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Abstract: In this paper, we present the g-Lidstone polynomials which are g-Bernoulli polynomials
generated by the third Jackson g-Bessel function, based on the Green'’s function of a certain g-difference
equation. Also, we provide the g-Fourier series expansions of these polynomials and derive some
results related to them.
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1. Introduction

In 1929, Lidstone [1] introduced a generalization of Taylor’s series that approximates
an entire function f(z) of exponential type less than 7 in a neighborhood of two points
instead of one:

f(z) = io A W) + Y An(1— )2 (0),

n=0
where the set { A;,(z) }» called Lidstone polynomials. In [2], Whittaker proved that

22n+1 z+1

(27’1 + 1)!BZn+1( 2 )/

An(z) =

where B, (x) is the Bernoulli polynomial of degree 1, which may be defined by the generat-
ing function

te*t i
=) Ba(x)
et —1 n=0

Recently, Ismail and Mansour [3] introduced a g analog of the Lidstone expansion
theorem where they expand a class of entire functions of g-exponential growth in terms
of Jackson g-derivatives of even degree at 0 and 1. See also [4-6] for some results and
applications to the g-Lidstone theorem.

In [7], the authors constructed another formula of g-Lidstone expansion theorem by
using the symmetric g-difference operator ¢, (see Section 2), that is

o [521£(1) - SHF(0)
f= 5 | AL Ao - B LD Ba), 0

m.

where A, (z) and B, (z) are the g-Lidstone polynomials defined by the generating functions

expy (zw) — expy(—zw) o )

ex;q(w) - epo(_w) = n;)An(z) w?,
equ(Zw)equ(—W) —equ(—zw)equ(w) s N
equ(w) — equ(_w) = TZX::OB,, (z) w?".
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Moreover, it turns out that

22n+1

] Bauy1(2/2:9), @)

Bu() =

where B, (z; ) are g-Bernoulli polynomials generated by

wexpy(zw) expy(=2) _ & 5 (n w" 4
eepa(3) —exm(F) O @

and the function exp,(.) is the g-exponential function which has the series representation

n(n—1)

expy(z) = ) q[n]:' ", zeC. (5)
n=0 '

In this paper, we assume that g is a positive number less than one and the set Aj is
defined by
Ag={q9" :n e No} U{0},

where Ny := {0,1,2,...}. We present the g-Lidstone polynomials A, (z) and B, (z) based
on the Green’s function of a g-boundary value problem

5" f(z)
zquZHZ = (P(Z)/
(6)
3 £(0) 5 f()
zsqzzk = ag, ngZZk =b (k=0,1,...,n—1),

where f and ¢ are assumed to be continuous functions on A7. Also, we introduce the
g-Fourier series expansions of these functions and derive some results related to them. For
other recent contributions on this area, one may refer to [8-10].

This article is organized as follows: In the next section, we present some background
on g-analysis which we need in our investigations. In Section 3, we establish the existence
of a solution for the system (51). In Section 4, we introduce the g-Fourier series expansions
of some functions. As an application, in Section 5, we define g-Lidstone polynomials based
on the Green’s function of the system (51), and we provide the g-Fourier series expansions
of these polynomials. Moreover, relying on the obtained g-Fourier series, we derive a close
approximation to A, (z) and By(z) for large n.

2. Preliminaries
Recall that the g-derivative D; of the function f is defined by

Dyf(z) == M, for z #0, 7)

z—qz

and the g-derivative at zero is defined to be f’(0) if it exists, see [11]. The g-shifted fractional
(a;q)n of a € Cis defined by

n .
(a;9)0:=1 and (a;9)n := [ [(1 —aq’), for n €N,
=0

and the g-number factorial [n],! is defined for g # 1 by

LT . 1—g
[”]q-—gmq/ []]q_l—q'
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Jackson [12] introduced the following integral, as a right inverse of the g-derivative
(7). by

/abf(t) dot = /Obf(t)dqt—/oaf(t) dgt (a,beC),
where

[ rage = -0 ¥ =" (e,

n=0

provided that the series converges at z = a and z = b. We can interchange the order of
double g-integral by

/OZ /va(t) dtd,o = /O /;f(t) dyodgt = /Oz(z—qt)f(t)dqt. ®)

The symmetric g-difference operator §; which is acting on a function f defined by

Sf(2) _ fla¥2) —fa72) .
= 1 -1 7 # 0. )
097 2(g7 —q7)
(see [11,13]). From (7) and (9), it follows
‘5qf(z) L z
5:z = qu(ﬁ).
Therefore, we have

ag 1 1

[ 2 bz =gt g o) - o) 10)

A function f defined on Aj is called g-regular at zero if it satisfies

lim f(xq") = f(0), forallx € Aj,.

n—o0

The g-integration by parts rule on A; (see [13]) is

/Oag(q%t)éq;q(tt) dot = 2 (gf)(q2 t)\g - /Ouf(q%t) 5qi(tt) dgt, (11)

where f and g are complex valued g-regular functions at zero.

We will use a g-exponential function exp;(.) defined in (5) and the g-linear sine and
cosine, S;(z) and C4(z), which defined by

exp, (iz) — exp, (—iz © n(n+y)
5,(2) : pq(iz) - pq(—iz) Z(*l)n q L2+l
(12)

expy(iz) + expy(—iz il ; n(n—y) ;
Cyfa) 1= SPUE L) _ B qyn g

They can be written in terms of the third Jackson g-Bessel function ]V(3) (z;9) [14,15]
as follows

2. 2
Sq(z) == ql/S(g];':Z)):zl/z f§§2(471/4z;q2),

(9% 4%) 3 4
Cyla) 1= q P L1 19 (742 %).
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These functions satisfy

0,C4(wz)
02z

0454 (wz)

= —wS,(wz), 5.2

= w Cy(wz), (14)

see [11,13]. We denote to the derivative of S(z) by S;(z) and we assume that {wy : k € N
with wy < wy < w3 < ...} is the set of positive zeroes of S;(z).

3. Existence Solutions of g-Differential System

In this section, we construct the solution of the g-differential system (51). Let Cf (A;)
denote the space of all continues functions with continuous g-derivatives up to order n — 1
on A with values in R.

Lemmal. Let f, ¢ € C%(A;) Then, the solution of the q-differential equation

57f(2)

2
0q2

—¢(z) =0, (15)

subject to the boundary conditions f(0) = f(1) = 0 is equivalent to the basic Fredholm q-
integral equation

1
12) = | Gz atigtat) det, (16)
where G(z,t) is the Green’s function defined on Aj by
N { VazE(t=1), z<t

G(zt) = (17)
Vat(z—1), t<z

Proof. The g-differential Equation (15) can be written as
Dif(2) = Viplgz) =0 (z € A7), (18)
By taking double g-integral for (18) and using (8), we obtain
z
f2) = coterz+ v [ (2= atg(at) dot, (19)
where ¢y and ¢; are arbitrary constant. Using the boundary conditions, we get cp = 0 and
1
e ==V || (1= qt)p(at) dgt.
Substituting in (19), we have
1 V4
f2) = vz [ (= ang(andyt +va [ (z—at)p(at)dyt,
and then we obtain (16). O

Remark 1. By induction on n, one can verify that if f,¢ € C;" (A7), then the function

1.
£2) = || Galza) 9at) d, 0)
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is the solution of the q-boundary value problem

5" f(z)
q(quZn = (P(Z)/
(21)
s FM) & f0)
zquZk = qéqz% =0(k=0,1,...,n—1),
where Gy (z, t) is the Green’s function defined as in (17) and
~ 1 ~
Gu(z,qt) = / G(z,qw) Gp—1(qw, qt) dgw
’ (22)

1. ~
:/0 Gu—1(z,qw) G(qw, qt) dgw (n =2,3,...).

Theorem 1. If f(z) and ¢(z) are functions of class C‘?”(Aj;), then any solution of the system

52n ( )
o = 9(2),
(23)
§2k 0) 521{ (1
gq;(k —a, quf%) — b (k=0,1,...,n—1)
is given by
n—1 1 _
f(z) =ap(z—1)+ Z ak/o (gt — 1) Gi(z, qt) dgt + boz
(24)
+ Z bk/ (qt) Gi(z, qt) dqt+/ Gu(z, qt)¢p(qt) dat,
where the functions G, (z,qt) (n € N) defined as in (17) and (22).
Proof. From (17), (22) and Equation (23) we get
1
Ru(z) = [ Culz,qt)p(at) dot
57" f(qt)
*/ n— 1 Z, qw / (qwl qt) quZZn dqquw
25)
i w2 f(gh (
_ _ q
= [} Gt [Vtaw 1) [ a0 S0 dy
1 57" f(qt)
—1) 4T
+q./qw /qw(qt 1) 5.2 dqt} d
Using the rule (11), after some simplifications, we obtain
g2n—=2 f(O) 1 ~
Ru(z) = q(SzT/o (qw—1)Gy1(z, qW)dqw—
! (26)

5" 2 f(1) ~ 1 63" 2 f(qu)
W/ (qw) Gy —1(z, qw) dqw—i—/o anl(zlqw)q%szqw-
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Repeating the g-integration by parts on the last g-integral of Equation (26) (n — 1)
times, we get

=1 2 (0) o i
Z;l 5,2% /0 (qw — 1) G(z, qt) dgw—
) & (g 7
P D / (qw) Gi(z,qw) d w+/ (z,qw) vdqw.
Computing the last integral of (27), we get
e 5 f(qu)
9

/0 G(z,qw) o dgw

57 f(qw) 5 f(qw) (28)

z 1
—/a(1— —aw) AT / 1— ) 1%
VA =2) [[ () = o = gz [0 ) o dy
=ag(1 —z) +boz — f(2).
Now, by substituting (28) in (27), we obtain the required result. [

4. Certain g-Fourier Expansions

In this section, we consider the g-trigonometric functions C;(z) and S;(z) which
are defined in (12). Our aim is to obtain the g-Fourier expansions of certain g-integral
transforms involving the Green’s functions G, (z, qt) defined in Section 3.

Recall that the g-Fourier series expansion for f(x) = 1 and g(x) = x are given [13,16] by

1=2 i 1— Cy(q"?ewy)
= wqu(ql/zwk)S' (wy)

Sq(qwkx)/ X e A;/

(29)
I Z wkS’ wk) qwkx)
where {wy : k € N} is the set of positive zeroes of S;(z).
Lemma 2. Let z € Aj. Then
1 1
/ G(z,qt)Sq(quyt) dgt = —— Sq(wiz).
0 wy
Proof. From (17), we get
1 z
| G ansyquit) dgt = a1 =2) [ (=at) Syquit) dyt
0 ) 0 (30)
qz/Z (1 —qt) Sy(quyt) dgt.
Using g-integration by parts (11), we obtain
[ ansyquiydyt = —=— € (M2) - 5, (wez) (1)
0 T2 V3 Wk VA \fwk e
1 (1—2) . wz 1
1 —qt) Sq(quyt) dgt = o + Wiz). 32
[ =g St dot = 2L €D + Sy i) @)

Substituting from (31) and (32) into (30), we have the required result. O
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Lemma 3. For z € Ay, the following g-Fourier series expansion holds:

oo

1_ L
/0 Gz, qt)dgt = =) 1 Sq(wiz), (33)

k=1 Yk
where
2 - 2C,(q"2wy)

Ly := .
¢ wkcq(ql/zwk)sé(wk)

Proof. According to (29), we have

21— Cy(q" )

1=2
= wiCq(q'/?wy) Sy (wy)

Sqlquyt), te€ Ay (34)

Multiplying (34) by G(z, qt), and integrating with respect to t from zero to unity, we get

1.
/ G(z qt)dst =
0

21— Cylg' )

2},

= wqu(ql/zwk)Sé(wk)

(35)

1.
/0 G(z, qt)Sq(wiqt) dgt

2 —2Cy(q"*wy)
wqu(ql/zwk)Sé(wk)

By setting Ly := and using Lemma 2, we obtain the result. O

Theorem 2. For z € Ay, the following g-Fourier series expansion holds:

1 _ ©
/()Gn(z,qt)dqt— - 2—2" (wiz). (36)
k=1 Wi

Proof. We prove the result by mathematical induction with respect to n. We first observe
that for n = 1, the Formula (36) reduces to the formula in Lemma 3; that is, Equation (36) is

true forn = 1.
Next, assume that (36) is true for some n > 2. Then

/ n+1(2,qt) dgt = / / y)Gn(qy, qt) dgy dgt

:/0 G(z,qy) / Gn(qy,qt)df} dgy

i / (z,9y)Sq(wiqy) dgy

"i {g ()]
g n+1 Sq(wiz).

O

Lemma 4. For z € Ay, the following q-Fourier series expansion holds:

/1(qt) (z,qt)d i /1 —— Sq(wgz), keN. (37)
q
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Proof. Consider the function g(#) = t. From (29), we have
:—fzwkS, () Sqquit), 0<t<1 (38)

Hence, the proof can be performed by using (38) similar to the proof of Lemma 3. [
Theorem 3. For z € Aj, the following q-Fourier series expansion holds:

1 - 0 2
t) Gu(z, qt)dgt = (=1)" )  ————— Sy(wyz). 39
Jy () Guleran gt = (21" B s Sy (i) )
Proof. The proof can be performed by induction similar to the proof of Theorem 2. So, we
omitit. [J

5. Fourier Series Expansions of the g-Lidstone Polynomials

The Fourier expansion of special polynomials has been studied by some mathemati-
cians; see [17-20]. In this section, we consider the g-Lidstone polynomials An (z) and En (z)
defined in (2). We define these polynomials by using the Green’s functions Gy (z, qt) defined
in (17) and (22) and then, we introduce the g-Fourier Series Expansions for them.

We begin with the following result from [7]:

Lemma 5. For n € N, the g-polynomials A, (z) and By (z) satisfy the g-difference equations

52 A,z - 52 B,(z -
) Fa@md D B, ),
qZ

8422
with the boundary conditions A,(0) = A,(1) = 0 = B, (0) = B,(1) = 0. Moreover,
Ag(z) =z, By(z) =z—1.
We have the following:

Proposition 1. The g-Lidstone polynomials A, and By, can be expressed as Ag(z) = z, By(z) =
z—1,and forn € N

1
An(z) = q/o t Gu(z,qt) dgt, (40)
~ 1 ~
B(z) = /0 (gt —1) Gz, qt) dyt, 1)

where
VazE(t=1), 0<z<t<1;

G(z,t) := Gi(z,t) =
Jitz—=1), 0<t<z<1. (42)
~ 1. ~
Gn(z, qt) = /0 G(z,qw) Gy_1(quw, qt)dgw (n=2,3,...).
Proof. We use the induction on n. By Lemma 5, we have

82 Ay =
qéqzz(Z) =Au-1(z) (neN),

(43)
An(0) = A,(1) =0.
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So, if n = 1 we get the g-boundary value problem

82 Ay(z)
842°

=z (z€A]), s

A(0) = A1(1) = 0.
According to Lemma 1, we have the result.

Next, assume that (40) is true for n > 1. According to Remark (1), the solution A,Hl (2)
of the g-boundary value problem

(55 Aﬂ+1 (Z) e
5422

(45)

Ant1(0) = Apya (1) =0,
is given by

1

Api1(z) = | Glz,qw) A (qw) dgw

\é%

G(z qw)[/o qt Gn(qw,qt)dqt} dqw
:/ {/ qt G(z,qw)Gn(quw, qt) d, w}d
:/0 thnH(Z,qt)dqt.

Similarly, we can prove Equation (41). Finally, by induction on n (n > 2) again, it is
easy to see that

~ 1 ~
Gn(z,qt) :/0 Gu-1(z,qw)G(qw, qt) dyw.
O

The following result offers the explicit representation of the interpolating g-Lidstone
polynomials and the associated error function R, (z).

Theorem 4. Let0 < g <land f € C%(AZ;) Then

L) 8 FO)
£@) = X [S5zar Ana) + < Bu(a)] + Rale), (46)
where
57" f(q2)

1 _
Ru(z) = /0 Gn(z,qt)wdqt.

Proof. The proof follows immediately from Theorem 1 and Proposition 1, if we replace
ag, by and ¢(z) in Equation (24) by their values in terms of f(z) as given by the system
23). O
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Proposition 2. Forz € Aj and n € N, the Fourier series for q-Lidstone polynomials An(z) and
By (z) are given by

~ ad 2

Ay = (=" —— S , 47
(z) (-1 k;winﬂsé(wk) q(wz) (47)

Bae) = ()" Y e Sy(wiz), 8)

1
k=1 wkn+ S,’i(wk)Cq(ql/zwk)
where {wy : k € Nwithwy < wy < w3 < ...} is the set of positive zeroes of Sg(z).

Proof. By using Equation (40) and Theorem 3 we get (47). Similarly, Equation (48) follows
immediately from (41), (36) and (37). O

We end this section by determining the asymptotic behavior of A,(z) and By (z) for
large n.

Proposition 3. Let z € Aj. Then, there exist some constants Kq and Ly such that

g B 25,(w1z) K,
(D" Aue) - g s qu(wl)’ T (49)
|(=1)"Bu(2) 25y wr2) = (50)

_ ‘ <=1
w%“” St (w1)Cy(y/quw1) wn

where wy is the smallest positive zero of S4(z).

Proof. From Equation (47), we get

S| e p p——

(-1)"An(z) — —_——
‘ wi ! S (w1) = wi”HS’q(wk)

Since the function S, (.) is bounded on A;, there exists a constant M > 0 such that

d 2

e Sa(wkz)
‘ Igw%n+lsx/7(wk) ‘
M s/ wo s/ wo
e L (o2) 7< ) 4 B2y 7( AT ]
wy Sq(ZU2) w3 Sq(w3) Wy Sq(w4)

Note that w; < wy < ..., this implies the series in brackets tends to unity when n — co.
Set K; = %, we get (49). Inequality (50) can be proved in the same manner by using

Equation (48). O

6. Conclusions and Future Work

In this paper, we have introduced some definitions of the g-Lidstone polynomials
which are g-Bernoulli polynomials generated by the third Jackson g-Bessel function, based
on the Green’s function of the g-difference equation

5" fz) _

q&qZZil - 47(2)/ (51)
5 £(0) 2 (1)

§q22k = A, (quZk - bk (kzo,l,...,n—l).

New results are obtained; particularly the g-Fourier series expansions of these functions.
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Another study to give a characterization of those functions on the plane given by
absolutely convergent of g-Lidstone series expansion (1), using the results in Section 5, is
in progress.
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