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Abstract: In this paper, we define a new Kantorovich-type (p,q)-generalization of the Balazs—
Szabados operators. We derive a recurrence formula, and with the help of this formula, we give
explicit formulas for the first and second-order moments, which follow a symmetric pattern. We esti-
mate the second and fourth-order central moments. We examine the local approximation properties
in terms of modulus of continuity, we give a Voronovskaja type theorem, and we give the weighted
approximation properties of the operators.

Keywords: (p,g)-calculus; moments; Bernstein operators; Baldzs-Szabados operators; Kantorovich-
type operators; (p,q)-Balazs-Szabados operators

1. Introduction

Bernstein operators have a long-standing history, and many studies have been written
on them. Among all types of positive linear operators, they occupy a unique position
because of their elegance and notable approximation properties (see [1]).

Bernstein type rational functions defined by Katalin Balazs in [2] are as follows:

1 n

Rl = (g 1 (o) ()" =12

where f is a real and single valued function which is defined on the unbounded interval
[0,00), a, and by, are real numbers which are selected suitably and do not depend on x.
Later in 1982, Balazs and Szabados studied together and improved the estimation given
in [2] by selecting a suitable a,, and b, under some restrictions for f(x) (see [3]).

Several g-generalizations of these operators have recently been studied by Hamal
and Sabancigil ([4]), Dogru ([5]), and Ozkan ([6]). On the other hand, the approximation
properties of the g-Baldzs-Szabados complex operators are studied by Mahmudov in [7]
and by Ispir and Ozkan in [8]. The Kantorovich-type g-analogue of Baldzs-Szabados
operators defined by Hamal and Sabancigil in [4] is as follows:

n LK+ gkt
R:z,q(flx) :];)rn,k(q/x)./f<[]qbnq> d‘it (1)
= 0

where

1 n kn—k—l
| | @0 T - gl g € 0,0,
q 5=

an =" by=[nf, 0<Bp<}neN, x>0

rn,k(q/ x) -
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and f is a real-valued continuous function defined on [0, o). The operators R, ,(f, x) are
positive and linear operators. Compared to the previous g-analogues of Baldzs-Szabados
operators (see [7,8]), these operators have some advantages. The operators introduced
by Mahmudov are summation type operators, which cannot be used to approximate
integrable functions and the operators introduced by Ozkan are positive if f is a non-
decreasing function. New Kantorovich-type g-analogue of the Balazs —Szabados operators
introduced in [4] also approximates the integrable functions, and they are positive even if f
is not a non-decreasing function.

Additionally, the fast rise of (p, q)-calculus has encouraged many mathematicians in
this subject to discover different generalizations. In the last decade, Mursaleen et al. defined
and studied the (p, 9)-analogue of many operators (see [9-15]). The (p, q)-generalization
of Szasz-Mirakjan operators was studied by Acar (see [16]), Kantorovich modification of
(p, q)-Bernstein operators was studied by Acar and Aral (see [17]). A generalization of
g-Balazs-Szabados operators based on (p, q)-integers which was studied by Ozkan and
1spir in [18] is as follows:

Ry, pq(frx) = (1+an 2f< = 1b ) (n=k) 1k 1)qk<k21>{ Z } (apx)k ?)

P4 k=0 p.q

where f:[0,00) = R is a continuous function,0 < g < p <1, n € N, x € [0,00) and
-1
a, = [n];’f’q , by = [n]l;,q, 0<p<32
On the other hand, another the (p, q)-generalization of Balazs—Szabados operators

defined by Hamal and Sabancigil in [19] is as follows:

- "MK )k
pk(k 1)/2f<p by pﬂ) (1inﬂnx)

Rupg(f0) = st & |
n,pg\J — pn(n—l)/zkzo k

P4
n—k—1 (3)
j g anX_
<11 (v - i)
where0 <g<p<1l,a,=[n ]’;’q , by =1n ]g,q’ 0<B< %, neN, x>0, fisareal-valued

function defined on [0, c0).

These two operators defined by (2) and (3) are summation type operators and they are
not capable of approximating integrable functions.

In this paper, we introduce a Kantorovich-type (p, g)-analogue of Balazs—-Szabados
operators by generalizing the new Kantorovich-type g-analogue of Baldzs-Szabados oper-
ators, R}, ;, given by (1). We derive a recurrence formula, and by using this formula, we
give explicit formulas for the first and second-order moments, which follow a symmetric
pattern. We study some of the approximation properties of the new Kantorovich-type
(p, q)-analogue of Balazs—Szabados operators in terms of the modulus of continuity, we
prove a Voronovskaja-type theorem and we examine the weighted approximation proper-
ties of these new operators. Compared to the previous (p, 7)-analogues of Baldzs—-Szabados
operators defined in [18] and in [19], these new operators have an advantage of also
approximating the integrable functions.

Before stating the main results for these operators, we will give some important
notations and definitions of (p, q)-calculus. For any p > 0, 4 > 0 and a non-negative
integer n, the (p, q)-integer of the number 7 is defined as:

P ifp#q#l

_ _ _ n=1  jfp= 1

[y =P P 2+ pg g = TP ifp=a7
pA [n], ifp=1

n ifp=g=1



Symmetry 2022, 14, 1054

30f13

One can easily see that, [n], , = p(n=1)/2[p)

r4q
(p,q)-factorial is defined by

<=

n
[n],,! = kljl[k]”'q ,n>Tand (0], !=1.

(p,q)-binomial coefficient is defined by

[n] _ 1],
k pa [k, q!ln — K], !

and the formula of (p, g)-binomial expansion is

,0<k<n,

n (n—k)(n—k—1) 1)

(ax+by)p, =X p 2 7
(P

un—kbkxn—kyk

= (ax +by) (pax +qby) . Yax + ¢"by)

and
(x=y)py = =) (px—ay) (Px = Py) .. (1" = g"y).

From (p, q)-binomial expansion, we can see that

n
k=0 pAa

Let f: C[0,a] — R, the (p,q)-integral of f is defined by:

k

r = (g N dE P
/f(t)dp,qt:(p—q)aZf Pk+1a ] 1f’q’ >1
0 k=0 p

The paper is organized as follows. In Section 2, we give the construction of the
operators, we derive a recurrence formula, and we give explicit formulas for the first and
second-order moments. In Section 3, we give an estimation of the central moments. In
Section 4, we prove a local approximation theorem and a Voronovskaja-type theorem. In
Section 5, we give weighted approximation properties of the operators.

2. Construction of the Operators and Their Moments

Definition 1. Let 0 < g < p < 1, we introduce a new Kantorovich-type (p, q)-analogue of the
Baldzs—Szabados operators by

L= k +qkt>
npq Zrnk p.q,x /f dp,q t,
0

where
. B 1 n k(k—1)/2 _ anX kn ko1 i i anx
nklPr,%) = pn(nl)/z[ k ]WP " ]:HO S

and a, = [n ]l;ql, by = [n ]gq, 0<Bp <3 neN, x>0, fis areal-valued function defined

on [0,0).
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If p = 1, these polynomials reduce to the new Kantorovich-type g-analogue of the
Balazs—-Szabados operators, which are defined by Hamal and Sabancigil in [4]. Moreover,
we considered the following two special cases:

. If 0<p<g<lorl <p < g < oo then the positivity property of the operators
Rj, ,q(f, x) fails.
e If1 < g < p < oo then approximation by the new operators Rj, , . (f, x) becomes

mp4q

Thus, in this paper, we study the approximation properties of the operators for
0<g<p<l.
In the following lemma, we give a recurrence formula for Rj, , q( ,X).

difficult because if p is large enough then the sequence {R* } may diverge.

Lemma 1. Foralln € N, x € [0,00), m € ZU{0},and 0 < q < p < 1, we have

" m m n m*]'
Ry pq(H"s )_]2()( i )M(i)

X Z < I )(3) (" = ") Rapg (£, x)

where Ry,p4(f, x) is the (p, q)-Baldzs—Szabados operator defined by (3).

Proof. By direct calculations, the recurrence formula is obtained as follows:
m
. 1 pn—k ([k]p,q + qkf>
Rnpq , X Z rnk p.4q,x / by, dp'q t,
0

by using the binomial expansion of ([k] pa T 7 t) " and evaluating the (p, q)-integral we get

(n—k)ym

_y mo(m 1 i
R*’ ) ( m,x) B kgOrZ'k(qu’x)j§0< ] )[m—]‘f‘l]wpb'n”[k]]%qq (m j)

=

=
_

_ & (m P nT =N ki) (k)

_Eo( j )Wjﬂ]wbzlkgo Eo ( i )p (q § ) [k]p’q il Pr0:%)
m m nm mfj m _] i i

:Eo( L ) (Pl (LR LT

B m m pn(m—j) m_j m 7] ) ay i n_on i

a Eo( j ) [m—j+1], b Eo( i (pn) @ ="
i) (i) W

x L p OO (o, x).

Now, in the last equality, by using the definition of the operators R, , 4(f, x) given by
(3), we may write

R}, (H", %) = g: ( m >[m]1+1](§:>m]
><m>_20]( o )( ) (0"~ P R (479,2).

Moments and central moments possess a great deal of importance in the approximation
theory. In the following lemma, with the help of the recurrence formula we calculate the
first, second, and the third-order moments of the operators R}, , , (f, x). U
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Lemma 2. Foralln € N, x € [0,00) and 0 < g < p < 1, we have the following equalities:

R}, pq(L,x) = 1. (4)
. p" 2q X

Ripq(t x) = [Z]an * 2],,,4 (1 +anx>' ©)
. _ pzn (4q3+5q2p+3qp2)p1‘171

Rnpq( x) = 3,467 T (21,4 3],,4bn (1+};nx> ©)

a1, 4P +Pp+ap® [ x \?
T, 2,0, (Hw)

Proof.

1,
j=0

. 1 1 iy 1-j1=j 1_ i "
Rnpq( ) ]ZO( ] )[21]] (%) l'zo( ] )(,lz) q _p Rn,p,q(tl+],x)

bn[Z] {1+ S (q" = p")Rupq(t, x)} + Ripq(t, x).

1 n _ " kn—k—1 N
Rqu(lrx) = pr(n=1)/2 ) [ k :| pk(k Uﬂ(liaﬁx) I1 (P] q] ia}:,x)
P4

Now, by using the formula for R, ; 4(t, x) which is given in [19], we get

. __r 2q X
Ry pa(t, %) = [2]p,qbn+[2]p,q(1+anx)'

In a similar way,

" . 2 2 1 pn 2*j2_]' ] , i i
Ripa (¥ x)._]-§0< j )Bﬂw(bn) EO< ;) ()@=
X Ry,pq (H77, %)

2n

= [3]}7{1 + 2ﬂ(qn - pn)Rn,p’q(t,x) + (a”) (q - p ) Rn,p,q(tz,x>}

tah ]2 by {Rn pa(tX) + 3 (q" = P")Rupq (£ ,x)} + Ripg (£, %),

by simple calculations in the last equality, we get

. 2 (4°+5¢%p+3ap*)p" ! [
Ripq (#,%) = Bl T Bl Tra,x

qn—=1],4 463+ 42 p+qp* x 2
T, 2,00, (Hw)

]

Remark 1. From Lemma 2, it can be easily seen that for p = 1, we obtain the moments of the
new Kantorovich-type g-analogue of the Baldzs-Szabados operators, R,’;,q (", x) form=0,1,2,
(see [4]).

3. Estimation of the Central Moments

In the next lemma, we present the estimations of the second and fourth-order central

moments of the operators R}, , ..



Symmetry 2022, 14, 1054 60f 13

Lemma 3. Foralln € Nand 0 < q < p < 1, we have the following estimations:

n_ n\2 2
(Riipq(( —x)fx))zﬁbln{bl,ﬁ@ bnq) (p}qurpiq(a"x)) }'XE[O'OO)' 7

Ripg (£ =) %) < %%(M)(Hx)z, x € [0,00), (8)
R;;pq(( x)4,x> < %(1+X) x € ]0,00), 9)

where A1 >0, Ay > 0and ¢ (p,q) = maX{Pn_lr by — anp" ', [3]117}
paqn

2
Proof. First, we estimate (Rn pg((t— x),x)) . For x € [0, 00),

R/p,q((t—x),x))z (Ripq (b 9 - xR;;M(Lx))2

P
2p* (p—q) _«x a,x? ?
§ +2\ T, T T e
' n_ n\2 2
1 1 — 1
bn{bn+(pbnq)(p+q+ (ﬂnX)) }

For the estimation of R}, , , ((t — x)z,x), we use the formula of Ry, ((t —x)?, x),

which is calculated in [19].
2
1 n—k k
P K] et
k(p.q,x f(m —x> dpq t

*
n
< " _ (p_q) X _ _apXx
S\ @0~ 2, Thas ~ Thax

IN

lepq(( - x)2/x>

0
nkk

n
=Y
k=0
n 1
<2Y ripax)f (” ) Pdpgt.
k=0 0
n P k 2
+2 ¥ 1 (p.q.x < )
k:
<22 (P, x ) +2Rnpq((t—x)2,x)

< +2 X+ D)2
3], b2 { ( MM) }

< bn{[ﬂp/qbn +p"tx+ (by — anp"‘l)x2}

and we may simplify the last expression as follows:

2 1 n—1 1) .2 A 2
b, { 3], b +p" T x+ (bn anp )x } < b, ¢u(p,q)(1+x)

where A1 > 0 and (Pn(P/ Q) = maX{Pn_lr by — ﬂnPn_l, B ! b }
2
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Now for x € [0, 00), we use similar calculations for the estimation of R}, ,, , ((t x)4, x)

R*

4 no 1 P“fk([k]r,fqut) 4
npq(( —X) ,x) = kgornlk(p,q,x)bf — g x| dpgt
n 1 k 4
* gp P\ e
§8k207’n,k(l7rq/x)f( b ) 2 dpgt
= 0

n n—k k 4
oot (e )

n

by evaluating the (p, q)-integral and using the formula of Ry, 4 ((t —x)* ) which is given
in [19], we get

4 L 4k 4(n—k) s
R,’qu(( —x) ,x) <8 2 rZ'k(p’q’x)%TM +8Rn,p,q((t —x) ,X)

< g G era) 1+

where C; > 0 and ¢(p,q) > 0. Now we can write

RZM<( x)4,x) <%

where Ay > 0. [J

Remark 2. To investigate the convergence results of the operators Ry, , ., let = qn, p = pn be

the sequences such that 0 < g, < pn < 1.If g» = 1asn — oo then by the Squeeze Theorem
pn — 1 which implies hm[ Lot

In the following lemma we give two limits that later will be used to prove the
Voronovskaja-type theorem for the operators Rj, ,, ,(f, x).

Lemma 4. Assume that 0 < g, < pp <1, gn =1, g, -1 asn - o0 and0 < B <
Then we have the following limits

(l) nhl)lgo b ,Pn,q;zRZ,pn,qn((t - x)’ x) =
(ii) nlgl;lo b1, pn Rt prs ((t - x)zr x) =X,

= (1]} g, a1 bup, g, =

NI—

B
where ay,p, 4, = [n] i

Proof. For the proof of this lemma, we use the formulasof R}, , . (f,x) and R}, , .. (#2,x),
which are given in Lemma 2. The first statement is clear,

. % T n _
nlgl;lo bannr‘]n Rn ,Pnn ((t - x)/ x) - nlgrolo bn,Pn,qn (Rn,pn,qH (t/ x) x)
n 2
— limb Pn . (pn—qn) X _ fnpngnX
n—o0 Pun [z]pn,qn hﬂ,Pn,lin 2] Pnan T, pr gn T, p qn X
= lim b, m—t—— + limay, @n=pn) __x
n—oo PN 2] bupnan | oo P [z]p an TTnpugn*
[n]z/jfl 2

_ PnAn — 1
nlglgo 1+an pnAnX 2
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For the second statement, we write
. " 2
nlg)];lo b”zpnrqn R?’l,pn,qn ((t - x) 4 x)

= 1 b, g, { R, g, (82 %) = 22 = 20RG o (= %), %) }

n—soo
. 2n . 43 +50% pn+39np2 ) P! .

= lim 7% + < lim (44345930 + 30073 ) P X lim ——— 1 x
n—oo [3],7”,% n,pnqn n—oo [z]p,,,q,, [3];9,,,,,,1 n—voo0 1 Tn,ppqn X

. 4¢3 +q2 pu-tqnp> 1 2
+nlg1;°bn,pn,qn{ 1 : & —1x

mpn,qn mpn,qn (1+un,p,,,,m
. _ . 403 +42 2 . 2
— lim ay,p, 4, P8 ! X lim w X lim ——— —x,
n—oo n—o0 ]Pn/qn pngn n—00 (1+an,pn,qnx)

now, if we substitute the following limits in the previous equality

lim m—H— =0, lima n=1—-0, im-—2t— =1
00 [3]17;1,1411 bi,pagn s I An,pyqn Pn L (1+ﬂn/pn,qnx) ’
. (4434545 pu+3qup3 ) pi ! . .
lim (441 [z]q"p" [3]q”p”)p” =1, lim—2% = lim—2 > =1,
n—00 pran 12l pngn =00 (1+anpugux)  n—oo (1+an,pn g0 %)
i A0+ Pt n Py
lim b 2P tnPu 14 —
n—oo n’pn’qn [Z]Pn,qn 3 pnAgn ’

3q%—p§’1—z’%qn—nnq%) -0

lima "—=rn (
L npuan (G0 — Pn) S S B

S 2 . .
we obtain ,}E’E}o b1, 1,00 R, prssi <(t —x)7, x) = x, which proves the lemma. [

4. Local Approximation Theorem

In this section, we establish local approximation theorem for the new Kantorovich-
type (p,q)-analogue of the Balazs-Szabados operators. Let Cg[0, ) be the space of
all the real-valued continuous bounded functions f on [0, %), endowed with the norm
£l = supycooo) If(x)]- We consider the Peetre’s K-functional (see [20]).

Ka(f,0) = inf{]If — gl +3llg"l| : g € Chl0,0) }, 620,

where
C2[0,00) := {g€Cpl0,00): ¢, 8" € Cpl0,00)}

From the known result given in [20], there exists an absolute constant Cy > 0 such that
Ka(f,6) < Cown (£, V5), (10)

where wy (f, \/3) = sup sup |f(x—h)—2f(x)+ f(x+ h)|is the second modulus
0<h<+/sxthe[0,00)
of smoothness of f € Cg[0, o). Moreover, we let

w(f,0) = sup sup |f(x+h)—f(x)]-

0<h<éx€0,00)

First main result on the local approximation of the operators Rj;, ,, . (f, x) is stated in
the following theorem.
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Theorem 1. There exists an absolute constant C > 0 such that
Ripua, 1,0 = F(0)] < Cafy/ma()) + 0l ()
where
feCpl0,00),0<x<00, 0<qgy<pn<l,
A 2
Mn(x) = { $20u(pa an) (1 + %)}
1 1 (pi—ag)® (1 1 2
+bn,pn,qn {bn,},”,qn + bn,pn,qn (pn-i-qn + Pn—qn (a”/Pnrqnx)> }
and
r" (r—1q)
Au(x) = + + ayx .
! [2],,,4bn < 2], "1+ anx
Proof. Let
ok _ p* X
Ry pygn (frX) = Ry 0 (fr ) + f(x) — f(’Yn + lxl"‘”n,pn,qnx)
_ Pn __24n
where f € Cg[0,00), v, = T o Do
By using the Taylor’s formula, we have
t
g(t) = g(x) + ¢ (x)(t —x) + /(t —5)g" (s)ds, g € C§[0,00),
X
then, we have
_ t
R;fl,pn,l]n (g/ x) = g(x) + R;fl,pn,l]n f (t - S)g,/ (S)ds, X
X
Tnta 1+“n,;nlqn X
X 11
_ xf (’y” + L e s) Q" (s)ds
Hence,
_ t
R (8%) = 8(0)| < Rip, | [ 1= 515" ()]s x
X
. (11)

+

J

X

Yn + “71+”n,3;n,qnx — S‘ |g// (s)| ds

2
/ 2 !
<lg"l RZ,pn,qﬂ((f —x) /x) +llg” I (’Yn F AT x)

= 118" | R g (£ = )%, %) + 118 Il (Rupg (£ = x), %))
< lg" I {Fem(p.a) @+ 07 12)

n_ n\2 2
+||g~||;n{;n + UG (3 + g a)) }

= [lg” | 77 (x)-
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Using (12) and the uniform boundedness of R* we get

n,Pn,qn

R (F1) = £(2)] < R, ((F = 2),)| +
+If() = @)+ | (10 + i ) — f()]
< 4l =gl + 8" () + (£,

~n Prfn (g, x) - g(x)‘

__x
Tn+ “1-&-41",,,",%3( JCD

If we take the infimum on the right-hand side overall, g € C3[0, %), we obtain

|Rn,p,q(frx) —f(x)‘ <AKy (finn(x)) + w(f, An(x)),

which together with (10) gives the proof of the theorem. [J

Corollary 1. Let 0 < g, < pn <1, g» — 1 asn — co. Then for each f € C[0,c0) the sequence
{R;‘l pusin 1 x)} converges to f uniformly on [0,a], a > 0.

One of the main problems in approximation theory is estimating the rate of convergence for
sequences of positive linear operators. Voronovskaja-type formulas are one of the most important
tools for studying their asymptotic behavior. Now, we give a Voronovskaja-type theorem for the new
Kantorovich-type (p, q)-analogue of the Baldzs—Szabados operators.

Theorem 2. Assume that 0 < q, <pn <1,q, =1, g," =1 asn — o0 and let a > O,
0 < B < % Forany f € C3[0,c0) the following equality holds:

i * 1 1 .
0, Oy (Rn,pn,qn (frx)=f (X)) =5 f1(x) + 5% f" (x),
uniformly on [0, a].
Proof. Suppose that f € C3[0,00) and x € [0, o0) is fixed. By using Taylor’s formula, we write

FE) = FO) + /() (=) + ()t =2 + r(t,x) (¢ — ), (13)

where the function r(t,x) is the Peano form of the remainder r(t,x) € Cp[0,00) and

11m r(t x) = 0. Applying R}, ,, . to (13) we obtain

B (R (F1 %) = ()
= f/(x)b”'p” qn R;; Pnn ((t )’ X) + %fﬁ (x)bnfpn/% R;/Pn/% ((t - x)z’ X) (14)
b e R (r(t, Xt —x)?, x).

By using Cauchy-Schwartz inequality, we get

R}y ( (t,x) (t — x)>2 ) VR (7 )\/R;,pmqn((t—x)‘*,x). (15)

We observe that r%(x,x) = 0, r%(.,x) € Cg[0, ). Then by the well-known Korovkin-
type result, which is given in Corollary 1, it follows that

lim R ( 2(t,x),x) = rz(x, x) =0, (16)

n—oco PnAn
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uniformly for x € [0,a]. Now by (15), (16), and Lemma 3, we get immediately
. y 2
nlglgo bipr,gn R g (r(t, x)(t—x)7, x)

. . 4
< nl% \/Rﬁfpn,qn (r2(t, x),x) X nlg b, puin \/Rjz,pn,qn ((t —x) ,x) =0.

Then, substituting the limits given in Lemma 4 and using (17) in Equation (14), we get
the desired result. [J

(17)

5. Weighted Approximation

Let B, (R™) be a weighted space of functions f(x) defined on R™ = [0, c0) and satisfy
the inequality | f(x)| < L o(x), where o(x) represents a weighted function that is continu-

ously increasing on R* = [0, 00), o'(x) > 1 and L represents a positive constant depending

on f. The norm of each function f that belongs to B,(R™) is given by |||, = sup f E’?l

We consider the following spaces:
Cy[0,00) = {f : f € B;[0,0) and f is continuous },

C2[0,00) = {f:f € Co[0,00) and lim £ < o }

Remark 3. Let 0(x) be a weighted function such that o(x) > 1and the inequality

RY M(a,x)} < Lo(x),
L > 0, is satisfied. Then we can say that the sequence of positive linear operators ( R}, , q) acts
from Cy[0,00) to By [0, 00) (see [21]).

Theorem 3. Assume that q = qu, p = pn are sequences such that 0 < g, < p, < 1 and
gn — 1as n — oo. Then for each f € C;[0,00), we have 11m ||Rn pun (%) = F(X)]

where o (x) = 1+ x2.

Proof. By using the Korovkin Theorem for weighted approximation which is given in [22],
it is sufficient to show that

lim ||R}; "

n—soo' Pnin (t

,X) — meU =0, form=0,1, 2. (18)

Since R, 1,x) =1, (18) holds for m = 0. Now by Lemma 2, we have

n,Pn ‘%z( 4

2
R* x = Pn In ( X ) —x
n,PnAn ( ) 2 ]p” qn + [z]pnlqn 1+an,py,q0 %

_ Pi _ (pn—qn) x _ ”",Pnfﬂnxz
(21,14 Prp.an 200 THonpnan® T anppgex

Then, we obtain

HR*,pn qn(t/ x) - XH(T

(pn—an) x + ”n,pn,qnxz }

< su 1 Pn
p 1+x2 [z]pn an h;l,l’n,qn + [z]pn,qn 1""’1",Pn,qnx 1+‘1”rpn,qnx

0<x<o0
(prn—an) X

< P su + sup ——~————
- [2]}711 qnbnpn An 0<x p 1+x2 [Z]Pn,qn 0§x£w1+x2(1+ﬂn/pn,qnx)

X2

+ay, sup—————
0;?2;72 1422 (14, py g0 %)
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now by taking limit overall the last inequality, we have

n —
lim ||R}, o0 (£,%) — x| < lim ——F" 4 lim Pn ) | yim gy, o 0.
n—sc0 T T n—oo [Z]Pn,qn Wpuin }Pn/qu =)
Again, by using Lemma 2, we have
RE, (P x) — 2= AR (4q3+5q%m+3qnpﬁ)pﬁ’l< x )
TP (31119007 2l o190 Bl g O 1 an,pngn @
n [nil]}’n:'in 403+ a3 pu+anpd ( x )2 — 2
[n]Pn,qn [2]}711,1111 [3]1771/% 1+a"’p"f‘7” x

Therefore,

* 2 2 py 1

HRn,pn,qn (t ,X) - X ||U§ 3] b2 X sup 1+x2

prant 0<x<oo

(445 +53 pn+3qup% ) p "
B

x
(1+a,1,pﬂ,qn x) (14x2)

+ X sup

2l Bl pgn b 0<x<co
+ pit

APt InlE o oy x?
n]Pn/‘m

2
[2]p”’q” [3]”’1’7” 0<x<co (1+a":Pn,ﬂnx) (1+x2)

3 2 2 2
+{1 - 47E72”]+q"p”+’7"p" } X sup x .
PrAn = pndn 0<x<oo (1+anlpn,fh1x) (1+x2)

Now by taking limit overall the last inequality, we get

: 2 2
}}glgoHR;kl,pn,q”(t /x) —X HU

. omn . 4 3+5 2 +3 2\ ,n—1 .
< lim P + lim (49 5 q"p"3 q"p”b)p” x lim —L——
7‘[*)00[ }an]n n n—oo [ ]Pn,qn[ ]pn,qn n n—oo (1+ﬂn,pn,qnx)
n—1 3 2 2
+ lim Pn 4q2n+7npg+q'1pn % lim 1 5
n—,oo [n}pn,qn [ }pn,qy, [ ]pn,qn n—oo (1+‘1n,pn,qn x)
3 2 2
+lim {1 — M Obe s Lo i 1 —,
n—00 2l 1Bl prgn 100 (143,10, % )
Therefore, we obtain the desired result lim [|R}; , . (%, x) —x*|| = 0.0
n—s00 sPnfn o

6. Conclusions

By using the notion of (p, q)-integers, we introduced a new Kantorovich-type (p, q)-
analogue of the Balazs-Szabados operators. The new operators have an advantage com-
pared with the previous analogues; they are capable of approximating integrable functions.
In the case p = 1 these polynomials reduce to the new Kantorovich-type g-analogue of
the Balazs—-Szabados operators which are defined by Hamal and Sabancigil in [14]. We
established the moments of the operators with the help of the recurrence formula. We
studied the local approximation properties of these new operators in terms of modulus of
continuity and proved a Voronovskaja-type theorem. Lastly, we examined the weighted
approximation properties of the operators.
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