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Abstract

:

In this paper, we consider the topological abelian BF theory with radial boundary on a generic 3D manifold, as we were motivated by the recently discovered accelerated edge modes on certain Hall systems. Our aim was to research if, where, and how the boundary keeps the memory of the details of the background metrics. We discovered that some features were topologically protected and did not depend on the bulk metric. The outcome was that these edge excitations were   a c c e l e r a t e d  , as a direct consequence of the non-flat nature of the bulk spacetime. We found three possibilities for the motion of the edge quasiparticles: same directions, opposite directions, and a single-moving mode. However, requiring that the Hamiltonian of the 2D theory is bounded by below, the case of the edge modes moving in the same direction was ruled out. Systems involving parallel Hall currents (for instance, a fractional quantum Hall effect with   ν = 2 / 5  ) cannot be described by a BF theory with the boundary, independently from the geometry of the bulk spacetime, because of positive energy considerations. Thus, we were left with physical situations characterized by edge excitations moving with opposite velocities (for example, the fractional quantum Hall effect with   ν = 1 − 1 / n  , with the n positive integer, and the helical Luttinger liquids phenomena) or a single-moving mode (quantum anomalous Hall). A strong restriction was obtained by requiring time reversal symmetry, which uniquely identifies modes with equal and opposite velocities, and we know that this is the case of topological insulators. The novelty, with respect to the flat bulk background, is that the modes have local velocities, which correspond to topological insulators with   a c c e l e r a t e d   edge modes.
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1. Introduction


Topological Quantum Field Theories (TQFT) are characterized by the defining property that their observables do not depend on the metric of the background spacetime. As a consequence, TQFTs do not display   p h y s i c a l   observables, which are local, but “only”   g e o m e t r i c a l   ones, i.e., global properties of the manifolds, such as handles, knots, and so on [1,2]. An easy way to highlight this peculiar property is to compute the energy–momentum tensor of a TQFT: the result is zero or, more precisely, the only contribution comes from the unphysical gauge-fixing sector. The situation drastically changes if a boundary is introduced in the background spacetime. The presence of a boundary breaks everything that can be broken, starting from translations and rotations; hence, Lorentz invariance. In TQFT, the boundary also breaks gauge invariance, since both Schwarz-type TQFT Lagrangians (Chern–Simons (CS) in 3D and BF in any spacetime dimension) [2] transform as total derivatives under gauge transformations. Hence, if a boundary is present, integration by parts give a nonvanishing contribution. On the lower-dimensional boundary, unbroken residual symmetries survive, unless a boundary on the boundary is placed again, which might be interesting [3]. The question naturally arises as to which boundary conditions (BC) should be imposed on the bulk fields or, rather, which are the most general BC that naturally emerge as a consequence of the presence of a boundary itself, without introducing them by hand, in order to get rid of the dependence on any particular choice. The other crucial issue is that of determining the remnants of the bulk theory on the boundary physics, namely, the holographic projection of the d-dimensional bulk theory on the   ( d − 1 )  -dimensional boundary. Boundary effects in physics are studied for a long time. In the framework of the quantum field theory (QFT), a pioneering work was conducted by Symanzik in the case of the Casimir effect [4], which is the textbook example of the physical consequences of the presence of boundaries. In [4], Symanzik introduced some of the basic tools for dealing with a boundary in QFT. For instance, in this paper, we adopted Symanzik’s way of determining the most general BC, thus avoiding the arbitrariness of an imposition by hand. It basically goes as follows. Given that the boundary breaks the breakable, a boundary term should be added to the action, constrained only by the most general requests of field theory: locality and power counting [5,6,7,8]. The BC are then determined by a variational principle, applied on the equations of motion (EOM) of the theory, modified by the presence of the boundary term. The study of TQFT with the boundary led to remarkable results, mainly in condensed matter physics. The Hall systems have been understood in terms of the 3D CS theory with a planar boundary [9,10,11,12], and the topological insulators (TI), which represent the other important topological phase of matter [13,14,15,16], are described by the topological BF theory with a planar boundary, in 3D and 4D [17,18,19,20]. In both cases, it has been possible to show the existence, on the boundary, of conserved currents forming an algebra of the Kac–Moody (KM) type [21,22], with a central charge proportional to the inverse of the action coupling constant. The holographic (in the sense previously explained) 2D theory induced on the boundary of the abelian CS theory is the Floreanini–Jackiw action [23], describing edge modes moving with constant chiral velocities, which have indeed been observed [24]. The velocity of the edge excitations is the main observable of both Hall systems and topological insulators, and it is related to the action coupling constant or, equivalently, to the central charge of the boundary KM algebra formed by the conserved currents. Recently, Hall systems edge modes have been observed displaying   n o n  c o n s t a n t   velocities [25]. These accelerated chiral modes cannot be explained by the above description (TQFT on flat spacetime with a planar boundary), which unavoidably yields   c o n s t a n t   edge velocities. The standard approach to deal with these cases is phenomenological, and basically consists of adding a suitable potential to the 2D Luttinger action, in order to reproduce time-dependent velocities [26,27,28,29,30]. The price of this way of solving the problem is that the whole “holographic” construction of finding the right lower-dimensional action without any ad hoc extension fails. Recently, an alternative approach was proposed to reproduce accelerated edge modes in Hall systems without the need of adding any empirical potential, while keeping the holographic construction intact [31]. It consists of considering the bulk theory on a generic, rather that flat, background manifold. While the topological invariant action, of course, does not depend on the particular spacetime metric, Symanzik’s boundary term and the boundary itself certainly do, and it is an interesting issue to find out if, how, and where this metric dependence reflects on the holographic 2D theory and, more interestingly, on physical observables. Remarkably, it has been shown that, indeed, a remnant of the bulk metric remains on the most relevant physical observable, i.e., the chiral velocity of the edge modes, which becomes   l o c a l  . In other words, the edge modes of the Hall systems, when described by a TQFT built on a generic manifold, are accelerated and, moreover, the velocities also depend on the position of the quasiparticle on the boundary, not only on time. The dependence on the bulk metric manifests only through the determinant of the induced metric on the boundary, hence it is mild, as one might expect due to the topological character of the bulk theory. Still, the local effects are reproduced, without any empirical modification of the 2D holographic Luttinger theory. The aim of this paper is to see whether a similar result holds for topological insulators, when described by a topological abelian 3D BF theory on a generic manifold with radial boundary. The main motivation for this paper is the recent discovery of modes that move on the edge of certain Hall systems with non-constant velocities. This phenomenon is not explained in the standard way of adding a planar boundary on a flat bulk spacetime, which gives instead   c o n s t a n t   velocities. The main result of our paper is that we found that the accelerated nature of the edge modes is due to the non-flatness of the bulk manifold, which surprisingly reveals itself in the only measurable parameter of the boundary theory, namely the velocities. This unusual interplay between geometry and physics renders the results presented in this paper interesting. This article is organized as follows. In Section 2, we prepare the tools to face the problem: we introduce a radial boundary in the gauge-fixed 3D BF action, and derive, à la Symanzik, the most general BC on the two gauge fields of the theory. As stated, the boundary breaks gauge invariance, and this reflects in the breaking of the two Ward identities describing the broken gauge symmetry. The breakings are particularly fruitful, as they lead us to identify the 2D scalar degrees of freedom and the KM algebra formed by the edge conserved currents. Requiring the positivity of the KM central charge constrains the BF coupling to be positive. In Section 3, the 2D theory is derived as the holographic projection of the 3D bulk theory. The contact is realized by matching the BC on the bulk side and the EOM on the boundary side. The resulting action involves two scalar fields and is more complicated than the simple Luttinger theory found on the edge of CS model. We give a physical interpretation of the 2D theory, and we found three possibilities for the motion of the edge quasiparticles: same directions, opposite directions, and a single-moving mode. However, requiring that the Hamiltonian of the 2D theory is bounded by below, the case of edge modes moving in the same direction is ruled out. Systems involving parallel Hall currents (for instance, fractional quantum Hall effect with filling factor   ν = 2 / 5   [32]) cannot be described by a BF theory with a boundary, independently from the geometry of the bulk spacetime, just because of positive energy considerations. We are therefore left with physical situations characterized by edge excitations moving with opposite velocities (examples are fractional quantum Hall effect with   ν = 1 − 1 / n  , with n positive integer [32] and helical Luttinger liquid phenomena, characterized by the existence of two conserved chiral edge currents propagating in opposite directions with the same speed and definite spin [33]) or a single-moving mode (quantum anomalous Hall [16,34,35]). In Section 4, a strong restriction is obtained by requiring time reversal symmetry, which uniquely identifies modes with equal and opposite velocities, and we know that this is the case of topological insulators. The novelty, with respect to the flat bulk background, is that the modes have local velocities, which correspond to topological insulators with   a c c e l e r a t e d   edge modes. In Section 5, we summarize and discuss our results.



Notations and Conventions


Indices and coordinates:


  μ , ν , ρ , ⋯ =  { 0 , 1 , 2 } = { t , r , θ }   ;   i , j , ⋯ =  { 0 , 2 } = { t , θ } ,  



(1)






  x =   (  x 0  ,  x 1  ,  x 2  )  =  ( t , r , θ )    ;   X =   (  x 0  ,  x 2  )  =  ( t , θ )  .  



(2)







The Levi-Civita tensor   ϵ  μ ν ρ    is written in terms of the corresponding symbol    ϵ ˜   μ ν ρ    as follows


   ϵ  μ ν ρ   =    ϵ ˜   μ ν ρ     − g    ,  



(3)




where g is the determinant of the bulk metric tensor   g  μ ν   , with the Lorentzian signature. The scalar Dirac delta distribution    δ  ( n )    ( x −  x ′  )    and the corresponding density     δ ˜   ( n )    ( x −  x ′  )    are related by [36]


   δ  ( n )    ( x −  x ′  )  =     δ ˜   ( n )    ( x −  x ′  )     − g    ,  



(4)




acting on a test function   f ( x )   as


  ∫  d n  x    − g     δ  ( n )    ( x −  x ′  )  f  ( x )  = ∫  d n  x    δ ˜   ( n )    ( x −  x ′  )  f  ( x )  = f  (  x ′  )  .  



(5)







The functional derivative is defined as


    δ  V μ   ( x )    δ  V ν   (  x ′  )    =  δ μ ν    δ  ( 3 )    ( x −  x ′  )  .  



(6)







For a generic manifold  V , Stokes’ theorem states that


   ∫ V   d n  x    − g     ∇ μ   V μ  =  ∫  ∂ V    d  n − 1   y    − γ     e μ   V μ  ,  



(7)




where   e μ   is the unit vector normal to the boundary   ∂ V   described by the equation   f ( x ) = 0  , i.e.,


   e μ  = −    ∂ μ  f     g  μ ν    ∂ μ  f  ∂ ν  f    ,  



(8)




and   γ  i j    is the induced metric on   ∂ V  , with  γ  its determinant.



The derivative of the Heaviside step function is [31]


   ∇ μ  θ  ( f  ( x )  )  =  ∂ μ  θ  f ( x )  = −  e μ       | γ |     | g |     δ  ( f  ( x )  )  .  



(9)







In this paper, we will consider a constant, radial boundary


  f  ( x )  = R − r  ⇒   e μ  =   δ μ r    g  r r     =  δ μ r     | g |     | γ |    ,  



(10)




where we use [37]:


    g  r r    =    − γ     − g    .  



(11)







Therefore, using (10), the derivative of the step function (9) simplifies to


   ∇ μ  θ  ( R − r )  =  ∂ μ  θ  f ( x )  = −  δ μ r   δ  ( r − R )  .  



(12)









2. The Model: Bulk and Boundary


2.1. The Action


We consider the abelian BF model on a manifold diffeomorphic to a cylinder of radius R. The boundary is introduced by means of a Heaviside step function in the bulk action, constraining the radial coordinate to   r ≤ R  . The BF bulk action is


   S  B F   = κ ∫  d 3  x  θ  ( R − r )     ϵ ˜   μ ν ρ    ∂ μ   A ν   B ρ  ,  



(13)




where   A μ   and   B μ   are two gauge fields with mass dimensions   [ A ] = [ B ] = 1   and  κ  is a constant that will be determined by physical inputs, as we shall see later. We chose the radial gauge, implemented by the following gauge-fixing term


   S  g f   = ∫  d 3  x   − g    θ  ( R − r )    b  A μ  + d   B μ    n μ   ,  



(14)




where    n μ  =  ( 0 , 1 , 0 )    is a vector and   b , d   are scalar Nakanishi–Lautrup–Lagrange multipliers [38,39]:


    δ S   δ b   =  n μ   A μ  =  A r  = 0 ;    δ S   δ d   =  n μ   B μ  =  B r  = 0 .  



(15)







The external source term is


   S  e x t   = ∫  d 3  x   − g    θ  ( R − r )     J μ   A μ  +   J ^  μ   B μ   ,  



(16)




where   J μ   and    J ^  μ   are vectors. The presence of a boundary induces, as an additional contribution, the most general boundary term compatible with power-counting and locality [4]


   S  b d   = ∫  d 3  x    − γ    δ  ( r − R )     α  i j   2   A i   A j  +   β  i j   2   B i   B j  +  ζ  i j    A i   B j   ,  



(17)




where    α  i j   =  α  j i   ,   β  i j   =  β  j i     and   ζ  i j    are dimensionless tensors that depend, at most, on the induced metric (components   γ  i j    and/or determinant  γ ) in the following way


      α  i j   =       α ^   i j    ( γ )  +  α ^   ( γ )   γ  i j       =   α ^   i j   +  α ^   γ  i j       



(18)






      β  i j   =       β ^   i j    ( γ )  +  β ^   ( γ )   γ  i j       =   β ^   i j   +  β ^   γ  i j       



(19)






      ζ  i j   =       ζ ^   i j    ( γ )  +  ζ ^   ( γ )   γ  i j       =   ζ ^   i j   +  ζ ^   γ  i j   .     



(20)







In the flat limit, the parameters   α  i j   ,   β  i j    and   ζ  i j    in   S  b d    are constant [40]. Finally, the total action, containing BF bulk, gauge fixing, external sources, and boundary terms, is


  S =  S  B F   +  S  g f   +  S  e x t   +  S  b d   .  



(21)








2.2. Equations of Motion and Boundary Conditions


From the total action S (21), the EOM of the theory follows


    δ S   δ  A λ    = θ  ( R − r )   − κ  ϵ  μ λ ρ    ∂ μ   B ρ  + b   n λ  +  J λ   +  δ i λ     − γ     − g    δ  ( r − R )   − κ    ϵ ˜   i 1 j     − γ     B j  +  α  i j    A j  +   ζ  i j    B j   = 0  



(22)






    δ S   δ  B λ    = θ  ( R − r )   κ  ϵ  μ ν λ    ∂ μ   A ν  + d   n λ  +   J ^  λ   +  δ i λ     − γ     − g    δ  ( r − R )    β  i j    B j  +  ζ  j i    A j   = 0 .  



(23)







From the EOM, (22) and (23), we get the boundary conditions (BC) of the theory by applying the operator    lim  ϵ → R    ∫ ϵ R   , i.e.,




    lim  ϵ → R     ∫ ϵ R  d r  22  :     α  i j    A j  +       − κ      ϵ ˜    i 1 j       − γ     +  ζ  i j      B j      r = R   = 0   



(24)






    lim  ϵ → R     ∫ ϵ R  d r  23  :      j i    A j  +      β  i j    B j      r = R   = 0   



(25)





Equation (24) and (25) can be written in a compact form, as follows:


     Λ  I J    X J    r = R   = 0 ,  



(26)




where   I , J = { i ; j } = { 0 , 2 ; 0 , 2 }  ,


   Λ  I J   ≡      α  i j       ζ  i j   − κ  ϵ  i 1 j         ζ  j i      β  i j       =      α 00     α 02     ζ 00      ζ 02  −  κ ^        α 20     α 22      ζ 20  +  κ ^      ζ 22       ζ 00     ζ 20     β 00     β 02       ζ 02     ζ 22     β 02     β 22      ,  



(27)




and


   X J  ≡      A j       B j      ,  



(28)




where we defined


   κ ^  ≡   κ   ϵ ˜  012     − γ    .  



(29)







We leave    ϵ ˜  012   explicit (instead of simply putting it equal to 1) to keep the tensor nature of all quantities explicit. For instance, in this way, we immediately see that   κ ^   is a scalar function. The BC (26) define a linear, homogeneous system of four equations and four variables    A i    |   r = R     and    B i    |   r = R    , for which, requiring   det Λ = 0  , it is possible to write three of the fields in terms of one:





    B θ   X    = −  l 1   B t   X    



(30)






    A θ   X    = −  l 2   B t   X    



(31)






   A t   X  = −  l 3   B t   X   



(32)




where   l  1 , 2 , 3    depend on the coefficients of the total action (21) and, therefore, in general, are local functions of the induced metrics on the boundary    γ  i j    ( X )   . Their explicit form can be found in Appendix A ((A8)–(A10)). Notice that to exclude Dirichlet-like solutions (i.e.,    A i     |  r = R   =  B i  |   r = R   = 0  ), which would trivialize the boundary 2D physics, we must require    l i  ≠ 0   and    l i  − 1   ≠ 0  .




2.3. Ward Identities


The covariant divergence of the EOM (22) is


      ∇ λ    δ S   δ  A λ    =      ∇ λ   θ  ( R − r )   − κ  ϵ  μ λ ρ    ∂ μ   B ρ  +  n λ   b +  J λ         =     1   − g    δ  ( r − R )   κ    ϵ ˜   i 1 j    ∂ i   B j  +  1   − g     ∂ λ   θ  ( R − r )   n λ   b   − g    +  ∇ λ   θ  ( R − r )   J λ   = 0 ,     



(33)




where we used the BC (24), the fact that    ϵ  μ ν ρ    ∇ μ   ∂ ν   B ρ  = 0  , the definition of covariant derivative of the step function (12) and the formula for the covariant divergence


   ∇ μ   V μ  =  1   − g     ∂ μ    V μ    − g    .  



(34)







By multiplying (33) by    − g    and integrating over the coordinate normal to the boundary   r = R  , we get


         ∫ 0  + ∞   d r   δ  ( r − R )   κ    ϵ ˜   i 1 j    ∂ i   B j  +  ∂ λ   θ  ( R − r )   n λ   b   − g    +   − g     ∇ λ   θ  ( R − r )   J λ         =      κ   ϵ ˜   i 1 j    ∂ i   B j    r = R   −   b    − g     |   r = 0     +  ∫ 0  + ∞   d r    − g     ∇ λ   θ  ( R − r )   J λ   = 0 ,     



(35)




where we adopted the convention according to which the  θ  components of the fields, their  θ -derivatives, and the Lagrange multipliers vanish at   r = 0  :


     A θ  =  B θ  =  ∂ θ   A t  =  ∂ θ   B t  = b = d   r = 0   = 0 .  



(36)







The invariant measure for integrating along r can be identified as induced from the bulk, as follows


  ∫  d 3  x   − g    δ  ( 2 )    ( X −  X ′  )  = ∫  d 3  x   − g       δ ˜   ( 2 )    ( X −  X ′  )     − γ    = ∫ d r    − g     − γ    = ∫ d r    g  r r    ,  



(37)




where we used (11) and   X = ( t , θ )   are the boundary coordinates. However, in the specific case of (35), the    g  r r     factor in the integration can be omitted, simply dividing (33) by    g  r r    . Using (12) in (35), we finally find


   ∫ 0 R  d r    − g    ∇ λ   J λ  =   − κ   ϵ ˜   i 1 j    ∂ i   B j  +   − g    J r    r = R   ,  



(38)




which is the Ward identity corresponding to the gauge transformation of the gauge field   A μ  , broken at its rhs by the presence of the boundary. By applying the same procedure to the EOM (23), with     d |   r = 0   = 0  , we obtain a second broken Ward identity:


   ∫ 0 R  d r    − g    ∇ λ    J ^  λ  =   − κ   ϵ ˜   i 1 j    ∂ i   A j  +   − g     J ^  r    r = R   .  



(39)







From (38) and (39), going on-shell (i.e.,   J =  J ^  = 0  ), we find


        ϵ ˜    i 1 j    ∂ i   B j     r = R   = 0  



(40)






         ϵ ˜    i 1 j    ∂ i   A j      r = R   = 0  



(41)




which describe two conserved currents on the boundary   r = R  . The most general solutions to these equations are [41,42]





   B i   X  =  ∂ i  ψ   ∣ X   +  δ  i 2    C ˆ   



(42)






   A i   X  =  ∂ i  φ  X  +  δ  i 2   C  



(43)




where C and   C ^   are two constants and   φ ( X )   and   ψ ( X )   are scalar boundary fields with zero mass dimensions, i.e.,   [ φ ] = [ ψ ] = 0  , which should be identified with the boundary degrees of freedom (DOF). Being on a closed, periodic boundary, we need to specify periodicity conditions




    A i    t , θ   =  A i    t , θ + 2 π   ⇒ φ   t , θ   = φ   t , θ + 2 π     



(44)






    B i    t , θ   =  B i    t , θ + 2 π   ⇒ ψ   t , θ   = ψ   t , θ + 2 π     



(45)





The values of the constants C and   C ^   in (42), (43) are found by applying the mean value theorem for holomorphic functions, which states that if f is analytic in a region D, and   a ∈ D  , then   f  ( a )  =  1  2 π    ∮  C ( a )   f  , where   C ( a )   is a circle centered in a. In our case (2 + 1 dimensions) taking for  C  the circular boundary   r = R   centered at   r = 0   allows us to write


   A θ   ( t , r = 0 , θ )  =  ∮  r i n g  R    A θ   ( x )  =    φ ( t , θ )   θ = 0   θ = 2 π    + 2 π  C .  



(46)







From the requirement    A θ   ( t , r = 0 , θ )  = 0  , it follows that


  C = 0 .  



(47)







Analogously, we also get


   C ^  = 0 .  



(48)








2.4. Algebra


The generating functional of the connected Green functions    Z c   [ J ,  J ^  ]    is defined in the usual way


   e  i  Z c   [ J ,  J ^  ]    = ∫ D A  D B  D b  D d   e  i S [ A , B , b , d ; J ,  J ^  ]   ,  



(49)




from which the 1- and 2-point Green functions are derived





        δ  Z c   J    δ  J i   x        J = 0   = 〈  A i   x  〉  



(50)






         δ   2     Z c   J    δ  J i   x  δ  J j    x ′         J = 0   ≡  Δ  i j     x ,  x ′    = i 〈 T    A i   x   A j    x ′     〉  



(51)




where  T  is the time-ordered product


   〈 T  (  A l   ( x )   A j   (  x ′  )  )  〉  ≡ θ  ( t −  t ′  )   〈  A l   ( x )   A j   (  x ′  )  〉  + θ  (  t ′  − t )   〈  A j   (  x ′  )   A l   ( x )  〉  .  



(52)







In order to compute the propagator (51), we need the following result


   δ  δ  J i   (  x ′  )     ∇ λ   J λ   ( x )  =  δ  δ  J i   (  x ′  )      1   − g     ∂ λ    J λ    − g     =  1   − g     ∂ i    δ ˜   ( 3 )    ( x −  x ′  )  ,  



(53)




where we used (34) and the relation between scalar and density Dirac delta distributions (4). Taking now the functional derivative with respect to the external sources   J ,  J ^    of the broken Ward identities (38) and (39), we get   δ  δ  J k   (  x ′  )     (38):


      ∫ 0 R  d r   ∂ k    δ ˜   ( 3 )    ( x −  x ′  )      =   − κ   ϵ ˜   i 1 j    ∂ i     δ  ( 2 )    Z c    δ  J k   (  X ′  )  δ   J ^  j   ( X )      J =  J ^  = 0          ∂ k    δ ˜   ( 2 )    ( X −  X ′  )      = − i κ   ϵ ˜   i 1 j    ∂ i   〈 T   A k   (  X ′  )   B j   ( X )   〉           = − i κ   ϵ ˜  012    B θ   ( X )  ,  A k   (  X ′  )    ∂ t  θ  ( t −  t ′  )  ,     



(54)




where we used (51)–(53). To write (54), we used the fact that for any    r ′  ≤ R   we have    ∫ 0 R  d r   δ ˜   ( r −  r ′  )  = 1  , in fact, since by definition    δ ˜   ( r −  r ′  )  ≡ −  ∂ r  θ  (  r ′  − r )   :


      ∫ 0 R  d r   ∂ r  θ  (  r ′  − r )  f  ( r )      =  ∫ 0 R    ∂ r   θ  (  r ′  − r )  f  ( r )   − θ  (  r ′  − r )   ∂ r  f  ( r )            =   θ  (  r ′  − r )  f  ( r )   0 R  −  ∫ 0 R  d r  θ  (  r ′  − r )   ∂ r  f  ( r )           =      f  ( R )  − f  ( 0 )  −  ∫ 0 R  d r   ∂ r  f  ( r )     =   0        if    r ′  > R        0 − f  ( 0 )  −  ∫ 0  r ′   d r   ∂ r  f  ( r )     =    − f (  r ′  )         if    r ′  ≤ R    .         



(55)







Going on-shell, i.e., using (40), we have


    ϵ ˜  012    B θ   ( X )  ,  A k   (  X ′  )    ∂ t  θ  ( t −  t ′  )  =  i κ   ∂ k    δ ˜   ( 2 )    ( X −  X ′  )  .  



(56)







Setting   k = t   in (56) and integrating over time, we get the equal time commutator


    B θ   ( X )  ,  A t   (  X ′  )   = 0 .  



(57)







Analogously, choosing   k = θ   we get


      ϵ ˜  012    B θ   ( X )  ,  A θ   (  X ′  )     t =  t ′    =  i κ   ∂ θ   δ ˜   ( θ −  θ ′  )  .  



(58)







We can repeat this to find the whole current algebra   δ  δ   J ^  k   (  x ′  )     (38):


  0 =     ϵ ˜   i 1 j    ∂ i     δ  ( 2 )    Z c    δ   J ^  k   (  X ′  )  δ   J ^  j   ( X )      J = 0   =   ϵ ˜   i 1 j    ∂ i   〈 T   B k   (  X ′  )   B j   ( X )   〉  =   ϵ ˜  012    B θ   ( X )  ,  B k   (  X ′  )    ∂ t  θ  ( t −  t ′  )  ,  



(59)




which leads to


      B θ   ( X )  ,  B k   (  X ′  )     t =  t ′    = 0 .  



(60)







In the same way, from   δ  δ  J k   (  x ′  )     (39), we get


     A θ   ( X )  ,  A k   (  X ′  )    t =  t ′    = 0 .  



(61)







Finally, from   δ  δ   J ^  k   (  x ′  )     (39), we have




        A θ   X  ,  B t    X ′       t =  t ′    = 0   



(62)






      ϵ ˜    012        A θ   X  ,  B θ    X ′       t =  t ′    =  i κ   ∂ θ   δ ˜    θ −  θ ′    .   



(63)





Summarizing, the equal time commutators are




      B θ   X  ,  A t    X ′      = 0    



(64)






      ϵ ˜    012      B θ   X  ,  A θ    X ′      =  i κ   ∂ θ   δ ˜    θ −  θ ′       



(65)






      B θ   X  ,  B k    X ′      = 0    



(66)






       A θ   X  ,  A k    X ′       = 0    



(67)






       A θ   X  ,  B t    X ′       = 0    



(68)






      ϵ ˜    012      A θ   X  ,  B θ    X ′      =  i κ   ∂ θ   δ ˜    θ −  θ ′    .    



(69)





One can observe that by using the property of the delta function    δ ′   ( x )  = −  δ ′   ( − x )   , the commutators (65) and (69) represent the same relation. Equations (64)–(69) describe a semidirect sum of Kac–Moody (KM) algebras [21,22] with central charge


  c =  1 κ  ,  



(70)




which, as one can expect, inherit the topological nature of the bulk theory, being independent from the metric. It is interesting to note that, from the positivity of the central charge, being necessary for the unitarity of the conformal field theory [43,44], we get a constraint on the coupling constant of the BF bulk model


  κ > 0 .  



(71)







Typically, the constraint on the coupling constants of QFT is derived by asking the positivity of the energy density, which is the 00-component of the energy momentum tensor   T 00  . This cannot be achieved in TQFTs, which have vanishing Hamiltonian, as it is well known. The constraint in that case is obtained by asking the positivity of the central charge of the edge current algebra, as in the present case.





3. The 2D Boundary Theory


We now focus on the construction of the boundary theory, whose DOFs are the boundary scalar fields   φ ( X )   and   ψ ( X )   defined by the solutions (42) and (43) of the conserved currents Equations (40) and (41). Building the 2D induced theory involves three steps:




	
Identification of the 2D canonical variables in terms of boundary fields;



	
Derivation of the most general 2D action;



	
Bulk-boundary correspondence (holographic contact).








3.1. The 2D Canonical Variables


The first step is to write the commutator (69) in terms of the boundary fields   φ ( X ) , ψ ( X )  , using (42) and (43) (with   C =  C ^  = 0  ):


    ϵ ˜  012    ∂ θ  φ  ( X )  ,  ∂  θ ′   ψ  (  X ′  )   =  i κ   ∂ θ   δ ˜   ( θ −  θ ′  )   ⇒    ϵ ˜  012   φ  ( X )  ,  ∂  θ ′   ψ  (  X ′  )   =  i κ   δ ˜   ( θ −  θ ′  )  .  



(72)







Analogously, from (65) we get


    ϵ ˜  012   ψ  ( X )  ,  ∂  θ ′   φ  (  X ′  )   =  i κ   δ ˜   ( θ −  θ ′  )  .  



(73)







Both the relations (72) and (73) can be interpreted as canonical commutation relations of the type


   q  ( X )  , p  (  X ′  )   = i  δ ˜   ( θ −  θ ′  )  ,  



(74)




once the following identifications are done:




     q 1  ≡ φ ;      p 1  ≡ κ    ϵ ˜    012    ∂ θ  ψ    



(75)






     q 2  ≡ ψ ;      p 2  ≡ κ    ϵ ˜    012    ∂ θ  φ .    



(76)





Therefore the DOF of the 2D theory are equivalently described by either of the sets of canonical variables (75) or (76).




3.2. The 2D Action


To find the most general 2D action, we make a derivative expansion in the boundary fields   φ ( X )   and   ψ ( X )  , compatible with power-counting (we remind that   [ φ ] = [ ψ ] = 0  )


   S  2 D    [ φ , ψ ]  = ∫  d 2  X   L  2 D   = ∫  d 2  X    − γ     a  i j    ∂ i  φ  ∂ j  φ +  b  i j    ∂ i  ψ  ∂ j  ψ +  c  i j    ∂ i  φ  ∂ j  ψ +  d i   ∂ i  φ +  f i   ∂ i  ψ + h  ,  



(77)




where    a  i j   =  a  j i   ,     b  i j   =  b  j i     and   c  i j    are tensors,   d i   and   f i   are vectors and h is a scalar, with mass dimensions


  [ a ] = [ b ] = [ c ] = 0 ;  [ d ] = [ f ] = 1 ;  [ h ] = 2 .  



(78)







The coefficients appearing in (77) may depend on the induced metric    γ  i j    ( X )    and/or on the boundary fields, but not on their derivatives. The definitions of the scalar fields   φ ( X )   and   ψ ( X )   (42) and (43) are invariant under the shift transformations    δ s  ,  δ s ′    defined as




     δ S  φ = η    



(79)






     δ s ′  ψ =  η ′  .    



(80)





Consequently, the 2D Lagrangian   L  2 D    in (77) must be shift-invariant as well


   δ s   L  2 D   =  δ s ′   L  2 D   = 0 ,  



(81)




which implies


   S  2 D    [ φ , ψ ]  = ∫  d 2  X   L  2 D   = ∫  d 2  X    − γ     a  i j    ∂ i  φ  ∂ j  φ +  b  i j    ∂ i  ψ  ∂ j  ψ +  c  i j    ∂ i  φ  ∂ j  ψ +  d i   ∂ i  φ +  f i   ∂ i  ψ  ,  



(82)




with


       ∂  a  i j     ∂ φ   =   ∂  b  i j     ∂ φ   =   ∂  c  i j     ∂ φ   = 0          ∂  a  i j     ∂ ψ   =   ∂  b  i j     ∂ ψ   =   ∂  c  i j     ∂ ψ   = 0    ,    



(83)




and


          ∂  d i    ∂ φ    ∂ i  φ +   ∂  f i    ∂ φ    ∂ i  ψ = 0            ∂  d i    ∂ ψ    ∂ i  φ +   ∂  f i    ∂ ψ    ∂ i  ψ = 0 .     



(84)







Hence, the coefficients   d i   and   f i   may still depend on the boundary fields   φ ( X )   and   ψ ( X )  , provided that the constraints (84) hold. In    S  2 D    [ φ , ψ ]    (82), we omitted the scalar term h because, being metric-dependent only, it does not contribute to the EOM of the boundary theory. As we did for   S  b d    (17), we parametrize the metric dependence of the tensors of rank 2 as follows:





    a  i j   =    a ˆ    i j   +  a ˆ   γ  i j     



(85)






    b  i j   =    b ˆ    i j   +  b ˆ   γ  i j     



(86)






    c  i j   =    c ˆ    i j   +  c ˆ   γ  i j   ,   



(87)




where the hat means the dependence on the metric determinant at most. As observed for the coefficients of the boundary action   S  b d    (17), in the flat limit, the tensors appearing in the action (82) must reduce to constant matrices, and, in particular,   c  i j    to a constant symmetric matrix. The compatibility of the 2D Lagrangian in (82) with the canonical boundary structure is ensured if the relation


    ∂  L  2 D     ∂  q ˙    = p ,  



(88)




holds for both    q 1  ,  p 1    in (75) and    q 2  ,  p 2    in (76), being equivalent descriptions of the boundary DOF. From (82), we have


     ∂  L  2 D     ∂  φ ˙    =   − γ     2  a  0 i    ∂ i  φ +  c  0 i    ∂ i  ψ +  d 0      



(89)






     ∂  L  2 D     ∂  ψ ˙    =   − γ     2  b  0 i    ∂ i  ψ +  c  i 0    ∂ i  φ +  f 0      



(90)




and the request (88) is fulfilled if


    a  0 i   =   b  0 i   =    c 00  =  d 0   =  f 0   = 0 ;   c 02   =  c 20   =  κ ^  ;   (  a 22  ,   b 22  ,   c 22    free  )  ,  



(91)




where    κ ^   ( γ )    has been defined in (29) and    d 2  ,   f 2    are constrained by (84). Equation (91) represents a constraint on the metric dependence of the coefficients (85)–(87), for which we have


   a  0 i   =   a ^   0 i   +  a ^    γ  0 i   = 0 ;   b  0 i   =   b ^   0 i   +  b ^    γ  0 i   = 0 ;   c 00  =   c ^  00  +  c ^    γ 00  = 0 ;   c 02  =   c ^  02  +  c ^    γ 02  =  κ ^  .  



(92)







Since we do not want to impose unnecessary conditions on the induced metric   γ  i j    (we are interested in determining if and how the 2D theory keeps memory of the bulk through the induced metric on the boundary), we must ask


   a ^  =  b ^  =  c ^  = 0  ⇒   a  i j   =   a ^   i j    ( γ )  ;   b  i j   =   b ^   i j    ( γ )     c  i j   =   c ^   i j    ( γ )  .  



(93)







From (91) and (93), we also get


    a ^   0 i   =   b ^   0 i   =   c ^  00  = 0 ;    c ^  02  =   c ^  20  =  κ ^  ,  



(94)




where   κ ^   is the scalar coupling (29). Applying (91) and (93) to the action   S  2 D    (82), we obtain


      S  2 D    [ φ , ψ ]  = ∫  d 2  X   − γ          a ^  22    (  ∂ θ  φ )  2  +   b ^  22    (  ∂ θ  ψ )  2  + 2  κ ^   ∂ t  φ  ∂ θ  ψ +   c ^  22   ∂ θ  φ  ∂ θ  ψ +  d 2   ∂ θ  φ +  f 2   ∂ θ  ψ  ,     



(95)




where all the coefficients (but   d 2   and   f 2  ) may depend on the determinant   γ ( X )   of the induced metric    γ  i j    ( X )   , but not on its components. The EOM of the action    S  2 D    [ φ , ψ ]    are





     δ  S  2 D     φ , ψ     δ φ   = −  1    − γ      ∂ θ      − γ     2    a ˆ    22    ∂ θ  φ + 2  κ ˆ   ∂ t  ψ +    c ˆ    22    ∂ θ  ψ +  d 2      = 0   



(96)






     δ  S  2 D     φ , ψ     δ ψ   = −  1    − γ      ∂ θ      − γ     2    b ˆ    22    ∂ θ  ψ + 2  κ ˆ   ∂ t  φ +    c ˆ    22    ∂ θ  φ +  f 2      = 0  ,  



(97)




where we used (84) and the fact that     − γ    κ ^    = κ   ϵ ˜  012     is constant, in order to write these equations as    1   − γ     ∂ θ   [ . . . ]   , i.e., as a  θ -derivative.




3.3. Holographic Contact


We now consider the generic solutions of the BC (30)–(32), where the bulk gauge fields    A i   ( X )    and    B i   ( X )    are now replaced by their boundary values    ∂ i  φ  ( X )    and    ∂ i  ψ  ( X )   , defined in (42) and (43) and with   C =  C ^  = 0   (47) and (48):




     ∂ θ  ψ = −  l 1   ∂ t  ψ    



(98)






     ∂ θ  φ = −  l 2   ∂ t  ψ    



(99)






     ∂ t  φ = −  l 3   ∂ t  ψ .    



(100)





Equation (98) describes a chiral boson   ψ ( X )   moving at the 2D edge of the bulk with velocity    v ψ  =  1  l 1    . In the same way, by using (99) in (100), we find that   φ ( X )   is a chiral boson as well, satisfying


   ∂ t  φ −   l 3   l 2    ∂ θ  φ = 0 ,  



(101)




moving with velocity    v φ  = −   l 3   l 2    . We should note that, differently from what happens in flat spacetime [45,46,47], and in an analogy to the case of the CS theory in a curved spacetime with a radial boundary [31], on the edge of a generic bulk manifold, we find two chiral bosons moving with   l o c a l  , rather than constant, velocities. In fact, both velocities, at this stage, can depend on the determinant and/or on the components of   γ  i j    which, in general, are local quantities. To establish the holographic contact, we consider the EOM (96), (97) with    d 2  =  f 2  = 0   (since the BC are homogeneously linear in the derivatives)




     ∂ θ    2      a ˆ    22      κ ˆ     ∂ θ  φ + 2  ∂ t  ψ +      c ˆ    22      κ ˆ     ∂ θ  ψ   = 0    



(102)






     ∂ θ    2      b ˆ    22      κ ˆ     ∂ θ  ψ + 2  ∂ t  φ +      c ˆ    22      κ ˆ     ∂ θ  φ   = 0    



(103)





The holographic contact is realized by inserting into the EOM (102), (103) the BC solutions (98)–(100), which gives




    − 2    l 2     κ ˆ       a ˆ    22   + 2 −    l 1     κ ˆ       c ˆ    22     = 0    



(104)






    − 2    l 1     κ ˆ       b ˆ    22   − 2  l 3  −    l 2     κ ˆ       c ˆ    22     = 0    



(105)





We can write two of the three boundary parameters (e.g.,     a ^  22  ,   b ^  22   ) in terms of the remaining one (   c ^  22  ) and of the bulk coefficients (   κ ^  ,  l i   ):




      a ˆ    22   = +  κ ˆ   1   l 2      1 −    l 1    2  κ ˆ       c ˆ    22       



(106)






      b ˆ    22   = −  κ ˆ     l 3     l 1      1 +    l 2    2  κ ˆ   l 3       c ˆ    22   .     



(107)





Remember that    a ^  22   and    b ^  22  , defined in (85) and (86), must depend on the determinant of the induced metric only, and not on its components. On the other hand, the coefficients   l i   (A8)–(A10) may depend on both the determinant and the components of   γ  i j   . Therefore, we have to tune the parameters of the boundary action (17) in order that    a ^  22   and    b ^  22   have the right dependence. For instance, one easy way to achieve this is to set    α ^  =  β ^  =  ζ ^  = 0   in (18)–(20). These two equations are consequences of the bulk (BC)-boundary (EOM) correspondence, from which we can find out the physics of the 2D induced theory. We do this by inserting them back into the 2D action (95) (with    d 2  =  f 2  = 0  ):


   S  2 D    [ φ , ψ ]  = κ ∫  d 2  X   ϵ ˜  012      1  l 2      (  ∂ θ  φ )  2  −    l 3   l 1      (  ∂ θ  ψ )  2   −     c ^  22   2  κ ^        l 1   l 2       ∂ θ  φ −    l 2   l 1     ∂ θ  ψ  2  + 2  ∂ t  φ  ∂ θ  ψ  .  



(108)








3.4. Physical Interpretation


The holographic contact has been imposed by inserting into the EOM the BC, which represent two chiral bosons. Therefore, we expect that the 2D theory should describe two chiral bosons as well. This fact appears evident by considering the following linear combination


   Φ ±  ≡ φ ± ψ .  



(109)







In terms of these new fields, the action    S  2 D    [ φ , ψ ]    (108) writes


   S  2 D    [  Φ +  ,  Φ −  ]  =  S  2 D    [  Φ +  ]  +  S  2 D    [  Φ −  ]  + κ ∫  d 2  X    ϵ ˜  012   ∂ θ   Φ +   ∂ θ   Φ −     2  κ ^   (  l 1  +  l 2   l 3  )  −   c ^  22   (  l 1 2  −  l 2 2  )    4  κ ^   l 1   l 2     ,  



(110)




where


   S  2 D    [  Φ ±  ]  =  κ 2  ∫  d 2  X    ϵ ˜  012   ∂ θ   Φ ±   ( ±  ∂ t   Φ ±  +  v ±   ∂ θ   Φ ±  )  ,  



(111)




and


   v ±  =    2  κ ^   (  l 1  −  l 2   l 3  )  −   c ^  22    (  l 1  ∓  l 2  )  2    4  κ ^   l 1   l 2     .  



(112)







The action    S  2 D    [  Φ +  ,  Φ −  ]    (110) decouples into the sum of the Luttinger actions (111)


   S  2 D    [  Φ +  ,  Φ −  ]  =  S  2 D    [  Φ +  ]  +  S  2 D    [  Φ −  ]  ,  



(113)




provided that the following condition on the parameters of the theory holds


  2  κ ^   (  l 1  +  l 2   l 3  )  −   c ^  22   (  l 1 2  −  l 2 2  )  = 0 .  



(114)







Once decoupled, we may identify the fields    Φ +   ( X )    and    Φ −   ( X )    as right (R) and left (L) modes moving at the radial edge of the 3D bulk theory with velocities   ±  v ±    respectively [48], where


   v ±  =   1 ∓  l 3     l 2  ±  l 1      if    l 1 2  −  l 2 2  ≠ 0 ,  



(115)




and


      v +  =  1  l 1   ;    v −  =  1  l 1   −    c ^  22   κ ^         if        l 1  =  l 2  ,    l 3  = − 1     



(116)






      v +  = −  1  l 1   +    c ^  22   κ ^   ;    v −  = −  1  l 1             if        l 1  = −  l 2  ,    l 3  = 1 .     



(117)







As a consequence of the holographic contact, the metric dependence of the boundary parameters (93) is transferred to the   l i   coefficients through (106) and (107). This makes   v ±   depend on the determinant of the induced metric    v ±  =  v ±   ( γ )   . We therefore remark the crucial point that the fact of dealing with a curved bulk spacetime has the primary consequence that the velocities of the edge modes depend on both time and space    v ±  =  v ±   ( t , θ )   , differently to what happens for flat backgrounds. Hence, from   v ±   we see that the edge action   S  2 D    (113) may describe three classes of physical situations, tuned by the   l o c a l   bulk parameters   l i   and by    c ^  22  :




	
   v +   v −  > 0  : LR movers with opposite velocities.



It is realized if


    1 −  l 3 2     l 2 2  −  l 1 2    > 0   if    l 2 2  −  l 1 2  ≠ 0 ,  



(118)




or


   κ ^  −   c ^  22   l 1  > 0   if    l 1  = ±  l 2  ,    l 3  = ∓ 1 .  



(119)




This situation describes generic chiral Luttinger liquids [49], but also helical ones [33]. In fact, ordinary topological insulators [13,14,15,16,17], characterized by edge modes moving in opposite directions with equal velocities


   v +  =  v −    ( topological   insulators )  ,  



(120)




fall into this category. It is easy to see that the condition (120) is satisfied provided that


      l 1  +  l 2   l 3     =   0    



(121)






      c ^  22    =    0 .     



(122)







The equal and opposite edge velocities therefore are


   v +  =  v −  =  1  l 2   ,  



(123)




which, still, for a generic bulk manifold, may have a spacetime dependence.



	
   v +   v −  < 0  : LR movers in the same direction.



It is realized if


    1 −  l 3 2     l 2 2  −  l 1 2    < 0   if    l 2 2  −  l 1 2  ≠ 0  



(124)




or


   κ ^  −   c ^  22   l 1  < 0   if    l 1  = ±  l 2  ,    l 3  = ∓ 1 .  



(125)







Moreover, in this case, we can recover the particular case of a pair of Hall systems [32], with edge excitations moving in the same direction with the same velocity


   v +  = −  v −    ( pair   of   Hall   systems )  ,  



(126)




realized if


      l 2  +  l 1   l 3     =   0    



(127)






      c ^  22    =      2  κ ^    l 1   .     



(128)




The velocities of the edge modes in this case are


   v +  = −  v −  =  1  l 1   .  



(129)







	
   v +   v −  = 0  : L or R mover not moving, which characterizes the quantum anomalous Hall Insulators [16]. This happens when


   l 3  = ± 1   if    l 1  ∓  l 2  ≠ 0 ,  



(130)




which means


   v ±  = 0  ;   v ∓  =  2   l 2  ∓  l 1     ;    c ^  22  =   2  κ ^     l 1  ∓  l 2    .  



(131)












Some comments are in order. First, we notice that, since the BF coupling constant  κ  must be positive,     c ^  22  = 0   uniquely identifies left and right modes moving on the edge of the 3D bulk with opposite velocities (   v +  =  v −   ). Hence, as for chiral velocities,    c ^  22   should be determined either by a phenomenological input or by a symmetry principle. Now, TI belong to this class of edge excitations, and are topological phases of electrons, which respect time reversal (T) symmetry [16,17]. This suggests that     c ^  22  = 0   might be related to the conservation of T-symmetry and, conversely,     c ^  22  ≠ 0   to its violation, as it happened, for instance, in the case of the quantum anomalous Hall insulators [16], described by case 3. We shall come back to this point in the next section. Moreover, it is necessary that the Hamiltonian corresponding to the action (113) is positive definite. This request yields constraints on the bulk parameters of the model, i.e., the “coupling” constant   κ ^   (29), the parameters   α  i j    (18),   β  i j    (19), and   ζ  i j    (20) appearing in   S  b d    (17), together with the parameter    c ^  22  . We recall that the parameters   l i   depend on the bulk through (A8)–(A10) and appear in the action    S  2 D    [  Φ +  ,  Φ −  ]    through   v ±  . The canonical variables defined in (75) and (76) in terms of   Φ ±   (109) write


     q 1     =    Φ +  +  Φ −   2  ;   p 1  =   κ   ϵ ˜  012   2   ∂ θ    Φ +  −  Φ −         q 2     =    Φ +  −  Φ −   2  ;   p 2  =   κ   ϵ ˜  012   2   ∂ θ    Φ +  +  Φ −   .     



(132)







The Hamiltonian density of the model therefore is


     H  2 D      =  p 1    q ˙  1  +  p 2    q ˙  2  −  L  2 D            = −  1  2 κ   ϵ ˜  012      v +    (  p 1  +  p 2  )  2  +  v −    (  p 1  −  p 2  )  2            = −   κ   ϵ ˜  012   2    v +    (  ∂ θ   Φ +  )  2  +  v −    (  ∂ θ   Φ −  )  2   .     



(133)







Positive energy density means    H  2 D   > 0  , and since   κ > 0   (71), requiring the coefficients of the squared terms to be positive, gives the following constraint


   H  2 D   > 0  ⇔   v +  ≤ 0 ,   v −  ≤ 0 .  



(134)







Therefore, we observe that the physical situation of edge modes moving in the same direction (   v +   v −  < 0  ) is not compatible with the positivity conditions (134). The fact that the Hamiltonian is not bounded by below would lead us to discard this case, leaving us only with cases 1 and 3.





4. The Role of Time-Reversal Symmetry


In this section, we present two alternative ways of introducing the time reversal T-symmetry in the theory with the boundary. These two approaches, although seemingly quite different, are indeed equivalent. T-transformation is defined in the usual way as   T  x 0  = −  x 0   . Due to the invariance of the line element   d  s 2   , we have


  T  γ  t θ   = −  γ  t θ   .  



(135)







Notice that if the metric is stationary,   i . e . ,   ∂ t   γ  i j   = 0  , then the T-invariance (135) requires that    γ  t θ   = 0  .



The only components of the gauge fields that change signs under T are:


  T  A r   ( t , r , θ )  = −  A r   ( − t , r , θ )  ;   T  A θ   ( t , r , θ )  = −  A θ   ( − t , r , θ )  ;   T  B t   ( t , r , θ )  = −  B t   ( − t , r , θ )  .  



(136)







According to this definition    A μ   ( x )    may be associated to an electric potential and    B μ   ( x )    to a spin current [20].



4.1.   T  S  b d   =  S  b d    


It is immediate to see that the bulk action   S  B F    (13) is T-invariant (other choices of T are possible, which leave   S  B F    invariant, such as for instance   T  A t  = −  A t  ,  T  B r  = −  B r  ,  T  B θ  = −  B θ   , which correspond to    A μ  ↔  B μ   . One can see that these choices are equivalent [20]), and it is interesting to study which are the consequences of imposing time-reversal on the boundary term   S  b d    (17), i.e.,


  T  S  b d   =  S  b d   .  



(137)







Due to (135), to the fact that   T γ = γ   and to the form of the coefficients (18)–(20), the parameters appearing in   S  b d    (17) that transform non-trivially under T are




    T  α  02   =    α ˆ    02   −  α ˆ   γ  02      



(138)






    T  β  02   =    β ˆ    02   −  β ˆ   γ  02      



(139)






    T  ζ  02   =  ζ  02   −  ζ ˆ   γ  02      



(140)






    T  ζ  20   =    ζ ˆ    20   −  ζ ˆ   γ  20   .    



(141)





Requiring the invariance (137), from (136) and (138)–(141), we get the following constraints


    α ^  02  =   α ^  20  = 0 ;    β ^  02  =   β ^  20  = 0 ;   ζ 00  = 0 ;   ζ 22  = 0 ;   ζ ^  = 0 .  



(142)







The resulting T-invariant boundary term   S  b d    (17) is


      S  b d   = ∫  d 3  x    − γ    δ  ( r − R )        γ  i j   2    α ^   A i   A j  +  β ^   B i   B j   +    α ^  00  2   A t   A t  +    α ^  22  2   A θ   A θ  +            +    β ^  00  2   B t   B t  +    β ^  22  2   B θ   B θ  +   ζ ^  02   A t   B θ  +   ζ ^  20   A θ   B t   ,     



(143)




and we recall that all the coefficients appearing in (143) might still depend on the determinant  γ  of the induced metric   γ  i j   , being therefore local quantities and not simply constants. It will be interesting to investigate which are the consequences, if any, of imposing T on   S  b d    on the holographically induced 2D theory.



4.1.1. Generic Non-Diagonal Metric    γ  t θ   ≠ 0  


As a consequence of (142), in the hypothesis of    γ  t θ   ≠ 0   and if   α ^   and/or   β ^   are/is non-vanishing, the BC (24) and (25) become


    α  00    A t  +  α ˆ   γ  t θ    A θ  +          ζ ˆ    02   −  κ ˆ     B θ      r = R   = 0   



(144)






    α ˆ   γ  t θ    A t  +  α  22    A θ  +          ζ ˆ    20   +  κ ˆ     B t      r = R   = 0   



(145)






      ζ ˆ    20    A θ  +  β  00    B t  +      β ˆ   γ  t θ    B θ      r = R   = 0   



(146)






      ζ ˆ    02    A t  +  β ˆ   γ  t θ    B t  +      β  22    B θ      r = R   = 0   



(147)




or, using the notation already adopted in (26),


     Λ T  I J    X J    r = R   = 0 ,  



(148)




where   Λ T   is the matrix (27) evaluated at (142). Notice the explicit dependence on the off-diagonal component   γ  t θ    of the induced metric and on   α ^   or   β ^  . The linear system (148) has nontrivial solutions if   det  Λ T  = 0  , i.e.,


     0 = det  Λ T  =      α ^     γ  t θ    2   −  α ^  det β +  β ^     ζ ^  20   κ ^  −   ζ ^  02   2   ζ ^  20  +  κ ^     +          +  α 00    α 22  det β −  β 22    ζ ^  20     ζ ^  20  +  κ ^    +   ζ ^  02     ζ ^  02  −  κ ^      ζ ^  20   (   ζ ^  20  +  κ ^  )  −  α 22   β 00   .     



(149)







It is easily seen that the solutions (30)–(32) are recovered, with


   l 1  →  l 1    |   ( 142 )   ;   l 2  →  l 2     |  ( 142 )   ;   l 3  →  l 3  |   ( 142 )   ,  



(150)




and    l  1 , 3     |   ( 142 )   ∝  γ  t θ    , as shown in Appendix A. Notice that, for a diagonal (but not necessarily static) metric (   γ  t θ   = 0  ), or when    α ^  =  β ^  = 0  , these solutions must be discarded, since they imply Dirichlet BC on both fields (   l  1 , 3     |   ( 142 )   = 0 ⇒  B θ   ( X )  =  A t   ( X )  = 0  ), which, as we have already remarked, would trivialize the 2D physics. The case of the diagonal metric or    α ^  =  β ^  = 0   will be analyzed in the next subsection. The procedure we followed to recover the 2D theory does not change: the bulk-boundary correspondences (106) and (107) still hold, with the replacements (150). From (A11) and (A13), we see that, due to the T-invariance request (142), the coefficients   l 1   and   l 3   appearing in the BC (30) and (32) explicitly depend on   γ  t θ   . As a consequence,    a ^  22   (106) and    b ^  22   (107) would depend on   γ  t θ    as well, but we know that, due to the holographic contact, the coefficients appearing in the action   S  2 D    (95) should depend on the determinant of the induced metric only, and not on its components. The only way to realize this is to set     c ^  22  = 0  . In fact, in this case we have


    c ^  22  = 0  ⇒     l 1    |   ( 142 )      l 3    |   ( 142 )     = −  l 2    |   ( 142 )   ,  



(151)




which does not depend on   γ  t θ   , and, from (106) and (107),


    a ^  22  =  1   l 2    |   ( 142 )      κ ^  ;    b ^  22  = −    l 3    |   ( 142 )      l 1    |   ( 142 )      κ ^   .  



(152)







Equation (151) coincides with EQS (122) and (121), which belong to case 1, considered in the previous section, where we have seen that the physical situation described by the decoupled action    S  2 D    [  Φ +  ,  Φ −  ]    (113) together with the conditions (122) and (121), is that of a Luttinger model for two chiral currents with non-constant and opposite velocities. We thus established a link between the parameter    c ^  22   and T-invariance on the boundary, which enforces the physical interpretation as edge states of TI, as anticipated in the previous section.




4.1.2. Diagonal Metric    γ  t θ   = 0  


When considering a diagonal metric or boundary coefficients (18)–(20), which depend, at most, on the determinant of the metric (i.e., when    γ  t θ   = 0   or    α ^  =  β ^  = 0  ), the BC (144)–(147) become





   α  00    A t  +          ζ ˆ    02   −  κ ˆ     B θ      r = R    = 0   



(153)






   α  22    A θ  +          ζ ˆ    20   +  κ ˆ     B t      r = R    = 0   



(154)






     ζ ˆ    20    A θ  +      β  00    B t      r = R    = 0   



(155)






     ζ ˆ    02    A t  +      β  22    B θ      r = R    = 0   



(156)




which represent two systems of homogeneous linear equations. Non-Dirichlet solutions are


    A t   X  = −  l a   B θ   X    



(157)






    A θ   X  = −  l b   B t   X    



(158)




where


   l a   ≡    β 22    ζ ^  02      and     l b   ≡    β 00    ζ ^  20   ,  



(159)




provided that


        ζ ^  02  −  κ ^     ζ ^  02  −  α 00   β 22     =   0    



(160)






       κ ^  +   ζ ^  20     ζ ^  20  −  α 22   β 00     =    0 .     



(161)







Following the same steps described in Section 3, we still land on the action   S  2 D    (95). The holographic contact is realized crossing the EOM (96) and (97) with the BC (157) and (158), which in terms of the boundary fields   φ ( X )  ,   ψ ( X )   read:




     ∂ t  φ = −  l a   ∂ θ  ψ    



(162)






     ∂ θ  φ = −  l b   ∂ t  ψ .    



(163)





The correspondence is achieved if


    a ^  22  =  1  l b    κ ^  ;    b ^  22  =  l a   κ ^  ;    c ^  22  = 0 .  



(164)







From the properties of the tensors     a ^   i j   ,   b ^   i j   ,   c ^   i j     in (93), it is immediate to check that   l  a , b    depends only on the determinant of the induced metric  γ ,   i . e .   l  a , b   =  l  a , b    ( γ )   . The 2D action (95) decouples into a pair of Luttinger models, provided that the following condition holds


   l a  =  1  l b   ,  



(165)




and describes two chiral modes traveling on the edge of the 3D bulk with equal and opposite local velocities    v ±  =  l a   ( γ )   


    ∂ t   Φ +  +  l a   ∂ θ   Φ +  = 0   



(166)






    ∂ t   Φ −  −  l a   ∂ θ   Φ −  = 0   



(167)




characterizing TI [14,16,17].





4.2. Inherited T-Transformation


It is possible to impose the T-symmetry on the theory with a boundary in an alternative way, with respect to what we did in the previous subsection, reaching the same physical conclusions (i.e., chiral edge modes moving with opposite velocities as the unique physical outcome of putting a boundary onto the 3D BF theory). The bulk gauge fields    A μ   ( x )    and    B μ   ( x )    transform under T according to (136). Consequently, the boundary scalar fields   ψ ( X )   and   φ ( X )  , being defined by (42) and (43), should inherit the following T-transformations


  T φ ( t , θ ) = − φ ( − t , θ ) ;  T ψ ( t , θ ) = ψ ( − t , θ ) ,  



(168)




hence, due to (109), we have


  T  Φ +   ( t , θ )  = −  Φ −   ( − t , θ )  ;  T  Φ −   ( t , θ )  = −  Φ +   ( − t , θ )  .  



(169)







The action    S  2 D    [  Φ +  ,  Φ −  ]    (110) is T-invariant if


   v +  =  v −  ,  



(170)




and if the decoupling condition (114) holds. This is precisely the situation considered in case 1 treated in Section 3.4, uniquely identified by the vanishing of the parameter    c ^  22   (122).



We therefore checked our guess on the peculiar role played by the parameter    c ^  22   appearing in the action    S  2 D    [ φ , ψ ]    (95), and also that the two alternative ways described in this section of imposing the T-symmetry (on the boundary term   S  b d    (17) or directly on    S  2 D    [ φ , ψ ]    through the defining relations (42) and (43)) are indeed physically equivalent. Lastly, we remark that the physical situation represented by the TI, i.e., the existence of chiral edge modes moving with equal and opposite velocities, is singled out by imposing T-symmetry (in either way), while asking that the Hamiltonian   H  2 D    is bounded by below, as discussed in Section 3.4, admits a larger class of physical situations, including T-breaking effects, but only for opposite-moving modes. The possibility of edge modes moving in the same direction is ruled out by both argumentations, and T-symmetry is more restrictive than the positive energy condition. According to this analysis, case 3 is not compatible with T-symmetry; however, lower-bounded Hamiltonian does admit the possibility of a single-moving edge state. Hence, it can be interpreted as a T-breaking effect associated to quantum anomalous Hall insulators [16]. In the same way, the situations with     c ^  22  ≠ 0   belonging to case 1 can be seen as other examples of symmetry breaking effects in quantum spin Hall systems [14,16,33].



It is known [16,17] that T-symmetry is peculiar to the edge states of TI in 2D, which are described by a helical Luttinger model [33]. This is exactly the situation we observed for     c ^  22  = 0   (122). Therefore, we may finally claim that the BF model with a boundary, together with T-invariance, is an effective description of the edge states of TI with possibly non-constant chiral velocities. The existence of edge accelerated modes is a direct consequence of the bulk/boundary correspondence in a curved spacetime. A flat spacetime analysis only provides for constant velocities. The     c ^  22  ≠ 0   situation can now be related to the T-breaking phenomena in helical Luttinger liquids [33]. For instance (as we already remarked) we can associate case 3 of Section 3.4 to the quantum anomalous Hall effect [16,34,35].





5. Conclusions


In this paper, we considered the abelian 3D BF model on a manifold described by a generic metric, with a radial boundary that spoils the topological character of the theory. Following a method introduced by Symanzik, we added to the action a boundary term constrained only by locality and power counting, in order to find out the most general boundary conditions on the two gauge fields involved in the theory. The boundary broke gauge invariance, and this was reflected in two broken Ward identities, from which we identified the boundary degrees of freedom, represented by two scalar fields, also deriving a semidirect sum of two Kac–Moody algebras formed by two on-shell conserved currents. As in the Chern–Simons case, the central charge of the Kac–Moody algebra was proportional to the inverse of the BF coupling, and this constrained the BF coupling to be positive. Once written in terms of the scalar boundary degrees of freedom, the Kac–Moody algebra could be interpreted as the commutation relation of canonical variables, which led us to derive the corresponding 2D action. The bulk/boundary holographic correspondence was achieved by matching the boundary conditions on the 3D gauge fields and the equations of motion of the 2D action. The resulting 2D action was a complicated functional of the pair of scalar fields but, by means of a simple linear redefinition, the action could be written in terms of two Luttinger actions for two chiral fields, plus a mixed term, which we "forced to vanish" by imposing a decoupling condition. At this point, the parameters, which survived to the holographic contact and to the decoupling condition, allowed for interesting physical interpretations of the theory, which may indeed describe:




	
Two edge excitations moving in opposite directions. This is realized in Hall systems, such as fractional quantum Hall with   ν = 1 − 1 / n   [32], and edge modes of quantum spin Hall systems, such as topological insulators (when    v +  =  v −   ), possibly interacting [50], or nanowires [51] with additional magnetic fields acting on the velocities up to switching one off [52,53]. In higher dimensions, an effect of renormalization of chiral velocities (i.e.,    v +   v −  > 0  ) could be achieved by adding magnetic fields [54,55], or by structural deformations [56];



	
Two chiral bosons moving in the same direction. This physically corresponds to Hall systems, such as, for instance, quantum Hall with   ν = 2  , or fractional quantum Hall with   ν = 2 / 5   [25,32,57], possibly with non-constant interactions or confining potentials [26,27,28,29,30];



	
One static and one moving mode. This is the situation of quantum anomalous Hall, where magnetic impurities break the T-symmetry of topological insulators [16,34,35]. This could also be explained as an extremal effect of a magnetic field acting on the modes of the nanowires mentioned above.








In all cases described above, the chiral velocities depend on the induced metric on the boundary and, hence, on time and space. Therefore, their local nature is a direct consequence of the non-flatness of the bulk metric. Moreover, we calculated the Hamiltonian corresponding to the 2D action and we found that the request of the existence of a lower bound ruled out the case 2: Hall systems with parallel velocities, such as fractional quantum Hall with   ν = 2 / 5   [32] or integer quantum Hall with   ν = 2   [57], could not be described by a BF theory with a boundary. We then considered the role of time reversal symmetry, which distinguishes the two main Schwarz-type TQFT: T-violating Chern–Simons and T-respecting BF. T-symmetry can be introduced in two different ways: from the bulk side, asking that the “Symanzik’s” boundary term of the 3D action is T-invariant, which has consequences on the subsequent steps until the holographically-induced 2D action. T-symmetry may also be imposed on the boundary side directly on the 2D action, starting from the definition of the scalar degrees of freedom. These two seemingly "inequivalent" ways of requiring T-invariance lead to the same outcome: the only physical case that respects T-symmetry is a subclass of case 1 above, namely the one involving two edge excitations moving in opposite directions with the same velocity, which, in the general case of non-Minkowski bulk metric described in this paper, might be local, i.e., time and space dependent. This is the case with the topological insulators. Hence, imposing T-symmetry is much more restrictive than asking for a lower bounded Hamiltonian. Topological phases of matter displaying accelerated edge modes have been observed, for instance, in the integer quantum Hall with   ν = 2   [25]. However, to our knowledge, generalized topological insulators with accelerated chiral edge modes have not been discovered yet. In this paper, we predicted that they should, and we presented a theoretical framework for their existence, as a direct consequence of a non-Minkowski bulk background. In our opinion, this represents a cleaner alternative to adding an ad hoc local potential to the pair of decoupled Luttinger actions, which would spoil the whole holographic construction described in this paper.
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Appendix A. Solutions of the Boundary Conditions


The BC for the 3D bulk theory are given by (26):


     Λ  I J    X J    r = R   = 0 ,  



(A1)




where   I , J = { i ; j } = { 0 , 2 ; 0 , 2 }  ,


   Λ  I J   ≡      α  i j       ζ  i j   − κ  ϵ  i 1 j         ζ  j i      β  i j       =      α 00     α 02     ζ 00      ζ 02  −  κ ^        α 20     α 22      ζ 20  +  κ ^      ζ 22       ζ 00     ζ 20     β 00     β 02       ζ 02     ζ 22     β 02     β 22      ,  



(A2)




and


   X J  ≡      A j       B j      ,  



(A3)




and   κ ^   is given by (29). As the linear system of Equation (26) are homogeneous, three of the four components   X J   can be written in terms of the fourth, provided that


  det Λ = 0 .  



(A4)







The choice we make is


    B θ   X    = −  l 1   B t   X    



(A5)






    A θ   X    = −  l 2   B t   X    



(A6)






    A t   X    = −  l 3   B t   X   ,  



(A7)




with


    l 1  ≡ −   −  α  00      β  00    ζ  22   −  β  02    ζ  20     +  α  02      β  00    ζ  02   −  β  02    ζ  00     +  ζ  00   det ζ    α  00      β  02    ζ  22   −  β  22    ζ  20     +  α  02      β  22    ζ  00   −  β  02    ζ  02     −    ζ  02   −  κ ˆ    det ζ     



(A8)






    l 2  ≡ −    α  00   det β −  β  00    ζ  02      ζ  02   −  κ ˆ    −  κ ˆ   β  02    ζ  00   + 2  β  02    ζ  00    ζ  02   −  β  22        ζ  00      2     α  00      β  02    ζ  22   −  β  22    ζ  20     +  α  02      β  22    ζ  00   −  β  02    ζ  02     −    ζ  02   −  κ ˆ    det ζ     



(A9)






   l 3  ≡ −   −  α  02   det β +    ζ  02   −  κ ˆ       β  00    ζ  22   −  β  02    ζ  20     +  ζ  00      β  22    ζ  20   −  β  02    ζ  22        α  00      β  02    ζ  22   −  β  22    ζ  20     +  α  02      β  22    ζ  00   −  β  02    ζ  02     −    ζ  02   −  κ ˆ    det ζ   ,  



(A10)




where the request of non-Dirichlet solutions [58,59] implies the requirements    l i  ≠ 0   and    l i  − 1   ≠ 0  . We note that these coefficients are local, depending on the induced metric determinant and/or components from the bulk parameters. In the case of T-invariant   S  b d    (143) discussed in Section 4, the coefficients (150) are given by


        l 1        142     = −  γ  t θ      β ˆ   α  00      ζ ˆ    20   +  α ˆ   β  00      ζ ˆ    02     −  α  00    β  22      ζ ˆ    20   +    ζ ˆ    02        ζ ˆ    20        ζ ˆ    02   −  κ ˆ    −  α ˆ   β ˆ       γ  t θ      2        



(A11)






        l 2        142     = −    α  00   det β −  β  00      ζ ˆ    02        ζ ˆ    02   −  κ ˆ      −  α  00    β  22      ζ ˆ    20   +    ζ ˆ    02        ζ ˆ    20        ζ ˆ    02   −  κ ˆ    −  α ˆ   β ˆ       γ  t θ      2        



(A12)






        l 3        142     = −  γ  t θ     −  α ˆ  det β −  β ˆ     ζ ˆ    20        ζ ˆ    02   −  κ ˆ      −  α  00    β  22      ζ ˆ    20   +    ζ ˆ    02        ζ  20    ˆ       ζ ˆ    02   −  κ ˆ    −  α ˆ   β ˆ       γ  t θ      2      .   



(A13)
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