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Abstract: In this paper, we obtain the existence of the unique solution of anti-periodic type (anti-
symmetry) integral multi-point boundary conditions for sequential fractional differential equations.
We apply the Banach contraction mapping principle to get the desired results. Our results specialize
and extend some existing results.
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1. Introduction

Fractional calculus has played a key role in improving the mathematical model-
ing of several phenomena occurring in engineering and scientific disciplines, such as
blood flow problems, control theory, aerodynamics, nonlinear oscillation of earthquake,
the fluid-dynamic traffic model, polymer rheology, regular variation in thermodynamics,
etc. For more details and explanation, see, for instance [1,2]. The literature on these topics
are very enriched and contains a variety of important results ranging from the existence the-
ory to the methods of solution for such problems [3-27]. For example, [22,25] studied frac-
tional differential equations (We call it FDEs for short) with Riemann-Liouville fractional
derivatives. Influenced by the importance of differential inclusions, researchers in [3,4,9]
turned to the study of fractional differential inclusions. The authors in [10] studied anti-
periodic boundary value problems (We call it BVPs for short) of FDEs with nonlinear term
depending on lower order fractional derivatives. FDEs with semipositone BVPs were stud-
ied in [24]. Authors in [5] investigated FDEs with Hadamard fractional derivatives. Some
results on Caputo—-Hadamard FDEs can be found in [16,21]. Refs. [6-8,13,16,17,19-21,26]
analyzed FDEs system.

Recently, Alsaedi et al. [18] obtained the existence of solutions of the following FDEs
with the nonlinear anti-periodic type multi-point boundary value conditions:

(CDT + kDT Nu(t) = f(tu(t)), 2<q<3, te(0,T),
w(0) + Y- agu() +nu(T) = i,

—_

!

wxu (0) + Y bt (1) + o1t (T) = Bo,

= L=

I
—

1

"

wasu” (0) + Y ciud” (1) + yu’ (T) = B3,
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where €D7 means the Caputo fractional derivative of order g, « i ,Bj, v € R(j =1,2,3),
a;,bj,c; € R(i =1,2,3,---,m), k € R", Tisa positive constant and f is a continuous
function. In paper [15], authors investigated the existence of solutions for the following
fractional BVPs
(CD* + kD" Yu(t) = f(tu(t)), 1<a<2, te(0,T),
leu(O) +p1u(T) = Ay, (2)
a1 (0) + paud (T) = 1y
and
(CD* + kD" Nu(t) = f(tu(t)), 1<a<2, te(0,T),

Ul
a10(0) + pyu(T) = Al/o w(t)dt + Ay, o)

!/ ! T
apu (0) + pou (T) = ‘ul/(: u(t)dt + pp,

where €D* denotes the Liouville-Caputo fractional derivative of order u, aj, [3]-,
pj, A, i €R(j=1,2),0<n <& <T, k>0,T>0and fis continuous. Agarwal et al. [14]
studied the following FDEs with anti-periodic BVPs

{CD’Xy(t) =f(ty(t),3<a<4, te[0,T],T >0, n

y(0) = —y(T), y'(0) = —=y'(T), y"(0) = —y"(T), y"(0) = —y"(T),

where “D7 denotes the Caputo fractional derivative, f is a given continuous function.
In [27], the author investigated the following fractional BVPs with integral and anti-periodic
boundary conditions:

CD*u(t) = f(tu(t)), 1<a<2, tec[0,1],

/ / 5
u(l) = ,14/01 u(s)ds, u (0)+u (1) =0, (5)

where € D* denotes the Caputo fractional derivative of &, f is a given continuous function.
Bashir et al. [12] studied the following Caputo sequential FDEs system

{(CD"‘ + KD x(t) = f(t,x(t),y(t), 1 <a<2,t€[0,T], ©
(CDP + KD My(t) = glt, x(1), y(1), 1< p<2,t € [0,T],
with boundary conditions
{x(o) = my(T), x'(0) = azy/(T), 7)
y(0) = byx(T), y'(0) = box'(T).

In [12,14,15,18,27], the authors obtained the uniqueness of solutions of their problems.
Motivated by the works mentioned above, especially by [12,14,15,18,27], in this paper,
we consider the following sequential FDEs with more general boundary conditions

(CD* + k°D¥ Yu(t) = f(t,u(t),* DPu(t)), 2 <a<3,0<p<1,te(0,T),

au(0) + Y- au(s) + () + Ay [ (it = pu,

i=1 0
ol (0) + Y- b () + vl (T) 2 [ (1)t = o )

i=1 ¢1

" UG " " T "
azu (0)+ ) ciu (17;) +ysu (T)+ Ag/é u (t)dt = B3,
i—1
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where €D* and €DP denote the Caputo fractional derivative, o, ,Bj, Yis )\j €R(j=1,23),
a;,bj,c; € R(i=1,2,3,--- ,m), k,&,&1,&,n € RT, Tisapositive constant and f is Lipschitz
continuous. Boundary value conditions imposed on u at 0 and T have some symmetry
characteristics. By using the contraction mapping principle, we also obtain the uniqueness
of the solution of problem (8). Our results include and extend some existing results (see the
Section 5 for detail).

The remainder of our paper is organized as follows: In Section 2, we introduce some
preliminaries. The uniqueness of the solution of the problem (8) is given in Section 3.
In Section 4, we present an examples to illustrate our results. The last section is the
conclusion.

2. Preliminaries

In this section, we introduce some preliminary results of discrete fractional calculus,
which will be used throughout this paper.

Definition 1 ([2,23]). The fractional integral of order « > 0 of a function x : [0,00) — R is
given by

T [ =91 x(s)as), 9)

provided that the right side is pointwise defined on [0, co) where I'(-) is the gamma functional.

1% x() =

Definition 2 ([2,23]). The Caputo fractional derivative of order & > 0 of a function x : [0,00) — R
is defined as
1

DB = B0 = gy [0 s (10)

where n = [a] + 1, provided that the right side is pointwise defined on [0, c0).

The following lemma can be obtained by using the method similar to Lemma 13
in [11].

Lemma 1. Let g(t) be a continuous function, 2 < a < 3, the general solution of following linear
equation
(“D* + k°D* Yu(t) = g(t), t€[0,T], (11)

is given by
t
u(t) = Ape ™M + Ay + Ant —0—/0 e Kt=9) 1210 (5)ds, (12)

where T > 0, A;(i =0,1,2) are constants.
Lemma 2. Suppose g € C[0,T], u € C3[0,T], T > O, then the problem
(CD* + kD Du(t) = g(t), 2<a <3, te(0,T),

n(0) + Y () + nu(T) + Ay [ u(t)dt = pu,
i=1
o (0) + 3 byt (1) + 7 (T) + A | C (it = o, (13)
i=1 1
wi (0) + Y can (1) + v’ (T) + Aa / " (bt = o,
=1

is equivalent to the fractional integral equation
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S (s—T1)%2

u(t) =v1(t)+iwi(t) | 7 k=) / (r(a_l)g(r)dT s

T s _ a—2
+02(t)/0 e‘k(T_S)/O &g(r)cﬁds

I(a—1)
& mi (g —T)* 2 T(T—1)*?
‘f‘;%(t)/o mg('f)d'f‘f'vs(t)/o mg(ﬂﬁ
771 ) a3 /T (T_ T)’X73
+ sz )" *r(a_z) s(@drtou(t) [ o Tg(dr
(14)
+7 / / /S (s =)™ (T)dtdsdt + ve(t / / (T)dT dt
5( o T(a—1) g 6 I'(a— 1
(t—1)* 3 k(t—s) s—1)*
+or(t / / T)ddt + vg / / / Ty 80 st
S rt(t—1)® —1)%2
+ 0o (t /61 / Ta-1 T)dtdt — — / / /0 Ta—1) ~————g(7)dt dsdt
s —T)*?
+/ ( Mg(f)d'f) dS,
where
_kt 1" I /
e St 8 80 ) t 5 1.
() = [ - et J2 kbl —— 2+ 22 ) - 4. i =123 ... 1
wi(t) ( 5 + — 5105 + 516, 310205 cik® — kb; 5 + 5205 53&11,1 ,2,3,---,m, (15)
_kt / 1 ’o /
e st 8 805 ooy
H=-“ 2 k—b|——+-21),i=123, - 16
#i(t) ( 3 +5152 +5153 016203 ‘i "\ & +5253 e (16)
ekt st 5.6,
= [-" 2”1 172 =123 17
lpl( ) ( 51 + 5152 + (5153 515253 Clll 7 /3/ /m/ ( )
Bse Bi  B3d,  Pady  B3did, ﬁz B36;
— P - P2y P39 1
YO e R v Ml oy il ALl (18)
_kt ! " ;o /
_ [ e ot 4 019, 2 t 7
nl) = (‘fsl Fa Tae abaes ) T T T he ) T 1)
efkt 5/t 5// 51 5/ t 5/
H= |-+ 4 71 _ 7172 k 42 2
v3(t) < 51 50y 805 10005 ) T2\ TS, T 60, ) (20)
ekt st 4 516 ekt st 5 5,6,
N _ L9 % _ %% )= - 1 7172 ) k2 21
0a(t) ( 5 06 T ae 0, )7 WY 51 510y 8105 810905 )3 (21)
—kt ! 1 ! —kt / 1 Y
e St 8 85 e st 8 86
B I LA B S s LTS B 2
slt) ( T he T as  hes ) TS s T he T sne ) @)
£y t 5
m m
0 = a3k® + Y cikPe M 4 3kPe T p k(e — oK), 6y = ap + Y b+ 72 + A& — &), (24)
i=1 i=1
m , m
Gy=ar+ Y ai+ 71+ Ay, & = —kay— Y bike M — ke KT 4 Ap(e 6 — e 1), (25)

i=1 i=1
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!/ 1 1 /! u . — A —
& =) aimi+nT+ §A1'72’ oy = a1+ Y ae M 4 e 4 ?1(1 —e ). (26)
i=1 i=1

Proof. By Lemma 1, we say that the solution of (8) can be expressed in terms of an integral
equation as

() = Age M + A, +A2t+/ K(=5) [0 (5) s, (27)
where Aj, A1 and A, are arbitrary constants and I* g fO T (a 1 (t)dt. By differ-
entiating (14) with respect to t, we obtain

u' (£) = —kAge ™M + Ay — k/ Kt=s) [a=1o(s)ds + 1 1g(t), (28)
" t
u' (£) = K2 Age ™™ + i /0 e Kt=9) 121 o (s)ds — kI¥ g (t) + I*2g(1). (29)

By using the boundary conditions given by (13) in (27)-(29), we obtain

" / 17 i
Bi= & A+ 634, + 6y + Zai / e ~K01i=9) [4=T¢ (5 ds

(30)
+fyl/ e k(T—s) pa— lo(s )ds+/\1/ / e k(t=s) pa— Lo(s)dsdt,
n 1i
B Lotk [ K0 g 1 )|
i=1
T
-7 {k/o eik(T*S)I"‘flg(s)ds — I”‘lg(T)} (31)
62 ot —k(— 1 62 -1 /
e [k/é /O ok(t=s) e g(s)dsdt—/g I g(t)dt] 51+ A + 64,
1 1
Bs = 01A0+ Y ¢ [kz /771- e K= e (s)ds — k1" g(17;) + 1“28(’71')]
i=1 0
T
+73 {kZ/ e KT=9) 1210 (5)ds —kI"‘_lg(T)—i-I“_zg(T)} (32)
+/\3{k2/ / K(t=s) [ )dsdt—k/ [+ g( dt+/ %2 )dt}
By solving the system (30)-(32) for Ay, Ay, Ay, we obtain
1 d M n—s) ra— _ _
Ao =(51{ﬁ3—20i {szo e K= "o (s)ds — I* g (n;) + I* 28(’71‘)}
i=1
T
— 3 [kz e KT=9) 121 o(5)ds — kI* ' ¢(T) + I”‘zg(T)} (33)
0

T ,t
Ag[kzé /Oe (1=5) [r=1 g )dsdtfk/ [+ g( dt+/ 12 )dt”
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m ; T t
Y a4 /077 e k=) 1210 (5)ds —71/0 e KT=9) 121 o (s)ds — A\ /077/0 e Kt=9) 121 o (5) dsdt

i=1

1
Aq =% l,Bl -

5;5/2_5;/52 1 & 1.2 i —k(y;—s) qa—1 a—1 ) x—2 )
+525351{,33 iXicl[k/O e 1" g(s)ds — I “h(y;) + I* g (n;)]

T
— 7l [ e KT g (s)ds — kI g(T) + 1 2g(T)

—A3k2// K(t=s) ja—1g )dsdt—k/ [ g( dt+/ 12 )dt]}

{52+2b e [ e 1A g()ds 1 1< g ()] 4 alk [ eI g(o)ds - < Tg(T)

+A2k// K(t=9) [0~ o (5)dsdt — /I"‘l()dt]}

1 5,1 = 2 i —k(y7;—s) ya—1 a—1 . a—2 .
Ay = 5P 5152{/53 ,Z%C’[k/o e I"g(s)ds — I" g (ni) + 1" g (1:)]

T
— 7l [ e KT g (s)ds — kI Tg(T) + 1 2g(T)

—/\3k2// K(=9) [0~ g (5)dsdt — k/ [y dt+/ 12 )dt]} (35)

52{>:b e [ K 1 Ag(o)ds T g()] 4 alk [ eI g(o)ds - < Tg(T)

Aok // K(t=s) ja—1g )dsdt—/;ﬁ“lg(t)dt]}.

By substituting the values of Ag, A1 and Aj; in (27), we obtain the desired solution (14).
The converse of the lemma follows by direct computation. This completes the proof. [

3. Uniqueness Results

Define the space

P= {x . x € C[0,T], DPx € C[o, T]}, (36)
with the norm
x| = sup |x(t)], [lx]lx = [Ix]| + | “DPx]]. (37)
te[0,T]

Then, it is well known that (P, || - ||1) is a Banach space. By Lemma 2, (8) can be
converted into a fixed-point problem

u= Au, (38)
where A : P — P is presented by
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(Au)(t)
+sz / k(i >/O‘“‘ (Sr(—a’f_);zp(r)drds

s —T)*?

+05(t) /0 e—k(T—S)/O (r<a _71) F(T)deS—I—iq)i(t) /0771‘ (?z(ai);_ F(t)dt

o) | ! MF(T)dT+ 3" 0it) /’7" MF(TW

+v4(t)/0T(( )) T)dt + os(t // ) [ S;T_l (1)drdsdt )
+o6(t // 1) T)dtdt + vp(1) // t*T (v)dv dt
/f/ By ey e
e s o xn<>>
e F(-):= f(u(-),S DPu(")),u € P. (40)

Clearly, (8) has solutions if and only if the associated fixed-point problem 1 = Au has
fixed points. For computational convenience, we set

_ PN —e M) T wi (O (A= e oy (1) T (1 — e KT)
o 12?5%{ oWt @ W)
|y i) n o3 ()| T* ! |2?111Pz 2| . |og(t)| T2
I'(a) T(a) T(a— 1) T(x—1)
[os(OIT =& +e7MT0)  Joe(O[(T* =)  [or(DI(T*! = &* )
k2T () T(a+1) T(2)
os(I(E — &1+ eHEE)  op()1(E8 &) Ay +e) }

_|._

_|_

+

KT (a) T T Tt D 55K2T ()

_ (1 —e k) T wi (L= e TR | oy ()] T (1 — e k)
Qz‘é}é%{ @) kF( ) = kT («)

|Ey @ (2] o (DT [T i ()f 2] | Jog(1)| T2
T T T T Te-) T T@-1

OLOIT — &+ e™HT8) ol (0T~ %) [oh()|(T*1 — g1
M—ry M Y ) I — )

[P5(I(G2 — &1 +e M@ 8)  fog(h)l(es —gf) | }

(42)

+

k2T (a) Ta+1) @ T(a)
Q= max {Q1, Qa}- (43)

Now, we prove the uniqueness of solutions of problem (8).

Theorem 1. Suppose that f : [0, T] X R x R — R is a Lipschitz continuous function with respect
to the second and third variable, that is, there exists a positive constant | such that

|f(t/x1/]/1> _f(t/x2/y2)‘ S l<|x1 - x2| + |]/1 _]/2|)/ vt € [0/ T]/ vxl/x2/]/l/]/2 S R/T > 0. (44)
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Then, the boundary value problem (8) has an unique solution on [0, T| if

re-p)
O f) + B (45)

I <

where Q is given by (43).
Proof. Due to the continuity of f, we know there exists a constant M satisfied

sup |f(t,0,0)] = M. (46)
te[0,T]

Let P, = {u € P: ||uljy < o}, where

S (QM + [[v1]1) (QM + [[v1]1)
= 1-10 r(2— g)TF1-1Q’

(47)
and Q, v; are given by (18) and (43), respectively. We divide the following long proof into
three steps. O

Step 1: We shall show that A(P;) C P,, where the operator A is defined by (39).
Forany u € Py, t € [0, T], we have

|f(t,u(t),” DPu(t))]
< [f(t,u(t),C DPu(t)) — f(£,0,0)| +|£(t,0,0)]

48
< I(Ju(t) — 0] + [°DPu(t) —0]) + M #8)
<I(|Jull + [ DPull) + M < I|ully + M < lo + M.
Then, for any u € P,, we have from (39) and (48) that
([ Au) |
m 1; S _ a—2
< (lo+ M) sup {|v1(t)|+2|a)i(t)| Mo | %drds
te[0,T] 1
mi (
T Joalt |/ / = Lok drds+2|¢, |/ ’7’ (i =) 2 4
+ Jos(t |/ ds+Z|1p, |/ ’71 ds—l—lv |/
—k(t—s) ) t—S
+ |os(t |/ / / ( 1 drdsdt+|v6 | dsdt (49)

+Jos(t |// Mdsdtﬂvg |/ / /S(—?D;)met

+ |vg(t)

+/

/ ddt+—// = [ S(_T_)l) dr dsdt
(0 ;wﬂi;“>%}

< (lo+M)Q1 + [[v1]l1
< (lo+M)Q + |lo1 ]

The inequality (49) tells us that
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|(Au) (1)]

< t;é;;]{w;(m # i) [ e [ LD e

+ oyt |/ / ’"’(;T)l) (T)drds—i—iko;(tﬂ/om %T)i)zmm

)] [ TL,HF(T)M Sl [ %F(T)vﬁ

ot |/ T O Flrydr + ot |// /oss(‘of_)al)zF(r)desdt (50)

+ [og(t |// t_T T)dtdt + |oy(t |// (t=o)" (t)dt dt
+ Jog(t |// /o S(_aT—)D F(t)dtdsdt + [vg() |/§2/ t_“f_l (v)d dt

_ _ a—2
+t / (t=7)" dT—I—k/ —k(t=s (/0 (;(‘XT_)DF(T)dT)ds}
(10+M Qz+ [o1]ly < (Io + M)Q + [[oa |1,

and

|“DP(Au)(t)| < r(ll_ﬁ)/ot(t—s)—ﬁ|(Au)/(s)|ds

(lo+M)Q+ 1wl [*, -p
< /O(t s) " Pds

I'(1-— .
T -

t
— W[(Z(ﬂ— M)Q + ||v1]]1]

Ti-F
I'(2-p)
Thus (47), (49) and (51) deduce that

< [(Io + M)Q + [[v1]1]-

1Aully =[|Aul| + “DP (Au)|

< [(lo + M)Q+ [lon[l] + 1“(2—[3)

[(le+M)Q + [0 1] (52)

<o.

Therefore, A(Py) C Py

Step 2. We prove that the operator A given by (59) is completely continuous. Firstly,
the continuity of f implies that the operator A is continuous. Secondly, we prove that the
operator A is compact. Let () be an arbitrary bounded set in X. Then, there exists & such
that ||u|l; < 7. Then, by the similar method to prove (48)—-(52), we get

r(;:ﬁﬁ)[(l‘NTJFM)QJr llo1]]1] := constant,Yu € (?}.33)

This tells us that AQ) is uniformly bounded. Furthermore, we prove that the operator
A is equicontinuous. Similar to (50), we know

[Aully < (17 + M)Q + [loa[l] +

|(Au)' (8)] < (17 + M)Q + [|or |11,V € [0, T],u € Q. (54)

Consequently, for any u € Q and t1,t, € [0,T], 1 < tp, we have

|(Au)(t2) = (Au)(t)] < [(Aw) (0)|lt2 — 1] < [(17+ M)Q + [lorll][ta — 1], (55)
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where 0 € (t1,t). The inequality (55) implies that A is equicontinuous. By the Arzela-
Ascoli theorem, A is a compact operator.

From step 1, step 2 and Schauder fixed point theorem, we know that the operator A
has a fixed point in P,. This means the existence of solutions of problem (8). To prove the
uniqueness of solutions of problem (8), we need the next step.

Step 3. We show that the operator A is a contraction mapping. For any u,v € Py,

denote
G(-) == |f (- u(),C DPu()) = f(-,0(-),C DPo(-))]. (56)
Then,

HAu—AvH
< | e "Gr)drds + foa()] [ e T [T Z gy g

t:l;pT w;j(t / / T)dtds + |vy /Oe /Om T)dT ds

& ) i (771 )" i ( ’71_
+;|¢,<t>|/0 r( ) e fos(r)] [ T2 mzm A c<r>dT

Hoato) [T

ol [ 4
[

s et

<Iju—ofly sup
t€[0,T]

Hload)] [ et
sl [T

o[ fr

T)dT + |os(t I// /US(_DCT_)al)ZG(T)desdt
Ta-1) T)dTdt + vz (t |// t_{XT_Z) (t)dT dt
/OS S(_“T)l) G(t)drdsdt + |vg(t |/ / t_aT—1 (t)dt dt
/ s(—T_)al)z (T)drdsdt+/0 ek ts)(/()SWG(T)dT)ds}

t—T

i s (s — a—2
{|v1<t>|+x|wi<t> [leo | gwf_)l)ms )

/0 ( L0k zdrds+2|(pl \/17’ UZ_S
ds+2|l/), |/ ’7'_ ds—l—\v |/

fs)/ drdsdt+|v6 |// (t—s)" dsdt

+ Jont \/ / dsdt+|vg \/ / [ S’(‘?l)drdsdt
+ [og (1) / t;il ddt+—// = [ S(_T)l) d dsdt
+/ k(t—s) /S S(_of_)al)zdr)ds}

<1Qq|lu — ||y
< IQ|lu -1

Similarly, we get

|(Au)' (t) — (A0)'(1)] < 1Qalu —oll1 < 1Q]u —o]1.

Consequently we know
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|I°DP (Au) —C DP (Av)| = Sup;c o, T p) ‘/ Au)(s) — (Av)'(s)|ds

1Q||”—U||1
STe-pTF T

Then, we know from (57) and (59)

1
r2-pret
which and (45) imply that A is a contraction mapping. Thus, from the Banach contraction

mapping principle, we deduce that the operator A has an unique fixed point, that is, (8)
has an unique solution on [0,T]. This ends the proof.

HAu—Awh=|Au—Aw4-FDWAW—CDWAMHSZQP+- ]Hu—w1<nu—vm, (60)

4. An Example

Motivated by examples in [12,14,15,18,27] we give an example to illustrate Theorem 1.
Consider the following problem:

(D3 +2°D2)u(t) = f(t,u(t),C DIu(t), te€(0,2),

1 1,3 5 7
_ — =1
w(0) +u(3) + 5u() —u() +u(}) — u(2 +/ ,
) 1 3 5 7.1 (61)
! ! / / /
—u' (= ) —u'(= - 2
W' (0) = () +u'(5) — ' (3) + () — 5'(2) + /
1 v 1 " 1 " 3 " 5 " 7 " / "
- ~“u'(5) — - - - 2 =1
S (0)+4u (4) u(4)+u(4)+u(4)+u()+ %u(t)dt ,
where ,
1 1 — . -
tu,v) = —(tan™ " u + sinv) + (1 + cost,
A ) 200( Vit+25 )+ ( \/t+25)
T:2/‘X:%/ﬁ:%/kzz/“]:“2:1/“3:%/m:41771:4111712:%/173:%/174:
tm=lLm=%am=-1Lu=1,b=b=-1b=bh=1,c=10=-100i=

C4:1/71:_1/72:_%/73:1/)\]:)\3:1/)\2:2/;7:1/(;':%/61:}1/62:%

We find that Q; ~ 49.286, Q» ~ 9.711, Q = 49.286, where Q;, Q», Q are given by (41),
(42) and (43), respectively. Let I = ﬁ, then we have

1
|f(t, u1,01) — f(t,uz,02)| < 2—(|u1 —up| + |v1 — val), Vt € [0,2],uy,v1,up, 02 €R,

and that

_ b r2-p) ~
L= 5% < O gy TR < 0078 < 1

Thus, we have verified (44) an (45), and the uniqueness of solutions of (61) follows the
Theorem 1.

5. Conclusions

It is necessary to point out that the results presented in this paper specialize to some
known theorems with an appropriate choice of the parameters involved in the problems at
hand. By fixing the values of the parameters involved in the problem (8), we come to some
special cases. For instance, the function f in [14,15,18,27] has no the third argument CDPyu.
Moreover, problem (1) is a special case if

Aj=0,j=123,
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of problem (8). Problem (2) is a special case if

[1%)) :Az :,52 :’)/] :0,]: 1,2,3, a; = bi = (j :O, [ = 1,2,3,... ,m,
of problem (8). Problem (3) is a special case if

“2:’)/2:/\2:,82:0/ ﬂl‘:bi:Ci:O, Z‘:112/3/"'/n’l/
of problem (8). If we deal with (8) without the trem ©D*~1y and with one more boundary
value condition
" Ui n " T n
aqu (0) + Zdiu (i) +yau (T)+ )\4/(_5 u (t)dt = By,
i=1

then problem (4) becomes a special case if

/\] = ﬁ] =4a; = bl =C = dl = 0/ DC]‘ = ’)’],l = 1/2/3/' o /m/j = 112/3/4/
of problem (8); in case we take

m=a3=r3=A=A3=a;=bj=c¢;=p=0,i=123,---,m, j=123,

a =72, 1M #0,T=11<a <2,

in (8) without ©D*~1u, we obtain the problem (5). Consequently, our main result Theorem 1
includes and extends Theorem 3.4 in [14], Theorem 4.1 in [15], Theorem 3.1 in [18], Theo-
rem 3.2 in [27].

At the same time we know that there are still more works to do in the future. For ex-
ample, how to apply fixed point due to Kranoselskii, Leray-Schauder alternative criterion
and Leray-Schauder degree theory to obtain the existence of solution of problem (8) and
other FDEs with more general boundary value conditions. Can we add some impulsive
boundary conditions to problem (8)? Furthermore, there are more problems need to solve,
such as fractional differential inclusions problems, semipositone problems, FDEs systems
and so on.

Author Contributions: Writing—original draft preparation, B.C.; writing—review and editing, Z.H.
All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by NSFC (11871302), the Fund of the Natural Science of Shandong
Province (ZR2014AMO034), and colleges and universities of Shandong province science and technology
plan projects (J13LIO1).

Institutional Review Board Statement: This study did not involve humans or animals.
Informed Consent Statement: This study did not involve humans.
Data Availability Statement: No data were used to support this study.

Acknowledgments: The authors are grateful to the Editor and Referees for their valuable suggestions
and comments, which significantly improved the quality of the paper.

Conflicts of Interest: The authors declare no conflict of interest.

1. Kilbas, A.A,; Srivastava, HM.; Trujillo, J.J. Theory and applications of fractional differential equations. In North-Holland
Mathematics Studies; Elsevier Science B.V.: Amsterdam, The Netherlands, 2006; Volume 204.

2. Podlubny, I. Fractional Differential Equations; Academic Press: London, UK, 1999.

3. Ahmad, B; Alsaedi, A.; Ntouyas, S.K.; Shammakh, W. On more general boundary value problems involving sequential fractional
derivatives. Adv. Differ. Equ. 2019, 2019, 290. [CrossRef]

4. Ahmad, B.; Alghanmi, M.; Alsaedi, A. A study of generalized caputo fractional differential equations and inclusions with
steiltjes-type fractional integral boundary conditions via fixed-point theory. J. Appl. Anal. Comput. 2021, 11, 1208-1221. [CrossRef]


http://doi.org/10.1186/s13662-019-2224-z
http://dx.doi.org/10.11948/20200049

Symmetry 2022, 14, 761 13 of 13

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

27.

Ahmad, B.; Albideewi, A.; Amjad, F,; Ntouyas, S.K.; Alsaedi, A. Existence results for a multipoint boundary value problem of
nonlinear sequential Hadamard fractional differential equations. Cubo (Temuco) 2021, 23, 225-237. [CrossRef]

Ahmad, B.; Alruwaily, Y.; Alsaedi, A.; Nieto, J.J. Fractional integro-differential equations with dual anti-periodic boundary
conditions. Differ. Integral Equ. 2020, 33, 181-206.

Ahmad, B.; Alblewi, M.; Ntouyas, S.K.; Alsaedi, A. Existence results for a coupled system of nonlinear multi-term fractional
differential equations with anti-periodic type coupled nonlocal boundary conditions. Math. Method. Appl. Sci. 2021, 44,
8739-8758. [CrossRef]

Ahmad, B.; Alghanmi, M.; Alsaedi, A.; Nieto, ].J. Existence and uniqueness results for a nonlinear coupled system involving
Caputo fractional derivatives with a new kind of coupled boundary conditions. Appl. Math. Lett. 2021, 116, 107018. [CrossRef]
Ahmad, B.; Ntouyas, S.K.; Alsaedi, A. Sequential fractional differential equations and inclusions with semi-periodic and nonlocal
integro-multipoint boundary conditions. J. King Saud. Univ. Sci. 2019, 31, 184-193. [CrossRef]

Ahmad, B.; Nieto, ].]. Anti-periodic fractional boundary value problems with nonlinear term depending on lower order derivative,
Fract. Calc. Appl. Anal. 2012, 15, 451-462. [CrossRef]

Ahmad, B.; Nieto, ].]. Sequential fractional differential equations with three-point boundary conditions, Comput. Math. Appl. 2012,
64, 3046-3052.

Ahmad, B.; Nieto, ].].; Alsaedi, A.; Aqlan, M.H. A Coupled System of Caputo-Type Sequential Fractional Differential Equations
with Coupled (Periodic/Anti-periodic Type) Boundary Conditions. Mediterr. |. Math. 2017, 14, 22. [CrossRef]

Ahmad, B.; Ntouyas, S.K.; Alsaedi, A. On a coupled system of fractional differential equations with coupled nonlocal and integral
boundary conditions. Chaos Solitons Fractals. 2016, 83, 234-241. [CrossRef]

Agrawal, R.P.; Ahmad, B. Existence theory for anti-periodic boundary value problems of fractional differential equations and
inclusions. Comput. Math. Appl. 2011, 62, 1200-1214. [CrossRef]

Aglan, M.H.; Alsaedi, A.; Ahmad, B.; Nieto, J.J. Existence theory for sequential fractional differential equations with anti-periodic
type boundary conditions. Open Math. 2016, 14, 723-735. [CrossRef]

Aljoudi, S.; Ahmad, B.; Alsaedi, A. A existence and uniqueness results for a coupled system of caputo-hadamard fractional
differential equations with nonlocal hadamard type integral boundary conditions. Fractal Fract. 2020, 4, 13. [CrossRef]
Alsaedi, A.; Ahmad, B.; Aljoudi, S.; Ntouyas, S.K. A study of a fully coupled two-parameter system of sequential fractional
integro-differential equations with nonlocal integro-multipoint boundary conditions, Acta Math. Sci. 2019, 39, 927-944. [CrossRef]
Alsaedi, A.; Ahmad, B.; Aqlan, M.H. Sequential fractional differential equations and unification of anti-periodic and multi-point
boundary conditions. J. Nonlinear Sci. Appl. 2017, 10, 71-83. [CrossRef]

Aljoudi, S.; Ahmad, B.; Nieto, ].J.; Alsaedi, A. A coupled system of Hadamard type sequential fractional differential equations
with coupled strip conditions. Chaos Solitons Fractals. 2016, 91, 39—46. [CrossRef]

Alruwaily, Y.; Ahmad, B.; Ntouyas, S.K.; Alzaidi, A.S.M. Existence results for coupled nonlinear sequential fractional differential
equations with coupled riemann Cstieltjes integro-multipoint boundary conditions. Fractal Fract. 2022, 6, 123. [CrossRef]
Asawasamrit, S.; Ntouyas, S.K.; Tariboon, J. Coupled Systems of Sequential Caputo and Hadamard Fractional Differential
Equations with Coupled Separated Boundary Conditions. Symmetry 2018, 10, 701. [CrossRef]

Fazli, H.; Nieto, J.J.; Bahrami, F. On the existence and uniqueness results for nonlinear sequential fractional differential equations.
Appl. Comput. Math-Bak 2018, 17, 36—47.

Miller, K.S.; Ross, B. An Introduction to the Fractional Calculus and Fractional Differential Equations; Wiley: New York, NY, USA, 1993.
Tudorache, A.; Luca, R. Existence of positive solutions for a semipositone boundary value problem with sequential fractional
derivatives. Math. Method Appl. Sci. 2021, 44, 14451-14469. [CrossRef]

Tudorache, A.; Luca, R. Positive Solutions of a Fractional Boundary Value Problem with Sequential Derivatives. Symmetry 2021,
13, 1489. [CrossRef]

Xie, S.; Xie, Y. Positive solutions of system for nonlinear singular higher-order fractional differential equations with fractional
multi-point boundary conditions. Bound. Value Probl. 2016, 2016, 134. [CrossRef]

Xu, Y. Fractional boundary value problems with integral and anti-periodic boundary conditions. Bull. Malays. Math. Sci. Soc.
2016, 39, 571-587. [CrossRef]


http://dx.doi.org/10.4067/S0719-06462021000200225
http://dx.doi.org/10.1002/mma.7301
http://dx.doi.org/10.1016/j.aml.2021.107018
http://dx.doi.org/10.1016/j.jksus.2017.09.020
http://dx.doi.org/10.2478/s13540-012-0032-1
http://dx.doi.org/10.1007/s00009-017-1027-2
http://dx.doi.org/10.1016/j.chaos.2015.12.014
http://dx.doi.org/10.1016/j.camwa.2011.03.001
http://dx.doi.org/10.1515/math-2016-0064
http://dx.doi.org/10.3390/fractalfract4020013
http://dx.doi.org/10.1007/s10473-019-0402-4
http://dx.doi.org/10.22436/jnsa.010.01.07
http://dx.doi.org/10.1016/j.chaos.2016.05.005
http://dx.doi.org/10.3390/fractalfract6020123
http://dx.doi.org/10.3390/sym10120701
http://dx.doi.org/10.1002/mma.7712
http://dx.doi.org/10.3390/sym13081489
http://dx.doi.org/10.1186/s13661-016-0643-2
http://dx.doi.org/10.1007/s40840-015-0126-0

	Introduction
	Preliminaries
	Uniqueness Results
	An Example
	Conclusions 
	References

