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Abstract: In this article, we generalize the concept of group-graded modules by introducing the
concept of -weak graded R-modules, which are R-modules graded by a set & of left coset represen-
tatives, where R is a -weak graded ring. Moreover, we prove some properties of these modules.
Finally, results related to &-weak graded fields and their vector spaces are deduced. Many consider-
able examples are provided with more emphasis on the symmetric group S3 and the dihedral group
Dg, which gives the group of symmetries of a regular hexagon.
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1. Introduction

Rings and modules that can be graded by groups were intensively studied especially
in connection with Clifford’s theory; see [1-3].

Many results about group-graded rings and modules were generalized by using semi-
groups or monoids for grading instead of groups, leading to more general constructions, as
we can see in [4-8].

The group-graded fields and their graded vector spaces, as well as their properties
have been investigated by many mathematicians; see for example [9-11].

There are other generalizations of graded rings and modules in the literature, for ex-
ample the semi-graded rings and semi-graded modules (see [12]), which are justified by
considering the non-commutative algebraic geometry for quantum algebras.

Many ways have been used to investigate the properties of these rings and modules.
In [13], Cohen and Montgomery introduced an interesting way using duality theorems; see
also [14]. Moreover, some mathematicians introduced categorical methods to study these
graded rings such as the study of separable functors introduced in [15,16]. Most of these
methods have been introduced for the case when the grading group is finite. However,
more additional investigations have been performed considering the infinite case; see for
example [17].

In [18], Beggs considered a fixed set & and defined a binary operation “*” on it, which
is not associative in a trivial way, though we can deduce the associativity by applying a
“cocycle” f. The elements of & are left coset representatives for a subgroup H of a finite
group X. It was shown that the results are not affected by the choice of the representatives.
These data were used to construct non-trivially associated tensor categories and non-
trivially associated modular categories (see [18,19]).

In [20], the concept of the rings that can be graded by groups and their modules was
generalized using the set & mentioned above. It was shown that many results related to
these graded rings and their modules could be carried on in the new setting. These induced
graded rings were given the name “®-weak graded rings”.

It is natural to ask if the properties of the original finite groups have an affect on the
induced graded rings and modules. However, this is still an active area for researchers.
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In [21,22], -weak graded rings were deeply investigated and additional properties
were derived supported by many illustrative examples.

In this article, we discuss important properties of -weak graded R-modules. Through-
out this article, many examples are provided, in particular a counter example showing that
there is a field having a non-homogeneous unit, although it is a non-trivially X-graded
field (X # Z). The symmetric group S3 and the dihedral group Dg, which gives the group
of symmetries of a regular hexagon, are considered among these examples.

The importance of this work, besides using a set with a binary operation satisfying
specific properties for grading instead of using a group or even a semigroup, is associating
this grading with a factorization of a given group, which may lead to a quantization of the
classical results of group-graded modules.

As this work is based on [18], which considered X to be finite, and on [1], we assumed,
unless otherwise stated, that all groups are finite, the rings are unity, and the modules
are unital.

2. Preliminaries

In this section, we include the definition of the binary operation *, the cocycle f, and
the actions > and < that are used intensively in this work. For more explanation and related
results, the reader is referred to [18].

Definition 1 ([18]). Let s, t be elements in &. Then, f(s,t) in H and s x t in & are determined by
st = f(s,t)(sxt) in X. Furthermore, the action > : & x H — H and the coaction<: & x H — &
are determined by su = (s> u)(s <u), where s, s < u are elements in & and u, s > u are elements in
H. These factorizations are unique.

“u

The binary operation “*” ensures the right division property and the left identity for
each s € &. In the case thate € &, theneg = e.

In what follows, whenever & and H are mentioned, we mean the set and the subgroup
defined above.

3. The Category of &-Weak Graded Modules

Definition 2 ([20]). Lef R be a &-weak graded ring. Then, a ®-weak graded left R-module M is a
left R-module satisfying:

M= P M; (as abelian groups) 1)
se®

and
RsM; C Mgy Vs, t € ®. (2)

If the relation (2) is replaced by
RsM; = Mgyt Vs, t €6, (3)
then M is termed a strongly (or a fully) &-weak graded left R-module.

Definition 3. The elements of Usc e M are termed weak graded or &-homogeneous elements of M.
A non-zero element m € Mj is termed a &-homogeneous element of grade s, and we write (m) = s.

Remark 1. Every element m € M has decomposition m = Y e Ms, which is unique with
ms € Ms , Vs € &. These {ms}sce are named the -homogeneous components of m. It can be
noted that the sum is finite (i.e., almost all ms are zero).

&-GrR-Mod denotes the category of the class of -weak graded left R-modules.
The morphisms in ®-GrR-Mod are B-weak graded-preserving morphisms, i.e., if ¢ :



Symmetry 2022, 14, 835

30f10

M — N in 8-GrR-Mod, then ¢(m) € N; for all m € M; and s € &, where M and N are
-weak graded left R-modules. These morphisms are denoted by &-GrHompg (M, N).

Definition 4. Let M and N be two &-weak graded R-modules. Then, we define an additive
subgroup &-GrHompg(M, N)¢ of -GrHomg (M, N), for t € &, by

&—GrHomg(M,N); = {¢ € 8—GrHomp(M,N) : $(Ms) C Ns, forall s € &}.
Proposition 1. &-GrHompg (M, N) is a subgroup of Homg (M, N) additively.
Proof. Let ¢, ¢ € -GrHompg (M, N). Hence, for all s € &, we have
$(Ms) € N; and ®(Ms) € N;.

Thus,
(¢ + @) (Ms) = ¢(Ms) + ¢(Ms) € Ns + Ns = N;.

Knowing that ¢ and ¢ are homomorphisms and that N is an additive abelian subgroup
of N completes the proof. O

Theorem 1. Let M and N be &-weak graded left R-modules. Then,

&—GrHomg(M,N) = @ 6—GrHomg(M, N)s,
s€®

as additive subgroups.

Proof. Let ¢; € &—GrHompg (M, N), for s € & s.t. all ¢, except a finite number, are zero
maps, and let

Y s =0. )

s€®

Now, we show that ¢; is a zero map. By Definition 4, we have @s(m) € Ny, for all
m € M; and an arbitrary fixed element ¢t € &. Hence, considering (4), we have:

(X @s)(m) =} s(m) =On.

se® se®

This is the unique expansion of Oy in the direct sum N = @P,c s Nixs Or equivalently
N = @c Ns. Thus, ¢s(m) = Oy for each s € &, which means that ¢; is a zero map on
M; for t € &. Since t is an arbitrary element and M = @, My, it follows that ¢; is a zero
map on M, which guarantees that the equality in the theorem is satisfied. [

Proposition 2. Let e be a two-sided identity in &. Then, the left multiplication by any weak
graded unit x € R for any s € & is an isomorphism in R,,-Mod. Moreover, xR., = Rs.

Proof. Since x is a unit, it immediately follows that the left multiplication by x is an
R -isomorphism of R, onto xR, . Furthermore, [22], Theorem 4, yields

XRey € RsRey € Rsves = Rs.

On the other hand,
R, = xx_le C xRLRs € xRy,

which means Rs = xR,, as required. [

Proposition 3. Let M be a &-weak graded left R-module. Then, Ms is a left R, -submodule of M
foreach s € 6.
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Proof. By Definition 2, M; is an abelian subgroup of M for each s € &. Furthermore,
by using relation (2) of Definition 2, we obtain R., Ms C M.+ = Ms, which means that
M is a left R, -module. Knowing that My € M completes the proof. [

Definition 5. A non-empty subset N of a &-weak graded R-module M is termed a &-weak graded
submodule of M if N itself is a ®-weak graded R-module.

Proposition 4. Let N be a non-trivial sub-module of a &-weak graded left R-module M. If N
contains all of its components that are &-homogeneous, then N is a &-weak graded sub-module.

Proof. Letn = ) ;¢ ns such that ns € Nforalln € N, ns € N5, and s € . Now, we prove
that N = @, Ns. Itis clear that N = ) ;s Ns. Since N is a submodule of M = @ c¢s Ms,
hence N5 = N N M; for each s € &. Furthermore, as M is a &-weak graded left R-module,
we obtain M (Yices M;) = {0} forall s € & with s # t. Thus, N5 (Lees Ni) = {0}.
Therefore, N = @,c¢ Ns, as required.Next, to prove that RsNy C Ny, let Ny = N N M;.
Then, for s € &, we have

RsNt = Rs(NNMy) = ReNNRsMy € NN RsMy € N N Myt = Ny,
which completes the proof. [

Proposition 5. If M is a ®-weak graded R-module and N is a non-trivial &-weak graded sub-
module of M, then M/ N is a &-weak graded R-module, where for each s € &, we have

(M/N)s=(Ms +N)/N={m+N : me M},
foreachs € ®.

Proof. First, for all m € M, we have m = ) ;g ms, where ms € M;, which implies

m+N=() mg)+N=Y_ (ms+N).

s€B s€®
Hence,
M/N =Y (M/N)s.
se®
Suppose that
Y (ms+N)=0+N (5)
s€®

for ms € Ms. We have to show that m; + N = 0+ N for all s € &. From (5), clearly,
Y .sces Ms € N. Since N is a &-weak graded submodule, then ms € N for each m;. Therefore,
ms + N =0+ N, Vs € &, as required. Thus,

M/N =& (M/N)s.

se®

Next, for the inclusion property, we have:
RS(M/N)t - Rs(Mt + N)/N - (Rth + N)/N C (Ms*t + N)/N - (M/N)s*t‘
Therefore, M/ N is a -weak graded R-module, as required. O

Example 1. Consider the ring R = Mp(R). Let X = D¢ = < x,y : x° = y*> = 1, xy = yx° >
be the dihedral group of symmetries of a reqular hexagon. The group generators are given by
a counterclockwise rotation through — radians and reflection in a line joining the midpoints

of two opposite edges where x denotes the rotation and y denotes the reflection. If we choose
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H={1,23,y,x%y} and & = {1,x,x°}, then R is a &-weak graded ring (see [22], Example 3.1).
Define
rn 1 13 .
M=M2X3(R)={{ :|: ri € R, 1<l§6}.
Ty 15 Te
Then, M is a ®-weak graded R-module with

MZMlEBMx@st,

. rn 0 0 _ 0 0 7 _ 0 rn O
where, M1—{{0 s 0}}, Mx—{[m 0 0]} and st—{{o 0 7’6}}'

Furthermore, RsM; C Mg, Vs, t € &, as follows:

1’100

. - "
1 RiMy C My, as for all { 0 rs 0

o

2. RiMy C My, as forall {

a 0 € Ry and € My, we have
0 d

rn 0 0 Jaryr 0 O .

0 s o] - { 0 drs o] € My = Mpa.

007’3

} € Ry and [7’4 0 0} € My, we have

a 0
0 d
0 0 r3y |0 O ars -
]‘[du 0 O]EM"_Ml*x'
a 0
0 d

a 0|0 rn 0] |0 arp, O .
[0 d} {0 0 rﬁ]_{o 0 ereMﬁ_Ml*xS'

07’20

3. RiMy C My,,s as for all { 0 0 7

} € Ry and { ] € M,s, we have

[0 0

4. RyMj C My, as forall e 0 n 00

0 1’50

0 0|[ry O O |0 00 _
[c 0_[0 rs O}_[crl 0 O]GM’C—M"*I'

] € Ry and [ ] € My, we have

5. RyMy C My, as for all (?

0 0 0 r3
O}GRxand {74 0 0

0 0][0 0 rs] [0 0 0 B
[c 0] [m 0 0]_[0 0 cr3]€Mx5_Mx*x'

} € My, we have

07”2 0
0 01’6

0 0][0 » 0] [0 0 0 B
L 0} {0 0 rJ_{O cry o]eMl_MX*X5‘

0 b
0 0] ERx5and|:

6. RyM,; C M,,,s as forall [S O] € Ry and {

0 } € M,s, we have

r1 0 0
0 rs 0

0 bl|rn O Of |0 brs O B
[0 OHO s 0}_[0 0 o}eMxt"_Mﬁ*l'

7. RisMy C M,s,, as for all [ } € M, we have
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8. RsMy C Mys,, as for all [8 g] € R,s and Li) 8 r(ﬂ € My, we have
0 alln o =[50 o em=men

9. RisM,s C Mys, s as for all [8 g} € R,s and [8 rg 72;] € M,s, we have
2 T8 e

Thus, M is a non-trivial -weak graded left R-module.

Proposition 6. Let M be a strongly ®-weak graded R-module. Then, M = 0 if and only if My = 0
for some t € &.

Proof. Suppose that M; = 0 for some ¢t € &, then, for all ey # s € &, we have
0 = RsM; = Mss«t = M)

where p = s*t. Thus, the right division property on & implies M, = 0 for all p € &,
as required.
The converse is even more obvious. [

4. &-Weak Graded Fields

Definition 6. We call a &-weak graded ring that is not the zero ring a ®-weak graded field if each
&-homogeneous non-zero element has an inverse.

It can be noted that a &-weak graded field is not necessarily a field, as we show in the
next example:

Example 2. Let (H, +, -) be the ring of real quaternions. Let X = Zp x Zy = {(0,0),(0,1), (1,0),

(1,1)}, H={(0,0),(0,1)},and & = {(0,1), (1,1)}. Then, the * operation (Table 1) , the cocycle
f (Table 2), and the actions > and < (Table 3) are calculated as follows.

Table 1. The binary operation *.

* (0,1) (1,1)
(0,1) (0,1) (1,1)
(1,1) (1,1) (0,1)
Table 2. The cocycle f.
f (0,1) (L1)
(0,1) (0,1) (0,1)
(1,1) (0,1) (0,1)
Table 3. The actions s> u and s < u.
Sbu (0,0) ©,1) s<u (0,0 0,1)
(0,1) (0,0) (0,1) (0,1) (0,1) (0,1)
(1,1) (0,0) (0,1) (1,1) (1,1) (1,1)

Thus, H = C( 1) ® C(q,1), where C 1) = RO Riand C(q 1) = Rj & Rk. Now, the following
calculations are needed to show that the inclusion property is satisfied:
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1. (C(Or1>C(O/1) Q (C(O,l)*(o,l) = C(O,l) ﬂSfOT’ all (7"1 + r’li), (1’2 + 7"/21) & C(O,l)/ we have

(r1 + 14i) (ra +130) = (rira — r115) + (1175 +rir2)i € R@Ri = Cg ).

2. (C(O,l)c(l,l) g (C(O,l)*(l,l) = (C(l,l) ﬂSfOT ﬂll (7 + T/i) & (C(O,l) aﬂd (r]j + rik) e C(l,l)’

we have

(r+1"i)(r1j+r1k) = (rr1 = ')+ (rry + 7' )k € Rj @ Rk = Cq ).

3. (C(l,l)c(o,l) g (C(l,l)*(o,l) = (C(l,l) anOT’ all (7 + T’/i) c C(O,l) and (rlj + Tllk) S C(l,l)’

we have

(r1j 4+ 11k) (r +7'i) = (rir +r17")j + (rir = 117 )k € Rj @ Rk = Cq ).

4, C(lrl)c(lll) Q (C(l,l)*(l,l) = C(O,l) IZSfO}’ all (rlj + r’lk), (I’zj + Ték) S (C(l,l)r we have

(r1j + 11k) (raj + 13k) = (=r1ra —147r3) + (r1ry —rir2)i € R@GRi = Cg ).

Thus, H is a strongly ®-weak graded ring. Moreover, as every element in H is invertible, hence

every ®-homogeneous element is invertible. Consequently, H is a ®-weak graded field.

Now, we give an example of a &-weak graded field, which is a field.

Example 3. Let X be the dihedral group of symmetries of a regular hexagon Dg = {1, x, x?, 3, x

4

7

x5, Y, Xy, xzy, x3y, xty, x5y}, H={1,2?, x4,y, xzy, x4y} and & = {1, x}. Then, the  operation

(Table 4), the cocycle f (Table 5), and the actions > and < (Table 6) are calculated as follows.

Table 4. The binary operation .

* 1 X
1 1 X
X X 1

Table 5. The cocycle f.

f 1 x
1 1 1
x 1 x2

Table 6. The actions s> u and s < u.

s> u 1 x? x* y Py oxty | osqu [ 1 x? x* y  xry  xty
1 x> X y 2y 2ty 1 1 1 1 1 1
X 1 x? x* 2y 2ty y x X x x x x

Now, we consider the field F = (R?, +, ) with product:
(a,b) (a1,b1) = (aay — bby,a by + bay),
forall (a,b),(a1,b1) € F. Hence, F is a ®-weak graded with F = F; @ Fy, where
F; ={(a,0):

aeR} and F,={(0,b): beR},

are additive subgroups. In addition, the inclusion property is satisfied as follows:
1. FF = {(Lll, 0) (ﬂz,()) Tom,ap € R} = {(ﬂlﬂz,()) L map € R} =FK = F.1.

2. FF={0)0,b): abeR}={(0,ab): abecR}=F,=Fp.,.
3. EF ={(0,b)(a,0): abeR}={(0,ba): baecR}=F=F..
4 F.F, = {(0, bl)(O, bz) : b, by e R} = {(*blbz,O) i —bhby € R} = Fi = Frsx.
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Therefore, F is a strongly &-weak graded field.

Definition 7. Let R be a &-weak graded ring. An ideal I of R is termed a &-homogeneous ideal of
R if I satisfies the condition: if x € I and x = ) (e Xs With xs € Ry, then each xs € 1.

Theorem 2. Let R be a B-weak graded ring. Then, R is a &-weak graded field if and only if {0} is
a maximal &-homogeneous ideal of R.

Proof. First, let R be a -weak graded field, and let I be a maximal ®-homogeneous ideal
of R. Suppose that I # {0}, then there is atleast 0 # x € I with x = ) ¢ xs, which implies
0 # x5 € I for some B-homogeneous component x5 of x. Hence, as R is a graded field,
X5 1 ¢ R, which implies x lxs = 1z € I. Thus, I = R. However, by the maximality of I,
I # R, which means that I = {0}.

On the other hand, let I = {0} be the maximal ®-homogeneous ideal of R. Then,
for any non-zero -homogeneous element x € R, we have

<x>={rx: reR}

Hence, by the maximality of I, < x > = R, which implies 1g € < x >. This means that
there exist ' € R such that ¥’x = 1g € < x >, which implies ¥ = x~!. Thus, every
®-homogeneous element (# 0) has an inverse. Therefore, R is a &-weak graded field. O

It is known that every field is an integral domain, which is commutative [23]. We
give here a counterexample, which shows that there is a field that has a non-homogeneous
unit, although it is a non-trivially X-graded field where X is a finite group. This may not
coincide with some of what was mentioned in [10,11,24].

Example 4. Consider the field F = (R?,+,-), where R> = {(a,b) : a,b € R} with (a1, by)
(a,by) = (ayay — biba,arby + byay), for all (a1, by), (az,by) € R?. Hence, F = Fy @ Fy isa
Zy-graded field with:

Fp={(a0): aeR} and F ={(0,b): beR},

where Fy and Fy are additive subgroups. The inclusion property is satisfied as follows:

1. FF = {({11,0) (112,0) oag,ap € R} = {(111[12,0) L omap € R} = Fy = Fy1o-

2. FyF = {(ﬂ,O)(O,b) : abe R} = {(O,ab) : abe R} =F =Fy1.

3. F k= {(0, b)(&l, 0) : abe R} = {(0, bﬂ) : bae R} =F = F1+0.

4. FF ={(0,01)(0,b2) : by, by € R} = {(=b1b2,0) : —b1by € R} = Fy = F141.
Thus, F is a strongly Zy-graded field. Moreover, it can be noted that (1,1) is a unit as

(113 —5) = (3= 5)(L1) = (1,0) = Ix,

but, obviously, (1,1) is not a homogeneous element.

As B-weak graded vector spaces are no more than modules over fields, all the results
mentioned for &-weak graded modules are applicable here.

Example 5. Let F be a field that is &-weak graded. Then, F is a &-weak graded vector space over
itself by putting Vs = F; for all s € &.

Example 6. Let X be the symmetric group Sz = {e, (12), (13), (23), (123),(132)}, H = {e, (12) },
and & = {(12),(13), (23) }. Then, the x operation (Table 7), the cocycle f (Table 8), and the actions
> and < (Table 9) are calculated as follows.
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Table 7. The binary operation .

Table 8. The cocycle f.

f (
(12) (
(13) (
(23) (

Table 9. The actions s> 1 and s < u.

NN

If we choose F to be the field R of real numbers, then F is &-weak graded by putting F,, = F.
Consider the vector space R® = {(a,b,c) : a,b,c € R}, and define

Viagy={(a,a,a) : a€eR},

V(l?)) == {(0, b, 0) : b S R}
and

V(23) = {(0,0, C) : c E R}

Hence, R3 = Viaz) @ Vi13) @ V{(a3). Moreover, the property (3) is satisfied for all s € &.
Therefore, V = R3 is a strongly -weak graded vector space.
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