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Abstract: A side skirt is a planar rooted tree T, T # P,, where the root of T is a vertex of degree at
least two, and all other vertices except the leaves are of degree at least three. A reduced Halin graph
or a skirted graph is a plane graph G = T U P, where T is a side skirt, and P is a path connecting
the leaves of T in the order determined by the embedding of T. The structure of reduced Halin or
skirted graphs contains both symmetry and asymmetry. For n > 2 and P;, = v10203 - - - v, as a path
of length n — 1, we call the Cartesian product of a graph G and a path P, the n-generalized prism
over a graph G. We have known that the n-generalized prism over a skirted graph is Hamiltonian.
To support the Bondy’s metaconjecture from 1971, we show that the n-generalized prism over
a skirted graph is pancyclic.
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1. Introduction

The topological structure of an interconnection network or other network can be
represented by a graph. The processors can be shown as vertices or nodes, and the com-
munication links between processors can be expressed by edges connecting two vertices
together. The study of the structural properties of a network is beneficial for parallel or
distributed systems. The problem of finding cycles of various lengths in networks or graphs
receives much attention from researchers because this is a key measurement for evaluating
the suitability of the network’s structure for its applications and more information, see [1].

Pancyclicity in graph theory refers to the problem of finding cycles of all lengths
from three to its order. It was first investigated in the context of tournaments by Harary
and Moser [2], Moon [3] and Alspach [4]. Bondy [5] was the first one who introduced
and extended the concept of pancyclicity from directed graphs to undirected graphs.
In 1971, Bondy [6] posed a metaconjecture which states that almost any nontrivial condition
on a graph that implies that the graph is Hamiltonian also implies that the graph is
pancyclic (there may be a simple family of exceptional graphs). There are a number of
works that correspond to this metaconjecture. For instance, in 1960, Ore [7] introduced
the degree sum condition which states that “for each pair of non-adjacent vertices #,v in G,
d(u) +d(v) > n(G)” and showed that if G is a graph satisfying the degree sum condition,
then G is Hamiltonian. Bondy [5] showed that if G is a graph satisfying the degree sum
condition, then G is pancyclic or G = K, /5 ,,/2. Moreover, in terms of degree sequence
of a graph, Chvatal [8] showed that if G is a graph of order n > 3 with vertex degree
sequence di < dp < d3 < --- < dyanddy <k < n/2impliesd,,_ > n —k, then G
is Hamiltonian. Schmeichel and Hakimi [9] showed that if G satisfies such a condition
introduced by Chvatal [8], then G is either pancyclic or bipartite. Recently, the concept of
pancyclicity was also extended to hypergraphs, for examples, see [10,11].

Meanwhile, for the prism over a graph G, there are some Hamiltonian and pancyclicity
results. For examples, Paulraja [12] proved in 1993 that if G is a 3-connected 3-regular
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graph, then the prism GOP, is Hamiltonian. In 2001, Goddard [13] showed that if G is
a 3-connected 3-regular graph that contains a triangle, then the prism GOP; is pancyclic.
In 2009, Cada et al. [14] showed that if G is a connected almost claw-free graph and 1 > 4
is an even integer, then GOP, is Hamiltonian. They also showed that if G is a 1-pendent
cactus with A(G) < %(n+2) and n > 4 is an even integer, then GOP, is vertex even
pancyclic, i.e., each vertex of GUP, is contained in a cycle of each even length.

From our previous study [15], we have proven that the n-generalized prism over any
skirted graph is Hamiltonian. Then, to satisfy the metaconjecture, we are interested to
answer this question: Is the n-generalized prism over any skirted graph pancyclic? To find
the answer, we started by investigating the n-generalized prism over three specific types of
skirted graphs. These three types were introduced by Bondy and Lovasz [16] in 1985. They
studied the pancyclicity of a Halin graph. To show that a Halin graph is

almost pancyclic, they restricted the problem to a reduced Halin graph and then
showed that a reduced Halin graph H is almost pancyclic, i.e., it contains cycles of each
length from three through the order of H, except, possibly, for one even value. Moreover,
if it contains no cycle of even length m, then it contains a subgraph which is also a reduced
Halin graph or a skirted graph of order 2m — 1 of type I, IT or III. Note that skirted graphs of
these three types contain symmetric structure. However, the technique that we use to prove
pancyclicity of the n-generalized prism over three such specific types of skirted graphs
cannot be extended to conclude pancyclicity of the n-generalized prism over any skirted
graphs that contain both symmetric and asymmetric structures. In this article, we conduct
a novel technique modified from the idea of vertex pacyclicity of lexicographic product
over graphs presented in [17] to prove that the n-generalized prism over any skirted graphs
is pancyclic.

To study pancyclicity of the n-generalized prism over any skirted graphs, we present
some definitions and preliminary knowledge in Section 2. In Section 3, we prove that
the n-generalized prism over a triangle is pancyclic. In Section 4, we prove pancyclicity of
the n-generalized prism over a skirted graph. Finally, conclusions and discussion about
our future study are provided in Section 5.

2. Preliminaries

We consider a finite undirected simple graph. Several terminologies of graph theory
presented in this article follow from West’s textbook [18]. The length of a path or a cycle is
the number of its edges. A path of length n — 1 is denoted by P,,. An (s, t)-path of a graph
G is a path in G from s to t, denoted by P(s,t). Then, P(t,s) denotes the reversed path
of P(s,t). A pathin G is a spanning path if it contains all vertices of G. A cycle of G is
a Hamiltonian cycle if it contains all vertices of G. A graph G is said to be Hamiltonian
if it contains a Hamiltonian cycle. A graph G of order # is said to be pancyclic if it contains
a cycle of each length I for 3 <1 < n. A tree is a connected graph with no cycles. A rooted
tree is a tree with one vertex a chosen as its root. For each vertex u of a rooted tree with root
a, let P(u) be the unique (a, u) path. The parent of u is its neighbor on P(u), the children of
u are its other neighbors, the descendents of u are the vertices v of the rooted tree such that
P(v) contains u, the leaves are vertices of the rooted tree having no children and the internal
vertices are vertices of the rooted tree having children.

Let G and H be two graphs. The Cartesian product of graphs G and H, denoted by
GUH, is defined as a graph with the vertex set V(G) x V(H) and an edge {(u1,v1), (42, v2)}
presents in the Cartesian product whenever u; = uy and v1v; € E(H) or symmetrically
v1 = vy and uyuy € E(G). Forn > 2 and P, = v10,03 - - - v, we call a graph GOP,, the n-
generalized prism over a graph G. The 2-generalized prism over a graph G is called the prism
over a graph G. For convenience, the n-generalized prism over a graph G is referred to
a family of the n-generalized prism over a graph G for all n > 2. If u € V(G), then, for ease,
we refer to the vertex u in the s-th copy of GOP, as 1(8) instead of (u,vs).
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In a graph G and its subgraph H = (V(H), E(H)), the contraction of H is the replace-
ment of H by a single vertex whose incident edges are the edges other than edges in E(H)
that are incident to some vertices in V(H).

A Halin graph [16] is a plane graph . = T U C, where T is a planar tree with no
vertices of degree two and at least one vertex of degree at least three, and C is a cycle
connecting the leaves of T in the cyclic order determined by the embedding of T.

Let x be a vertex of C and a be the neighbor of x in T. Then, the graph G = 7 — x
is called a reduced Halin graph with root a. Clearly, G = T' U P, where T’ = T — x and
P = C — x. Note that T’ has no vertex of degree two except possibly the vertex a. For
technical reasons, Bondy and Lovéasz [16] regarded that a single vertex is also a reduced
Halin graph.

In this study, we are interested in the pancyclicity of the Cartesian product of a reduced
Halin graph or a skirted graph G and a path P, for n > 2. We can see that the Cartesian
product is pancyclic only if the order of G is at least 2. Here, we recall that a skirted graph
is isomorphic to a reduced Halin graph defined by Bondy and Lovasz [16]. However,
we exclude the case of a single vertex.

Before giving a definition of a skirted graph, let us introduce a definition of a side skirt
as follows.

A side skirt is a planar rooted tree T, T # P,, where the root of T is a vertex of degree
at least two, and all other vertices, except the leaves, are of degree at least three.

Now, a skirted graph is a plane graph G = T U P, where T is a side skirt, and P is a path
connecting the leaves of T in the order determined by the embedding of T (see Figure 1).

Figure 1. A skirted graph.

Let G = T U P be a skirted graph, a be the root of T and u, 1, be the endpoints of P.
Then, the graph G is called a skirted graph with root a and is denoted by G(a, ug, u). We
notice that if u is a vertex of a side skirt T, then u and its descendents induce a skirted
subgraph of G.

Since our skirted graphs are isomorphic to reduced Halin graphs defined by Bondy
and Lovasz [16], we obtain the following theorem and lemma from their study.

Theorem 1 ([16]). A skirted graph is Hamiltonian.

In order to mention about the Lemma 1 of [16], let us introduce some notations
as follows. For any skirted graph G(a,b,c) = T U P, we denote the path P of length
« by uguquy - - - u,, and the (a,c)-path of length g and the (4, b)-path of length y in T
by yoy1yz2---yp and xpx1x2 - - - X, respectively. Thus, yo = xo = a, up = x = b,
and u, = ypg = c (see Figure 2).
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Figure 2. Paths uguyuy - - - uy, (4, c)-path and (a, b)-path of G(a,b, c).

Lemma 1 ([16]). Let G = G(a, b, c) be a reduced Halin graph or a skirted graph of order m. Then,
G contains:

(i) an (a,c)-path of each length I fora +v <1 <m—1;

(ii) a (b,c)-path of each length | for « <1 <m — 1.

Remark 1. We obtain that

(i)  Lemma 1(i) gives an (a, b)-path of each length | for a + < 1 < m — 1 by the symmetry of
G(a,b,c);

(ii)  To track down the path from each skirted subgraph of G(a,b,c), a (b, c)-path of length m — 2
(without the root a) can be obtained by Lemma 1(ii).

From our previous study [15], we have proven the following theorem.
Theorem 2 ([15]). The n-generalized prism over any skirted graphs is Hamiltonian.

Now, we notice that a skirted graph G = T U P contains a cycle of length three and
one of the edges of such cycle belongs to the path P as follows.

Lemma 2. A skirted graph G = T U P contains a cycle of length three, and exactly one edge of
the cycle belongs to the path P.

Proof. To prove this statement, we let P = uguqu; - - - u,. Consider the side skirt T. Since T
is a finite rooted tree, there exists an internal vertex u such that all of its children are leaves
of T. Since the degree of u is at least three (can be two if u is the root of T), u has at least
two children. Let U be the set of all children of u. Thus, U C V(P) and |U| > 2. Letu; € U
and i be the minimum index of vertices in U. Since u has at least two children and a skirted
graph is a plane graph, u; 1 € U. Thus, {u, u;, u; 11} induces a cycle of length three in G.
Moreover, this cycle has one edge u;u;,1 and belongs to the path P. [

In general, a triangle in graph theory usually means a cycle of length three. However,
in this research, we define a triangle as follows.

Definition 1. (i)  Let G(a,ug,uy) = T U P be a skirted graph with P = uguquy - - - uy. For
i,j €{0,1,2,...,a} and i < j, an induced subgraph C(u, u;, u]-) of G(a, ug, uy) is said to be
a triangle in G(a, ug, u) if u is an internal vertex of T such that all children of u are leaves
of T and u; is the first vertex and u; is the last vertex in P in which u; and u; are children of
u. Moreover, since a skirted graph G(a, uo, uy) is a plane graph, vertices between u; and u;
in the path P, ujy 1, U120, Uiy3, ..., uj_1, are all children of u;



Symmetry 2022, 14, 816 50f 15

(i) From the triangle C(u,u;, uj), ifi+1 = j, then C(u,u;, uj) is called a single-triangle.
Otherwise, C(u,u;, u;) is called a multi-triangle (see Figure 3).

a

V2
U3

Up U1 Uz U3 U4 U5 Ug U7 US

Figure 3. C(vy,us, u4) and C(vs, ug, ug) are a single triangle and a multi-triangle in G(a, ug, ug),
respectively, while C(a, ug, ) is neither a single triangle nor a multi-triangle.

Observation 1. From Definition 1, a triangle C(u, u;, u;) of G(a, ug, uy) is also a skirted graph
T" U P’ containing the side skirt T with root u and the path P’ = u;u; 1u; o - - - u;. Note that u
has degree at least two because i < j.

We obtain from Lemma 2 that a skirted graph G contains a cycle C of length three.
Let x,y, z be vertices of C in which x is an internal vertex. If another leaf neighbor of x
is adjacent to either y or z, then we can extend C to be a multi-triangle. Otherwise, C is
a single triangle. Therefore, a skirted graph contains a triangle.

Theorem 3. Let G(a,ug,uy) = TU P be a skirted graph with P = uguquy - - - uy. If G is
a simple graph obtained from a skirted graph G(a, uo, uy) by contracting a triangle C(u, u;, u;) of
G(a, ug, uy) where u # a. Then, G is a skirted graph.

Proof. Let G(a,ug, uy) = TU P be askirted graph and C(u, u;, ;) be a triangle in G(a, uo, 1)
forsome 0 <i <wa—1andi < j. Let G’ be a simple graph obtained from G(a, ug, u,) by
contracting C(u, u;, u]-) and u* be the vertex of G’ represented by the triangle C(u, u;, uj),
i.e., all vertices u, u;, uj1,u;12,...,u;j are contracted into one vertex u*. Since u #a,Gis
not a trivial graph.

Consider the side skirt T of G(a, ug,u,). It can be seen that we obtain T’ from T
by deleting all children of u and then turn the internal vertex u to be a leaf u* of T'.
The contraction does not affect the degree of other vertices in G(a,ug, ty). Thus, T is
a side skirt. Now, we consider the path P of G(a, ug, uy). The contraction turns the path
P = uguyus ... u, into the path P’ = uguy ... u;_1u*uj;q ... u, in G'. Since the contraction
does not affect the degree of other vertices outside the triangle, all leaves of T except
Ui, Uiy1, Uiy, - -, 4 are still the leaves of T'. Thus, all vertices of P’ are all leaves of T".
Since G’ is a union T U P/, G’ is a skirted graph. O

Note that G’ = G/(a,up, un) if i,j ¢ {0,a}, G’ = G'(a,u*,u,) if i = 0 (in this case,
j # a)and G' = G'(a,ug, u*) if j = a (in this case, i # 0). However, to prove Theorem 3,
we do not care about the endpoints of the path P’ in G. Thus, we just wrote G'.

From Theorem 3, we already know that if G’ is a simple graph obtained from a skirted
graph G(a, ug, u, ) by contracting a triangle C(u, u;, uj) of G(a,ug, uy) where u # a, then, G/
is a skirted graph. Next, we investigate the case that u = a. By the definition of a triangle,
we obtain that i = 0 and j = a. Thus, in this case, the skirted graph G(a, ug, 14 is a triangle.
In the next section, we prove the pancyclicity results for the n-generalized prism over
a triangle.



Symmetry 2022, 14, 816

6 of 15

3. Pancyclicity of the n-Generalized Prism over a Triangle

To show that the n-generalized prism over a triangle is pancyclic, we need the follow-
ing lemmas.

Lemma 3. Let C = C(u, ug, uy) be a triangle of order a + 2. Then, C contains:

(i) a (u,uy)-path of each lengthl for1 <1 <a+1;
(ii) a (ug, uy)-path of lengths « and a + 1.

Proof. Let C = C(u, ug, uy) = T U P be a triangle of order a« 4+ 2 and P = uguquy - - - uy. We
prove this statement by the mathematical induction on a. If &« = 1, then C is a cycle of
length three. It contains (i) a (u, 17 )-path of lengths one and two and (ii) a (u, 11)-path of
lengths one and two. Now, we suppose that the statement holds for all triangles of order
less than a 4+ 2 where & > 1.

Let C' = (T —uy) U (P — ugy). Then, C" = C(u, up, uy—1) is a triangle subgraph of C.
By the induction hypothesis, we obtain that C(u, ug, u,_1) contains (i) a (#, u,_1)-path of
eachlength I for 1 < < a and (ii) a (1o, u,—1)-path of lengths « — 1 and «.

Since 1, is adjacent to u in C, C contains a (u, u,)-path of length one. Since 1, is
adjacent to u,_1 in C, we can extend a (u, u,_1)-path of length I to a (u, u, )-path of length
I+ 1. Thus, C contains (i) a (u, 1y )-path of each length I for 1 < < a + 1 and (ii) a (uo, s )-
path of lengthsa and a +1. O

Remark 2. We obtain that

(i)  Lemma 3(i) gives a (u,uq)-path of each length 1 for 1 < | < « + 1 by the symmetry of
C(l/l, Uo, ulx);
(i) P = uguquy...uy is a (ug, uy)-path of length o (without the vertex u) in C(u, up, Uy ).

The following lemma is an immediate observation about the pancyclicity of the prism
over a triangle.

Lemma 4. The prism over a triangle is pancyclic.

Proof. Leta > 1 and C = C(u, up, u,) be a triangle of length « 4+ 2. For 1 < s < 2, the s-th
copy of C contains a (u(®), u,gf))-path of each length [ for 1 < [ < a 4+ 1 by Lemma 3(i).

We link each (u(V), ulM )-path and (u(?), ul? )-path (maybe of different sizes) together with
edges uMu@ and u&l)u,gz). We obtain a cycle of each length [ for 4 <1 <2+ 4. Since C

contains a cycle of length 3, CLIP; is pancyclic. [

By using Lemma 4 as a basic step, we can use the mathematical induction to establish
the following result.

Theorem 4. The n-generalized prism over a triangle is pancyclic.

Proof. Leta > 1 and C = C(u, up, u,) be a triangle of order a + 2 and P, be a path of order
n > 2. We prove that COP, is pancyclic by the mathematical induction on . The basic step
is already taken by Lemma 4. For n > 3, suppose that CLJP,,_; is pancyclic. Since COP,_
is a subgraph of COP,, COIP, contains a cycle of each length [ for 3 <1 < (a« +2)(n —1).
We shall find a cycle of each length [ for (¢ +2)(n —1)+1 <1 < (a +2)n.

To show that COIP, contains a cycle of such lengths, we give the following paths and
link them together with edges joining each copy of C.

e The first copy and the last copy of C contain paths P(u(l),u,gl)) and P(u(”),u,g(n)),

respectively, of each length [ for 1 <1 < & + 1 by Lemma 3(i). Also, for the last copy
of C, a path P(u("), u(()">) of each length [ for 1 <[ < a + 1 exists by the symmetry of
C in Remark 2(i);
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e The remaining n — 2 copies of G contain the path P(u(() ) u (S))

the root u(s)) for 2 < s < n — 1, which exists by Remark 2(ii);
e The path P(u(™,u)) = u(My(r=1y(=2) ... 3(1) of length n — 1 is a path in COIP,
from the last copy to the first copy of C.

of length « (without

Now, we link each path (maybe of different sizes) by edge u,gf) u&sﬂ) when s is odd and

by edge u( )u(sﬂ) when s is even. We obtain a cycle of each length I for (a +2)n — 2 <
1< (a+ Z)n Smce (o +2)n—2a < (x«+2)(n—1)+1forall n > 3, COP, contains a cycle
of each length I for (« +2)(n — 1) +1 < I < (a + 2)n. Therefore, CLIP, is pancyclic. [

4. Pancyclicity of the n-Generalized Prism over a Skirted Graph

To show that the n-generalized prism over a skirted graph is pancyclic, we first
establish the preliminary results of even cycles in the n-generalized prism over a skirted
graph. Note that since a skirted graph is traceable, we investigate the n-generalized prism
over a path instead of the n-generalized prism over a skirted graph as follows.

4.1. Even Cycles in the n-Generalized Prism over a Path

Let n > 2 be an even integer and m > 2, we need the following lemma to prove that
P,,0P,, contains a cycle of each even length | where [ is an even integer ranging from 4 to mn.

Lemma 5. Suppose that m > 2. Then, the prism over Py, contains a cycle of each length | where |
is an even integer ranging from 4 to 2m. Moreover, if Py, = v10203 - - - Uy, then the edges Ugl)vgl)

and vg )vz of the first copy and the second copy of P[Py, respectively, are contained in a cycle of
each even length | for 4 <1 < 2m.

Proof. Let Py, = 010203 - - - vy. We define a sequence of m — 1 cycles in P,,[1P; as follows.

M1 (2)2) (1)

0y 0y 00y 0, 7,

oo (V@ @50,

1), 1) 1) (2) (2)(2) (2) (1)

Uy 037Uy U "V Uy U3 Uy Uy,

o

(1)3 (1)_1)_(2) (2) @)

Uy 0y 00y o

1) (1)

Um0, 40

@ ,@),0)

20 20 —1Vm Um

The length of each cycle in the sequence increases as an arithmetic sequence with
the common difference two. Then, the last cycle
(1) 1,0, @@ @) 2 (2) 1)

R I ) m=2Ym-1Ym Um

of this sequence has length 2m. Since the first cycle vél)vg) U% )Ué )vél) is a cycle of length

(1,1

4, the lengths of the cycles are even integers ranging from 4 to 2m. Moreover, v; 'v, ’ and
vgz)véz) are edges contained in all even cycles. O
Observation 2. For n > 2 is an even integer and m > 2, if Py, = 010203 - - - Uy, then the edges

vgl)vg) and vg 0y of the first copy and the last copy of PP, respectzvely, are contained
in a cycle of length mn (see Figure 4).
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’UYL) Uén) Uzgn) ’U7(7?721 vy
Ugnfl) ‘
UYL) ‘
Ugg) !
U?) ‘
vgl) vél) Uél) co ,Ufrp—l UT(;)
Figure 4. The dashed line represents a spanning cycle of length mn containing edges vgl)vgl) and
(m) (n)
vy vy

By using Lemma 5 as a basic step, we can use mathematical induction to establish
the following result.

Lemma 6. Suppose that n > 2 is an even integer, and m > 2. Then, the n-generalized prism over
Py, contains a cycle of each length 1, where | is an even integer ranging from four to mn. Moreover,

if Py = 010203 - - - Uy, then the edge vgl)vgl) of the first copy of P, (P, is contained in a cycle of

each even length | for 4 <[ < mn.

Proof. Let P, = v 003 - - vy, where m > 2, and n = 2k for some positive integer k.
We prove by the mathematical induction on k. The basic step is already done by Lemma 5.
For k > 2, suppose that P,,[1Py(_1) contains a cycle of each even length I, where [ is
an even integer ranging from 4 to 2m(k — 1). We shall find an even cycle of each length /
for2m(k —1)+2 <1 < 2mk.

Here, let us regard P,,L1P,(;_1) as a subgraph of P,,[1P; induced by the set of all
vertices of the first 2(k — 1) copies of Py,. By Observation 2, there is a cycle C* of length
2m(k — 1) in P[Py _q) containing the edges Ugl)vgl) and v§2k—2)v§2k—2).

Now, we consider the last two copies of P,. The vertices of these two copies induce

(2k—1)_(2k—1)

a subgraph P[P, of P;,[JPy. By Lemma 5, an edge v, Uy is contained in a cycle
. . (2k—2)_ (2k—1) (2k—2)_ (2k—1)

of each even length I for 4 < [ < 2m in Py,[1Py;. Since v; vy and v, (23 are

edges of P,,[1P,,, we delete edges v§2k72)v§2k72) and vgzkfl)vgk*l) and then join v§2k71) to

ngk—z) and v§2k_1) to véZk_z), respectively. Then, C* can be extended to a cycle of each even

length [ for 2m(k — 1) +2 <1 < 2mk.
Moreover, since the cycle C* contains edge vgl)vg) and the extension of C* does not

affect the edge vgl)vél), it is contained in a cycle of each even length [ for4 <[ <mn. O

By Lemma 6, P,,0JP, contains an even cycle of each length / for 4 <[ < mn when n
is even. Next, to investigate the case that n is odd, we first examine the case that n = 3
as follows.
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Lemma 7. Suppose that m > 2. Then, the three-generalized prism over Py, contains a cycle of each
length I, where | is an even integer ranging from 4 to 3m. Moreover, if Py, = 010203 - - - Uy, then

the edge vgl)vél) of the first copy of Py, [1P5 is contained in:

(i) a cycle of each even length | for 4 <1 < 3m if m is even;
(ii) a cycle of each even length I for 4 <1 < 3m — 1 if m is odd.

Proof. Let m > 2 and P, = vivv3:--vy. Here, let us regard P,[0P, as a subgraph
of P,,00P; induced by vertices of the first two copies of P;,. By Lemma 5 and P,,[1P, is
a subgraph of P,,[1P, P,,[1P5 contains a cycle of each length I, where | is an even integer
ranging from 4 to 2m and the edge vgl)vél) of the first copy of P,,[1P, is contained in a cycle
of each length I, where [ is an even integer ranging from 4 to 2m. We shall find even cycles
of each length I for 2m + 2 < I < 3m. By Lemma 5, P,,[0P, contains a cycle

= oD@ ol 1) W W@03 ) @) @)

1.1

of length 2m in which it contains v; “v, .

Now, we consider the second and the third copies of P,,. For an odd integer j such
that1 <j < m —1, there is a path Pj = U](.z)v](.s)v](i)l?)](i)l of length 3 in P, [JP;.

Since v'>) and U](-i)l have not been contained in C* for all odd integers j, we replace

each edge v](-z)v](i)l

length [ for 2m 42 < I < 3m. Since this extension does not change anything in the first

copy of Py, the extended cycle still contains the edge vgl)vgl).

(1),,(1)

Moreover, we can see that (i) if m is even, then v; v, ’ is contained in a cycle of each

(1),,(1)

even length I for 4 < [ < 3m (3m is even); (ii) if m is odd, then v; "v, ’ is contained in a cycle
of each even length / for4 <[ <3m —1(3misodd). O

—

with each path P;. Then, C* can be extended to a cycle of each even

Figure 5 shows examples of cycles of length 18 and 20 in P4[JP; and P,[1Ps, respectively.

Figure 5. (a) The dashed line represents a cycle of length 18 in Ps[JP;5; (b) The dashed line represents
a cycle of length 20 in P,[1Ps.

Remark 3. From the proof of Lemma 7, we obtain the cycles of length 3m when m is even and

(1)_(1)

3m — 1 when m is odd. We notice that, apart from edge v, "v, ’, these two cycles also contain edges

3),3) 2)_(2)

vy vy and vy vy when m > 3.

4.2. Our Main Results

To show that the n-generalized prism over any skirted graphs is pancyclic, we start by
providing some observations and investigating the pancyclicity of the prism over a skirted
graph. The pancyclicity of the three-generalized prism over a skirted graph is as follows.
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Observation 3. Let m > 3, a > 2,t < mand G(a, ug, uy) = T U P be a skirted graph of order
m with P = uguyuy - - - uy and C = C(u, u;, u;) be a triangle of order t in G(a, ug, uy) such that
u # a. Let G’ be a skirted graph of order m — (t — 1) obtained from a skirted graph G(a, ug, uy) by
contracting the triangle C and u* be the vertex of G’ represented the triangle C. By Theorem 1, G’ is
Hamiltonian. Let C' = u*v 0303 - - - vy—u™ be a spanning cycle in G'. Then, there is a spanning
path P' = u*v10p03 -+ - vy in G'.

Since u* is the vertex of G’ represented by the triangle C and vy is adjacent to u*, vy is adjacent
to either w, u; or uj in G(a, up, uy). Let G = G(a, ug, Ug).

o Ifviuj € E(G), then P(u;, Um—t) = jllj 1Uj 2+ UjO102 - - Oyt iS a path of length m — 2
(without the vertex u) in G;

e Ifvu; € E(G), then P(uj, Up—t) = Ujllj qUj_o+* UjU10 - - - Oyt 1S a path of length
m — 2 (without the vertex u) in G;

e Ifviu € E(G), then P(uj,0m—t) = ujuj_qUj_p- - UjpoUj U002 - Uyt is @ path of
length m — 2 (without the vertex u;) in G.

Theorem 5. The prism over any skirted graphs is pancyclic.

Proof. First, we consider a single skirted graph. Let G = G(a, 1, u,) = T U P be a skirted
graph of order m with P = ugujus - - - us. Let C = C(u,u;,u;) be a triangle of order ¢
in G(a,up, uy), where t < m. If u = a, then G itself is a triangle. By Theorem 4, the prism
over G is pancyclic. Now, we assume that u 7# a.

Let G’ be a skirted graph of order m — (t — 1) obtained from a skirted graph G
by contracting the triangle C and u* be the vertex of G’ represented by the triangle C.
By Theorem 1, G’ is Hamiltonian. Let C’ = u*v10,03 - - - v,,—tu* be a spanning cycle in G'.
Then, P’ = u*v1v,03 - - - Uy is @ spanning path in G'.

Since u* is the vertex of G’ represented by the triangle C and v is adjacent to u*, vq is
adjacent to either u, u; or u;. By Observation 3, without loss of generality, let v, be adjacent
to uj. Then, P(u;, Uy—t) = Ujlhi1Ujy - - UjU102 - - - Uy—t is @ path of length m — 2 (without
the vertex u) in G. Note that j = i + 1 if C is a single-triangle.

Now, consider prism over a skirted graph which contains the first and the second
copies of the same skirted graph. By Lemma 2, P(u;, v,,—¢)0P, contains a cycle C* of

each even length [ for 4 < | < 2(m — 1) in which it contains the edge uMy D

/1. Since

P(u;, vy—t)OP, is a subgraph of GOP,, the prism over G contains a cyclel of le+alch even
length I for4 <1 <2(m—1).

We shall find a cycle of each odd length I for 5 <1 < 2m — 1. Since P = ugl)u(l)uﬁ)l is

a path of length two in the first copy of GOIP; and u!) is not contained in C*, we replace

edge ul(l)ug_)l with the path P. Then, C* can be extended to a cycle of length I 4 1. Since
4 <1<2(m—1), we obtain a cycle of each odd length [ for 5 <1 < 2m — 1.

Since G contains a cycle of length three, the prism over G also contains a cycle of
length three. By Theorem 2, the prism over G is Hamiltonian, i.e., it contains a cycle of

length 2m. Therefore, the prism over G is pancyclic. O

Remark 4. From the proof of Theorem 5, the edge vfﬁ tilvﬁf)_t of the second copy of GUP, is

contained in an odd cycle of length 2m — 1 (see Figure 6).
Next, we consider the pancyclicity of the three-generalized prism over a skirted graph.

Theorem 6. The three-generalized prism over a skirted graph is pancyclic.

Proof. First, we consider a single skirted graph. Let G = G(a, 19, u,) = T U P be a skirted
graph of order m with P = uguquy---uy. Let C = C(u,u; u;) be a triangle of order ¢
in G(a,ug, uy), where t < m. If u = a, then G itself is a triangle. By Theorem 4, GOIP; is
pancyclic. Now, we assume that u # a.
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Figure 6. The dashed line represents a cycle of length 2m — 1 in GOP, containing edge v Ut

where G is a skirted graph in Theorem 5.

Let G’ be a skirted graph of order m — (+ — 1) obtained from a skirted graph G by con-
tracting the triangle C and u* be the vertex of G’ represented the triangle C. By Theorem 1,
G’ is Hamiltonian. Let C' = u*v10,03 - - - vy—u* be a spanning cycle in G’. Then, we let
P! = u*v1v,03 - - - Uy—t be a spanning path in G'.

Since u* is the vertex of G’ represented by the triangle C and v is adjacent to u*, v; is
adjacent to either u, u; or u;. By Observation 3, without loss of generality, let v; be adjacent
to uj. Then, P(u;, Uy—t) = Ujlli 1o -+ - Uj0102 - - - Uyt is @ path of length m — 2 (without
the vertex u) in G. Note that j = i + 1 if C is a single triangle.

Now, consider the three-generalized prism over a skirted graph which contains three
copies of the same skirted graph. Since P(u;, v,,—¢)[JP; is a subgraph of GLIP;, we show
that GLIP; is pancyclic by applying Lemma 7. Then, we consider two cases as follows.

Case 1. Here m — 1 is even. By Lemma 7(i), P(u;, vy,—t)00P; contains a cycle of each

even length I for 4 < < 3(m — 1) in which it contains the edge ui(l)ui(_%. Note that, for all
1 < s < 3, vertex 1) has not been contained in P (u;, vm—¢)OP5. To find an odd cycle,

we replace ufl) ”E«lk)l of such cycles with a path ul(l) u® uﬁ)l and then obtain a cycle of each

odd length I for 5 < I < 3(m —1)+1 = 3m — 2. Let C’ be the cycle of length 3m — 2

without the vertex u(3) (see Figure 7a). By Remark 3, C’ contains the edge ¥y Then,

i il
we replace ugs)uﬁ)l of C’ with a path u§3)u(3)ul@l and then obtain a cycle of length 3m — 1.

Thus, we obtain that GLIP; contains a cycle of each length [ forall 4 <[ < 3m — 1.
Case 2. Here m — 1 is odd. By Lemma 7(ii), P(u;, v,—¢)[JP3 contains a cycle of each

even length I for4 <1 < 3(m — 1) — 1 in which it contains edge u 1(1)”1(-131' Note that, for all

1 < s < 3, vertex #(®) has not been contained in P (u, vm—¢)OPs. To find an odd cycle,
we replace ugl)ul@l of such cycles with a path ugl)u(l)ugl)l and then obtain a cycle of each
odd length I for 5 <1 < 3(m — 1) = 3m — 3. Let C’ be the cycle of length 3m — 3 without

vertex u(?) (see Figure 7b). By Remark 3, C’ contains edge ”53)”1@1‘

”53)”1@1 of C" with a path ”53)”(3)”1(1)1 and then obtain a cycle of length 3m — 2. Therefore,

GOPs contains a cycle of each length [ forall 4 <[ < 3m —2.

We shall find a cycle of length 3m — 1 in GOIP;. Recall that C = C(u, u;, u;) is a triangle
of order t in G = G(a, ug, uy) such that u # a. To show that GOIP; contains a cycle of length
3m — 1, we give the following paths and link them together with edges joining each copy
of G.

e  For the first copy of G, we consider subgraph G'. If j = «, then C(u,u;,u;) =
C(u, uj, uy). Note that u; # ug since u # a. Then, G’ = G'(a,ug,u*). Since G’ is
a skirted graph, by Lemma 1, G’ contains an (a, u*)-path Pg/(a,u*) of length m — t.
Suppose that v’ is adjacent to u* in Pg/(a, u*). Then, v is adjacent to either u or u; in G.
We consider two cases as follows.

Thus, we replace

- Ifv'is adjacent to u, then P(v',u;) = v'uu; quiyo - - - u; is a path of length t — 1
(without the vertex u;);

- If ¢ is adjacent to u;, then P(¢/, u]-) =0 ujui Uiy ujis a path of length t — 1
(without the vertex u).
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Therefore, we can extend the path Pg/(a, u*) of length m — t in G’ to be a path P(a, uy)

of length m — 2 in G by replacing the edge v'u* of G’ with the path P(¢/, u;). Suppose

that j # a. Then, G’ = G'(a, up, uy). Since G'(a, ug, u ) is a skirted graph, by Lemma 1,

G’ contains an (a, u, )-path Pg(a,u,) of length m — t. Since Pg/(a, uy) is a spanning

pathin G’, Pg/(a, u,) contains the vertex u*. Suppose that v’ and v are adjacent to u*

in Pgr(a, uy). Then, each of v’ and v” is adjacent to either u, u; or u; in G. We consider

three cases as follows.

- If9'u,uw” € E(G), then P(v/,0") = v'ujujqujyy---ujv” is a path of length ¢
(without the vertex u);

- Ifv'uw,up” € E(G), then P(v,v") = v'uu;jujyy---u0” is a path of length ¢
(without the vertex u;);

- Ifo'u,u0"” € E(G), then P(v',0") = v'uuj_quj_5 - - - ujqu;v" is a path of length ¢
(without the vertex u;).

Therefore, we can extend the path Pg/(a, u,) of length m — t in G’ to be a path P(a, u,)

of length m — 2 in G by replacing the path v'u*v” in Pg/(a, u,) with the path P(v/,0").

Thus, the first copy of G contains a path P(a(!), u,(xl)) of length m — 2;

e By Remark 1(ii), the second copy of G contains a (u(()z), u&z) )-path P(u(()z), u,gz)) of length

m — 2 (without the root a(z)) ;

e By Remark 1(i), the last copy of G contains an (a(®), u((]S) )-path P(a®), u((]s) ) of length
m—1;

e The path P* = a1 of length 2 is a path in GOIP; from the last copy to the first
copy of G.

3 0 3 6 (3) @ 6 0 ORCRNC)

Vg >+ Uy Vs

Figure 7. (a) The dashed line represents a cycle of length 3m — 2 in GOP; when m — 1 is even; (b) The
dashed line represents a cycle of length 3m — 3 in GOJP; when m — 1 is odd.

Now, we link each path by edges uS}M,@ and uéz)u((]l). The cycle of length 3m — 1 is

P(a(l), u,gl))P(ugz), uéz))P(ué3), a(3))P*.

Therefore, GL1P; contains a cycle of length 3m — 1.

From these two cases, we obtain that GLIP; contains a cycle of each length [ for all
4 <1 <3m —1. Since G is a skirted graph, by Lemma 2, G contains a cycle of length three.
By Theorem 2, GOIP; is Hamiltonian, i.e., it contains a cycle of length 3m. Therefore, GL1P3
is pancyclic. [

By the proof of Theorem 6, the pancyclicity of the three-generalized prism over
a skirted graph, we need to consider the special case. However, there is no special case
when we show that GLIP, is pancyclic for n > 4. Therefore, we prove the following theorem
by considering n > 4.
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Theorem 7. The n-generalized prism over any skirted graphs is pancyclic.

Proof. First, we consider a single skirted graph. Let G = G(a, 19, u,) = T U P be a skirted
graph of order m with P = uguquy - - - u,. Let P, be a path of ordern > 2. If n = 2 or 3,
then we respectively obtain from Theorems 5 and 6 that GP, is pancyclic. Suppose now
thatn > 4.

Let C = C(u,u;, uj) be a triangle of order t in G(a, uo, uty), where t < m. If u = a, then
G itself is a triangle. By Theorem 4, the n-generalized prism over G is pancyclic. Now,
we assume that u # a.

Let G’ be a skirted graph of order m — (t — 1) obtained from a skirted graph G
by contracting the triangle C and u* be the vertex of G’ represented by the triangle C.
By Theorem 1, G’ is Hamiltonian. Let C’ = u*v10,03 - - - v,,—¢u* be a spanning cycle in G'.
Then, P’ = u*v1v,03 - - - Uy is @ spanning path in G'.

Since u* is the vertex of G’ represented by the triangle C and v is adjacent to u*, vq is
adjacent to either u, u; or u;. By Observation 3, without loss of generality, let v, be adjacent
to uj. Then, P(u;, Uym—t) = Ujlhi1Ujy - - UjV102 - - - Uy—t is @ path of length m — 2 (without
the vertex u) in G. Note that j = i + 1 if C is a single triangle.

Now, consider the n-generalized prism over a skirted graph which contains n copies
of the same skirted graph. Since u;u, uu;1 € E(G), Py, = ujutti qtj o+ Ujoy -~ Oyt is
a path of length m — 1 in G, i.e,, P}, is a spanning path in G. We can see that P;,[JP, is
a subgraph of GLIP,.

To show that GOP, is pancyclic, we consider two cases as follows.

Case 1. Here n is even.

By Lemma 6, P,,[1P, contains a cycle of each even length I for 4 < I < nm. Since
P}, 0P, is a subgraph of GOIP,, GLP, contains a cycle of each even length [ for 4 <1 < nm.
We shall find a cycle of each odd length in GOP,; by considering two disjoint-induced
subgraphs GLIP, and GOP,_, of GOP,, where GLIP; is induced by the first two copies of
G and GUP,,_; is induced by the last n — 2 copies of G.

First, we consider GUP,. By Theorem 5, GLP, contains a cycle of each length [ for
3 <1 < 2m. Since GOIP; is a subgraph of GLP,, we obtain that GLIP, contains a cycle of
each length [ for 3 <1 < 2m. Let C* be the cycle of length 2m — 1 in GLJP, containing edge
55)_ t—101(112 )—tr which exists by Remark 4.

Next, we consider subgraph GUP,,_; induced by the last n — 2 copies of G, in order
to show that GOP,; contains a cycle of each odd length [ for 2m +1 <[ < nm — 1. Since
P}, 0P, _5 is a subgraph of GOP,_,, we can consider cycles in P,[1P,_; instead of GOIP,_».
Since n — 2 is even, by Lemma 6 and the reverse of the path P;,, the edge v,(s)_ t—1vz(s>—t is
contained in a cycle of each length I, where [ is an even integer ranging from 4 to m(n — 2)
in P},00P,_,. Since vff)itilvf:)itil,v,f)ﬁtvglt, vfjltflvfjlt € E(GOP,), we delete the edge
(2) (2) 3  and o?@ (3)

m—t—1"m—t m—t—1 m— m—

(%

v v of C* and then join U'(j)itil tov ; tov,”,. Then, we can extend

C* to be a cycle of length 2m + 1. In addition, we delete the edge v£n3>_ t_lvfjlt of each

cycle of each length I in P;,[0P,_, and then join 01(1121 _q to 01(4?)— ;1 and U,Sf)_t to v,(qf)_t. Then,
we can extend C* to be a cycle of each length [ for 2m + 3 < I < nm — 1. Therefore, GUP,
is pancyclic.

Case 2. Here n is odd. Since n — 3 > 2 is even, by Case 1, GHP,_3 contains a cycle
of each length I for 3 < I < m(n — 3). Thus, we consider two disjoint-induced subgraph
GOP,_3 and GOP; of GOP,, where GUP,,_3 is induced by the first n — 3 copies of G and
GOP; is induced by the last three copies of G.

We shall find a cycle of each remaining length  for m(n —3) + 1 < I < mn. Recall that
G is a skirted graph of order m and P}, = w;uu; 11y - Ujvy - - - Uy—t is a spanning path
in G. Then, P;,[1P, is a subgraph of GLIP,. Let C,4; be the cycle of odd length m(n —3) — 1
(n-3) ("137)1 (see Figure 8a) and Cepen be the cycle of even

m—t Om—
length m(n — 3) in P, [JP,_3 containing the edge U("__3)v(”_t3_)1 (see Figure 8b).

m—t “m—

in P;,00P,_3 containing the edge v
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Figure 8. (a) The dashed line represents C,44 of length m(n — 3) — 1; (b) The dashed line represents
Ceven of length m(n — 3).

Consider GOIP;. Since Pj, is a spanning path in G, we can apply Lemma 7 as follows.

e Ifmiseven, then GOP; contains a cycle of each even length [ for 4 < [ < 3m containing

edge vg,f tz)vi(n t)l by Lemma 7(i). We delete the edge vf: t3)1v,(n t) of Cepen and
the edge 01(1:’ tz)lv(" ?) of each cycle of each length ] in GOP; and then join U( s )1 to
vﬁf t2)1 and v( ) to v,(n ; 2) . Thus, we can extend C,4; of length m(n —3) — 1 to be

a cycle of each odd length I for m(n —3) +1 <1 < mn — 1 and extend Cee, of length
m(n — 3) to be a cycle of each even length I for m(n —3) +2 < | < mn in a similar
way. Thus, GOP, contains a cycle of each length | for m(n —3) +1 <1 < mn.

e If mis odd, then GOIP; contains a cycle of each even length [ for4 <[ < 3m —1

containing edge v,(; tz)vr(n ; )1 by Lemma 7(ii). We delete the edge v(" tg)lvfn h 3 of

Ceven and the edge v(n tz)lv,(n ‘ ?) of each cycle of each length [ in GLIP; and then join

v(n t3)1 to U(n 2)1 and ZJ( ) to U,(nft ), Thus, we can extend C, 4, of length m(n —3) — 1

to be a cycle of each odd length lform(n—3)+1 <1< mn—2and extend Cepep
of length m(n — 3) to be a cycle of each even length [ for m(n —3) +2 <1 <mn—1
in a similar way. Since GOP,, is Hamiltonian, it contains a cycle of length mn. Thus,
GOP, contains a cycle of each length | for m(n —3) +1 <1 < mn.

Therefore, GLP, is pancyclic. O

5. Conclusions and Discussion

In this paper, we prove that the n-generalized prism over skirted graphs is pancyclic.
The result holds for any skirted graph, even though we have not known the exact con-
figuration of this family of graphs. Moreover, since the Cartesian product of a graph
over a path Py is a subgraph of the Cartesian product of the graph over a cycle C, and
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the Cartesian product of the graph over a complete graph Kj, the results can be concluded
in the similar way when P, is replaced by C, or K, for n > 3. However, we have not
investigated panconnectivity of the n-generalized prism over any skirted graph, which
is a stronger concept than pancyclicity. For a definition of panconnectivity, we can see,
for examples, [1,19,20]. Therefore, it is recommended that further studies can investigate
panconnectivity of the n-generalized prism over any skirted graph.
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