3) has a solution only if the integrability condition is

fulfilled [37]. It can be obtained by differentiating both sides of the second equation
in Equation (3) with 9, and using the commutative property of ordinary partial derivatives

QOufl = ydyfl = —F, 00, = —F,00,B", (13)
Together with Equation (11), the above equation can be written as
MO — RO =0, (14)
The general solution under this integrability condition is given by
1
po= —EPW\x)\waV—F”VbeV +c (15)

We can decompose the antisymmetric tensors F,, and (), with the fluid velocity u, as

Fuw = Euuy — Eyuty + €p0u’B7, (16)
1
O = (eutty — evity + €pvpePw?) , (17)

where the electric field E¥, magnetic field B¥, acceleration vector e and vorticity vector w#
are given by, respectively,

1

E¥ = FWy,, Bt= Ee””“ﬁuvlfaﬁ, (18)
1

¢ = TOMu,, = Ee”""‘ﬂuvajfu,;. (19)

With this decomposition, it is easy to verify that the integrability condition (14) is
equivalent to

Etw" — E'wt = —BFe” + BY¢#, EFe” — EVe! = B¥w" — BYwt . (20)
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We show that these relations play an important role in determining the possible forms
of the non-dissipative terms in the energy-momentum tensor and the charge current in
global equilibrium.

3. Non-Dissipative Transport Coefficients

In this section, we apply the conservation laws and trace anomaly to constrain the
possible anomalous transport coefficients in a chiral system in which only right-hand or
left-hand Weyl fermions are involved. These conservation laws and the trace anomaly are
given by

9, = F""j,, 9,j# =CE-B, guT" = C(E*-B?) (21)

We expand the energy-momentum tensor and charge current in powers of F¥¥ and
QM or equivalently in terms of B¥,EF, w# and &”. Because F#' and ()" are both constant, it
is unnecessary to consider d,, T, d,u, and d,,ji because all these derivatives can be expressed
as the linear combination of E¥, w# and & by using the constraint condition (3), e.g.,

a, B = EI/‘
0,T = —Tey, Oyuy = —uyey + Eppaptt” W’ oufl = — T (22)

We take u#, T and fi to be of the zeroth order, F*V and Q"' to be of the first order and
SO on.

Let us start with the zeroth-order T#" and j*. They are just the well-known ideal
hydrodynamical results:

T(O)VV — puﬂuv — PAP“/, ](O)V — nu” (23)

where p is the energy density, P the pressure and n the charge density. It is easy to verify that
3 TOM = (p+ P)uld,u’ — 3'P = —pe” — Tag (24)
Using the thermal identity
p _ 1
dT = ndji — pdf (25)
and the last equation in (22), we obtain

.(0
9, TOW — En = Frrlf) (26)
which indicates that the energy-momentum conservation law holds automatically. It is
trivial to show that at zeroth-order charge current is also conserved automatically

ayj(o)ﬂ =0 (27)

There is no chiral anomaly at zeroth order as there should be. For the massless
fermions, the conformal symmetry holds at the zeroth order and the trace of the energy-
momentum tensor must vanish, which results in the well-known relation

p = 3P. (28)

When we go beyond the zeroth-order, we need to first pin down which frame we
choose for the fluid velocity u#. Transport coefficients might take different forms in different
frames. Some recent investigations showed that the frame choices might even influence
the causality and stability of the fluid [38—43]. In our work, we use the  frame introduced
in [44], In this frame, the non-dissipative coefficients in global equilibrium would take a
more elegant form [45-47]. We assume the interactions which control the chiral system keep
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charge, parity and time reversal invariance. Then, at first order, the general expressions for
the energy-momentum tensor and charge current take the following form

T(l)yv _ )\W(u}twv 4 MVL(JM) + )LB(MVBV + uVBV), (29)
Ok = Fwk 4 gBpH (30)

With this expression, the divergence of the current reads

. ) oF . azB azB
9,jm = %aﬂw” + agayyaﬂ* + g0t + %BFTB” + 6,; dufiB" + &89, B" (31)

Using the relations (22) and the derived relations below

dywy = €-wgu — 2e4wy, (32)
0uBy = —Euwy+e-Buyuy+w-ENy — (Up€yrpr + th€urpor) uePET (33)

the Equation (31) can be written as

. ) ) aB 10¢B
3 j I = (2{; Ta§>e-w+(2§ —i)E-w+(§B— ;}) —Taé;_lE B (34)

The fact that this result should equal the anomalous term CE - B from the second
equation in (21) leads to the following equations:

2 — Ta‘: 0, 253—1a£=o, & _Tr=

o¢B B
T3 =0, —== =C. (35)

T T of

The general solution for this set of equations is easy to obtain

¢ = —CTap+bT=—-Cu+bT, (36)
& = —CT?p® +2bT?fi+aT? = —Cp? + 26Ty + aT? (37)

where g and b are both integral constants. It should be noted that the temperature
dependence derived from the differential equations is consistent with the direct dimension
analysis. Actually, it is more convenient to determine the temperature power from
dimension analysis. These results were derived from the anomalous hydrodynamics
by using the principle of entropy increase [12-15]. However, it seems as though our method
that we present here involves many fewer calculations. Similarly, the divergence of the
energy-momentum tensor can be expressed as

QT = G0, T(ulw” + u’wh) + Foufi(ulw’ + u’w!) + Ady (u'w’ + u'wh)
+%A—;8VT(MVBV + uVBH*) + ay ayy(uVB" + u’B") 4+ ABo, (u"BY + uVBV) )
B
- [(3/\— TH)e w+ (AP — FIYE - w+ (AP — TUC)e - B— $2°F - B]u”
—2/\Bev“/57uawlgB7

where we use the second identity in Equation (20). The righthand of the energy-momentum
conservation at first order in Equation (21) is given by

FHG) = —E(E-w)uy — EB(E- B)u¥ — 2P uuwpB, (39)
Then, the conservation law d,, T — prp ]( ) requires
B B
3\ — Ta—A—O 2)\3—181_‘:—5, 278 — Taizo, lai:f;B, 2AB = (40)

aT T ot aT T o



Symmetry 2022, 14, 948

60f 11

From the last equation, we note that the coefficient AB has been totally determined by
the coefficient ¢ in the charge current. It is trivial to verify that both the second and third
last equations hold automatically with the result of ¢ in Equation (37). Substituting the
result of A? into the first and second equations, we can obtain the general expression for A.
We list the solution for AP and A in the following:

B 1. 1/ _ 2
AB = 55_5( Cr +2by+a)T, 41)
A= %(—Cﬁ3+3bﬁ2+aﬁ+c)T3 (42)

where c is another integral constant. Similarly, the temperature dependence can also be
obtained from direct dimension analysis. It is obvious that the energy-momentum tensor at
first order is traceless automatically.

Now, let us move on to consider the second-order case. The charge current and
energy-momentum tensor at second order take the general form

]-(2);1 _ ((;:sng 4w 4 @b p oy @By . gy gEEE2 4 érBBBZ)My
+E et uyepwy + C“’Ee””p”uVEPw,f + gEBe””P”uVEPBg, (43)
TS(Z)VV _ ()\8882 L AW 4 AEg  E 4 A\wBy, . B4 \EEE2 +ABBB2)uyuv

+ (A2 + 39?4 AeFe - E + AP - B+ AFEE2 4+ APPB2) Al

- AfEeheV 4 AVt Y + AE(eMEV + eV EF) (44)
+A“B(wHBY + wVB!) + AEEEFEY + ABBBHBY

+(ut e BT 4V elBY )y, (Asweﬁwn, + )L‘”EEﬁwW + )LEBEﬁB,Y)

In order to calculate the divergence of these quantities, we need other useful relations:

ey = Wuwy — exey + EUytly — W Ay + (upepprpr + uvew\pg)uAepw”, (45)
duEy = Buwy+e-Euyity —w - B Ay + (Up€ypo0 + Uv€prpo) W EPWY, (46)
0 = e”“meawﬁk} = e”’J‘ﬁVaJ,XIEﬁB7 = e”“ﬁVEaB/ge,y = e”"‘mB,xe/gwAY 47)

All these relations can be derived from the first-order relations (22). It is easy to
verify that the conservation law for the charge current d,,j (@1 = 0 is satisfied automatically.

Although we cannot constrain any coefficients appearing in the second-order current j(2)¥,

we can still relate the coefficients in the second-order energy-momentum tensor TS(Z)” " to

the ones in j(?# through the energy-momentum conservation. Following the same step as
we did at the first order, the divergence of the energy-momentum tensor reads
8HT(2)W = Xje%¢¥ + Xrw?e' + Xze - ww
+Xyw - Be” + Xse - Bw' + Xgw - EwY + Xye?EY 4 Xgw?EY
+X9E2e¥ + XyoB%¢¥ + X1 E - Bw' + Xype - EEY + Xj3w - BEY
+X4E2EY + X;5B%EY + X4E - BBY

(48)

where the coefficients X7, A, and A3, which are irrelevant to the electromagnetic field, read

B B a}‘\ss a}tss
X — )€ _ yee _ e _ _
! AT A=A =T oT ’
3 ww
Xy = —AYW DR LN\ 30w _ 3 e _ TagT , (49)
Xz = 20% 42099 4 A% 4 Q909 Q5 — oA

oT ’
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the coefficients from X to Ag with linear dependence on the electromagnetic field are
given by

oAE OAE OAwB OAWB 1 gAe

— eE __a3eE _ ywB JwB _ _ =
Xy = AT =BT A A T + T — T — T T
<eE s oAE  9AE _9AwE  19Ae

Xs = —AEL A _JeB T ~T -T - =
> * aT aT T T og
Xy = )\sE + 2}\£E + }\SE + 27\“’3 + 5;\wB _ Z)L“JE
oAE  QAE  Q9AwB 19AE 1 9Aww
T T -7 =
or T et Tt T (50)
OAEE OAE 10AE 1 QA%
X = — eE _ - o
7 M TS ST T e T oon
Xg = —AF—21F 31 _2}wB _3}wB 4 p)\wE
oAE  9AE  QAwB  19AE 1 9Aww
-T ~T—+ — e =
oT oT oT Toap T of

the coefficients with double linear dependence on the electromagnetic field are

Xo = —AFE_)FE_p3BB _33BB | p\EB _ TBQ;E - ;ag;’f + ,}BQ;B
s

Xy = 2AFF 4 2APB L REE 4 33BF _0)EB TBQ;B - ;ag‘;g (51)
Xig = 2AFF 4 2ABF L AFF 4 33PB )PP ;85\; - ;ag; - ;B);ZB - TBQ;E

Xy = 2AFB_AEE BB _3iEE_ {BB | TBQ;B N ;83:3

and the coefficients with triple linear dependence on the electromagnetic field are given by

Xy = —

A EE AEE 3 BB A\ BB
1<aA oA ) Lk 19APE )

T\ on o =TT an 6T Tz

It should be noted that in order to arrive at the final result above (48), we used the
following identities

¢-wB' = ¢-Bw’+€e®E' —¢-E¢,

w-EBY = E-Bw'+e-EE' —E%,

¢-BBY = B%"—w-BE'+E-Buw", (53)
¢-E¢' = & Bw'+eE’' +w*E' —w-Be’ —w - Ew'

which can be derived directly from the constraint (20). With these identities, we express the
final result as the linear combination of independent terms. The source contribution from
the coupling between the electromagnetic field and the charge current is given by

Fvyjs(]%) — _gew(w . B)Sv_'_éew(s . B>wv _'_CSSSZEU —i—(:wwaEV
+F(E - B)w" =g (e E)E + (87 —£“F)(w - B)EY (54)
+€EEE2EV + (CBB—CEB)BZEV +CEB(E X B)BV

()

Then, from the conservation law d,, T@mw — prp Jsy'» we obtain the equations that could
determine or constrain these coefficients. It is convenient to decompose these equations
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into three groups: Group I includes the coefficients for the pure ¢ and w” term in the
energy-momentum tensor,

X =0, X=0, X3=0 (55)

Group II contains the mixed terms between the electromagnetic field and vorticity field in
the energy-momentum tensor

X4 = _éfﬂa]’ XS = gsw’ X6 =0, X7 = 6881 XS = gww (56)
and Group IIl involves the pure electromagnetic terms in the energy-momentum tensor,

Xo = 0, Xp=0, X3 =¢%, Xp=-¢&F Ap3=¢v8— gk,
Xy = &, A5 =8PP -, xe=2¢"P (57)

We note that if we know the coefficients in the energy-momentum tensor, we can
directly obtain the coefficients in the charge current from Group II or Group III. At second
order for the chiral fermions, the energy-momentum tensor would include trace anomaly,
which can lead to extra constraint identities, referred to as Group IV

0 = A% 43A% + A%, (58)
0 = AYWY L3R LW, (59)
0 = AE43AE L 23¢E, (60)
0 = A“BL3RwB L 2jwB, (61)
C = ABE £ 3AFE 4 REE (62)
—C ABB 4 37ABB 4 BB (63)

From Group I together with the first two equations in Group 1V, we note that only
three coefficients are independent. From the naive dimension analysis, we know that
these coefficients in Group I must take the form of T?. Choosing A%, A““ and A““ as
independent variables, we obtain

AE =0, (64)
= 1

AS = =3 (65)
ALY =AY —BAYY, (66)
/\sw — _1/\88 + 1/\60(0 + ?}\ww (67)
S 3 S 2 S 2 s

Once these coefficients are known, from Group II and Group 1V, together with the
naive dimension analysis A, A¢E, A¢E AwB A@B A@E « T, we find that &%,6¢% and & in
j@H satisfy the following constraint

g€ _ xEW _ aWww _la/_\ﬁs laj\?ﬂd 187\;"“’
S S S T aﬁs T aﬁs T aﬁs 7

(68)

which indicates that only two of {*,0““ and ¢*“ are independent. Still, from Group II with
known %, we have

. 1 1 0AE
AE = 2( ST agss ) (69)

which further leads to

- 1 -
WP o= (e -2ag), (70)
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Among the other transport coefficients for the mixed terms in the energy-momentum
tensor, we find that only one transport coefficient is independent. We choose A% as the
independent one and from Group II and the middle two equations in the trace constraint
equations, we express other coefficients as the following

- 1 -

AP = (AP 432¢P), (71)
- 1 -
M= 5 (aeB4aeP), (72)
AE = (37\55 + 27\55), (73)
1/,5 . 1 9AYY
ME = S (2A¢P 4 4A0P — ——= 74
s 2 ( s hA T Ofis 74)
From the last equations in Group 111, it is straightforward to obtain

i~ - [1ethap, (75)
)_LBB _ T BB _ xEB dii 76
s - s s Hs, ( )

where [ T¢XXdfi denotes the undetermined integral and possibly includes arbitrary functions
with temperature dependence. Then, from Group III together with the trace anomaly in
Group 1V, the other coefficients can be totally determined by

ABB - —  _C —3ABB _}BB, (77)
< 1 < 10AYB 2 9gAwB
)\EE —_  _ wB_zABB = Y7 < Yrls 7
s 2< s s +T s +'T ofis )’ (78)
AEE = _AFE / TeEE dj, (79)
AEE = ¢ —3ALE _ALE (80)
- ~ - ~ 3 BB JwB FwB
AEB = }(E9 - 260F 4 4NFE + 4NEE 1 4ABB 4 4RPD o7 4 19T 2900 (81)

Three independent equations are not used and remain as the constraint conditions:

} . < OAEE 194 109AwB
0 = AEE L AEE 4 0ABB133BB _ppEB L T =t = apss -7 aﬁs , (82)
- < OABB  9ABB
0 = /\fB—l—/\fB—AfB—Ta;, —TaST, (83)
— — ~ ~ FEE 3 €eE 3 €E FwB
GF = —2AEE—2ABB_ AEE_33BB 4 oAPB 4T 4 L3S 4 Lo 4 LOU- (34)

It should be noted that we have eliminated the partial derivative on temperature from
the naive dimension analysis for the pure ¢, w terms and mixed terms between ¢, w and
E, B, whereas we kept the partial derivative for the pure E, B terms in Equations (80)—(83).
This is because the pure E, B terms in the energy-momentum tensor may include another
regularization scale due to ultraviolet divergence and the naive dimension analysis would
be broken, whereas there is no such complexity for the pure ¢, w terms and mixed terms.
This point was demonstrated by the direct calculation given in [37]. We checked that all
these second-order results were totally consistent with the results obtained from other
approaches [37,48,49].

4. Summary

When a system is in global equilibrium under an electromagnetic field, only constant
vorticity tensor is allowed when there is no gravity field involved. The electromagnetic
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and vorticity field must fulfill some constraint conditions. It turns out that these constraint
conditions can be applied to determine the non-dissipative anomalous coefficients together
with the energy-momentum conservation, chiral anomaly and trace anomaly.

At zeroth order, we find that the energy-momentum conservation and charge
conservation hold automatically and trace vanishing leads to the well-known relation
between the energy density and pressure. At first order, from the chiral anomaly and
energy-momentum conservation, all the coefficients can be totally determined up to some
integral constants, which is what the hydrodynamic method achieved from the second
law of thermodynamics. The trace of the energy-momentum tensor always vanishes at
first order. At second order, we find that the charge conservation holds automatically and
we cannot say anything about the transport coefficients relevant to the charge current.
However, we can relate these transport coefficients in the charge current to the ones in
the energy-momentum tensor by using the energy-momentum conservation law and find
that once we obtain the coefficients in the energy-momentum tensor, the coefficients in the
charge current can be derived directly. We find that among the coefficients relevant to the
pure vorticity tensor, in the energy-momentum tensor there are only three coefficients which
are independent and the other four coefficients can be expressed as the linear combination
of these three coefficients. We present the formulas which express the coefficients in the
mixed terms from the electromagnetic and vorticity field as well as the ones associated with
the pure vorticity terms in the energy-momentum tensor and charge current. Furthermore,
we determine the coefficients relevant to the pure electromagnetic field in the energy-
momentum tensor from the charge current associated with the electromagnetic field and
the energy-momentum tensor associated with the vorticity field. All these results do
not depend on any specific interactions and are very general. They are intended to be
very helpful in determining the second-order anomalous transport coefficients in various
chiral systems.
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