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Abstract: For the application of parallel robots in the grinding industry, a parallel robot equipped
with a constant force actuator that produces a constant force for grinding is designed. To study the
characteristics of the parallel robot’s spatial positions and poses, the inverse solutions of the moving
platform’s spatial positions and poses as well as the workspace where objects were ground were
established by using DH parameters and geometric methods. The experimental results showed that
the workspace where objects were ground was a cylinder with a cross section similar to a symmetric
circular sector. To analyze the characteristics of the forces produced by the parallel robotic system,
the dynamics equation was established via the Newton–Euler method to verify the rationality of
the force decoupling design. Theoretical calculation combined with simulation and experimental
analyses confirmed the viability of the theoretical analyses which lay a theoretical foundation for the
design, manufacture and control of the parallel robotic system proposed in this paper.

Keywords: grinding robot; pose space; analysis of force decoupling characteristics

1. Introduction

Parallel robots’ mechanisms are advantageous due to their large mass–stiffness ra-
tio, small cumulative errors, high precision and suitability for high speeds and heavy
loads [1–3]. They are very suitable for the grinding industry. However, the development
and application of parallel robots have been limited because of the easy coupling of grind-
ing forces produced by parallel robots and complex spatial motion and control of parallel
robots. In this paper, a new 5-degrees-of-freedom (5-DOF) parallel robotic grinding system
is designed. The proposed 5-DOF parallel robot, combined with the constant force output
actuator produced by a company in Austria called Ferrobotics, has a force decoupling
design and produces a constant force to grind objects.

Many scholars have carried out some research and analyses of the characteristics
of parallel robots’ positions, poses and forces. Zhao Yongsheng [4] designed a 5-UPS
(Universal joint + Prismatic pair + Spherical pair)/1-PRPS (Prismatic pair + Revolute
pair + Prismatic pair + Spherical pair) 5-degrees-of-freedom parallel machine tool, the con-
straining branch of which is in the form of PRPS (Prismatic pair + Revolute pair + Prismatic
pair + Spherical pair). The structure is relatively simple and can realize the corresponding
constraint functions [5]. The driving branch is in the form of the commonly used UPS
(Universal joint +Prismatic pair + Spherical pair). The screw theory and DH parameters
were applied to analyze the kinematics of the machine tool, and the theoretical analysis
was verified with the prototype. Wu Guanglei [6] designed a series-parallel robot, intro-
duced Cartesian stiffness matrix and stiffness matrix decoupling to optimize its structural
parameters and improved the elastic static performance in the grinding process [6]; Xu
Peng [7] designed a polishing series-parallel robot for machining ultra-stiff materials. With
the spatial closed-loop vector method and exponential product formula, the kinematic
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characteristics of the series-parallel mechanism, such as positions, speeds, singularities and
workspace, were analyzed respectively, and the proposed series-parallel robot is suitable
for free-form-surface polishing; Tian Heqiang [8] designed a 6-DOF parallel grinding robot
which is applied to surgeries and proposed different interpolation algorithms for different
grinding surfaces to control the robot. Experiments verified the feasibility and accuracy of
the parallel grinding robot in surgeries and summarized its innovations and limitations;
Mei bin [9] proposed an elastic geometric error modeling method and weighted regular-
ization method to eliminate the errors of parallel grinding robots. Experiments showed
that the accuracy of parts processed by the abovementioned methods was significantly
improved [9].

Although parallel robots have received the attention of many experts, scholars and
enterprises at home and abroad, the research and application of parallel robots mostly
focus on motion clamping, milling and other industries, and there is little research on
its application in the grinding industry. At present, the robots employed in the grinding
industry are mainly series robots. The early application of series robots in the grinding
industry mainly focused on occasions where objects with simple shapes and objects with
low precision requirements were created.

In recent years, European and American countries have increased investment in
the robot grinding industry, and some key technologies have also been advanced. The
application of series robots in the field of grinding has been gradually promoted. With
their own advantages, the United States, Finland and other developed countries have
successively developed commercial machines with flexible movement, good universality
and high precision. At present, parallel robots are developing rapidly in milling, aircraft
simulation and other industries. However, because the grinding force of parallel robots is
easily combined with other forces, the grinding force perpendicular to the grinding point is
affected by multiple inputs at the same time. As the spatial motion and control are complex,
the domestic grinding industry still adopts more series robots with more mature technology.
The development of parallel robots is relatively slow. In view of the above situation, this
paper designed a new 5-DOF parallel grinding robot combined with a constant force
output actuator produced by Ferrobotics, a company in Austria, to realize the force type
decoupling, grinding with a constant force of the parallel robot. Since pose space control is
the premise of grinding and force control is an important guarantee to realize high-precision
grinding, this paper mainly analyzed the position, pose and spatial characteristics of the
designed model as well as forces affecting the designed model. The virtual prototype
model under the SolidWorks three-dimensional software environment was established.
The optimization design was carried out and the rationality of the structural design, the
correctness of the theoretical analysis and the feasibility of the practical application were
proven by using the methods of theoretical analysis and simulation analysis. Finally, the
physical model of the the new 5-DOF parallel grinding robot with a constant force output
actuator was established for experimental analysis.

To sum up, many scholars have designed parallel robots for specific work requirements,
analyzed their poses, positions and dynamics, and achieved fruitful outcomes. Nonethe-
less, they cannot realize constant force grinding with a force decoupling design and a
constant force output actuator. This paper aims to analyze the pose, position and dynamic
characteristics of the proposed parallel grinding robot so as to lay a theoretical foundation
for motion control and the error analysis of the proposed parallel grinding robot.

2. Introduction of the Parallel Grinding Robot

Using driving branches and constraining branches is an important method for the
construction of a parallel mechanism, which is adopted in this paper. As is shown in
Figure 1, the parallel robot includes a fixed platform, a moving platform, four driving
branches (UPS Universal joint + Prismatic pair + Spherical pair) and a constraining branch
(RPS Revolute pair + Prismatic pair + Spherical pair). The four inclined angles of the fixed
platform are connected with the moving platform through four identical driving branches
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(UPS), and the center of the fixed platform is connected with the center of the moving
platform through a constraining branch (RPS).
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Figure 1. The 4-UPS/1-RPS parallel grinding robot.

The parallel grinding robot drives the spatial motion of the parts to be ground, and the
constant force output actuator provides the grinding force perpendicular to the grinding
point. Figure 2 is the schematic diagram of the constant force output actuator, which
can provide high-precision constant force output in one-dimensional direction along its
axis (i.e., perpendicular to the grinding point plane). During operation, the filtered and
compressed air enters the constant force output actuator from the air inlet, and the control
cable is connected to the control box of the constant force output actuator. The internal
sensor of the constant force output actuator converts the detected internal air pressure into
output force data and transmits it to the controller. According to the real internal change in
air pressure, the controller regulates the pressure and rate of the air inlet to keep the output
force of the output actuator constant.

Symmetry 2021, 13, x FOR PEER REVIEW 4 of 31 
 

 

 

Figure 2. Constant force output actuator. 

3. Analysis of the Characteristics of the Parallel Grinding Robot’s Spatial Poses and 

Positions 

3.1. Constrained Branch DH Analysis 

The spherical pair was simplified into three one-degree-of-freedom revolute pairs 

whose rotation axes are perpendicular to each other. According to the coordinate system 

configuration principle of DH parameters, the coordinate system of the constraining 

branch (RPS) was established. The corresponding DH parameters are shown in Table 1. 

Table 1. Constraining branch DH parameters. 

The Serial 

Number of Each 

Kinematic Pair i 

The Length of 

Each Link ai 
The Torsion Angle αi The Offset Distance of Each Link di 

The Angle of 

Rotation of Each 

Link θi 

1 0 0 0 𝜃1 

2 0 𝛼2 𝑑2 0 

3 0 𝛼3 0 𝜃3 

4 0 𝛼4 0 𝜃4 

5 0 𝛼5 0 𝜃5 

In Table 1, the variables are θ1, d2, θ3, θ4 and θ5. The constants are α2 = −90° and α3 = 

α4 = α5 = 90°. ls0 is the distance from the center of the fixed platform to the axis of the 

revolute pair in the constrained branch. According to the principle of coordinate system 

transformation and DH parameters, the transformation matrix of the moving platform 

relative to the fixed platform is described in (1).  

s

1 2 3 4 5

13 4 5 13 5 3 4 5 13 5 13 4 2 1

13 4 5 13 5 13 4 5 13 5 13 4 2 1 0

4 5 4 5 4

( , , , , )

0

0 0 0 1

m

s

d

c c c s s c c s s c c s d s

s c c c s s c s c c s s d c l

s c s s c

   

            

            

    

=

+ − + − 
 
− + + − −
 
 −
 
 

T  

(1) 

In (1) 13 1 3 13 1 3sin( ) and cos( )s c     = + = +
.  
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3. Analysis of the Characteristics of the Parallel Grinding Robot’s Spatial Poses
and Positions
3.1. Constrained Branch DH Analysis

The spherical pair was simplified into three one-degree-of-freedom revolute pairs
whose rotation axes are perpendicular to each other. According to the coordinate system
configuration principle of DH parameters, the coordinate system of the constraining branch
(RPS) was established. The corresponding DH parameters are shown in Table 1.

Table 1. Constraining branch DH parameters.

The Serial Number of
Each Kinematic Pair i

The Length of Each
Link ai

The Torsion Angle αi
The Offset Distance of

Each Link di

The Angle of Rotation
of Each Link θi

1 0 0 0 θ1
2 0 α2 d2 0
3 0 α3 0 θ3
4 0 α4 0 θ4
5 0 α5 0 θ5

In Table 1, the variables are θ1, d2, θ3, θ4 and θ5. The constants are α2 = −90◦ and
α3 = α4 = α5 = 90◦. ls0 is the distance from the center of the fixed platform to the axis of the
revolute pair in the constrained branch. According to the principle of coordinate system
transformation and DH parameters, the transformation matrix of the moving platform
relative to the fixed platform is described in (1).

s
mT(θ1, d2, θ3, θ4, θ5) =

cθ13cθ4cθ5 + sθ13sθ5 −cθ3cθ4sθ5 + sθ13cθ5 cθ13sθ4 −d2sθ1
−sθ13cθ4cθ5 + cθ13sθ5 sθ13cθ4sθ5 + cθ13cθ5 −sθ13sθ4 d2cθ1 − ls0

−sθ4cθ5 sθ4sθ5 cθ4 0
0 0 0 1

 (1)

In (1) sθ13 = sin(θ1 + θ3) and cθ13 = cos(θ1 + θ3).
If the z–y–z Euler angles are used to describe the position and pose of the moving

platform relative to the fixed platform, the transformation matrix s
mT between the moving

platformand the fixed platform can be demonstrated in (2).

s
mT(α, β, γ, s

om x, s
om y, s

om z) =
cαcβcγ− sαsγ −cαcβsγ− sαcγ cαsβ s

om x
sαcβcγ + cαsγ −sαcβsγ sαsβ s

om y
−sβcγ sβcγ cβ s

om z
0 0 0 1

 (2)

In (2), α, β and γ are the Euler angles and s
om x, s

om y and s
om z are the coordinates of

the center of the moving platform in the fixed coordinate system. With the comparison
between (1) and (2), Equation (3) can be obtained.

s
om x = −d2sθ1
s
om y = d2cθ1 − ls0
s
om z = 0
α = −(θ1 + θ3)
β = θ4
γ = θ5

(3)

The moving platform = 0 is a constant, that is, the z axis coordinate of the center of the
moving platform is a fixed value, indicating that the parallel robot constrains are moving
along the Z-axis (one-degree-of-freedom). The one degree of freedom is constrained by the
combined action of the constant force output actuator and the linear slide.
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3.2. Inverse Solution Analysis of the Driving Branch (UPS)

Generally, the driving branch is the input link that controls the motion of the moving
platform. The constraining branch restricts one or several degrees of freedom of the
moving platform. In this paper, the degree of freedom of the parallel grinding robot to
be constrained is the degree of freedom that moves along the direction of the constant
force output actuator. The constraining branch adopts the RPS form which includes the
revolute pair, prismatic pair and spherical pair. The structure is relatively simple and can
achieve the corresponding constraining function. The driving branch adopts the mature
UPS form which includes the universal joint, prismatic pair and spherical pair. Such a
structural design can not only achieve the decoupling of degrees of freedom, but also results
in the driving branch as a driving part being mainly subject to the gravity of the moving
platform, fixture and parts to be processed and the spatial motion force. The forces applied
on the driving branch will not increase in corresponding multiples with the increase in
grinding processing force. The constraining branch is mainly used to constrain the degrees
of freedom of the parallel grinding robot along the Z-axis, and, with the constant force
output actuator, together bears the grinding forces perpendicular to the grinding point
during the grinding process to achieve the decoupling of different types of forces. The
moving platform is a disc-shaped structure. Four spherical pairs are evenly distributed
along the circumferential direction in order to avoid the strange position of the moving
platform in the initial position. The four driving branches are not completely symmetrical
to the center of the moving platform. The fixed platform adopts the form of a rectangle and
the four universal joints are distributed in the four oblique positions of the fixed platform.
As is shown in Figure 3, the fixed coordinate system S is established on the fixed platform
and the moving coordinate system M is established on the moving platform. The initial
directions of the two coordinate systems are consistent. When the structure sizes of the
parallel robot are given, the coordinates of each hinge in the corresponding coordinate
system can be obtained by using the geometric relationships.
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The four spherical pairs connected with the moving platform are evenly distributed in
the circumferential direction, and therefore the coordinates of each hinge Si on the moving
platform can be described by Equation (4).

m
i A =

[ m
i xA

m
i yA

m
i zA

]T (4)

The four universal joints connected with the fixed platform are distributed at the
four corners of the fixed platform. The coordinates of each universal joint Ui on the fixed
platform in the fixed coordinate system can be described by Equation (5).

s
i B =

[ s
i xB

s
i yB

s
i zB

]T (5)

The position vector from the center Om of the moving platform to the spherical pair Si
is described by Equation (6).

s
i A =

[ s
i xA

s
i yA

s
i zA

]T (6)

The coordinates of the moving platform center Om in the fixed coordinate system are
represented by s

Om
C . As per (2), Equation (7) can be obtained.

s
om C =

[ s
om x s

om y s
om z

]T

=
[
−d2sθ1 d2cθ1 − ls0 0

]T (7)

In the quadrilateral OmOsUiSi, s
i CSi represents the vector from OS to Si, and S

mR
represents the rotation matrix of moving platform M relative to fixed platform S. According
to the geometric relationships, the driving branch vector is shown by (8).

Li =
s
i Csi − s

i B = s
om C + s

i A − s
i B = s

om C + s
mRm

i A − s
i B (8)

Thus, the length of the driving branch is li=
√

Li(Li)
T (i = 1, 2, 3, 4). The length of each

driving branch can be obtained, and the position and pose of the moving platform can be
controlled by controlling the length of each driving branch.

3.3. The Analysis of the Workspace of the Parallel Grinding Robot Where Grinding Takes Place

Workspace is the working area of the robot’s manipulator. The workspace’s size
is an important index to measure the performance of robot [10], and it is an important
embodiment of the effectiveness and applicability of robot.

3.3.1. Influencing Factors of Workspace

The factors affecting the workspace of the parallel grinding robot include the lengths
of the driving branches, the rotation angles of the kinematic pairs, the mutual interferences
of the connecting links, etc. [11]. The maximum and minimum lengths of the driving
branches are lmin, lmax, respectively, and lmin ≤ li ≤ lmax. A new sentence has been added
right before Figrue 4. The new sentence includes the citation of Figure 4.

The unit vector passing through the center Om on the moving platform and parallel
to the Y-axis of the moving coordinate system is nmi. nmi = (0, 1, 0)T and the position
vector of this unit vector in the fixed coordinate system is m

s Rnmi. The rotation angle
of the i-th spherical pair along the circumferential direction on the moving platform is
φm

i = arccos Li∗m
s Rnmi
li

. According to (2), the position vector of the constraining branch in the
fixed coordinate system is no=

[
−d2sθ1 d2cθ1 − lS0 0

]T. The rotation angle of spherical

pair in the constrained branch is φo= arccos
m
s Rnmi∗no
|no | . The unit vector passing through the

center Os on the fixed platform parallel to the Y-axis is nsi and nsi=(0, 1, 0)T. The rotation
angle of the i-th universal joint on the fixed platform is φs

i = arccos Li∗nsi
li

. If the diameter
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of the driving branch is D and Di is the shortest distance between the center lines of two
adjacent driving branches, the condition to avoid mutual interference between two adjacent
driving branches is D ≤ Di. The limit rotation angles of the spherical pairs are φ1min and
φ1max. The limit rotation angles of each universal joint are φ2min and φ2max. The limit
positions of the prismatic pair in the constrained branch are d2min and d2max, respectively.
The limit rotation angles of the rotation pair in the constrained branch are θ1min and θ1max.
The parallel grinding robot shall meet the constraints described in Equation (9).

lmin ≤ li ≤ lmax
d2min ≤ d2 ≤ d2max
θ1min ≤ θ1 ≤ θ2max
φ1min ≤ φm

i ≤ φ1max
φ1min ≤ φo ≤ φ1max
φ2min ≤ φs

i ≤ φ2max
D ≤ Di

(9)

Equation (9) describes the constraints that should be met in the motion process of the
parallel grinding robot and limits the reachable workspace and feasible solution of the
parallel robot.
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3.3.2. Analysis of the Spatial Characteristics of the Places Where Grinding Takes Place

Grinding is generally carried out from points to lines and to surfaces. The grinding
tool is perpendicular to the place where grinding takes place. The place where grinding
takes place is the main concern when grinding process is analyzed. The parallel robot
system is that the grinding tool is relatively fixed, and the moving platform drives the
spatial motion of the parts to be machined, so that the place where grinding takes place is
perpendicular to the grinding tool to realize constant force grinding [12]. Therefore, when
the workspace of the parallel robot is analyzed, the place where grinding takes place on the
part to be machined corresponding to the end of the grinding tool should be taken as the
research object.
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The position with a distance YT along the Y-axis to the moving platform was taken
as the grinding point and the research object [13]. The workspace of the parallel grinding
robot is analyzed and the position vector of the grinding point in the moving coordinate
system is m

T E = (0, YT , 0)T whose position vector in the fixed coordinate system is m
s Rm

T E.
According to (7), the vector of the grinding point in the fixed coordinate system is shown
in (10).

s
TF = s

om C + m
s Rm

T E

=

 (−cθcθsθ + sθcθ)YT − d2sθ1
(−sθ13cθ4sθ5 − cθ13cθ5)YT + d2cθ1 − ls0

(−sθ4sθ5)YT

 (10)

3.3.3. Example Calculation

Considering the actual application of the parallel grinding robot, the actual assembly
size of the fixture and parts to be processed, the working process of the driving branches
and the overall size of the prototype, the main structural parameters of the parallel grinding
robot are shown in Table 2.

Table 2. Structural parameters.

Parameter Numerical Value

Moving platform radius R/m 0.1
Universal joint position circle radius Rs/m 0.335

The angle between the center of the fixed platform and U1 and U2 is µ1 53◦

The angle between the center of the fixed platform and U2 and U3 is µ2 127◦

Distance from fixed platform center to the axis of the revolute pair lS0/m 0.05
Distance between the grinding point and the moving platform center yT/m 0.075

Limit positions of each driving branch lmin, lmax/m (0.43, 0.68)
Limit positions of the constraining branch d2min, d2max/m (0.32, 0.55)

Limit rotation angles of each revolute pair θ1min, θ1max/rad (−π/3, π/3)
Limit rotation angles of each spherical pair φ1min, φ1max/rad (−π/4, π/4)
Limit rotation angles of each universal joint φ2min, φ2max/rad (−π/4, π/4)

Cylinder diameter D/m 0.035

Due to the complexity of the motion of the parallel grinding robot, the spatial analysis
of the grinding point of the parallel grinding robot is usually complex, which is generally a
nonlinear expression. Some are even implicit expressions. Hence, it is difficult to obtain
the numerical solution directly. In this paper, the brute-force search was used to draw the
three-dimensional graphs of grinding points. Equation (9) is the constraint condition and
the grinding points of (10) are the objective function. The exhaustive method was applied
in MATLAB to obtain the three-dimensional scattered-points set meeting the constraint
condition, as is shown in Figure 5. All the outermost points in the three-dimensional
scattered-points set were taken to form a new set, and then the envelope surface of the
gap (inexhaustible points) between adjacent points in the new set is drawn by surface
approximation so as to obtain the grinding point workspace of the parallel grinding robot
to prevent the dead zone that the parallel robot may not reach when performing tasks, as is
shown in Figures 6 and 7.

According to the analysis results of MATLAB and the system structure, the grinding
point workspace of the parallel grinding robot is a cylinder with a cross section similar to a
circular sector. In the cross section, the ranges of the grinding strokes in the X direction and
Y direction are about −0.3 m to 0.3 m and 0.25 m to 0.57 m, respectively. The upper and
lower ends are arc surfaces, and the lower end is gradually reduced to −0.11 m–0.11 m.
This workspace meets the common constant force grinding applications.
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4. Dynamic Modeling and Force Decoupling Analysis
4.1. Kinematic Analysis of the Constraining Branch

The spherical pair with three degrees of freedom in the constraining branch RPS
is equivalent to three revolute pairs, each of which has one degree of freedom. The
position and pose of the moving platform relative to the fixed platform can be expressed
as s

mP = [s
om x, s

om y, 0, α, β, γ]T. S
OM

C = (S
OM

x, S
Om

y, 0) are the coordinates of the center of the
moving platform Om. In the fixed coordinate system. (α, β, γ) represents the attitude Euler
angle of the moving platform in the fixed coordinate system. The constraining branch can
be expressed as s

cP = [θ1, d2, θ3, θ4, θ5]T.
From the derivatives of both sides of 43, the relationship between DH parameters of

the constraining branch and pose parameters of the moving platform is obtained, and it is
described in Equation (11).

s
m

.
P = GY

s
c

.
P (11)

In Equation (11), s
m

.
P = [s

om

.
x, s

om

.
y, 0,

.
α,

.
β,

.
γ]T and s

c
.

P = [
.
θ1,

.
d2,

.
θ3,

.
θ4,

.
θ5]T.

GY is the velocity mapping matrix between the constraining branch and the moving
platform (i.e., the first-order influence coefficient matrix).

GY =


−d2cθ1 −sθ1 0 0 0
−d2sθ1 cθ1 0 0 0
−1 0 −1 0 0
0 0 0 1 0
0 0 0 0 1


From the derivatives of both sides of Equations (11) and (12), the following can

be obtained.
s
m

..
P = GY

s
c

..
P + s

c
.
PTHY

s
c

.
P (12)

In Equation (12), s
m

..
P = [s

om

..
x, s

om

..
y, 0,

..
α,

..
β,

..
γ]T and s

c
..
P = [

..
θ1,

..
d2,

..
θ3,

..
θ4,

..
θ5]T.

HY is the acceleration mapping matrix between the constraining branch and the
moving platform (i.e., the second-order influence coefficient matrix).



Symmetry 2022, 14, 825 11 of 28

HY =



h11 h12 h13 h14 h15

h21 h22 h23 h24 h25

h31 h32 h33 h34 h35

h41 h42 h43 h44 h45

h51 h52 h53 h54 h55



h11 =



d2sθ1

−cθ1

0

0

0


h12 =



−cθ1

0

0

0

0


h21 =



−d2cθ1

−sθ1

0

0

0


h22 =



−sθ1

0

0

0

0



h13 = h14 = h15 = h23 = h24 = h25 = h31 = h32 = h33 = h34 = h35 = h41 = h42 = h43 = h44 = h45 = h51 = h52 = h53 = h54 = h55 =



0

0

0

0

0


The relationship between the pose parameters of the moving platform and the con-

straining branch parameters is obtained when both sides of Equations (11) and (12) are
multiplied by [GY]−1.

s
c

.
P = [GY]

−1s
m

.
P (13)

s
c

..
P = [GY]

−1s
m

..
P − [GY]

−1(s
m

.
PT([GY]

−1)
T

HY[GY]
−1s

m
.
P) (14)

The constraining branch is composed of a revolute pair, a prismatic pair and a spherical
pair. Its main rotational inertia and the forces that affect it are concentrated on the cylinder
block and linear moving link of the prismatic pair. The revolute pair and spherical pair
are ignored in the dynamic analysis. The coordinate system 1 where the revolute pair
axis is located was chosen as the reference coordinate system. The schematic diagram of
linear velocity and angular velocity of the constraining branch’s cylinder block is shown in
Figure 8, and the relationship between them and constraining branch velocity parameters
is shown in Equation (15)

[ 1
c1V
1
c1ω

]
=



−lc1
.
θ1cθ1

−lc1
.
θ1sθ1
0
0
0
.
θ1



=



−lc1cθ1 0 0 0 0
−lc1sθ1 0 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0





.
θ1.
d2.
θ3.
θ4.
θ5



(15)

Similarly, coordinate system 1 was chosen as the reference coordinate system, the
schematic diagram of linear velocity and angular velocity of the constraining branch’s linear
moving link are shown in Figure 9. The relationship between them and the constraining
branch velocity parameters is described in Equation (16).
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[ 1
c2V
1
c2ω

]
=



−lc2
.
θ1cθ1 −

.
d2sθ1

−lc2
.
θ1sθ1 +

.
d2cθ

0
0
0
.
θ1



=



−lc2cθ1 −sθ1 0 0 0
−lc2sθ1 cθ1 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0





.
θ1.
d2.
θ3.
θ4.
θ5



(16)
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11

1

1

s

sc

Y ms

c

− 
= 

 

V
J G P

ω
 (19) 

 
12

2

2

s

sc

Y ms

c

− 
= 

 

V
J G P

ω
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As is shown in Figure 10,  𝑉𝐵𝑂
𝑠  is the linear velocity of the moving platform’s center 

point Bo and 𝜔𝐵𝑂
𝑆  is the angular velocity of the moving platform. The velocity of the center 

point of the spherical pair is 𝑉𝑠𝑖
𝑠  and 𝑛𝑖

𝑠  is the unit direction vector of the driving branch 
𝐿𝑖 . 

Figure 9. The schematic diagram of constraining branch push rod speed.
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According to the coordinate transformation in Section 2, in the fixed coordinate system,
the relationship between the velocity DH parameters of the constraining branch and the
cylinder block and linear moving link can be expressed in Equation (17).[ s

c1V
s
c1ω

]
=

[ s
1R 0
0 s

1R

][ 1
c1V
1
c1ω

]
= J1

s
c

.
P (17)

[ s
c2V
s
c2ω

]
=

[ s
1R 0
0 s

1R

][ 1
c2V
1
c2ω

]
= J2

s
c

.
P (18)

Equation (13) was inserted into Equations (17) and (18) to obtain the conversion rela-
tionships between the velocities and angular velocities of the constraining branch’s cylinder
block and linear moving link and the moving platform’s pose and velocity parameters in
the fixed coordinate system. The relationships are described in Equations (19) and (20).[ s

c1V
s
c1ω

]
= J1[GY]

−1s
m

.
P (19)

[ s
c2V
s
c2ω

]
= J2[GY]

−1s
m

.
P (20)

4.2. Motion Analysis of the Driving Branch Components

As is shown in Figure 10, s
BOV is the linear velocity of the moving platform’s center

point Bo and S
BOω is the angular velocity of the moving platform. The velocity of the center

point of the spherical pair is s
siV and s

i n is the unit direction vector of the driving branch Li.
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Figure 10. Schematic diagram of the driving branch’s speed.

The motion of the moving platform was the research object. The velocity of the center
of the i-th spherical pair is shown in Equation (21).

s
siV = s

BOV + S
BOω × s

i A (21)

When the driving branch was taken as the research object, the velocity of the center of
the i-th spherical pair could be expressed in Equation (22).

s
siV = S

i ω ×
s
i nli +

s
i n

.
li (22)
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In Equations (21) and (22), S
i ω represents the angular velocity of the driving branch

Li in the fixed coordinate system, and
.
li represents the linear velocity of the driving branch.

As S
i ω⊥

s
i n and S

i ε⊥
s
i n, both sides of Equation (22) are multiplied by s

i n at the same
time, the scalar product of which is shown in Equation (23).

.
li =

n
i n · s

siV (23)

Equation (21) is inserted into Equation (23) to obtain Equation (24).

.
li =

s
i n × S

BOV + (s
i A × n) · S

BOω̃

=
[

s
i nT (s

i Ãs
i n)

][ s
BOV
S
BOω

]
(24)

In Equation (24), s
i Ã is the anti-symmetric matrix of s

i A. Both sides of Equation (24)
are multiplied by s

i n simultaneously to obtain Equation (25).

S
i ω =

s
i n × s

siV
li

(25)

Equation (21) is inserted in Equation (25) to obtain the expression of angular velocity
of the driving branch in the fixed coordinate system.

s
iω = 1

li

[s
i n × s

BOV + s
i n(S

BOω × s
i A)

]
= 1

li

[
s
i ñ − s

i ñs
i Ã
][ s

BOV
S
BOω

]
(26)

The derivatives of both sides of Equation (24) are the linear acceleration of the driving
branch Li.

..
li =

[
s
i nT (s

i Ãs
i n)T

][ s
BOa
S
BOε

]
+ S

BOω
Ts

i Ãs
i ñS

BOω+

1
li

[ s
BOV
S
BOω

][
I− s

i Ã
]T[

I− s
i Ã
][ s

BOV
S
BOω

]
−

1
li

[
s
BOVT S

BOω
T
][ s

i n
s
i Ãs

i n

][
s
i nT (s

i Ãs
i n)T

][ s
BOV
S
BOω

] (27)

In Equation (27), I is the third-order identity matrix. The angular acceleration of the
driving branch is the derivatives of both sides of Equation (25).

s
iε = 1

li
(
[

s
i ñ − s

i ñs
i Ã
][ s

BOa
S
BOε

]
− s

i ñS
BOω̃

s
i ÃS

BOω)−

2
l2
i
(
[

s
i ñ − s

i ñs
i Ã
][ s

BOV
S
BOω

]
−
[

s
i nT (s

i Ãs
i n)T

][ s
BOV
S
BOω

] (28)

The distance from the center of mass of the cylinder block to the center of the universal
joint is lui and the distance from the center of mass of the linear moving link to the center of
the spherical pair is lri. According to the velocity analysis method of theoretical mechanics,
in the fixed coordinate system, the centroid velocity and centroid acceleration of the driving
branch’s cylinder block are described in Equations (29) and (30), respectively.

s
uiV = s

iω × s
i nlui (29)

s
uia = s

iε × s
i nlui +

s
iω(s

iω × s
i n)lui (30)
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In the fixed coordinate system, the centroid velocity and centroid acceleration of the
driving branch’s linear moving link are described in Equations (31) and (32), respectively.

s
riV = s

iω × s
i nlri +

s
i n

.
li (31)

s
ria = s

iε × s
i n(li − lri) +

s
iω(s

iω × s
i n)(li − lri)+

s
i n

..
li + 2(s

iω × s
i n)

.
li

(32)

After simplification, the speed conversion relationship between the moving plat-
form and the driving branch’s cylinder block and linear moving link is described in
Equation (33). [ s

uiV
s
iω

]
= Jui

[ s
BOV
S
BOω

]
[ s

riV
s
iω

]
= Jri

[ s
BOV
S
BOω

] (33)

In Equation (33), Jui represents the velocity matrix between the moving platform and
the cylinder block of the driving branch in the fixed coordinate system.

Jui =

[
− lui

li
s
i ñ2 − lui

li
s
i ñ2s

i Ã
1
li

s
i ñ − 1

li
s
i ñs

i Ã

]
(34)

In Equation (34), Jri represents the velocity matrix between the moving platform and
the linear moving link of the driving branch in the fixed coordinate system.

Jri =

[
I + lri

li
s
i ñ2 −S

I Ã − lri
li

s
i ñ2s

i Ã
1
li

s
i ñ − 1

li
s
i ñs

i Ã

]
(35)

4.3. Analysis of the Mapping Relationship between the Input Velocity of the Stressed Component
and the Driving Branch

According to Equation (24), in the fixed coordinate system, the input speed
.
li of the

driving branch Li is described in Equation (36).

.
li = s

i n · s
BOV + (s

i A × s
i n) · S

BOω̃

=
[

s
i nT (s

i A × s
i n)T

][ s
BOV
S
BOω

]
(36)

With
.
L =

[ .
l1

.
l2

.
l3

.
l4

]T
, Equation (37) can be obtained.

.
L = JA

[ s
BOV
S
BOω

]
(37)

JA =


s
1nT (s

1A × s
1n)T

s
2nT (s

2A × s
1n)T

s
3nT (s

3A × s
3n)T

s
4nT (s

4A × s
4n)T

 (38)

The analysis shows that JA is a 4 × 6 matrix, and hence Equation (38) cannot be
directly inversed. The relationship matrix in Equation (38) is transformed into an n-th
square matrix, which is shown in Equation (39).

[ s
BOV
S
BOω

]
= Tv


s
BOV

.
α
.
β
.
γ

 (39)
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Equation (39) is inserted into Equation (37) to obtain Equation (40).
s
BOV

.
α
.
β
.
γ

 = J−1
A1

.
L (40)

In Equation (40), JA1 = JATv and J−1
A1 is the inverse matrix of JA1. Equation (40) is

inserted into Equation (39) with JA2 = TvJ−1
A1 = Tv(JATv)

−1 to obtain (41).[ s
BOV
S
BOω

]
= TvJ−1

A1

.
L = Tv(JATv)

−1 .
L = JA2

.
L (41)

Equation (40) is inserted into Equations (19) and (20) to obtain Equations (42) and (43).[ s
c1V
s
c1ω

]
= J1[GY]

−1J−1
A1

.
L = Jc1

.
L (42)

[ s
c2V
s
c2ω

]
= J2[GY]

−1J−1
A1

.
L = Jc2

.
L (43)

In Equations (42) and (43), Jc1 and Jc2 are the mapping matrices from the input speed
of the driving branch to the cylinder block and the linear moving link of the constraining
branch, respectively. Equation (41) is inserted into Equation (34) to obtain Equation (44).[ s

uiV
s
iω

]
= JuiJA2

.
L = Jui1

.
L (44)

Equation (41) is inserted into Equation (35) to obtain (45).[ s
riV
s
iω

]
= JriJA2

.
L = Jri1

.
L (45)

In Equations (44) and (45), Jui1 and Jri1 are the speed mapping matrixes from the input
speed of the driving branch to the driving branch’s cylinder block and the linear moving
link, respectively.

4.4. Stress Analysis and Model Establishment
4.4.1. Force Analysis

The forces that affected the moving platform mainly include the inertia force, inertia
moment, gravity and grinding force, as well as grinding torque during grinding.

If the fixture on the moving platform and the moving platform are simplified as a
whole, the inertia force of the moving platform is shown in Equation (46).

s
Bf = −mB

s
Ba (46)

In Equation (46), mB is the mass of the simplified moving platform.
The inertia moment of the simplified moving platform is shown in (47).

s
Bn = −s

mRm
B Is

mRTs
Bε − s

Bω × (s
mRm

B Is
mRTs

Bω) (47)

In (47), m
B I is the moment of inertia of the simplified moving platform.

m
B I =

 IBX 0 0
0 IBY 0
0 0 IBZ


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The gravity of the simplified moving platform is shown in (48).

s
BG = mB

sg (48)

In the fixed coordinate system, the force and torque affecting the moving platform
during grinding are shown in (49) and (50), respectively.

s
Bfk =

s
mRm

B fk (49)

s
Bnk =

s
mRm

B nk (50)

In (49) and (50), m
B fk and m

B nk. are the external force and external torque affecting the
moving platform, respectively.

The force on the constraining branch is mainly concentrated on the cylinder block and
linear moving link, and the inertial force that affected the constraining branch is described
in (51).

s
cif = −mci

s
cia (51)

In (51), mci is the mass of the simplified constraining branch’s cylinder block and
linear moving link. The inertia moment of the constraining branch’s cylinder block and
linear moving link is shown in (52).

s
cin = −s

i Ri
ciI

s
i RTs

ciε − s
ciω × (s

i Ri
ciI

s
i RTs

ciω) (52)

In (52), i
ciI is the moment of inertia of the constraining branch’s cylinder block and

linear moving link after simplification.
After simplification, the gravity of constraining branch’s cylinder block and linear

moving link is shown in (53).
s
ciG = mci

sg (53)

The coordinate system was established, as is shown in Figure 9, where s
i u is the unit

position vector of the i-th universal joint under the fixed coordinate system, and the rotation
matrix of the coordinate system at the centroid of the driving branch’s cylinder block and
linear moving link relative to the fixed coordinate system is shown in (54).

s
uiR =

[ s
i n × s

i u s
i n × (s

i n × s
i u) s

i n
]

(54)

The inertia force of the cylinder block and the linear moving link is shown in (55) and
(56), respectively.

s
uif = −mui

s
uia (55)

s
rif = −mri

s
ria (56)

In (55) and (56), mui and mri are the masses of the driving branch’s cylinder body and
linear moving link, respectively.

The torques applied on the cylinder block and linear moving link are described in (57)
and (58), respectively.

s
uin = −s

uiR
i
uiI

s
uiR

Ti
uiε − i

uiω × (s
uiR

i
uiI

s
uiR

Ti
uiε) (57)

s
rin = −s

riR
i
riI

s
riR

Ti
riε − i

riω × (s
riR

i
riI

s
riR

Ti
riε) (58)

In (57) and (58), i
uiI and i

riI are the rational inertias of the driving branch’s cylinder
block and linear moving link under the coordinate system i. The gravity of cylinder block
and linear moving link are described in (59) and (60), respectively.

s
uiG = mui

sg (59)

s
riG = mri

sg (60)
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4.4.2. Dynamics Model of the Parallel Grinding Robot

The forces that affect the moving platform, each component of the driving branches
and each component of the constraining branch needed to be mapped to the equivalent
input forces of the four driving branches. The mapping matrix between the actual forces
that affected each component of the parallel grinding robot and the equivalent input forces
of the driving branches is the transposition matrix of the parallel grinding robot’s velocity
matrix [14]. Therefore, the equivalent input force of each driving branch is as follows.

In the fixed coordinate system, the equivalent input forces mapped from the actual
force affecting the simplified moving platform to the driving branches are described in (61).

s
Bfe = JA2

T
[ s

Bf + s
BG + s

Bfk
s
Bn + s

Bnk

]
(61)

In the fixed coordinate system, the equivalent input forces mapped from the actual
forces affecting the cylinder block and linear moving link of the constraining branch to the
driving branches are described in (62) and (63), respectively.

s
c1fe = Jc1

T
[ s

c1f + s
c1G

s
c1n

]
(62)

s
c2fe = Jc2

T
[ s

c2f + s
c2G

s
c2n

]
(63)

In the fixed coordinate system, the equivalent input forces mapped to the driving
branches from the forces affecting the cylinder blocks and the linear moving links of the
driving branches are described in (64).

fei = Jui1
T
[ s

uif +
s
uiG

s
uin

]
+ Jri1

T
[ s

rif +
s
riG

s
rin

]
, (i = 1, 2, 3, 4) (64)

According to the D’Alembert principle, the driving forces of the driving branches
are balanced by the equivalent input forces. With F = (f1, f2, f3, f4)

T , Equation (65) can
be obtained.

F + s
Bfe +

s
c1fe +

s
c2fe + ∑ 4

i=1 = 0 (65)

With the known structural parameters of the parallel grinding robot and (53), the
explicit relationship between the force affecting the moving platform and the driving force
of the driving branch can be obtained.

4.5. Decoupling Analysis of Human Types of Parallel Machines

Whether the theoretical analysis was reasonable needed to be verified by simulation
analysis. With the help of ADAMS, a virtual prototype analysis software, the kinematics
simulation of the model was carried out. Given different two-point motion forms of the
moving platform, the simulation curves of driving branch speed and acceleration were
obtained, and the numerical solutions obtained by MATLAB were compared and analyzed.

In the structural design of the parallel grinding robot, the forces applied vertically
on the grinding point and applied on the moving platform were decoupled. Whether the
model design could achieve the expected goal could be verified by actual model calculation
or simulation. The parameters of the virtual prototype model of the parallel grinding
robot were employed in the dynamics equation, and the theoretical calculation was carried
out, combined with the actual working conditions [15]. These are the main structural
parameters and characteristics of the parallel grinding robot in Table 3.
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Table 3. Structural Parameters or Characteristics.

Structural Parameters or Characteristics Value/Unit

The mass of the moving platform, mB 3.593 kg
The mass of the cylinder block of the constraining branch (RPS), mc1 1.311 kg
The mass of. The mass of the cylinder block of each driving branch (UPS), mui 1.458 kg
The mass of linear moving link of the driving branch (UPS) is mri 0.255 kg
The rotational inertia IBX of the moving platform around X-axis 3.30 × 10 −3 kg·m2

The rotational inertia IBY of the moving platform around Y-axis 17.79 × 10 −3 kg·m2

The rotational inertiaof the moving platform around Z-axis 16.28 × 10 −3 kg·m2

The rotational inertia Ic1X of the cylinder block of the constraining branch (RPS) around X-axis 8.94 × 10 −3 kg·m2

The rotational inertia Ic1Y of the cylinder block of the constraining branch (RPS) around Y-axis 0.67 × 10 −3 kg·m2

The rotational inertia Ic1Z of the cylinder block of the constraining branch (RPS) 9.34 × 10 −3 kg·m2

The rotational inertia Ic2X of the linear moving link of the constraining branch (RPS) around the X-axis 1.14 × 10 −3 kg·m2

The rotational inertia Ic2Y of the linear moving link of the constraining branch (RPS) around Y-axis 1.14 × 10 −3 kg·m2

The rotational inertia Ic2Z of the linear moving link of the constraining branch (RPS) around Z-axis 0.011 × 10 −3 kg·m2

The rotational inertia IuiX of the cylinder block of the driving branch (UPS) around X-axis 15.34 × 10 −3 kg·m2

The rotational inertia IuiY of the cylinder block of the driving branch (UPS) around Y-axis 14.92 × 10 −3 kg·m2

The rotational inertia IuiZ of the cylinder block of the driving branch (UPS) around Z-axis 0.72 × 10 −3 kg·m2

The rotational inertia IriX of the linear moving link of the driving branch (UPS) around X-axis 1.95 × 10 −3 kg·m2

The rotational inertia IriY of the linear moving link of the driving branch (UPS) around Y-axi 1.95 × 10 −3 kg·m2

The rotational inertia IriZ of the linear moving link of the driving branch (UPS) around Z-axis 0.013 × 10 −3 kg·m2

Centroid distance lc1 of the cylinder block of the constraining branch (RPS) 0.133 m
Centroid distance lc2 of the linear moving link of the (RPS) 0.198 m
Centroid distance lu1 of the cylinder block of the driving branch (UPS) 0.063 m
Centroid distance lr2 of the linear moving link of the driving branch (UPS) 0.155 m

Hypothesis 1 was that the parallel grinding robot was only subjected to gravity without
other external forces. The motion equation is as follows: X =

{
0.002t2, (t ≤ 5)
0.1− 0.002(t− 10)2, (5 < t ≤ 10)

Y = 0.45, (t ≤ 10)
(66)

{
X = 0.1 cos( π

20 (t− 10))
Y = 0.1 sin( π

20 (t− 10)) + 0.45
(10 < t ≤ 50) (67)

β = −π/12, (0 ≤ t ≤ 50) (68)

According to (66)–(68), the MATLAB numerical solution curve and Adam simula-
tion solution curve of velocity and acceleration of the driving branches are shown in the
Figures 11–14.
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Figure 11. Numerical solution velocity curve of the driving branches.
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The other external forces on the moving platform were s
Bfk = 0. The external moment

was s
Bnk =0. The numerical solution was calculated with MATLAB, and the stress diagrams

of four driving branches were obtained, as is shown in Figure 15. The analysis showed
that in the linear motion stage, the forces on the driving branch L1 and the driving branch
L4 decreased smoothly, and the forces on the driving branch L2 and the driving branch
L3 increased smoothly. The force curves of the driving branch L1 and the driving branch
L4 changed similarly and had different sizes, and the driving branch L2 and the driving
branch L3 changed similarly and had different sizes. This result was consistent with the
symmetrical structure design of the parallel grinding robot. In the circular motion stage,
the forces on the four driving branches changed in sine and cosine waves and also met the
qualitative law in the linear motion stage, which was consistent with the spatial motion.
During the entire movement, the forces on the four driving branches were uniform. The
minimum forces on L1 and L2 were 6 N near the 26th second, and the minimum forces
on L3 and L4 were 6 N near the 15th second. The maximum forces on the four driving
branches appeared near the 40th second, which was about 17.5 N, but the forces on the four
driving branches changed slightly near the 10th second, that is, in the moment connecting
the linear motion and circular motion, the forces affect the parallel grinding robot suddenly
changed. This corresponded to the sudden change in acceleration in acceleration analysis.
In the later trajectory planning and grinding process, the impact should be reduced.
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Whether the theoretical analysis was correct or not needed to be verified by simulation
or experiment, and the virtual prototype model was imported into ADAMS simulation
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analysis software. The virtual prototype model was imported into Adams and the spatial
drive was applied to the moving platform to make the moving platform move when only
affected by gravity, according to the motion equations of hypothesis 1. The force simulation
solution of the driving branch is shown in Figure 16.
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Through the comparative analysis, the force curves of the numerical solution and
the simulation solution were basically identical. In the linear motion stage, the forces
on the driving branch L1 and the driving branch L4 gradually decreased, and the forces
on the driving branch L2 and the driving branch L3 gradually increased. In the circular
motion stage, the forces also changed in sine and cosine waves. The result was the same
as the MATLAB numerical solution and, therefore, the rationality of the model solution
and analysis was verified [16]. However, the overall force of the numerical solution was
smaller than that of the simulation analysis. Considering the establishment process of the
mathematical model, in the theoretical analysis the forces affecting the constraining branch
are simplified as the forces affecting the cylinder block and linear moving link. The revolute
pair and spherical pair had small inertia forces and rotational inertias which were ignored.
Similar simplification was also made in the force analysis of the driving branches. In the
force analysis of the moving platform, the overall dimensions of the fixture were ignored.
The fixture and moving platform were simplified into two different disks with the same
masses and rotational inertias as that of the fixture and moving platform, respectively. In
the simulation analysis, only the moving platform and fixture were simplified, and the
forces affecting the kinematic pairs of the constraining branch and the driving branch were
not simplified. The abovementioned simplification process reduced the complexity of the
whole model analysis and reduced calculation. The abovementioned simplification process
created some approximation errors between the experimental results and the simulation
analysis results but did not affect the correctness and rationality of the mathematical model.

Since the output force of the constant force output actuator remained unchanged in
the grinding process, the external force affecting the moving platform could be simplified
as a constant force along the Z-axis, and the torque of that external force is always s

Bnk =0.
Hypothesis 2 was that, in the grinding process, the constant force output actuator

applied a constant force of 30 N to the moving platform of the parallel grinding robot, that
is, s

Bfk = 30 N. The moving platform moved in the positive direction of Y-axis with an
acceleration of 2 mm/s2 for 10 s. The moving platform uniformly accelerated in the first 5 S
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and uniformly decelerated in the next 5 S. The moving platform remained horizontal all
the time, that is, the rotation angle of the moving platform was α = β = γ = 0 and angular
velocity was s

Bω = 0. Angular acceleration was s
Bω = 0, and the numerical curve and

simulation curves of driving forces of driving branches under hypothetical 2 are shown in
Figures 17 and 18. Hypothesis 3 was that, in the grinding process, the constant force output
actuator applied a constant force of 50 N to the moving platform of the parallel grinding
robot. That is, s

Bfk = 50 N. The motion of the moving platform in hypothesis 1 was the same
as the motion of the moving platform in hypothesis 2. The numerical curve and simulation
curve of the driving forces of the driving branches are shown in Figures 19 and 20.

Symmetry 2021, 13, x FOR PEER REVIEW 26 of 31 
 

 

Hypothesis 2 was that, in the grinding process, the constant force output actuator 

applied a constant force of 30 N to the moving platform of the parallel grinding robot, that 

is, 𝑓𝑘𝐵
𝑠 = 30 N. The moving platform moved in the positive direction of Y-axis with an ac-

celeration of 2 mm/s2 for 10 s. The moving platform uniformly accelerated in the first 5 S 

and uniformly decelerated in the next 5 S. The moving platform remained horizontal all 

the time, that is, the rotation angle of the moving platform was α = β = γ = 0 and angular 

velocity was 𝜔 = 0𝐵
𝑠 . Angular acceleration was 𝜔 = 0𝐵

𝑠 , and the numerical curve and sim-

ulation curves of driving forces of driving branches under hypothetical 2 are shown in 

Figures 17 and 18. Hypothesis 3 was that, in the grinding process, the constant force out-

put actuator applied a constant force of 50 N to the moving platform of the parallel grind-

ing robot. That is, 𝑓𝑘𝐵
𝑠 = 50 N. The motion of the moving platform in hypothesis 1 was the 

same as the motion of the moving platform in hypothesis 2. The numerical curve and 

simulation curve of the driving forces of the driving branches are shown in Figures 19 and 

Figure 20. 

 

Figure 17. Numerical curves of driving forces when 𝑓𝑘𝐵
𝑠 = 30 N. 

 

Figure 18. Driving force simulation curves when 𝑓𝑘𝐵
𝑠 = 30 N. 

Figure 17. Numerical curves of driving forces when s
Bfk = 30 N.

Symmetry 2021, 13, x FOR PEER REVIEW 26 of 31 
 

 

Hypothesis 2 was that, in the grinding process, the constant force output actuator 

applied a constant force of 30 N to the moving platform of the parallel grinding robot, that 

is, 𝑓𝑘𝐵
𝑠 = 30 N. The moving platform moved in the positive direction of Y-axis with an ac-

celeration of 2 mm/s2 for 10 s. The moving platform uniformly accelerated in the first 5 S 

and uniformly decelerated in the next 5 S. The moving platform remained horizontal all 

the time, that is, the rotation angle of the moving platform was α = β = γ = 0 and angular 

velocity was 𝜔 = 0𝐵
𝑠 . Angular acceleration was 𝜔 = 0𝐵

𝑠 , and the numerical curve and sim-

ulation curves of driving forces of driving branches under hypothetical 2 are shown in 

Figures 17 and 18. Hypothesis 3 was that, in the grinding process, the constant force out-

put actuator applied a constant force of 50 N to the moving platform of the parallel grind-

ing robot. That is, 𝑓𝑘𝐵
𝑠 = 50 N. The motion of the moving platform in hypothesis 1 was the 

same as the motion of the moving platform in hypothesis 2. The numerical curve and 

simulation curve of the driving forces of the driving branches are shown in Figures 19 and 

Figure 20. 

 

Figure 17. Numerical curves of driving forces when 𝑓𝑘𝐵
𝑠 = 30 N. 

 

Figure 18. Driving force simulation curves when 𝑓𝑘𝐵
𝑠 = 30 N. Figure 18. Driving force simulation curves when s

Bfk = 30 N.
Symmetry 2021, 13, x FOR PEER REVIEW 27 of 31 
 

 

 

Figure 19. Numerical curves of driving forces when 𝑓𝑘𝐵
𝑠 = 50 N. 

 

Figure 20. Driving force simulation curves when 𝑓𝑘𝐵
𝑠 = 30 N. 

After Figures 17–20 were compared, the forces on the four driving branches changed 

uniformly. The numerical solution curves were the same and the force curves of the sim-

ulation solution were the same. The magnitude of the forces was similar. The forces on 

the four driving branches did not have a multifold increase as the external force 𝑓𝑘𝐵
𝑠  in-

creased. The forces on the four driving branches only increased slightly by about 2 N. The 

results showed that the grinding force applied by the constant force output actuator was 

not mainly withstood by the driving branches but by the constraining branch. The driving 

branches mainly bore the gravity of the moving platform, fixture and parts to be pro-

cessed, and were mainly used to drive the spatial motion of parts. Similarly, the above-

mentioned results could be confirmed by comparing the force curves in the linear motion 

stage, which are shown in Figure 11 with Figures 14 and 15. The forces affecting the driv-

ing branches did not increase by a corresponding multiple with the increase in the output 

force of the constant force output actuator, but also slightly increased by 3 N to 4 N. The 

abovementioned results showed that the grinding force of the parallel grinding robot’s 

grinding system was mainly provided by the constant force output actuator and the con-

straining branch. The driving forces of the parallel robot were mainly employed to drive 

the spatial motion of the moving platform, that is, the force decoupling in the system 

structure design is reasonable and feasible. 

5. Experiments and Results 

Experiments and Results 

In the analysis of the characteristics of the spatial poses of positions of the parallel 

grinding robot in Section 2, the scattered-points diagram, three-dimensional diagram and 

cross section diagram of grinding point workspace were drawn by MATLAB. In Section 

Figure 19. Numerical curves of driving forces when s
Bfk = 50 N.



Symmetry 2022, 14, 825 24 of 28

Symmetry 2021, 13, x FOR PEER REVIEW 27 of 31 
 

 

 

Figure 19. Numerical curves of driving forces when 𝑓𝑘𝐵
𝑠 = 50 N. 

 

Figure 20. Driving force simulation curves when 𝑓𝑘𝐵
𝑠 = 30 N. 

After Figures 17–20 were compared, the forces on the four driving branches changed 

uniformly. The numerical solution curves were the same and the force curves of the sim-

ulation solution were the same. The magnitude of the forces was similar. The forces on 

the four driving branches did not have a multifold increase as the external force 𝑓𝑘𝐵
𝑠  in-

creased. The forces on the four driving branches only increased slightly by about 2 N. The 

results showed that the grinding force applied by the constant force output actuator was 

not mainly withstood by the driving branches but by the constraining branch. The driving 

branches mainly bore the gravity of the moving platform, fixture and parts to be pro-

cessed, and were mainly used to drive the spatial motion of parts. Similarly, the above-

mentioned results could be confirmed by comparing the force curves in the linear motion 

stage, which are shown in Figure 11 with Figures 14 and 15. The forces affecting the driv-

ing branches did not increase by a corresponding multiple with the increase in the output 

force of the constant force output actuator, but also slightly increased by 3 N to 4 N. The 

abovementioned results showed that the grinding force of the parallel grinding robot’s 

grinding system was mainly provided by the constant force output actuator and the con-

straining branch. The driving forces of the parallel robot were mainly employed to drive 

the spatial motion of the moving platform, that is, the force decoupling in the system 

structure design is reasonable and feasible. 

5. Experiments and Results 

Experiments and Results 

In the analysis of the characteristics of the spatial poses of positions of the parallel 

grinding robot in Section 2, the scattered-points diagram, three-dimensional diagram and 

cross section diagram of grinding point workspace were drawn by MATLAB. In Section 
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After Figures 17–20 were compared, the forces on the four driving branches changed
uniformly. The numerical solution curves were the same and the force curves of the
simulation solution were the same. The magnitude of the forces was similar. The forces
on the four driving branches did not have a multifold increase as the external force s

Bfk
increased. The forces on the four driving branches only increased slightly by about 2 N.
The results showed that the grinding force applied by the constant force output actuator
was not mainly withstood by the driving branches but by the constraining branch. The
driving branches mainly bore the gravity of the moving platform, fixture and parts to
be processed, and were mainly used to drive the spatial motion of parts. Similarly, the
abovementioned results could be confirmed by comparing the force curves in the linear
motion stage, which are shown in Figure 11 with Figures 14 and 15. The forces affecting
the driving branches did not increase by a corresponding multiple with the increase in
the output force of the constant force output actuator, but also slightly increased by 3 N to
4 N. The abovementioned results showed that the grinding force of the parallel grinding
robot’s grinding system was mainly provided by the constant force output actuator and
the constraining branch. The driving forces of the parallel robot were mainly employed to
drive the spatial motion of the moving platform, that is, the force decoupling in the system
structure design is reasonable and feasible.

5. Experiments and Results
Experiments and Results

In the analysis of the characteristics of the spatial poses of positions of the parallel
grinding robot in Section 2, the scattered-points diagram, three-dimensional diagram and
cross section diagram of grinding point workspace were drawn by MATLAB. In Section 5,
the independently designed grinding system was employed to verify the spatial cross
section diagram of the grinding point workspace in Section 2.

As is shown in Figure 21, a pencil was installed on the moving platform of the parallel
grinding robot and the grinding point trajectory was projected on a piece of white paper.
The moving platform was driven to move along the maximum reachable space of its X–Y
plane, as is shown in Figure 22. The cross section view of the workspace of the 5-DOF
parallel grinding robot was obtained, as is shown in Figure 23.

Figure 7 was compared with Figure 23. The comparison showed that the cross section
of the workspace of the grinding point obtained through the theoretical analysis was
consistent with the shape of the workspace boundary curve obtained through the physical
model, indicating the correctness of the theoretical analysis of the pose and position
characteristics. As per Figure 23, the cross section of the workspace of the parallel robot’s
grinding system model is a circular sector. The upper end of the sector is an arc with a
radius of about 0.55 m and the lower end is an arc with a radius of about 0.22 m. The
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distance between the upper and lower arcs is about 0.32 m, and the distance between the
left and right sides is about 0.58 m.
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At the same time, as per the contour of the trajectory diagram, the parallel robot’s
grinding system can realize accurate spatial motion, but the motion accuracy cannot be
brought into full play. The analysis of the approximation errors shows that the physical
model is the first prototype model. Some aspects of the dimension design and coordination
are unreasonable. The fixed platform is made of aluminum. The moving platform and
the universal joints were 3D printed and, therefore, the accuracy does not meet the design
requirements, resulting in the low motion accuracy of the whole system.
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6. Conclusions

A parallel robotic system suitable for the constant force grinding industry is proposed
and the poses, positions and the force decoupling of the 4-UPS/RPS parallel grinding
robot were studied by using the methods of theoretical and simulation analyses as well as
experimental verifications. The main conclusions are as follows.

The inverse kinematics equation of the 4-UPS/RPS parallel grinding robot was es-
tablished by using DH parameters and geometric methods. The influencing factors of the
workspace were considered as constraints. The scattered-points diagram, three-dimensional
diagram and cross section diagram of grinding point workspace were drawn. The results
showed that the grinding point workspace was a cylinder with a cross section similar to
a circular sector. The travel range in the X direction is about −0.3 m–0.3 m and the travel
range in the Y direction is about 0.25 m–0.57 m. The upper and lower ends are arc surfaces.
The cross section of the workspace was taken as an example. The correctness and rationality
of pose, position and workspace analyses were verified by physical model experiments.

The dynamics equations of the 4-UPS/1-RPS parallel grinding robot were established
by the Newton Euler method. Through calculation and simulation, when the external
grinding force of the parallel grinding robot increased in multiples, the forces affecting
the driving branches did not increase in multiples, indicating that there was no coupling
between the grinding force perpendicular to the grinding point and the forces driving the
spatial motion of parts in the grinding process. The feasibility and rationality of the force
decoupling design of the 4-UPS/1-RPS parallel grinding robot were verified.
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