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Abstract: Ever since the World Health Organization gave the name COVID-19 to the coronavirus
pneumonia disease, much of the world has been severely impact by the pandemic socially and
economically. In this paper, the mathematical modeling and stability analyses in terms of the
susceptible—exposed—infected-removed (SEIR) model with a nonlinear incidence rate, along with
media interaction effects, are presented. The sliding mode control methodology is used to design
a robust closed loop control of the epidemiological system, where the property of symmetry in the
Lyapunov function plays a vital role in achieving the global asymptotic stability in the output. Two
policies are considered: the first considers only the governmental interaction, the second considers
only the vaccination policy. Numerical simulations of the control algorithms are then evaluated.
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1. Introduction

A recent World Health Organization (WHO) report has shown that over 2.7 million
people die each year from communicable diseases in 2019, down from 15 millions in 2007 [1].
This dramatic decrement is attributable to a largely efficient health system worldwide.
Although vaccines are available for a variety of communicable diseases such as dengue,
hepatitis A and B, influenza, measles etc. [2], they are mainly prophylactic measures to
control the spread in susceptible individuals and require significant time to be developed
and tested. If the individuals themselves are familiar with the communicable disease and
taking appropriate measures to avoid further infection, these susceptible individuals will
isolate themselves or seek the vaccines. Investigations into the epidemiological sciences will
help governments around the globe combat ongoing pandemics effectively and efficiently
to restore normalcy from any epidemic outbreaks.

Mathematical modeling is a standard tool that can be used to offer insights in the behav-
ior of the spread of the disease. The standard epidemiological models follow the Kermack
and McKendrick framework [3]. This model is now well-known as the SIR compartmental
model, which divides the entire host population into three separate compartments: suscepti-
bles individuals (S), infected individuals (I), and recovered individuals (R). However, most
infectious diseases have a latent state, where the individuals have contracted the disease,
but the amount of the viral loading is not sufficient for the individuals to be infective. This
state is termed exposed (E), making the system a four-state differential equation system.
This four-state system is called the susceptible-exposed-infected-recovered (SEIR). The
earliest SEIR models were simple, assuming that the number of each classes is affected by
few factors. With more research, the SEIR model can be modified with additional terms,
including addition factors [4] and recruitment rate [5,6]. In addition, the incidence rate itself,
which is usually modeled to be a linear function of the infectious class, can be modified
to be nonlinear [7-10]. The SEIR model and its equivalents have been used in the study
of other infectious diseases including influenza A [11], dengue fever [5], MERS-CoV [6],
Zika [12], and SARS [13]. Although stochastic models (including Markov models) based on
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the generalized SIR and SEIR have also been proposed to provide more understanding of
an epidemic at patient levels [14,15], deterministic SEIR models remain useful in providing
the big picture of the dynamics of an infectious disease, as well as developing targets for
disease control.

With the development of vaccines to combat worldwide epidemics, a crucial factor
for the vaccine coverage is the perceived beliefs and misconceptions associated with the
vaccines themselves. Individuals can refuse to accept vaccines if they perceive it to be
too risky. This phenomenon could jeopardize the coverage program if the uptake rates is
heavily affected by the public perception. Conversely, lack of awareness about the vaccine
availability and accessibility will dissuade people from seeking the vaccines. To overcome
these issues, awareness need to be created through media campaigns. Media can induce
behavioral changes and alter public perception of vaccination, which, along with other
interventions such as governmental intervention, can shorten the epidemic. Although social
media influences are also felt in recent years, traditional media campaigns such as television
and radio are still very much alive, particularly in non-OECD countries. Researchers have
therefore looked at the role of media on epidemic outbreaks with deterministic [16-18] and
stochastic models [19].

The ultimate goal of formulating mathematical model of epidemics is to implement
corresponding strategies to control the disease. By evaluating the strategies, effective
information can be put forward to the government and the ministry of public health to
formulate and implement an effective strategy of control. Optimal control approaches have
been proposed for a number of epidemics [5,20-24]. This type of control, though achieving
the aim of minimizing the number of infective individuals, can still be viewed from a
control engineering viewpoint as an open loop control. In this light, a closed-loop control
approach would be preferred. With this motivation, this work would like to investigate the
design of the closed loop control using a nonlinear controller called sliding mode control
(SMC). This type of control is targeted mainly to nonlinear systems and is well known
for features such as insensitivity to variations of model disturbances [25,26]. Numerous
applications of the SMC are well-documented in the literature, with applications ranging
from robotic manipulators [27], MEMS gyroscopes [28], power converters [29], UAV [30],
among others. Other recent developments of the SMC have included stochastic SMC,
particularly Markovian jump systems (M]S) [31-34]. Epidemiological applications of the
SMC have included the control of influenza dynamics [35,36], although in both works, only
one control policy is designed.

In this work, based on the basic SEIR model, a more general SEIR model is investigated.
This model includes the use of the nonlinear incidence rate, which is explicitly tailored
to incorporate governmental interactions, rather than being some general function [9,10],
and the media interaction, which is modeled with separate compartments rather than
being just an incidence rate [19], thereby allowing for the quantification of the effect of
media in epidemics. This aspect of the contribution is important, as the developed model
incorporates both factors into a single model, where previous works in the literature only
consider one or the other in their models. The positivity of the resulting system will be
proved, along with an equilibrium analysis. Stability of the open loop epidemic model,
including the endemic equilibria, will also discussed. The nonlinear sliding mode control
will also be proposed based on two policies to curtail the disease to a more manageable
level. The property of symmetry in the Lyapunov function plays an important role in
achieving the global asymptotic stability in the closed-loop control. The first policy centers
on the governmental interaction. This policy is purely nonvaccination strategy, which
is helpful for countries that could only scarcely access the vaccines. The second policy
investigates a pure inoculation strategy, incorporating transformations seen in nonlinear
control systems theory. Although the SMC has been applied in other epidemics such as
influenza [35,36], these works only investigated the design of only one policy. To the
author’s best knowledge, this is the first work that investigates the application of SMC to
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multiple control policies. Numerical results will be given for the application of each policy,
including the designs of multiple reaching laws.

2. Modeling and Dynamical System Analysis
2.1. The Model

The model considered in this paper is the SEIR framework. In this respect, the entire
population is subdivided into four main classes, namely susceptible (S), exposed (E),
infected (I), and recovered (R). Note that the infection force in this work is assumed to be
nonlinear in similar fashion to the work of Xiao [7]. This nonlinear incidence rate models
the inhibitory effect which is caused by strict governmental issues such as lockdowns.

Note that the governmental input effect is modelled by the parameter «. When a is
zero, that is, no governmental inhibition occurs; the infection force is just the customary
linear infection force BSI. A nonzero value of « will signify a significant decrease of
the infection force, which is feasible since there will then be lesser contacts between the
susceptibles and the infectives.

Furthermore, the media impact on the population is modeled by assuming that part
of the susceptible population forms a subclass called the susceptible aware population (S,).
This population class models the susceptible individuals who are aware of the awareness
program driven by media efforts M at time t. The effect of such program is that the
susceptible aware population, having been aware of the correct procedures of keeping
themselves safe from the pathogen, will then take appropriate measures to do so. The
media influence is initially expected to have low impact on the population, but their effects
are modeled to be increased over time. This influence cannot increase indefinitely because
of resource limitation and waning interests. Moreover, the impact on the population itself
can also be limited on the population side mainly through digital illiteracy, digital divide,
and financial constraints. Hence, both the media efforts and their effects can be expected
to follow some sort of saturation relationship. Here, it is assumed that this saturation
follows the Holling type II functional response. The growth rate of cumulative density of
the media is modeled in this case to be proportional to the number of infected individuals.
Note that some individuals of the susceptible aware class may transfer themselves back to
the susceptible class through negligence or forgetfulness. In addition, the model used in
this work is different from those used in the works of Tchuenche [17] and more recently
Ding [19], where the dynamics of the media impact is modeled by explicit compartments
(Ss and M) in the system of the differential equations, rather than just being a Holling
type functional factor of the incidence rate as were seen in the models of Tchuenche and
Ding. Figure 1 depicts the schematics of the formulated model, where flows between
compartments are labeled with their respective rates of change.

The formulated model is given by the following system of differential equations:

BoSI BSM

- s -
S" = uNr —uS T 4al + 635, T+ M (1a)
A ﬁOgI_ o ©
E'= 1T al2 (c+u)E (1b)
_ BSM 3 _

S, = T+ M (u+93)Sa (1c)
I'=cE— (p+r+puy)l (1d)
R'=r[—uR (le)

M’ = pil — oM (16)

where:

S is the number of susceptible individuals at time ¢;

E is the number of exposed individuals at time t;

S, is the number of susceptible aware individuals at time £;
I is the number of infected individuals at time ¢;
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R is the number of recovered individuals at time ¢;

M is the amount of media exposure at time ¢;

Nr is the total human population;

u is the birth/death rate of the population

U4 is the disease induced mortality rate;

Bo is the per-capita contact rate;

B is the rate of dissemination of awareness information;

7 is the media inhibition parameter limiting the effect the media has on the susceptibles;
« the governmental effort parameter to limit the spread of infection;

03 is the rate at which the aware susceptible individuals transfer themselves back to
susceptibles;

0 is the rate of transfer between the exposed and infected classes, in other words, llT is the
mean incubation period of the disease;

r is the recover rate of the disease;

Um is the implementation rate of the awareness program;

Ho is the removal rate of the awareness program.

4,SM

1+ M

us, (et p,)1 #R

Human Population

Figure 1. Schematics of the formulated model.

Note that the bars over the variables S, E, S;, I, and R denote the unnormalized vari-
ables at time ¢. The nature of these variables as well as the model itself remain deterministic.
Note also that the total population at time ¢, N(t), is given by the sum of the S, E, S, I, and
R, that is:

N(t)=S+E+S,+I1+R )
The total population demography is described by following:
N'(t) = —puNr = uN — gl ®)

At this stage, since we have the demography of the total population, it is prudent to
investigate the region of attraction of the model. This is then given in Lemma 1.

Definition 1. (Positive invariant set) A set of states S C RS, is called the positive invariant set of
the system (1) if for all the initial condition {S(0), E(0), S,(0),I(0), R(0), M(0)} € S and for all
t>0,{SES, IR M} €S.
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Lemma 1. Theset L = {S,E,S;,, [RM € R§ : 0 < S+E+S,+1+
”";ﬁ% | is positively invariant.

=
|
z
IN
5
o
IN

Proof. Let P(t) = (N(t), M(t)), then:

ap dN dM L
ar (dt’dt> = (=puNr — uN — pgl, p I = poM).

It is apparent from Equation (3) that:

AN

2V _

7 = uNT — uN
implying that:

limsup N(t) < Nt

t—o0

Similarly, for the "ld—j\f equation in Equation (1f),

aM
ar < —pumNr — poM
which thereby implies:
limsup M(t) < FLNT
t—o0 Ho

This completes the proof of Lemma 1. [

Having determined that the region of attraction of the system is positively invariant,
the model is then normalized through the normalizing variables:

S _E S,

S_NT’ E_NT’ S"_NT
I R

I=—, R=_— 4
Nr’ Nr @)

Since the original model is positively invariant, the order of the system can actually
be reduced by simply neglecting the R equation. The reduced model, in normalized form,
is simply:

;o BeSI _ BSM

S'=u—us 1+Mz+(53a T+ M (5a)
SI

E = 16(_)“12 —(c+u)E (5b)
SM

St = thoy — B+ 8)S, (50

I'=0E— (p+r+pug)l (5d)

M’ = I — oM (5e)

This normalized model will be used for dynamical system analysis as well as control
design in the subsequent sections.

2.2. Equilibrium Analysis

The first step in analyzing the system given in Equation (5) is the equilibrium analysis.
In this light, the definition is:
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Definition 2. The state Xe; = (Seq, Eeq, Sa,eq), legs Meq)T is called the equilibrium state of
Equation (5) if f(xeq) = 0.

The system of Equation (5) admits two types of equilibrium, namely the disease-free
equilibrium Eprr and the endemic equilibrium E;:

Epre = (1,0,0,0,0)T (6)
Ey = (S%, E*, S;, ', M*)T )

The disease-free equilibrium Eprr exists without any condition. To proceed in working
out the existence condition of the endemic equilibrium, as well as the endemic equilibrium
itself, we first need to work out the basic reproduction number Ry. In this respect, quite
a few approaches exist in the computation of Ry, but recently, the next-generation matrix
approach of van den Driessche et al. [37] has established itself as one of the standard
methods in Ry computation. A simple way of setting up the next generation matrix
approach is to consider the equations influencing the new infections, then evaluating the F
and V matrices:

B8 v-F )

The matrix H = FV ! is then computed to be:

Boc Bo_
H = | (ptr+pa)(ute)  pto
0 0

The basic reproduction number is calculated from the maximum eigenvalue of the
H matrix:

_ Boo
Ro= i r it o) ®

Returning to the problem of working out the endemic equilibrium E;, setting the right
hand side of Equation (5) to zero yields:

_ _ BoSI _ BSM
A A A Y (102)
poSI _
T4al (c+u)E=0 (10b)
psM _
E—(p+r+ug)l =0 (10d)
pml —poM =0 (10e)

Solving Equations (10d) for E* and (10e) for M* in terms of I* yield:

o BETtpa o B0
o Ro(p+0)
Ho

Now, Equation (10b) implies:

o+ +a(I)?) ., _ (1+a()?)

o (
S =
Bol* Ry
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Solving Equation (10c) for S yields:

pS*M* __ BumI"(1+a(I)?)

Sk = _
(t+03)(1+9M*)  Ro(p+03)(po + pmyI*)

Every variables being solved so far depends on the endemic I*. To finally solve the
entire system, we could substitute the expressions for E*, M*, §*, and S into Equation (10a)
to yield the cubic equation:

A(I')? +B(I*)> +CI*+D =0 (11)
where:
A = ppmo((p +03)y + B) (12)
B = u(p +63) (appo + Boypm) (13)
C = —pmy(Ro— 1)p* + ((—33(Ro — 1)y + B) ptm
+ poPo) i + Bodzpo (14)
D = —pupo(p+63)(Ro — 1) (15)

By examining Equations (12)-(15) with Descartes’ rule of signs, a unique positive real
root will occur if C and D are both negative. Equating Equations (14) and (15) to zero and
solving for Ry, we can then conclude that the cubic equation will have unique positive real
root if the following condition holds:

pon (1 +03)7 + B) + HoPo_ (16)

1< Ry <
0 Yiim (1 + 03)

The actual value of I* can then be obtained by solving Equation (11), whose value
can then be substituted back into the expressions for E*, M*, S*, and S to finally solve
the system.

2.3. Stability Analysis of Open Loop System

In this section, the stability of the model is discussed. In this respect, we consider the
stability of the disease-free equilibrium Eprg = (1,0,0,0,0).

Theorem 1. The disease-free equilibrium Eprp=(1,0,0,0,0) is asymptotically stable if the basic
reproduction number Ry is less than unity.

Proof. The Jacobian matrix evaluated at Eprg is:

—u 0 J3 Bo —B
0 —-pu—o 0 Bo 0
Jore= ] 0 0 —03— 4 0 B (17)
0 o 0 —u—pg—r 0
0 0 0 Um —Ho

The resulting characteristic polynomial of Jprr is evaluated in Mathematica and
given by:

p(s) = (=1 =) (—po —s)(=d3 = jt = 5)(s* + c15 + c2) (18)

The first three eigenvalues are simply s; = —y, s = —pg and s3 = —y — 3, which are
all obviously negative. The last two eigenvalues are the roots of the quadratic s? + c5 + ¢,
where:

cp=2u+0o+pu;+r (19)
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= WT(RLO - 1) (20)

The conditions for the quadratic equation s + ¢1s + c2 = 0 to have negative solutions
can be found by the applying the Routh-Hurwitz criterion and are given by:

c1 >0, ¢c>0.

It is obvious that c; will be positive definite. For ¢, to remain positive, Ry must remain
less than one. [

Having investigated the stability of the DFE, we now turn our attention to the stability
of the endemic equilibrium. Due to the complicatedness of the I* expression, which is
the solution of Equation (11), our vehicle of investigating the stability of the endemic
equilibrium will be mainly with respect to the Lyapunov stability theory.

Theorem 2. The endemic equilibrium Eq is globally asymptotically stable if the following condi-
tion holds:

BoSI

BSM _ EI" | M (nl — M)
oM T M

+ks3 ] (21)

Proof. Consider the following Lyapunov candidate:

*

I *
V, = 1*1n<1> +k1s+k2E+k3Sa+M*ln<A]6I) (22)

Time differentiating Equation (22) along the trajectory of the system yields:

, o BoSI BSM
Vf_kl(V S 1+7M>

ﬁQSI _ _ M* (]/lmI — ]/l()M)
+k2(1—|—¢x12 (U+y)E) iy
_ I'oE BSM

i _(V‘f"”‘f'ﬂd)l*‘f'kam_(ﬂ‘f‘f%)sa (23)

+ 035, —

Note that because the positivity of S, I, S;, E, and M have all been ensured, it is then
obvious that to keep V, negative definite, one needs to have the condition of Equation (21).
This concludes the proof of the theorem. [

2.4. Numerical Analysis with Baseline Parameter Values

In this section, a numerical simulation for the open-loop system of Equation (5) is
given. Table 1 gives the parameters used. Most of the epidemiological values are from [38],
with the exception of By, which is obtained from the R expression of Equation (9). The Ry
value for the simulation is 2.2. The media parameter values are taken from [16]. The initial
value used in the simulation is:

yo = [0.97,0.01,0.01,0.01, 0.01] (24)

The simulation was conducted with the use of a differential equation solver in MAT-
LAB. Figure 2 plots the simulated response of the open-loop system with the parameters
of Table 1 and the initial values given by Equation (24). The trajectory of the susceptible
population appears to decay briefly from its starting value to about 0.75 on Day 12, before
slowing increasing to about 0.77 on Day 52. S(t) then exponentially decays, achieving the
value of about 0.4 on Day 152 and staying at around that value thereafter. The exposed
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and infected trajectories follow similar trends, where they exponentially increase to a peak,
which is attained on Day 100, before exponentially decays to a nonzero steady state. The
trajectory of the susceptible aware population S,(t) can be viewed as the inverse of the
susceptible population, where it initially exponentially increases slightly, attaining a stop
part way through, before again exponentially increases and saturates at around 0.55. The
media efforts initially stays at about 0.01 for about 70 days, before exponentially increasing
and saturating at about 0.1.

1 T T T T T T T T T 0.035
0.9 0.03 -
0.8 0.025 -
o — v
I 5
207 £ o002
- H
2 3
F06[ S 0.015 \
o o N
“ 4 ™
(7] .
0.5 0.01 q
04t \\\ - 0.005 /
-
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0.6 ] 0.035
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Figure 2. Numerical simulation for the open loop system given in Equation (5) with the parameters
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Table 1. Parameters used in the numerical simulation of the model.

Parameter Values
Birth/death rate, p 0.08
Contact rate, By 0.76
Rate of transfer between the aware susceptible individuals back to susceptibles, d3 0.18
Governmental effort, « 10
Medjia inhibition parameter, y 20
Rate of transfer between the exposed and infected classes, o 0.20
Disease recovery rate, r 1/7
Disease induced mortality rate, y4 0.02
Implementation rate of the awareness program, i, 0.05
Removal rate of the awareness program, jio 0.02

2.5. Sensitivity Analysis

The main goal of this work is to design a controller that reduces the infectiousness of
a communicable disease. Though a nonlinear controller generally takes into account the
other states of the system, an insight into the relative importance of the different factors
contributing to the disease spread is always useful. This knowledge could act as our
crosscheck at the end of the controller design process that the resulting designed controller
had already included the most contributing factors in it. Sensitivity indices thus enable us
to quantify the relative change in a variable upon parameter changes and is formally given
by the following definition:

Definition 3. Refs. [39,40] The normalized forward sensitivity index of Ry that depends on a
variable p is defined as:

Ro:aﬁ
P ap

p

R (25)

The interpretation of this index is that if the value of ‘I’ﬁo is 1; then, an increase or
decrease of a parameter p by y % changes the basic reproduction number by the same
percentage. In this case, the parameter p is deemed a highly sensitive parameter. Using
Equation (25), the normalized forward sensitivity index of Ry with respect to the given
parameter is given by:

who — 7}11 ~ (26)
Ro _

¥ = 27)

1 1

TRO — — — 28
o ( ptuat+r p+ (7) (28)

who - _Fd 29
Ha P+ g+ @)

TRO - _ r 30
r . (30)

‘If§30 =0 (31)

¥R =0 (32)

0 = (33)

Y0 = (34)

Table 2 gives the forward sensitivity parameter of Ry with respect to the parameters
of Table 1. It is seen from Table 2 that the most influential parameter for the spread of
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the disease is the rate of transmission By with the forward sensitivity value of positive
unity. This is consistent with common sense since the spread of the disease is greater with
a greater rate of virus transmission. Moreover, the negative values of ‘I’ﬁo suggest that the
most influential factors that actually suppress the disease spread are the rate of recovery r
and the natural death rate y, with the disease mortality rate y; a distant third.

Table 2. Forward sensitivity parameter of Ry with respect to the parameters of Table 1.

Parameter Forward Sensitivity ‘I’go
I —0.6151
Po 1
3 0
o 0
0% 0
o 0.2857
r —0.5882
1 —0.082
Hm 0
Ho 0

3. Sliding Mode Control Designs

The sliding mode control (SMC) is a type of nonlinear model-based control framework
that is widely applied to a great number of dynamical systems. The first step in the sliding
mode control design is to define a sliding surface comprising the desired dynamics of the
system that must be achieved. The second step is to design a control law that drives the
open-loop system to reach and stay on the sliding surface. Once the system has reached
the sliding surface, it is said to be in sliding mode, which also includes the robustness
properties [33].

This section discusses the sliding mode control design with respect to two policies.
The first policy involves only the governmental interaction («), whose boundary includes
restriction of public movements, isolation, and aggressive sanitation as the control input.
The second policy involves the use of vaccination V (), where the vaccine is to act on the
susceptibles compartment.

3.1. Policy 1: Governmental Interaction

In this design, the sliding surface is defined in terms of the fraction of the exposed
population E, in similar fashion to the work of [38]. This choice is because the differential
equation for the exposed compartment has the « term in it, and also because the exposed
population E has a direct influence in the dynamics of the infection as well as the entire
system. This second fact is evident in the calculation of the next generation matrix for the
basic reproduction number Ry. For these reasons, suppose we choose a constant desired
value of exposed population, namely E;, then defining the sliding surface:

s1= c1(E — Ey) (35)

where constant c; is the slope of the sliding surface, which signifies the convergence rate
that the system reaches the sliding surface. The derivative of the sliding surface with time
is simply:

BoSI

Trar  (THE

$1 = ClE =1 (36)
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To design the sliding law so that the system can reach the sliding surface of
Equation (35), various sliding laws can be used. The first example is the constant reaching
rate law (CRRL) [38,41].

$1 = —kysign(s) (37)

where sign denotes the signum function. Other possible law includes:
: . s
$1 = —kq |s|m51gn<¢) (38)

where ¢ > 0 and m are design parameters. This second law attempts to mitigate the effect
of chattering normally seen with sliding mode control designs. For the constant reaching
rate law, equating Equations (36) and (37) and solving for the control input « yields:

1 c1BoSI - 1] (39)

‘X:ﬁ

c1(p + 0)E — kysign(s)

For the power law of Equation (38), equating Equation (36) to Equation (38) and
solving for the control input yields:

1
“=n

c1BoSIsign(¢) B
c1(p + o) Esign(¢) — kq|s|"sign(s) 1] (40)

Stability Analysis of Closed-Loop System

The stability analysis of the sliding mode control is normally provided by the Lya-
punov stability theory. In this respect, suppose the Lyapunov function is defined using the
sliding surface of Equation (35):

1
Vi = 55% (41)

Its time derivative V is simply s1$1. Substituting the control law of Equation (39) into

Equation (36) yields the derivative of the Lyapunov function as:

V1 = —Cl‘Sl‘ <0 (42)

Hence, the closed loop system for the control law of Equation (39) will be asymptoti-
cally stable. For the power reaching law, substituting the control law of Equation (40) into
Equation (36) yields the derivative of the Lyapunov function as:

! |51+

sign(¢)

Again, the closed-loop system for the control law of Equation (40) will indeed be stable.

1= <0 (43)

3.2. Policy 2: Vaccination Strategy

Suppose now that we wish to control the open-loop system with vaccination control
input u(t) = V(t). We will suppose that the vaccination itself is perfect. The case of
imperfect vaccination, which aligns more with the real world, can be reduced to that of
perfect vaccination by multiplying the control input by an efficacy constant ¢,, that is,
u(t) = Vi(t) = e,V (t). Suppose also that the vaccination control action is to act on the
susceptible compartment, which is a standard procedure in disease control. The closed
loop system is then:

BoSI
1+ al?

BSM
14+9yM

+ 035, —

S'=pu—uS— + u(t)
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0SI
E = 16—0412 —(c+n)E
SM
St = thy — -+ 88, (a4)

I'=0E— (u+r+muy)l
M =yl — pgM

The control objective of Policy 2 is to maintain the number of infected individuals at a
desired level, or I = I;. The output variable can thus be defined as:

€] = I— Id (45)

To assist in the design of a robust sliding mode controller that achieves the control
objective, some analytical backgrounds are first given.
Consider a single-input, single-output nonlinear system of the form [42]:

x=f(x)+g(x)u,
y = h(x). (46)

where x € R" are the state variables, u is the control input, and y is the output, which is
measured in real time. Let f(x) and g(x) be smooth vector fields of the state variables that
are defined on an open set of R". The Lie derivatives are as follows:

Definition 4 (Lie Derivatives). Ref. [43]: Consider a smooth scalar function h(z) and a smooth
vector field f(z), the Lie derivative of h(z) with respect to f(z) is denoted L¢h(z) and is defined:

Ln(z) = 2 ¢ @)

Higher order Lie derivatives can be recursively computed as follows:

L?fh(z) = h(z)

Lyn(z) = 2 (o)

n) = 2 ) (9)
(L h(z

Lkn(z) = ”azmﬂz)

The system parameters then restrict transformation of the system into the normal form
with the use of standard approaches based on the transformation of f, g, and h.

Definition 5 (Relative degree). Refs. [44,45] The number r represents the relative degree of the
output h of the system with respect to the input u at equilibrium x if the conditions:

LeLsh(x) = LgL3h(x) = ... = LgL}

"“2h(x) =0
LgL;—%(x) 40

(49)

holds in the neighborhood of xo. The Ly and L are the Lie derivatives.
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If the system has a relative degree r, then the output needs to be differentiated r times
before the input u appears. The input-output dynamics is written as:

v = LYh(x) + LeLsh(x)u (50)

Let & = [h,h,...,h0=D]T, then it is always possible to define the map:

¢=m(Gz2), (51)

as well as the reduced internal dynamics vector z € R"~" and the map:

z=0q2(¢,z) (52)

The system dynamics of Equation (46) can then be expressed in the normal form as:

&1=10

& =103

: (53)
& = Ljh(x) + LgLh(x)u
z=q2(¢,2)

The system is fully linearizable if r = n, that is, no underlying zero dynamics of the
system exists. However, if the system is not fully linearizable, the design of feedback
tracking controller is achieved if the following assumptions are satisfied:

Assumption 1. The reduced internal dynamics of the system (Equation (52)) is asymptotically stable.
Assumption 2. The Lie derivatives Lj(f) (x) and the controller gain Lng(f) (x) of the input—output
dynamics are bounded and Lipschitz.

3.2.1. Relative Degree of the SEIRM System and Asymptotic Stability of the Zero Dynamics

Assumptions 1 and 2 strictly place the requirements that the internal dynamics of
Equation (44) needs to first be stable before the controller could be designed. With this
in mind, we first rewrite the system of Equation (44) in the form of Equation (46) with
X = [xll X2,X3,X4, XS}T: [S/ E/ Sa/ I/ M]T

Box1xa Bx1xs5

Po— WX = s 03X — 1

% — (0 +p)x2

1
0

= B s | s6= 0] A=
0

(54)

1+yxs5
oxy — (+7r+pg)xg
UmXq4 — HoX5

SFs

The differentiated output with respect to time once reads:
Y = L¢h(x) + Lgh(x)u (55)

where L¢h(x) = oxp — (4 + pg +7)x4, and Lgh(x) = 0. Differentiating the output equation
with respect to time again yields:

§ = L3h(x) + LgLh(x)u (56)
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The quantity LgL¢h(x) is computed to be zero, while the term Lj%h(x) is:

- Box1x4
Lj%h(x) =(—pu—pg—r)(oxg — (+pg+r)xq) +0<—(M+U)x2 + 1+“xi .

Differentiating the output equation, the third time now yields:
j = L3h(x) + LgL7h(x)u (57)

2h(x) are:

where L3h(x) and LeL%

f

Lih(x) = (20 + g+ 7+ 0) (1 + axg) (—Boxixa + (4 + 0)x2(1+ ax))

1
(1 + axi)Z <0’
+ (020 = (p 4 pa +7)xa) (Booxt (1 — axg) + (i + pg +1)* (1 + axj)?)
Poxixs  Pxixs )

oxy(1+ ax? — uxq + d3x3 —
+ Booxa( 1) (1 — pxy +93x3 e 1+

OXg
LeL2h(x) = L0
8=f (%) 14 ax3
It is seen that since the controller gain term Lg szch(x) is nonzero, the relative degree of
the nonlinear incidence SEIRM system is three. This means that there exists internal zero

dynamics, which can be analyzed from the normal form of the system. To find the normal
form, we then take the states as:

g1=h(x)=x4
G2 = Lh(x) = oxa — (p+ pa +71)x4

X1X.
G = Ljh(x) = —( + pa+ 1) (002 = (- pia + 7)) +0<—(V +0)x2+ (f(];a;) (58)
4
Z1 = X3
Zy = X5

The resulting Jacobian matrix, which is:

0 0 0 1 0
0 o 0 —U+ g+ 0
2
J= |85 (g tr)o+ (—p=0)o 0 (—p—pg =P o= + i 0
0 0 1 0 0
0 0 0 0 1

is nonsingular for all nonzero x. The normal form can now be represented as:

&1 =20

82 =03

b = 1o (oot a7+ ) ) a4 1 + = s =)~ )
1

(—=(p+pa+r)(p—0)1+ (pg+r+0)8+E3))
61

(Vd+7+§)§2+§3) + (p(1+agi) >

+&((p+pa+r)*(1+at) + (1 —adi)

+ BooG1(p — (=(u+pa +1)(p — o)1 +

(Ha+7r+0)52+G3)
(Booéi)

X (=(ptpatr)(p—0o)é+ +0321 — (B(1+ agf)



Symmetry 2022, 14, 1010 16 of 24

< (et e - o+ BB R ) Bt

BooGi(1+7z2) 1+ag
£ = (8 + )z + (B + 08D (— (it ua +) (- )8 + L &;%;2%;523))22)

Zy = PmG1 — HoZ2
The full derivation of the normal form is given in Appendix A.1.

Theorem 3. The internal dynamics is exponentially stable for any initial condition z(0).

Proof. The proof of this theorem is given in Appendix A.2. O

3.2.2. Control Design

We reiterate that goal of our control is to design a sliding mode controller, which
drives the system of Equation (59) to its reference states:

z?’ - [‘:1,71 ‘:—;‘2,1’1 ‘:—;‘3,1’1 Zl,rr 22,1‘] - [OOSr Or Or O/ O] (60)

Note that this reference state vector corresponds to controlling the infected individuals
to remain at only 5% of the population. In order to ensure that the relative degree of the
closed-loop control is one, the sliding mode surface is designed as:

Sy = €1€] + 28] + c3e
=183 + 282 +c3(81 — G1,r) (61)

The time derivative of the sliding surface is:

$2 = 183 + 282 + 38y
= c1(Ljh(xg) + LgL3h(xa)u(t)) + c28s + csda, (62)

where x; = [O, 0,0,0.05, O]T represents the desired states in the original form.
The sliding laws of the form described in Equations (37) and (38) can now also be used:

$p = —kpsign(sy), CRRL (63)
$p = —k2|sz|2m+1sign(%), Power law (64)

For the CRRL, equating Equations (62) to Equation (63) and solving for the control
input yields:

l’) = W (—clL?h(xd) — C2€3 — G — ko sign(s)) (65)

Similarly, equating the power law equation and solving for the control input yields:

_ 1 3 2m+1 .
u(t) = m <—01th(xd) — 0283 — €282 — ko [52|™" " sign(s) (66)

3.2.3. Stability Analysis of Closed-Loop System

To investigate the stability of the closed-loop system, let us again define a Lya-
punov candidate:
1o
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Its time derivative is simply s,$,. Substituting the derived control law yields, after
simplification, for the CRRL:

Vz = —k2‘52| <0

Thus ensuring the asymptotic stability of the closed loop system. For the power law,
the time derivative of the Lyapunov function then becomes:

V, = —k2|82|2m <0,
which again ensures the asymptotic stability of the closed loop system.

4. Results and Discussion
4.1. Governmental Interaction Strategy

It is well known that an effective method of controlling the infectious disease spread
is through cutting the source of the infection through governmental interaction. In this
light, the effect of the nonlinear control inputs designed in Equations (39) and (40) are
investigated. The desired fraction of the exposed population is set to E; = 0.01. The initial
conditions used are still given by Equation (24). The values of the design parameters for the
CRRL are chosen as ¢ =2 and k; = 0.4. Our first test is simply to compare the uncontrolled
population trajectories against the controlled ones with both reaching laws. Due to the lack
of space, only the exposed (E), the infected (I), and the media efforts (M) compartments
are shown.

Figure 3 shows the comparison between the controlled and uncontrolled responses
for the (CRRL). It is seen from Figure 3a that the exposed individuals’ trajectory E quickly
reaches the desired level E; = 0.01 and stays there for the rest of the simulation. Note that
the expected chattering effect is also seen here. The fraction of the infected individuals I
also reaches about 0.01 at around Day 10 and stay at that point onward. Note that the final
value of the infected individuals compartment is also the same as E;. The uncontrolled
trajectories for the E and I populations exponentially increase after Day 60, reaching a
peak of 0.15 and decays down to about 0.1, as was described in Section 2.4. The media
efforts appear to increase somewhat linearly during control, suggesting that governmental
interaction control also keeps the rate of expending the media efforts constant. This is in
contrast to the uncontrolled system, where the media efforts largely stay at a constant level
initially, then increases without bound.

0.18 - r 0.15
Uncontrolled
Uncontrolled
0.16 b 10? Controlled (CRRL) Controlled (CRRL)
10
0.14
8
@ 0121 . “ 0.1
© @
E o4 €
= 4 =
3 3
20081 3
o 2 £
= [
W - =005+
10
0.04
0.02
0 — 0
0 10 20 40 5 60 70 80 9 100 0 10 20 30 40 50 60 70 80 90 100
Time (days) Time (days)
(a) Exposed individuals E (b) Infected individuals I

Figure 3. Cont.



Symmetry 2022, 14, 1010

18 of 24

0.2

Uncontrolled
0.18 Controlled (CRRL) 7

Media efforts

0 10 20 30 40 50 60 70 80 90
Time (days)

(c) Media efforts M

Figure 3. Numerical simulation for the constant rate reaching law (CRRL) sliding mode control for
the governmental interaction policy against the uncontrolled system.

Figure 4 compares the trajectories between the controlled and uncontrolled responses
for the power law with m = 1. Notice that the responses are similar to Figure 3 with respect
to the general trend. However the chattering effect seen in Figure 3a is eliminated with
application of the power law. In practice, this chattering effect does not affect the actuation
process, which in this case is governmental interaction, rather than an electrical motor or a
control valve that could be subjected to wear and tear.

0.18 . . , . . . . . 0.15 ; ; ; . . . . . .
Uncontrolled Uncontrolled
0.16 1 <107 Controlled (CRRL) Controlled (CRRL)
0.14 -
8 //
9 012F . y g 017 ]
: / ;
5 01 /
= : =
=)
o Q
30087 ‘ 2
g 2l 3
X / =
Woos / T o005t E
5 10
0.04 1
002 -
0 . . . . . o l="2 . . . . . .
0 10 20 30 40 50 60 70 8 9 100 0 10 20 30 40 50 60 70 8 9 100
Time (days) Time (days)
(a) Exposed individuals E (b) Infected individuals I
02 . . ; ; . . . . .
Uncontrolled
0.18 Contralled (CRRL) 1
0.16 ,
0.14 i
£ 012 —
-
@ 01 g
0
Q
= 008 ]
0.06 ,
0.04 E
0.02
0 . \ : : : . . . .
0 10 20 30 40 50 60 70 8 9 100
Time (days)
(c) Media efforts M

Figure 4. Numerical simulation for the power reaching law sliding mode control for the governmental
interaction policy with m = 1 against the uncontrolled system.
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4.2. Vaccination Strategy

Having seen the governmental interaction strategy in terms of how it would affect the
system, we now turn our attention to the vaccination strategy. The initial condition used is
[0.5,0,0,0,0]T. The parameters ¢y, ¢, and c3 are chosen as:

;=05 =03 c3=01 (68)

The k, parameter is chosen to be k, = 2. Note that only the power reaching law
case with m = 1 is shown for ease of implementation and demonstration. The desired
infected population level is set at I[; = 0.05. Figure 5 plots the control results for the
vaccination strategy. Figure 5a plots the proportion of the infected population I for the
vaccination control strategy. It is seen that the infected population quickly reaches the
reference level as desired, with no apparent overshooting. Note that no apparent chattering
effect is seen due to the use of the power law instead of the CRRL. The media efforts,
as depicted in Figure 5b, is quite huge at first, which coincides with the trajectory of the
infected individuals. Once the desired value is reached, the media efforts are minimal. This
result suggests that enormous media efforts are required to usher the population to receive
their vaccination. Once critical vaccination threshold is reached, the efforts required would
be minimal. This scenario does not consider the effect of public disinformation as well
as vaccine debasements. Studies into the effects of public disinformation is best left for
future work.

x10*

Media efforts
= ()] (=] ~

w

Time (days) Time (days)

(a) Infected individuals I (b) Media efforts M

Figure 5. The infected population I(t) and required media efforts M for the vaccination control strategy.

To investigate the effect of the imperfect vaccination, we suppose that the efficacy
constant €, is 0.85-0.95. That is, the vaccine is only 88-95% effective, based on recent
studies [46—49]. Figure 6 plots the proportion of the infected population I for the sliding
mode vaccination control, with the constant €, assumed to be 0.85. As is seen, the controlled
population again quickly reaches the desired value, albeit experiencing a little oscillation on
the way. The media efforts M is again quite large initially and diminishes as the controlled
population reaches its desired value. Nevertheless, these results also show that the designed
controller is largely robust to input changes as well.
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(a) Infected individuals I (b) Media efforts M

Figure 6. The infected population I(t) and required medis efforts M(t) for the vaccination control
strategy under the assumption of imperfect vaccination with efficacy constant €, = 0.85.

To test the robustness of the control algorithm in face of disturbances, let us suppose
that a new cluster of individuals at up to twice the sum of the exposed and infected classes
are now exposed to the disease. This new cluster of individuals are treated as disturbances.
Figure 7 plots the proportion of the infected population I and the media efforts M for
the vaccination control in the presence of such a significant disturbance. As is seen, the
infected population response exhibits some significant transients as it converges towards
the reference. The media efforts signal M is again enormous initially but exponentially
decays to zero just before the infected trajectory reaches the desired level. This result
validates the robustness of the nonlinear sliding mode control that even though significant
disturbances are present, the desired control is still achieved effectively. Note also that
these disturbances can also arise from stochastic sources. The use of the sliding mode
control would also compensate for these effects as well. As an extension to the stochastic
phenomenon, a full stochastic SEIR model has previously been proposed in [15], while
the sliding mode control for a Markov jump system was previously explored in [33,34].
It would indeed be of interest to design a sliding mode control for the Markov jump
SEIR model.

%10*

0.6

0.5

Infected humans
o o
w S

2
(S}

0.1

Media efforts
(7]

Time (days) Time (days)

(a) Infected individuals I (b) Media efforts M

Figure 7. The infected population I(¢) and associated media efforts M for the vaccination control

strategy in the presence of disturbances to the system.
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5. Conclusions

In the face of COVID-19, a terrifying disease, governmental administrations all over
the world are actively attempting to combat the deadly disease in their own way, with
varying successes. In this work, a simple mathematical model that is based on the basic
SEIR framework, whilst incorporating nonlinear incidence, along with governmental
interactions and media effects is detailed. The main dynamical properties of the model
such as positivity, stability, and sensitivity were investigated first. The proposed control
algorithm followed the sliding mode control framework. The main control objective is
to simply contain the number of infected individuals at a desired level, so that extreme
measures such as lockdowns could be relaxed. Two policies were investigated. The first
policy centered on governmental interaction, where the control actively determined an
appropriate value of measure based on the intensity of the infection. The second policy
centered on inoculation, which necessitated a transformation of the original model into
the normal form to allow for the sliding mode controller to be designed. For both control
policies, two widely used sliding mode reaching laws were considered: the constant rate
reaching law (CRRL) and the power law. Simulation results showed that both control
policies were effective in containing the disease, while keeping the rate of media efforts
expenses constant. Note that with the age of social media, public disinformation resulting
from the spread of rumors is an integral factor determining the success of a vaccination
program. Such phenomenon will form the subject of our future work.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The data is available from the author upon reasonable requests.

Acknowledgments: The author would like to acknowledge the anonymous reviewers for their
helpful comments and suggestions.

Conflicts of Interest: The author declares no conflict of interest.

Appendix A. Derivations and Proofs
Appendix A.1

Following the definition of the states introduced in Equation (58), differentiating &1
with respect to time yields:

G=ty=0x— (u+pg+1)xs =03 (A1)

The time derivative of ¢ is:

Go=0Xp — (U+pg+71)ks =3 (A2)

To obtain the time derivative of {3, we first need the definition of x; in terms of ¢; and
¢2. This is simply attained from the solving of the L¢h(x) equation:

Xy — (V+Vd4;7)§1+(fz (A3)

Substituting the result of Equation (A3) for xp and solving the {3 equation for x;
now yields:

v 1
' oot

The time derivative of {3, including the definitions of x; and x; in Equations (A3)
and (A4) is:

(14 a83) (= (u+ pg + 1) (= 0)&1 + (g + 7+ 0)52+ &) (A4)
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&3 <(2#+#d+V+U)(1+“C%)(2H(H+Hd +7)81+ (4 —pa —1)G2 — &3)

T 1tad
+ &+ pg+ )21+ al?) + (1 —ac?) (—(p+pa+7r)(p— a)éélJr (pg+r+0)&H+8))
T Boo( — (— (4 pra 1) (= o)y + LTI TR TE) gy g2 (A5)

ag

(Ha +7+0)82+¢5)
BT R

(Ha+1+0)52 +83)22) Booi
Boog1(1+ vz2) )) 1+tx§%u(t>

X (=(p+pg+r)(p—0o)g1+

x(—w+yfwﬂu—wa+

The derivative of z; with respect to time is simply:

: +r+0)52+83)2)
51=—G+mwzn+BA+ad)(—(p+pg+r)(u—0o —i—(yd A6
1= (G + )z + (B +ad))(—(p+pa+7)(p—0)é Bortr(l 170 B0
Finally, the time derivative of z; is:
Zy = X5 = PmG1 — HoZ2 (A7)
Appendix A.2
Zeroing the ¢, ¢y and ¢3 terms, the resulting zero dynamics in Equation (59) are
written as:
)= Az (A8)
where the transition matrix A is:
A= _((53+V) 0 (A9)

0 —Ho

It is obvious that this matrix has only negative eigenvalues, implying that the solution
to the matrix differential equation in Equation (A8) is exp(A t)z(0), which is exponentially
stable for any initial zero state z(0) = [z1(0),z2(0)]".
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