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Abstract: In the present paper we continue the project of systematic construction of invariant dif-
ferential operators on the example of the non-compact algebra G2(2). We use both the minimal and
the maximal Heisenberg parabolic subalgebras. We give the main multiplets of indecomposable
elementary representations. This includes the explicit parametrization of the intertwining differential
operators between the ERs. These are new results applicable in all cases when one would like to use
G2(2) invariant differential operators.
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1. Introduction

Invariant differential operators play very important role in the description of physical
symmetries. In a recent paper [1] we started the systematic explicit construction of invariant
differential operators. We gave an explicit description of the building blocks, namely
the parabolic subgroups and subalgebras from which the necessary representations are
induced. Thus, we have set the stage for study of different non-compact groups. An update
of the developments as of 2016 is given in [2] (see also [3]).

In the present paper we focus on the exceptional non-compact algebra G2(2). Below
we give the general preliminaries necessary for our approach. In Section 2 we introduce
the Lie algebra G2 (following [4]), its real from G2(2) and, shortly, the corresponding Lie
group. In Section 3 we consider the representations induced from the minimal parabolic
subalgebra of G2(2). In Section 4 we consider the representations induced from the two
maximal Heisenberg parabolic subalgebras of G2(2).

Preliminaries

Let G be a semi-simple non-compact Lie group, and K a maximal compact subgroup
of G. Then we have an Iwasawa decomposition G = KA0N0, where A0 is an abelian simply
connected vector subgroup of G, and N0 is a nilpotent simply connected subgroup of
G preserved by the action of A0. Further, let M0 be the centralizer of A0 in K. Then
the subgroup P0 = M0 A0N0 is a minimal parabolic subgroup of G. A parabolic
subgroup P = MAN is any subgroup of G which contains a minimal parabolic subgroup.

The importance of the parabolic subgroups comes from the fact that the representations
induced from them generate all (admissible) irreducible representations of G [5–7]. Actually,
it may happen that there are overlaps which should be taken into account.

Let ν be a (non-unitary) character of A, ν ∈ A∗, let µ fix an irreducible representa-
tion Dµ of M on a vector space Vµ .

We call the induced representation χ = IndG
P (µ⊗ ν⊗ 1) an elementary representation of

G [8]. (In the mathematical literature these representations are called “generalised principal
series representations”, cf., e.g., [9].) Their spaces of functions are:

Cχ = {F ∈ C∞(G, Vµ) | F (gman) = e−ν(H) · Dµ(m−1)F (g)} (1)
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where a = exp(H) ∈ A, H ∈ A , m ∈ M, n ∈ N. The representation action is the le f t
regular action:

(T χ(g)F )(g′) = F (g−1g′) , g, g′ ∈ G . (2)

An important ingredient in our considerations are the Verma modules VΛ over GC,
where Λ ∈ (HC)∗, HC is a Cartan subalgebra of GC, the weight Λ = Λ(χ) is determined
uniquely from χ [10,11].

Actually, since our ERs will be induced from finite-dimensional representations of
M (or their limits) the Verma modules are always reducible. Thus, it is more convenient to
use generalized Verma modules ṼΛ such that the role of the highest/lowest weight vector v0
is taken by the space Vµ v0 . For the generalized Verma modules (GVMs) the reducibility is
controlled only by the value of the conformal weight d (related to ν, see below). Relatedly,
for the intertwining differential operators only the reducibility w.r.t. non-compact roots
is essential.

One main ingredient of our approach is as follows. We group the (reducible) ERs
with the same Casimirs in sets called multiplets [11,12]. The multiplet corresponding
to fixed values of the Casimirs may be depicted as a connected graph, the vertices of
which correspond to the reducible ERs, and the lines between the vertices correspond to
intertwining operators. The explicit parametrization of the multiplets and of their ERs is
important for understanding of the situation.

In fact, the multiplets explicitly contain all the data necessary to construct the inter-
twining differential operators. Actually, the data for each intertwining differential operator
consists of the pair (β, m), where β is a (non-compact) positive root of GC, m ∈ IN,
such that the BGG [13] Verma module reducibility condition (for highest weight modules)
is fulfilled:

(Λ + ρ, β∨) = m , β∨ ≡ 2β/(β, β) . (3)

when (3) then holds the Verma module with shifted weight VΛ−mβ (or ṼΛ−mβ for GVM
and β non-compact) is embedded in the Verma module VΛ (or ṼΛ). This embedding is
realized by a singular vector vs determined by a polynomial Pm,β(G−) in the universal
enveloping algebra (U(G−)) v0 , G− is the subalgebra of GC generated by the negative
root generators [14]. More explicitly, [11], vs

m,β = Pm
β v0 (or vs

m,β = Pm
β Vµ v0 for GVMs).

Then there exists [11] an intertwining differential operator

Dm
β : Cχ(Λ) −→ Cχ(Λ−mβ) (4)

given explicitly by:
Dm

β = Pm
β (Ĝ−) (5)

where Ĝ− denotes the right action on the functions F , cf. (1).

2. The Non-Compact Lie Group and Algebra of Type G2

Let GC = G2, with Cartan matrix: (aij) =

(
2 −3
−1 2

)
, simple roots α1, α2 with

products: (α2, α2) = 3(α1, α1) = −2(α2, α1). We choose (α1, α1) = 2, then (α2, α2) = 6,
(α2, α1) = −3. (Note that in [4] we have chosen α1 as the long root, and α2 as the short root).
As we know G2 is 14-dimensional. The positive roots may be chosen as:

∆+ = {α1, α2, α1 + α2, α2 + 2α1, α2 + 3α1, 2α2 + 3α1} (6)

We shall use the orthonormal basis ε1, ε2, ε3. In its terms the positive roots are
given as:

α1 = ε1 − ε2, α3 = α1 + α2 = ε2 − ε3, α4 = α2 + 2α1 = ε1 − ε3 (7a)

α2 = −ε1 + 2ε2 − ε3, α5 = α2 + 3α1 = 2ε1 − ε2 − ε3, (7b)

α6 = 2α2 + 3α1 = ε1 + ε2 − 2ε3
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where, for future reference, we have also introduced notation for the non-simple roots.
(Note that in (7a) are the short roots, in (7b) are the long roots.)

Another way to write the roots in general is β = (b1, b2, b3) under the condition
b1 + b2 + b3 = 0. Then:

α1 = (1,−1, 0), α2 + α1 = (0, 1,−1), α2 + 2α1 = (1, 0,−1) (8)

α2 = (−1, 2,−1), α2 + 3α1 = (2,−1,−1), 2α2 + 3α1 = (1, 1,−2)

The dual roots are: α∨1 = α1, α∨2 = α2/3, (α2 + α1)
∨ = α2 + α1 = 3α∨2 + α∨1 ,

(α2 + 2α1)
∨ = α2 + 2α1 = 3α∨2 + 2α∨1 , (α2 + 3α1)

∨ = (α2 + 3α1)/3 = α∨2 + α∨1 ,
(2α2 + 3α1)

∨ = (2α2 + 3α1)/3 = 2α∨2 + α∨1 .
The Weyl group W(GC,HC) of G2 is the dihedral group of order 12. This follows

from the fact that (s1 s2)
6 = 1, where s1 , s2 are the two simple reflections.

The complex Lie algebra G2 has one non-compact real form: G = G2(2) which is
naturally split. Its maximal compact subalgebra is K = su(2) ⊕ su(2), also written as
K = su(2)S ⊕ su(2)L to emphasize the relation to the root system (after complexification
the first factor contains a short root, the second—a long root). We remind that G = G2(2)
has discrete series representations. Actually, it is quaternionic discrete series since K contains
as direct summand (at least one) su(2) subalgebra. The number of discrete series is equal
to the ratio |W(GC,HC)|/|W(KC,HC)|, whereH is a compact Cartan subalgebra of both
G and K, W are the relevant Weyl groups [9]. Thus, the number of discrete series in our
setting is three. They will be identified below.

The compact Cartan subalgebra H of G will be chosen (following [15]) to coincide
with the Cartan subalgebra of K and we may write: H = u(1)S ⊕ u(1)L . (One may write
as in [15] H = T1 ⊕ T2 to emphasize the torus nature.) Accordingly, we choose for the
positive root system of KC the roots α1 + α2 = (0, 1,−1), and α2 + 3α1 = (2,−1,−1)
(which are orthogonal to each other). The lattice of characters of H is λH = 1

2 µ(α1 +

α2) +
1
2 ν(α2 + 3α1), where µ, ν ∈ Z.

The complimentary to K space is Q and it is eight-dimensional.
The Iwasawa decomposition of G is:

G = K⊕A0 ⊕N0 (9)

dim A0 = 2, dim N0 = 6

The Bruhat decomposition is:

G = Ñ0 ⊕M0 ⊕A0 ⊕N0 (10)

M0 = 0, dim Ñ0 = 6

Accordingly the minimal parabolic of G is:

P0 = M0 ⊕A0 ⊕N0 = A0 ⊕N0 (11)

There are two isomorphic maximal cuspidal parabolic subalgebras of G which are of
Heisenberg type:

Pk = Mk ⊕Ak ⊕Nk, k = 1, 2; (12)

Mk = sl(2, IR)k, dim Ak = 1, dim Nk = 5

Let us denote by Tk the compact Cartan subalgebra of Mk. (Recall that [Mj,Ak] = 0
for j 6= k.) Then Hk = Tk ⊕Ak is a non-compact Cartan subalgebra of G. We choose T1 to
be generated by the short K-compact root α1 + α2 and A1 to be generated by the long root
α2, while T2 is chosen to be generated by the long K-compact root α2 + 3α1 and A2 is
chosen to be generated by the short root α1.
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Equivalently, theM1-compact root of GC is α1 + α2, while theM2-compact root is
α2 + 3α1. In each case the remaining five positive roots of GC are Mk-non-compact.

To characterize the Verma modules we shall first use the Dynkin labels:

mi ≡ (Λ + ρ, α∨i ), i = 1, 2, (13)

where ρ is half the sum of the positive roots of GC. Thus, we shall use :

χΛ = {m1, m2} (14)

Note that when both mi ∈ IN then χΛ characterizes the finite-dimensional irreps
of GC and its real forms, in particular, G. Furthermore, mk ∈ IN characterizes the
finite-dimensional irreps of theMk subalgebra.

We shall use also the Harish-Chandra parameters:

mβ = (Λ + ρ, β∨) , (15)

for any positive root β, and explicitly in terms of the Dynkin labels:

χHC = { m1, m3 = 3m2 + m1, m4 = 3m2 + 2m1 (16a)

m2, m5 = m2 + m1, m6 = 2m2 + m1, } (16b)

3. Induction from Minimal Parabolic
3.1. Main Multiplets

The main multiplets are in 1-to-1 correspondence with the finite-dimensional irreps of
G2, i.e., they are labeled by the two positive Dynkin labels mi ∈ IN. When we induce from
the minimal parabolic the main multiplets of G are the same as for the complexified Lie
algebra GC. The latter were considered in [4] but here we give a different parametrization.

We take χ0 = χHC. It has two embedded Verma modules with HW Λ1 = Λ0 −m1α1,
and Λ2 = Λ0 −m2α2. The number of ERs/GVMs in a main multiplet is 12 = |W(GC)|. We
give the whole multiplet as follows:

χ0 = {m1, m2; − 1
2 (2m2 + m1)} (17)

χ2 = {3m2 + m1,−m2; − 1
2 (m2 + m1)}, Λ2 = Λ0 −m2α2

χ1 = {−m1, m2 + m1; − 1
2 (2m2 + m1)}, Λ1 = Λ0 −m1α1

χ21 = {3m2 + 2m1,−m2 −m1; − 1
2 m2}, Λ21 = Λ2 −m1α3

χ12 = {−3m2 −m1, 2m2 + m1; − 1
2 (m2 + m1)}, Λ12 = Λ1 −m2α5

χ212 = {3m2 + 2m1,−2m2 −m1; 1
2 m2}, Λ212 = Λ0 − (m1 + 3m2)α3

χ121 = {−3m2 − 2m1, 2m2 + m1; − 1
2 m2}, Λ121 = Λ0 − (m1 + m2)α5

χ2121 = {3m2 + m1,−2m2 −m1; 1
2 (m2 + m1)}, Λ2121 = Λ212 −m1α4

χ1212 = {−3m2 − 2m1, m2 + m1; 1
2 m2}, Λ1212 = Λ121 −m2α6

χ21212 = {m1,−m2 −m1; 1
2 (2m2 + m1)}, Λ21212 = Λ0 − (m1 + 2m2)α6

χ12121 = {−3m2 −m1, m2; 1
2 (m2 + m1)}, Λ12121 = Λ0 − (2m1 + 3m2)α4

χ121212 = {−m1,−m2; 1
2 (2m2 + m1)} = χ212121 = (s1s2)

3 ·Λ0 = (s2s1)
3 ·Λ0,

where we have also included, as the third entry, the parameter c = − 1
2 (2m2 +m1), related

to the Harish-Chandra parameter of the highest root (recalling that mα6 = 2m2 + m1). It is
also related to the conformal weight d = 3

2 + c.
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Using this labeling, the signatures may be given in the following pair-wise manner:

χ±0 = {∓m1,∓m2; ± 1
2 (2m2 + m1)} (18)

χ±2 = {∓(3m2 + m1),±m2; ± 1
2 (m2 + m1)},

χ±1 = {±m1,∓(m2 + m1); ± 1
2 (2m2 + m1)},

χ±12 = {∓(3m2 + 2m1),±(m2 + m1); ± 1
2 m2}

χ±21 = {±(3m2 + m1),∓(2m2 + m1); ± 1
2 (m2 + m1)}

χ±121 = {∓(3m2 + 2m1),±(2m2 + m1); ∓ 1
2 m2},

where χ−... = χ... from (17), χ+
0 = χ121212, χ+

1 = χ21212, χ+
2 = χ12121, χ+

12 = χ2121,
χ+

21 = χ1212, χ+
121 = χ212 .

The ERs in the multiplet are also related by intertwining integral operators introduced
in [16]. These operators are defined for any ER, the general action in our situation being:

GKS : Cχ −→ Cχ′ ,

χ = [ n1, n2 ; c ] , χ′ = [−n1,−n2 ; −c ]. (19)

This action is consistent with the parametrization in (18).
The main multiplets are given explicitly in Figure 1. The pairs χ± are symmetric w.r.t.

the bullet in the middle of the picture—this symbolizes the Weyl symmetry realized by the
Knapp–Stein operators (19): G± : Cχ∓ ←→ Cχ± .

Some comments are in order.

Λ−
0

Λ−
1

Λ−
12

Λ−
121

Λ+
21

Λ+
2

Λ−
2

Λ−
21

Λ+
121

Λ+
12

Λ+
1

Λ+
0

•

m1α1 m2α2

m2(α1 + α2)

m1(2α1 + 3α2)

m2(α1 + 2α2)

m1(α1 + 3α2)

m1(α1 + 3α2)

m2(α1 + 2α2)

m1(2α1 + 3α2)

m2(α1 + α2)

α2(3m1+m2)
α1(m1+m2)

α2(3m1+2m2)
α1(2m1+m2)

α2(3m1+2m2)
α1(2m1+m2)

α2(3m1+m2)
α1(m1+m2)

✟✟✟✟✟✟✟✙

❍❍❍❍❍❍❍❥

❄❄

❍❍❍❍❍❍❍❍❍❍❍❍❍❍❥

✟✟✟✟✟✟✟✟✟✟✟✟✟✟✙

❄❄

❍❍❍❍❍❍❍❍❍❍❍❍❍❍❥

✟✟✟✟✟✟✟✟✟✟✟✟✟✟✙

❄❄

❍❍❍❍❍❍❍❍❍❍❍❍❍❍❥

✟✟✟✟✟✟✟✟✟✟✟✟✟✟✙

❄❄

❍❍❍❍❍❍❍❍❍❍❍❍❍❍❥

✟✟✟✟✟✟✟✟✟✟✟✟✟✟✙❍❍❍❍❍❍❍❥

✟✟✟✟✟✟✟✙
m2α2 m1α1

Fig. 1. Main multiplets for G2(2)

using induction from the minimal parabolic

Figure 1. Main multiplets for G2(2) using induction from the minimal parabolic.



Symmetry 2022, 14, 660 6 of 12

Matters are arranged so that in every multiplet, only the ER with signature χ−0 con-
tains a finite-dimensional non-unitary subrepresentation in a finite-dimensional subspace
E . The latter corresponds to the finite-dimensional irrep of G2(2) with signature [m1, m2].
The subspace E is annihilated by the operators G+ , Dm1

α1 , Dm2
α2 and is the image of the

operator G− .
When both mi = 1 then dim E = 1, and in that case E is also the trivial one-

dimensional UIR of the whole algebra G. Furthermore, in that case, the conformal weight
is zero: d = 3

2 + c = 3
2 − 1

2 (2m2 + m1)|mi=1
= 0.

In the conjugate ER χ+
0 there is a unitary discrete series representation (according to

the Harish-Chandra criterion [17]) in an infinite-dimensional subspace D̃0 with conformal
weight d = 3

2 + c = 3
2 + 1

2 (2m2 + m1) = 3, 7
2 , 4, . . .. It is annihilated by the operator G−,

and is in the intersection of the images of the operators G+ (acting from χ−0 ), Dm1
α1 (acting

from χ+
1 ), Dm2

α2 (acting from χ+
2 ).

Remark 1. In paper [4] the following multiplets for GC, which are not interesting for the real form
G, were also considered. Fix k = 1, . . . , 6. Then there are Verma modules multiplets parametrized by
the natural number mk, so that mj /∈ IN for j 6= k, and given as follows: VΛk −→ VΛk−mkαk . ♦

3.2. Reduced Multiplets

There are two reduced multiplets Mk, k = 1, 2, which may be obtained by setting the
parameter mk = 0.

The reduced multiplet M1 contains six GVMs (ERs). Their signatures are given
as follows:

χ′±0 = {0,∓m2; ±m2} = χ′±1 (20)

χ′±2 = {∓3m2,±m2; ± 1
2 m2} = χ′±12 ,

χ′±21 = {±3m2,∓2m2; ± 1
2 m2} = χ′∓121

The intertwining differential operators of the multiplet are given explicitly as follows,
cf. (4):

Λ′−0
Dm2

α2

−→ Λ′−2

(
Dm2

α1

)3

−→ Λ′−21

(
Dm2

α2

)2

−→ Λ′+21

(
Dm2

α1

)3

−→ Λ′+2
Dm2

α2

−→ Λ′+0 (21)

Note a peculiarity on the map from Λ′−21 to Λ′+21 —it is a degeneration of the correspond-
ing G+ KS operator. In addition, it is a part of the chain degeneration of the G+ KS operators
from Λ′−2 to Λ′+2 and from Λ′−0 to Λ′+0 . Thus, the diagram may also be represented as:

Λ′−0
Dm2

α2−→ Λ′−2
(Dm2

α1 )
3

−→ Λ′−21

l l ↑ G− ↓
(
Dm2

α2

)2

Λ′+0
Dm2

α2←− Λ′+2
(Dm2

α1 )
3

←− Λ′+21

(22)

The ER χ′+0 contains a unitary discrete series representation in an infinite-dimensional
subspace D̃1 with conformal weight d = 3

2 + c = 5
2 , 3, 7

2 , . . .. It is in the intersection of the
images of the operators G+ (acting from χ′−0 ) and Dm2

α2 (acting from χ′+2 ). It is different from
the case D̃0 even when the conformal weights coincide.

Note also that the discrete series representation in D̃1 may be obtained as a subrepre-
sentation when inducing from maximal parabolic P1; see the corresponding section below.

The reduced multiplet M2 contains six GVMs (ERs). Their signatures are given
as follows:
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χ′′±0 = {∓m1, 0; ± 1
2 m1} = χ′′±2 (23)

χ′′±1 = {±m1,∓m1; ± 1
2 m1} = χ′′±21 ,

χ′′±12 = {∓2m1,±m1; 0} = χ′′±121

The intertwining differential operators of the multiplet are given explicitly as follows:

Λ′′−0
Dm1

α1

−→ Λ′′−1
Dm1

α2

−→ Λ′′−12

(
Dm1

α1

)2

−→ Λ′′+12
Dm1

α2

−→ Λ′′+1
Dm1

α1

−→ Λ′′+0 (24)

Here, we also note a peculiarity similar to the previous case. The map from Λ′′−12 to
Λ′′+12 is degeneration of the corresponding G+ KS operator. In addition, it is a part of the
chain degeneration of the G+ KS operators from Λ′′−1 to Λ′′+1 and from Λ′′−0 to Λ′′+0 . Thus,
the diagram may be represented also as:

Λ′′−0
Dm1

α1−→ Λ′′−1
Dm1

α2−→ Λ′′−12

l l ↑ G− ↓
(
Dm1

α1

)2

Λ′′+0
Dm1

α1←− Λ′′+1
Dm1

α2←− Λ′′+12

(25)

The ER χ′′+0 contains a unitary discrete series representation in an infinite-dimen-
sional subspace D̃2 with conformal weight d = 3

2 + c = 2, 5
2 , 3, 7

2 , . . .. It is in the intersection
of the images of the operators G+ (acting from χ′′−0 ) and Dm1

α1 (acting from χ′′+1 ). It is
different from the cases D̃0, D̃1 even when the conformal weights coincide.

Note also that the discrete series representation in D̃2 may be obtained as a subrepre-
sentation when inducing from maximal parabolic P2, see corresponding section below.

The multiplets in this section are shared with G2 as Verma modules multiplets and
were given in [4] but without the weights of the singular vectors, the KS operators and the
identification of the discrete series.

4. Induction from Maximal Parabolics

As stated in Section 1, in order to obtain all possible intertwining differential operators
we should consider induction from all parabolics, yet take into account the possible overlaps.

4.1. Main Multiplets When Inducing from P1

When inducing from the maximal parabolic P1 =M1 ⊕A1 ⊕N1 there is oneM1-
compact root, namely, α1. Once again, we take the Verma module with ΛHC = Λ1−

0 . We
take χ1−

0 = χHC. The GVM Λ1−
0 has one embedded GVM with HW Λ1−

2 = Λ1−
0 −

m2α2, m2 ∈ IN. Altogether, the main multiplet in this case includes the same number of
ERs/GVMs as in (17), so we use the same notation only adding super index 1, namely

χ1±
0 = {∓m1,∓m2; ± 1

2 (2m2 + m1)} (26)

χ1±
2 = {∓(3m2 + m1),±m2; ± 1

2 (m2 + m1)},
χ1±

1 = {±m1,∓(m2 + m1); ± 1
2 (2m2 + m1)},

χ1±
12 = {∓(3m2 + 2m1),±(m2 + m1); ± 1

2 m2}
χ1±

21 = {±(3m2 + m1),∓(2m2 + m1); ± 1
2 (m2 + m1)}

χ1±
121 = {∓(3m2 + 2m1),±(2m2 + m1); ∓ 1

2 m2},

In addition, in order to avoid coincidence with (18) we must impose in (26) the
conditions: m1 /∈ IN, m1 /∈ IN/2.
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What is peculiar is that the ERs/GVMs of the main multiplet (26) actually consists of
three submultiplets with intertwining diagrams as follows:

Λ1−
0

Dm2
α2−→ Λ1−

2

l l

Λ1+
0

Dm2
α2←− Λ1+

2

subtype (A1) (27a)

Λ1−
1

Dm2
α5−→ Λ1−

21

l l

Λ1+
1

Dm2
α5←− Λ1+

21

subtype (B1) (27b)

Λ1−
12

Dm2
α6−→ Λ1+

121

l l

Λ1+
12

Dm2
α6←− Λ1−

121

subtype (C1) (27c)

Next we relax in (26) one of the conditions, namely, we allow m1 ∈ IN/2, still keeping
m2 ∈ IN, m1 /∈ IN. This changes the diagram of subtype (C1), (27c), as given in Figure 2a.

4.2. Main Multiplets When Induction from P2

This case is partly dual to the previous one. When inducing from the maximal
parabolic P2 =M2 ⊕A2 ⊕N2 there is oneM2-compact root, namely, α2. We take again
the Verma module with ΛHC = Λ2−

0 . We take χ2−
0 = χHC. The GVM Λ2−

0 has one
embedded GVM with HW Λ2−

1 = Λ2−
0 −m1α1, m1 ∈ IN. Altogether, the main multiplet in

this case includes the same number of ERs/GVMs as in (17), so we use the same notation
only adding super index 2, namely

χ2±
0 = {∓m1,∓m2; ± 1

2 (2m2 + m1)} (28)

χ2±
2 = {∓(3m2 + m1),±m2; ± 1

2 (m2 + m1)},
χ2±

1 = {±m1,∓(m2 + m1); ± 1
2 (2m2 + m1)},

χ2±
12 = {∓(3m2 + 2m1),±(m2 + m1); ± 1

2 m2}
χ2±

21 = {±(3m2 + m1),∓(2m2 + m1); ± 1
2 (m2 + m1)}

χ2±
121 = {∓(3m2 + 2m1),±(2m2 + m1); ∓ 1

2 m2},

In addition, in order to avoid coincidence with (18) we must impose in (28) the
conditions: m2 /∈ IN, m2 /∈ IN/2, m2 /∈ IN/3.
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Λ1−
21

Λ1−
121

m2(α1 + 2α2)

m2(α1 + 2α2)

✲

✲

❅
❅

❅
❅

❅
❅
❅

❅
❅

❅❘❄�
�

�
�

�
�
�

�
�

�✒�
�

�
�

�
�

�
�

�
�✠ ❄❅

❅
❅

❅
❅

❅
❅

❅
❅

❅■
Λ1+
121

Λ1+
21

α1(2m1+m2) α1(2m1+m2)

Fig. 2a. Submultiplets type (C1) for G2(2)

using induction from the maximal parabolic P1

for m2 ∈ N, m1 /∈ N, m1 ∈ N/2, m1 /∈ N/3;
the (anti)diagonal arrows represent the KS operators.

(a)

Λ1−
1

Λ1−
12

Λ1−
21

Λ1+
121

Λ1+
12 Λ1−

121

Λ1+
1 Λ1+

21

α1(3m1+m2)

α1(3m1+m2)

α1(3m1+m2)

α1(3m1+m2)

m2(α1 + α2)

m2(α1 + 2α2)

m2(α1 + α2)

m2(α1 + 2α2)

✲

✲

✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄✄✗

❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈❈❲

❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈❈❖

✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄✄✎

❄

❄

✻

❄

❄
✻

❄

❄

✛

✛

Fig. 2b. Submultiplets type (B1)+(C1) for G2(2)

using induction from the maximal parabolic P1

for m2 ∈ N, m1 /∈ N, m1 /∈ N/2, m1 ∈ N/3;
the up-down arrows represent four pairs of KS operators.

(b)

Λ1−
12

Λ1+
121

m1(2α1 + 3α2)

m1(2α1 + 3α2)

✲

✲

❅
❅

❅
❅

❅
❅
❅

❅
❅

❅❘❄�
�

�
�

�
�
�

�
�

�✒�
�

�
�

�
�

�
�

�
�✠ ❄❅

❅
❅

❅
❅

❅
❅

❅
❅

❅■
Λ1−
121

Λ1+
12

α2(3m1+2m2) α2(3m1+2m2)

Fig. 2c. Submultiplets type (C2) for G2(2)

using induction from the maximal parabolic P2

for m1 ∈ N, m2 /∈ N, m2 ∈ N/2;
the (anti)diagonal arrows represent the KS operators.

(c)

Figure 2. (a) Submultiplets type (C1) for G2(2) using induction from the maximal parabolic P1 for
m2 ∈ IN, m1 /∈ IN, m1 ∈ IN/2, m1 /∈ IN/3, the (anti)diagonal arrows represent the KS operators; (b)
Submultiplets type (B1)+(C1) for G2(2) using induction from the maximal parabolic P1 for m2 ∈ IN,
m1 /∈ IN, m1 /∈ IN/2, m1 ∈ IN/3, the up-down arrows represent four pairs of KS operators; (c)
Submultiplets type (C2) for G2(2) using induction from the maximal parabolic P2 for m1 ∈ IN,
m2 /∈ IN, m2 ∈ IN/2, the (anti)diagonal arrows represent the KS operators.
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Similarly to the P1 case the ERs/GVMs of the main multiplet (28) actually consists of
three submultiplets with intertwining diagrams as follows:

Λ2−
0

Dm1
α1−→ Λ2−

1

l l

Λ2+
0

Dm1
α1←− Λ2+

1

subtype (A2) (29a)

Λ2−
2

Dm1
α3−→ Λ2−

12

l l

Λ2+
2

Dm1
α3←− Λ2+

12

subtype (B2) (29b)

Λ2−
21

Dm1
α4−→ Λ2−

121

l l

Λ2+
21

Dm1
α4←− Λ2+

121

subtype (C2) (29c)

Next we relax one of the conditions in (28); namely, we allow m2 ∈ IN/2, still keeping
m2 /∈ IN, m2 /∈ IN/3. This changes the diagram of subtype (C2), (29c), as given in Figure 2b.
In this case the ER χ2+

0 contains a subrepresentation in an infinite-dimensional subspace
D̃′0 with conformal weight d = 3

2 + c = 3
2 + m2 +

1
2 m1 = 5

2 , 3, 7
2 , .... It is in the intersection

of the images of the operators G+ (acting from χ2−
0 ) and Dm1

α1 (acting from χ2+
1 ).

Next we relax in (28) another condition, namely, we allow m2 ∈ IN/3, still keeping
m2 /∈ IN, m2 /∈ IN/2. This changes the diagrams of subtypes (B1) and (C1) combining them
as given in Figure 2c.

4.3. Reduced Multiplets

There are two reduced multiplets M1k, k = 1, 2, which may be obtained by setting
the parameter mk = 0 when inducing from P1, and two reduced multiplets M2k, k = 1, 2,
which may be obtained by setting the parameter mk = 0 when inducing from P2.

In case M11 (m1 = 0, m2 ∈ IN) the reduced multiplet has six GVMs:

χ1±
0 = {0,∓m2; ±m2} = χ1±

1 (30)

χ1±
2 = {∓3m2,±m2; ± 1

2 m2} = χ1±
12

χ1±
21 = {±3m2,∓2m2; ± 1

2 m2} = χ1±
121

Note that thus reduced multiplet coincides with the reduced multiplet M1 when
inducing from the minimal parabolic, cf. (20). The intertwining differential operators are
correspondingly given by a recombination of the three submultiplets from (27) and the
resulting diagram coincides with the one in (22).

In case M12 (when m2 = 0) the reduced multiplet has six GVMs:

χ1±
0 = {∓m1, 0; ± 1

2 m1} = χ1±
2 (31)

χ1±
1 = {±m1,∓m1; ± 1

2 m1} = χ1±
21

χ1±
12 = {∓2m1,±m1; 0} = χ1∓

121
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As for the main multiplet, we first consider the subcase m1 /∈ IN, m1 /∈ IN/2. Again
as in (27) we have three submultiplets; however, the submultiplets (A1), (B1), (C1), are
replaced by the KS-related doublets χ1±

0 , χ1±
1 , χ1±

12 .
Next we consider the subcase m1 /∈ IN, m1 ∈ IN/2. As in the first subcase we have

the three KS-related doublets, yet for the doublet χ1±
12 the G+ KS operator degenerates to

the intertwining differential operator D2m1
α1 , (compare with Figure 2a).

In case M21 (m1 = 0) the reduced multiplet has six GVMs with signatures:

χ2±
0 = {0,∓m2; ±m2} = χ2±

1 (32)

χ2±
2 = {∓3m2,±m2; ± 1

2 m2} = χ2±
12

χ2±
21 = {±3m2,∓2m2; ± 1

2 m2} = χ2∓
121

As for the main multiplet, we first consider the subcase m2 /∈ IN, m2 /∈ IN/2,
m2 /∈ IN/3. Again as in (27) we have three submultiplets, however the submultiplets (A2),
(B2), (C2), are replaced by the KS-related doublets χ2±

0 , χ2±
2 , χ2±

21 .
Next we consider the subcase m2 /∈ IN, m2 ∈ IN/2, m2 /∈ IN/3. As in the first

subcase we have the three KS-related doublets, yet for the doublet χ2±
21 the G+ KS operator

degenerates to the intertwining differential operator D2m2
α2 , compare with Figure 2c.

The ER χ2+
0 contains a subrepresentation in an infinite-dimensional subspace D̃′1 with

conformal weight d = 3
2 + c = 3

2 + m2 = 2, 3, 4, . . .. It is the image of the KS operator G+

(acting from χ2−
0 ).

Next we consider the subcase m2 /∈ IN, m2 /∈ IN/2, m2 ∈ IN/3. As for the main
multiplet the submultiplets corresponding to (B2), (C2) are combined. Here the result is a
quartet (compare with Figure 2c):

χ2−
2

D3m2
α1−→ χ2−

21

l l

χ2+
2

D3m2
α1←− χ2+

21

(33)

In case M22 (m2 = 0, m1 ∈ IN) the reduced multiplet has six GVMs with signatures:

χ2±
0 = {∓m1, 0; ± 1

2 m1} = χ2±
2 (34)

χ2±
1 = {±m1,∓m1; ± 1

2 m1} = χ2±
21

χ2±
12 = {∓2m1,±m1; 0} = χ2±

121

Note that thus reduced multiplet coincides with the reduced multiplet M2 when
inducing from the minimal parabolic, cf. (23). The intertwining differential operators are
correspondingly given by a recombination of the three submultiplets from (29) and the
resulting diagram coincides with the one in (24).
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