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Abstract: A graph is a connection of objects. These objects are often known as vertices or nodes
and the connection or relation in these nodes are called arcs or edges. There are certain rules to
allocate values to these vertices and edges. This allocation of values to vertices or edges is called
graph labeling. Labeling is prime cordial if vertices have allocated values from 1 to the order of
graph and edges have allocated values 0 or 1 on a certain pattern. That is, an edge has an allocated
value of 0 if the incident vertices have a greatest common divisor (gcd) greater than 1. An edge
has an allocated value of 1 if the incident vertices have a greatest common divisor equal to 1. The
number of edges labeled with 0 or 1 are equal in numbers or, at most, have a difference of 1. In this
paper, our aim is to investigate the prime cordial labeling of rotationally symmetric graphs obtained
from a generalized Petersen graph P(n, k) under duplication operation, and we have proved that the
resulting symmetric graphs are prime cordial. Moreover, we have also proved that when we glow a
Petersen graph with some path graphs, then again, the resulting graph is a prime cordial graph.

Keywords: prime cordial labeling; duplication operations; glowing of graph; generalized Petersen
graph

1. Introduction

Graph theory started with a solution for the Konigsberg bridges problem in the 18th
century by Leonhard Euler. In the beginning, it was considered a recreational subject. It
took almost two centuries for its development as a mathematical subject, graph theory.
Graph labelings started in the 19th century, when Arthur Cayley, the renouned British
mathematician, showed that there are n"~2 different labeled trees of order n [1]. This
subject attracted the attention of researchers in the previous century. Many conferences
were organized for graph theory in 1950-1960. These conferences concluded that graph
theory is an easy way for understanding mathematics, which attracts the interest of young
students. These conferences were known as “Symposium on the Theory of Graphs and Its
Applications”, held in Smolenice (Czechoslovakia) in 1963 [2]. Graph theory conferences
were held regularly in the 1970s. One member of the Rome conference was Alexander
Rosa; a paper was presented by him [3]. This paper brought revolution in graph labeling.
Four vertex labelings were mentioned by Rosa, described as a-valuations, p-valuations,
o-valuations and p-valuations. The B-valuation became graceful labeling in 1972 [4].
The main aim of graceful labeling was to minimize the values assigned to terminals.
The number theory has an impact on graph labelings [5]. For many years, a lot of graph
labelings have been introduced, which have an impact on many problems for their solution.
The labeled graphs are working excellently in many mathematical models. For instance,
radar codes and cyber security [6]. Prime cordial labeling is the assignment of values to
vertices from 1 to order of graph and edge labeling induced from it where 0 and 1 valued
to edges with respect to the greatest common divisor (gcd) of incident vertices. That is,
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incident vertices have a common divisor greater than 1 labeled with 0 and incident vertices
have a common divisor equal to 1 labeled with 1. It was introduced by Sundaram et al. [7]
and, in the same paper, they investigated several results on prime cordial. In this paper,
we will investigate the generalized Petersen graph P(n, k) under duplication operation
and glowing of P; with P(#,k) is prime cordial. All the graphs in this article are simple
connected graphs and the notions and symbols are the same as those used by I. Ahmad
in [8].

Definition 1. Let P,(n, k) be a graph obtained by attaching a vertex to each edge of outer cycle of
P(n,k). Then, P,(n, k) has 3n vertices with vertex set V(Pe(n,k)) = {x;,y;,zi : 0 <i<n—1}
and 5n edges has edge set E(P.(n,k)) = {x;x; 1k, XiVi, ViVis1, Vizi, Yis1zi + 0 <1 < n—1}
In Figure 1, we have depicted vertices and edges of this graph.

Figure 1. P (5, k); duplication of edges by vertices.

Definition 2. Let P,(n,k), be a graph obtained by duplicating outer cycle vertices P(n, k) by
an edge. Then, Py(n,k), has 4n vertices with vertex set V(Py(n,k)o) = {x;,y; : 0 < i <
n—1landz;:0<i<2n—1} and 6n edges with edge set;

E(Py(n,k)o) = {XiXitr, XiVi, YiYir1, YiZis ZiZis1, YiZig1 + 0 < i < n—1}. As shown in
Figure 2.

Figure 2. P, (5, k),; outer cycle vertex duplication by an edge.

Definition 3. Let P,(n,k); be a graph obtained by edge duplication of all the vertices on the inner
cycle of P(n, k), that is, the duplication of vertices such as x;’s of Figure 2 in P(n, k). Then, the
graph Py(n, k); has 4n vertices and 6n edges, having vertex set V(Py(n,k);) = {x;,z; : 0 <i <
n—1andy;:0<i<2n—1} and 6n edges with edge set;

E(Py(n,k);) = {xiXj1r, XiVi, XiVis1, YiVis1, Xizi, ziZiz1,: 0 <@ < n—1,wherel < k <
| 51}. As shown in Figure 3.
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Figure 3. P,(9,2);; inner vertex duplication by an edge.

Definition 4. There is path graph P3 and a generalized Petersen graph P(n, k). In glowing
operation, there is a subgraph denoted as (Ps, P(n,k))eo. This graph has 4n vertices and 5n
edges. These are V((P3, P(n,k))ev) = {1, x;,yi,2;;0 <i <n—1} and E((P3,P(n,k))ev) =
{uisi g, uixi, xixiv1, Xy, yizi;0 < i < n — 1}. Represented in Figure 4.

Figure 4. (P53, P(n,k))e0; end vertex glowing of P; with P(n, k).

Definition 5. Let (P3, P(n,k))uo be a glowing of n copies of P3 at its middle vertex common with
P(n, k) outer cycle. Glowing graph has 4n vertices and 5n edges. These are V ((Ps, P(1,k))mo) =
{x;,y;;0<i<n—1landz;;0<i<2n—1} and E((P3,P(n,k))mo) = {XiXiri, XiVi, YiVir1,
vizi, ¥iziy1;0 < i < n — 1} depicted in Figure 5.

Figure 5. (P3, P(7,2))mp; middle vertex glowing of P; with P(7,2).
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Definition 6. Let V(Py(n, k), be graph obtained by duplication of vertices by n pendant vertices
in P(n, k) outer cycle. There are 3n vertices and 4n edges with edge set E(Py(n,k),) shown in
Figure 6,

Figure 6. P,(7,3),; Outer cycle vertices duplication by pendant vertices.

2. Main Results

In this section, we shall present the main results of the article.
Theorem 1. The graph Pe(n, k) is prime cordial forall n >3and1 <k < |5].

Proof. Let us assume P(n,k) where n > 3 and 1 < k < |5 | be generalized Petersen
graph. On each outer edge, one vertex is added in such a way that duplicates edges
in the outer cycle of the existing graph. There are 3n vertices and 5n edges having
the vertex set V(P.(n,k)) = {x;,yi,zi : 0 < i < n—1} and edge set E(P.(n,k)) =
{XiXi vk XiVi, Yiiv1, Vizi Yi1zi = 0 < i < n—1}. As we knew, in prime cordial label-
ing, we assign values to edges on the basis of the greatest common divisor of the incident
vertices. In prime cordial labeling, assignment of values to vertices is a bijective function.
Therefore, the values assigned to vertices are;

f(x;)={3(+1) :0<i<n-—1}

Fly) = 2+43i :0<i<n—1where i iseven;
i) = 443(i—1) :1<i<n—1where i isodd.
flz) = 14+3i :0<i<n—1where i iseven;
YL 5433 —1) :1<i<n—1where i isodd.
There are five types of edges, incident to these vertices. The edge set of P.(n, k) is
divided into five subsets that are mentioned below;

Ei = {xx:0<i<n—1},
E, = {xy;:0<i<n-—1},
Es = {yiyi1:0<i<n—1},
Ey = {yizi:0<i<n—-1},
Es = {yin1zi:0<i<n—1}.

In E; edge set, gcd(f(x;), f(xi1x)) > 1. Therefore, n edges are labeled with 0.
There are two cases for labeling edge set Ep;
Case-I: Foreven n, there are 5 edges incident vertices has gcd(f(x;), f(y;)) > 1. Therefore,
labeled with 0 and 4 edges incident vertices has gcd(f(x;), f(yi)) = 1. Therefore,
labeled with 1.
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Case-II: For odd n, there are 5! edges incident vertices has gcd(f(x;), f(y;)) > 1, are
xi), f(yi)) > 1 are

labeled with 0 and "1 edges incident vertices has gcd(f(
labeled with 1.

In edge set E3, n edges incident vertices has gcd(f (y;), f(yi+1)) > 1. Therefore, labeled
with 0.

In edge set E4, n edges incident vertices has gcd(f(y;), f(z;)) = 1. Therefore, labeled
with 1.

In edge set Es, n edges incident vertices has gcd(f(y;+1, f(zi)) = 1. Therefore, labeled
with 1.

When 7 is even, there are 57” edges labeled with 0 and 1. In Figure 7, number of 0 and
1 are equal.

When 7 is odd, there are 5”2—_1 edges valued 0 and # edges valued 1, as shown in
Figure 8.

Edges valued 0 and 1 are equal or supremum difference 1. Hence, the graph P, (1, k),
and Petersen graph edges duplication is prime cordial. [

Example 1. The graph P,(12,k) is prime cordial for 1 < k < |5 ].

In Figure 7, there are 36 vertices and 60 edges. Dark lines indicate that edges are
labeled with 1 and dotted lines indicate that edges are labeled with 0. Here, 30 edges are
valued 0 and 1, respectively. Therefore, it is prime cordial.

Figure 7. P, (12, k); duplication of edges by n vertices.
Example 2. The graph P,(13,k) is prime cordial where 1 <k < [5].

In Figure 8, there are 39 vertices with 65 edges. Dark lines indicate that edges are
labeled with 1 and dotted lines indicate that edges are labeled with 0. Here are 33 edges
valued 1 and 32 edges valued 0. This P, (13, k) has supremum difference 1 in edge labeling.
Therefore, it is prime cordial.
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Figure 8. P,(13,k); duplication of edges by n vertices.

Theorem 2. The graph Py(n, k), is prime cordial forall n >3 and1 <k < [5].

Proof. Let us assume that P(n, k) has n edges attached to each outer cycle vertex. Therefore,
outer cycle vertices have duplication. There are 4n vertices with vertex set V (P, (n,k),) =
{x;,y;:0<i<n—Tlandz;:0<i<2n—1} and these vertices are labeled as

flx)) = 4(i+1):0<i<n—1;
fly) = 4i+2:0<i<n—1;
flzi) = 2i+1:0<i<2n—1.

There are 6n edges, E(Py(1,k)o) = {XiXjrk, XiVi, YiVi+1,YiZis ZiZis1, Yizig1 = 0 < i <
n—1}.
These edges are further described as;

Ei = {xx:0<i<n—1},
E, = {xy;:0<i<n—-1},
Es = {yiyi1:0<i<n-—1},
Ey = {yizi:0<i<n—-1},
Es = {zjzj;1:0<i<n—1},
Es = {yzZZ-H 0<i<n— 1}'

In the E; edge set, there is gcd(f(x;), f(xi1x)) > 1; therefore, n edges are labeled with
0. In the E; edge set, there is gcd(f(x;), f(yi)) > 1; therefore, n edges are labeled with
0. In the E3 edge set, there is gcd(f (y;), f (yi+1)) > 1; therefore, n edges are labeled with
0. In the E4 edge set, there is gcd(f (y;), f(zi)) = 1; therefore, n edges are labeled with 1.
In the Es edge set, there is gcd(f(z;), f(zi+1)) = 1; therefore, n edges are labeled with 1.
In the E¢ edge set, there is gcd(f(y;), f(ziyv1)) = 1; therefore, n edges are labeled with 1.
Hence, 3n edges are valued 0 and 1 as depicted in Figures 9 and 10; thus, Py(n, k), is prime
cordial. O

Example 3. Figure 9 represents the prime cordial labeling of P,(12,k),. The graph P, (12, k), has
48 vertices and 72 edges. Dark lines indicate that edges are labeled with 1 and dotted lines indicate
that edges are labeled with 0. Here are 36 edges labeled with 1 and 36 edges labeled with 0. Hence, it
is prime cordial.
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Figure 9. P, (12, k),; duplication of outer cycle vertices by 12 edges is prime cordial.

Example 4. Figure 10 represents the prime cordial labeling of P, (13, k),. The graph P,(13,k), has
52 vertices and 78 edges. Dark lines indicate that edges are labeled with 1 and dotted lines indicate
that edges are labeled with 0. Here are 39 edges labeled with 1 and 39 edges labeled with 0. Hence, it
is prime cordial.

Figure 10. P, (13, k),; duplication of outer cycle vertices is prime cordial.
Theorem 3. The graph Py(n, k); is prime cordial forall n >3 and1 <k < |5].

Proof. Let us assume n — edges attached to generalized Petersen graph P(#n,k) inner
cycle vertices. This graph is denoted as Py(n,k);. This graph P,(n,k); has 4n vertices,
V(Py(n,k);) ={x;,zi :0<i<n—Tlandy;:0<i<2n—1} are labeled as;

flx;) = {4i+2 :0<i<n—1}
fly)) = {2i+1 :0<i<2n—1};
f(z;) = {4(G+1) :0<i<n—1}

The edges are 61, E(P,(n,k);) = {xiXj 1k, XiVi, XiYis1, YiVit1, Xizi, 2izig1; 0 < T <nm—1
and1 <k < 5]}
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These edges are further described as;

Ey = {xxy :0<i<n—1},

E, = {x,-yi 0<i<n— 1}

Es = {xyis1 :0<i<n-—1},

Ey = {yiyinn :0<i<n—1}

Es = {xz; :0<i<n-—1},

E¢ = {ZiZiJrl :Oéién—l}.

In the E; edge set, we have gcd(f(x;), f(x;1x)) > 1; therefore, n edges are labeled with

0. In the E; edge set, we have gcd(f(x;), f(y;)) = 1; therefore, n edges are labeled with
1. In the E3 edge set, we have gcd(f(x;), f(

)
yi)) = 1; therefore, n edges are labeled with
1. In the E4 edge set, we have gcd(f(v;), f(yi+1)) = 1; therefore, n edges are labeled with
1. In the E5 edge set, we have gcd(f(x;), f(z;)) > 1; therefore, n edges are labeled with 0.
In the E¢ edge set, we have gcd(f(z;), f(ziy+1)) > 1; therefore, n edges are labeled with 0.
Hence, there are 31 edges labeled with 0 and 1, respectively, as shown in Figures 11 and 12;
thus, P,(n, k); is prime cordial. [

Example 5. The graph Py(8, k); is prime cordial for 1 < k < |5 |. The graph in Figure 11 has
32 vertices and 48 edges. Dark lines indicate that edges are labeled with 1 and dotted lines indicate
that edges are labeled with 0. Here are 24 edges labeled with 1 and 24 edges labeled with 0. Hence,
this is a prime cordial.

.

Figure 11. P, (8, k);; inner vertex duplication by an edge.

Example 6. The graph Py(9,k); is prime cordial for 1 < k < |5]. The graph represented in
Figure 12 has 36 vertices and 54 edges. Dark lines indicate edges are labeled with 1 and dotted lines
indicate that edges are labeled with 0. Here are 27 edges labeled with 1 and 0, respectively. Hence,
P, (9,k); is a prime cordial.
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Figure 12. P, (9, k);; inner vertex duplication by an edge.
Theorem 4. The graph (P3, P(n,k))ey is prime cordial foralln > 3and 1 <k < | 5.

Proof. Let P; and P(n, k) be two graphs. End vertex glowing of n copies of P; with outer
cycle of P(n, k), denoted as (Ps, P(1,k))ey. The end vertex glowing graph (Ps, P(n,k))e, has
4n vertices and 51 edges. The vertices are {ui, Xi,Yi,2i;0 <i<n— 1}. The edges are,

By = {”i”i+k}0§i§nf1and1§kgL%J},
E, = {ux;;0<i<n—1},

Ez = {xixj41;0<i<n—1},

Ey = {xy;;0<i<n—1},

Es = {yizi; 0<i<n-—1}

Because we knew that values assignment to vertices is a bijective function. Therefore,
we have,
For all n greater or equal to 3

flu) = {4(i+1); 0<i<n—1}

Now, we will have different cases for assignment of values to the vertices x; , y; and z;.
Case 1: forn =3

f(x0) =3,f(x1) =6, f(x2) =9

f(yo) =1, f(y1) =5, f(y2) = 10

f(20) =2,f(21) =7, f(z2) = 11

Edge labeling is induced from vertex labeling; therefore, valuation of edges differs by
1. Depicted in Figure 13, dark lines indicate that edges are labeled with 1 and dotted lines
indicate that edges are labeled with 0. Hence, it is prime cordial.

Case 2: forn =4

f(x0) =3, f(x1) = 6,f(x2) =9, f(x3) =15

f(yo) =1, f(y1) =5,f(y2) =10, f(ys) = 13

f(20) = 2,f(21) =7, f(z2) = 11, f(23) = 14

Edge labeling is induced function; therefore, edges are equally labeled with 0 and 1.
In Figure 13, dark lines indicate that edge is labeled with 1 and dotted line indicates that
edge is labeled with 0. Hence, (Ps, P(4,k))e0, V1 < k < | 5| is prime cordial.
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Figure 13. End vertex glowing of P3 with P(3,k) and P (4, k) is prime cordial.
Case 3: for n = 0 (mod 12)

2 :i=0;
flxi)=4q 4+3 :1<i<}%;
4i+2 :p<i<n-1

flyi)={ 4+1 :0<i<n-—1

3 :i=0;
flzj) =14 4i+2 :1<i<

n.
1/
4i+3 :p<i<n-—

1.

Edge labeling is induced function; therefore, 57” edges are equally valued 0 and 1. That
is clear from Figure 14, where dark lines indicate that edges are labeled with 1 and dotted
line indicate that edges are labeled with 0. This graph is prime cordial.

Figure 14. (P, P(12,k))c0; end vertex glowing of Ps with P(12, k).

Case 4: for n = 4 (mod 12)

1 :i=0;
flxi)=4q 4+3 :1<i<[}]-1;
4i+2 [l -1<i<n—-1
2 :i=0;
f(y")_{4i+1 1<i<n—1.
3 :i=0;
flzi)=14 4i4+2 :1<i<i-1;
4i+3 :p-1<i<n-—1

Since edge labeling is induced function, then ef
edges are equal, depicted in Figure 15.

—~

0) = 2 and er(1) = 2. The valued
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Figure 15. (P, P(16,k)).0; end vertex Ps glowing with P(16, k) is prime cordial.

Case 5: for n = 6,7 (mod 12)

2 i=0;
flx) =< 4i+3 :1<i<|[%];
4i+2 |t <i<n-—1

3 :i=0;
flzi) =19 4i+2 :1<i<|[}];
4i+3 :|fl<i<n-1

Since edge labeling is induced function, then for even n, e¢(0) = T ande r(1) = 2,

In addition, for odd n, ef(0) = -1 and e (1) = t1 That is prime cordial, depicted in
Figure 16.

Figure 16. (P, P(7,k))ev; end vertex Ps glowing with P(7, k) is prime cordial.

Case 6: forn =1,2,3,5,9,10,11 (mod 12)

1 :i=0;
fla) =4 4i+3 :1<i<|[?]-1;
4i+2 :|f]-1<i<n-—-1
f(yi)_{4i+1 1<i<n—1
3 1=0
flzi) =4 4i+2 :1<i< |2 -1
4i+3 :|f]-1<i<n-1
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Since edge labeling is induced function, then for even n, labeled edges have equal 0
and 1. In addition, for odd, labeled edges with 0 and 1 only have a difference of 1. Hence,
the graph is prime cordial. There are Figures 17 and 18,

Figure 18. (P, P(11,k))c0; end vertex Ps glowing with P(11, k) is prime cordial.
Case 7: for n = 8 (mod 12)
_f4i+3 0<i<E;
f“”‘{4u4 n<i<n—1.
flyi)={ 4+1 :0<i<n-—1

_J4i+2 0<i<y;
f@0{4u3 h<i<n—1.

Since edge labeling is induced function, 57” edges are valued 0 and 1, respectively. That
is clear from Figure 19, where dark lines indicate that edges are labeled with 1 and dotted
line indicates that edges are labeled with 0. This graph is prime cordial.

Figure 19. (P3, P(8,k))e0; end vertex glowing of P; with P(8, k).
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Hence, (P3, P(n,k))ep forn >3 and 1 < k < |5 | is prime cordial. [
Theorem 5. The graph (P, P(n,k))mo is prime cordial for alln > 3and 1 < k < [5].

Proof. Let us assume P; and P(n, k) are path graph and generalized Petersen graph, re-
spectively. P; has middle vertex glowing with P(n, k) outer cycle n vertices, denoted as
(P3, P(n,k))mp. The middle vertex glowing graph (Ps, P(n,k))mo has 4n vertices and 5n
edges. The vertices are {x;,y;; 0 <i<mn—Tlandz;; 0<i< 2n—1}.

The edges are as following,

By = {xixiJrk}OSiSn—landlgkgLgJ},
E, = {xy;0<i<n-1},

Es = {yyisy, 0<i<n-—-1},

Ey = {yz;0<i<n-—1},

Es = {yiziq; 0<i<n—1}.

For prime cordial labeling, we assign values to vertices from 1 to order of graph and
edge labeling induced from it. Therefore, we assign values to vertices as given below;

) = {4+ 1);0<i<n—1)

Now, we will have different cases for assignment of values to the vertices y; and z;.

Case1: forn =3

f(yo) =3,f(y1) =6, f(y2) =9

f(z0) =1, f(z1) = 2, f(22) = 5, f(2z3) = 7, f(2z4) = 10, f(z5) = 11.

Since edge labeling is induced function, valued edges have supremum difference 1, as
shown in Figure 20. Hence, (P3, P(3,k))my V1 < k < | 4] is prime cordial.

Figure 20. Middle vertex glowing of three copies of P; with P(3,k) and P(4, k) is prime cordial.

Case 2: forn =14

f(yo) =3,f(y1) = 6,f(y2) =9, f(ys) =15

f(20) =1, f(z1) = 2,f(22) = 5,f(23) =7, f(24) = 10, f(2z5) = 11, f(26) = 13, f(27) = 14.

Since edge labeling is induced function, valued edges are equally labeled with 0 and 1.
As shown in Figure 20, dark lines indicate that edges are labeled with 1 and dotted lines
indicate that edges are labeled with 0. Hence, (Ps, P(4,k))mo V1 < k < | %] is prime cordial.

Case 3: for n = 0 (mod 12)
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2i4+1 :0<i<2n-—1land i is even ;
3 i=1;
flz) = 2i :3<i<[3]+1and iis odd ;
2i+1 :[3]+1<i<2n—1Tand i is odd.

Since edge labeling is induced function, 57” edges are valued 0 and 1 equally as shown
in Figure 21. The graph is prime cordial.

Figure 21. (P3, P(12, k))mo; middle vertex P; glowing with P(12, k) is prime cordial.

Case 4: for n =1 (mod 12)

1 :i=0;
fly)) =¢ 4i+3 :1<i<|}]-1;
4i42 (B -1<i<n—1
2 :i=0;
3 :i=1;
f(zi) = 21+1 2n —1land i is even ;

2<i <
2i <i<|%)and iis odd ;
21+1 [%j+l<z<2n—1andlzs odd .

5n—1
2

Since edge labeling is induced function, edges are valued 0 and 5”2+ ! edges are
valued 1. The edges labeled with 0 and 1 have maximum difference of 1. The graph is

prime cordial.
Case 5: for n = 2 (mod 12)

1 i=0;
flyi)=4q 4+3 :1<i<[}]-1;
4i+2 [ -1<i<n—1.
2 :i=0;
3 :i=1;
f(zj)) =% 2i+1 2<i<2n—1land i is even ;
2i :3<i<[§]—2and iis odd ;
20+1 :[f]-2<i<2n—1land iis odd

From it, there are 3 > edges labeled with 0 and 1 equally. The graph is prime cordial.
Case 6: for n = 3 (mod 12)

1 :i=0;
fly) =4 4i+3 :1<i<[f]-1;
4i+2 Fl-1<i<n-1
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2 :i=0;
3 :i=1,;
f(zj)) =< 2i+1 :2<i<2n—1land i is even ;
2i :3<i<|5]—2and iis odd ;
241 :|2]-2<i<2n—1land iis odd.

5n+l

Since edge labeling is induced function, edges are valued 0 and 5” ! are valued

1. Edges labeled with maximum 1 difference.
Case 7: for n = 4 (mod 12)

11=0;
fud = d aiisii<ic -1,
4z+2.[4] l<i<n-1
2 :i=0;
3 :i=1;
flzi))=14 2i+1 :2 2n—1and i is even ;

<i<
i<[3]—1and i is odd ;
2i+1 :[5]-1< z<2n—1andzzsodd

Since edge labeling is induced function, 57" edges are valued 0 and 1, respectively.
The graph is prime cordial.

Case 8: for n = 5,9 (mod 12)

1 l:O,
fy) =4 4i+3:1<i<[§]—-1;
1 n

4i+2: (2 -1< ~1.
2 :i=0;
3 :i=1;
fzi) =% 2i+1 :2<i<2n—1land i is even ;
2i :3<i<|5]—1land iis odd ;

2i+1 :|5|-1<i<2n—1Tand i is odd.

Since edge labeling is induced function, 25-! labeled with 0 and 2% labeled with
1. Thatis, |ef(0) —ef(1)| = 1. As shown in Figure 22, dark lines indicate that edges
are labeled with 1 and dotted lines indicate that edges are labeled with 0. The graph is
prime cordial.

Figure 22. (D3, P(9, k))my; middle vertex P glowing with P(9, k) is prime cordial.

Case 9: for n = 6,10 (mod 12)
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2 :i=0;
3 i=1;
f(zi) =< 2i+1 :2<i<2n—1land i is even ;

= =

<
2i :3<i< gand iis odd ;
2i4+1 5 <i<2n—1land iis odd.

Since edge labeling is induced function. Hence, % edges are labeled by 0 and 1 equally,

as shown in Figure 23. The graph is prime cordial.

Figure 23. (P3, P(10, k) ) mv; middle vertex P3 glowing with P(10, k) is prime cordial.

Case 10: for n = 7 (mod 12)
2 :i=0;
f(yi): 4i+3 1
4i+2 |l <i<n

2i4+1 :0<i<2n—1where i is even ;
3 :i=1;

flai) = 20 :3<i< |[5]and iis odd ;
2041 :|5] <i<2n—1where iis odd.
Since edge labeling is induced function, then e¢(0) = tl and e (1) =

sented in Figure 24. This is prime cordial.

Figure 24. (P3, P(7,k))mo; middle vertex P; glowing with P(7, k) is prime cordial.

Case 11: for n = 8 (mod 12)

5n—1
2

, repre-
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2i4+1 :0<i<2n-—1land i is even ;
2 i—l

flz) = 2i <i< [%]—1and i is odd ;
21+1 (8] —-1<i<2n—1and i is odd .

Since edge labeling is induced function, then * is equally valued with 0 and 1, as
depicted in Figure 25. It is prime cordial.

Figure 25. (D3, P(8,k))my; middle vertex Ps glowing with P(8, k) is prime cordial.

Case 12: for n = 11 (mod 12)

2 :i=1;
F) =4 443 1<i< |4
4i+2 :|fl<i<n-—-1
1 :i=0;
3 :i=1;
f(zi) =% 2i+1 :2<i<2n—1land i is even ;
20 :3<i< |[5]and iis odd
2041 |5 <i<2n—1and i is odd

Since edge labeling is induced function, the edges 24 are valued with 0 and 21
are valued with 1. There is maximum 1 difference in valued edges. As shown in Figure 26.

The graph is prime cordial.

Figure 26. (P, P(11,k))mo; middle vertex P; glowing with P(11,k) is prime cordial.
Hence, (P3, P(n,k))my foralln > 3 and 1 < k < |5 | is prime cordial. [J

Theorem 6. The graph Py(n, k), is prime cordial for alln > 3and 1 < k < [ ].
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Proof. Let P(n, k) be a generalized Petersen graph. There are n copies of pendant vertices
attached to outer cycle of P(n, k).
There are 3n vertices and size 4n. Described as,

V(P'U(nfk)P) = {xi/yi/zi; 0 S i S n— 1}/

. n
E(Po(n,k)p) = {xiXitk, XiYi, Yilfisr,Yizi; O S i sm—Tland 1 < k < [ 5]}

In prime cordial labeling, values assigned to vertices is a bijective function from 1 to
order of graph and edge labeling induce from it. Therefore, values are assigned to vertices as;

flx) ={3i+30<i<n-1}

For f(y;) and f(z;), we have following cases:
Case 1: forn =3

fo) =1,f(y) =4 f(y2) =8

f(20) =5,f(21) =2,f(22) =7

Since edge labeling is induced function, edges are equally labeled with 0 and 1. As
shown in Figure 27, P, (3, k), is prime cordial.

Figure 27. Outer cycle vertices duplication by pendant vertices in P(3,k) and P(4, k) is prime cordial.

Case 2: forn =4

f(yo) =1, f(y1) =4 f(y2) = 8, f(y3) = 10

f(20) =2,f(21) =5, f(z2) =7, f(2z3) = 1L

Since edge labeling is induced function, 0 and 1 are equally assigned to edges. As
shown in Figure 27, P, (4, k), is prime cordial.

Case 3: for n = 0 (mod 6)

2 :i=0;

3i+2 1<i<%wheniisodd;
flyi) =19 3i+1 :2<i< "3 when iis even ;

3i+2 ”T*?’<i<n—1wheniiseven;

3i+1 %3 <i<n—Tlwhen iis odd.

1 :i=0;

3i+1 1<i<’%3wheniis odd ;
flzi) =1 3i+2 :2<i< "2 when iis even ;

3i+1 ”T_:i<i<n—1wheniiseven;

3i+2 :”3;3<i<n—1wheniisodd.

This labeling is explained in Figure 28.
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Figure 28. P, (6, k)p; outer vertex P(6,k) duplication by pendant vertices is prime cordial.

Case 4: for n = 1 (mod 6)

2 :i=0;

3i+2 :1<i< " when iis odd;
flyi) =14 3i+1 lzﬁié%wmzniiseven;
<i

3i+2 :”T’4 <n—1and when i is even;
3i+1 :”T’4<i<n—1andwheniis odd.
1 :i=0;
3i+1 :1<i<’%4wheniis odd,
fzi) =% 3i+2 :2<i< ”T*‘Lwhen i is even;

3i+1 :”T*4<i<n—1when i is even;
3i+2 :”T*4<i<n—1when i is odd.

This labeling is explained in Figure 29.

Figure 29. P,(7,k),; outer vertex P(7,k) duplication by pendant vertices is prime cordial.

Case 5: for n = 2 (mod 6)

1 :i=0;

3i+2 :1<i< ™32 whereiis odd ;
fly)) =4 3i+1 2<i< ”T_5where i is even ;

3i+2 "55 <i<n—1where i is even ;

3i+1 :”T_S<i<n—1whereiis odd .



Symmetry 2022, 14,732 20 of 22

2 :i=0;

3i+1 1<i<”§5whereiis odd ;
flzi) =14 3i+2 :2<i< "2 whereiis even ;

3i+1 ”g5<i<n—1whereiis even ;

3i+2 2 <i<n—Tlwhereiis odd.

This labeling is explained in Figure 30.

Figure 30. P, (8, k) ,; outer vertex P(8,k) duplication by pendant vertices is prime cordial.

Case 6: for n = 3 (mod 6)

1 :i=0;

3i+2 :1<i< "8 when iis odd ;
flyi) =4 3i+1 :Zgig%when i is even ;

3i+2 ”56 <i<n—1and when is even ;

3i+1 :"T_6<i<n—1wheniisodd.

2 :i=0;

3i+1 :1<i< 52 when iis odd ;
f(zj)) =1} 3i+2 :2<i<”T_6when i is even ;

3i+1 :”T_6<i<n—1when i is even ;
3i42 80 <i<n—1when iis odd.

Figure 31. P, (9, k)p; outer vertex P(9, k) duplication by pendant vertices is prime cordial.

Case 7: for n = 4 (mod 6)
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1 :i=0;

3i+2 :1<i< " when iis odd ;
fly) =2 3i+1 :2<i< % when iis even ;

3i+2 ”T*4<i<n—1wheniiseven;

3i+1 5t <i<n—Tlwhen iis odd.

2 :i=0;

3i+1 1<i<”T*4wheniisodd;
f(zi)) =<} Bi+2 2<i< ”T*‘Lwhen iis even ;

3i+1 ”T_‘L<i<n—1wheniiseven;

3i+2 ”T_‘L<i<n—1wheniisodd.

This labeling is explained in Figure 32.

Figure 32. P, (10, k) ,; outer vertex P(10, k) duplication by pendant vertices is prime cordial.

Case 8: forn =5 (mod 6)

1 :i=0;

3i+42 1<1’<”T_5wheniisodd;

flyi) =14 3i+1 :2<i< "> when iis even ;
n

3i+2 :%5<i<n—1when iis even ;
3i+1 :”T_5<i<n—1when iis odd .

2 :i=0;

3i+1 :1<i<2when iis odd ;
f(zj)) =1} 3i+2 2<i<”T_5when i is even ;

3i+1 :”—§5<i<n—1wheniiseven;

3i+2 :”3;5<i<n—1wheniisodd.

This labeling is explained in Figure 33.

Figure 33. P,(11,k)p; outer vertex P(11,k) duplication by pendant vertices is prime cordial.
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Hence, the graph Py(n, k), is prime cordial foralln > 3and 1 <k < [5]. O

3. Conclusions

In this article, we have studied the prime cordial labeling of a generalized Petersen
graph under duplication operation, and we have proved that it is a prime cordial graph after
duplication. We have also proved that glowing of path graph P; to P(n, k) at a common
vertex is prime cordial. These graphs invite the interest of researchers for their application
in communication. Binary digits belong to Boolean Algebra, and in our results, edges are
labeled with 0 and 1. These binary digits assignment to edges attracts the attention of
computer programmers for data communication. Therefore, these results are fruitful for
switching and data communication.
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