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Abstract: Convexity performs its due role in the theoretical field of inequalities according to the
nature and conduct of the properties it displays. A correlation connectivity, which is visible between
the two variables symmetry and convexity, enhances its importance. In this paper, we derive a new
multi-parameter quantum integral identity involving Raina’s function. Applying this generic identity
as an auxiliary result, we establish some new generalized quantum estimates of certain integral
inequalities pertaining to the class of Rs-convex functions. Moreover, we give quantum integral
inequalities for the product of Rs, - and Rs,-convex functions as well as another quantum result for a
function that satisfies a special condition. In order to demonstrate the efficiency of our main results,
we offer many important special cases for suitable choices of parameters and finally for Rs-convex
functions that are absolute-value bounded.

Keywords: convexity; Rs-convex; quantum derivatives; quantum integrals; Holder’s inequality
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1. Introduction and Preliminaries

In recent years, the classical concept of convexity has been extended and generalized
in different directions using novel and innovative ideas. Cortez et al. [1] presented a new
generalization of convexity classes as follows:

Definition 1 ([1]). Let p,A > 0and o = (¢(0),...,0(k),...) be a bounded sequence of positive
real numbers. A non-empty set L is said to be generalized convex if

U1 +TRppe(va—v1) €T, VYu,v€Z,Te(0,1].

Here, R, )¢ (-) is Raina’s function, which is defined as follows:

Rp,)\,a(z) _ Ra(O),o(l),‘..(z) _ i O'(k) Zk, )

A = T(ok +A)

where |z| < R and I'(-) is the well-known Gamma function. For more details, see [2].
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Definition 2 ([1]). Let p, A > 0and o = (¢(0),...,0(k),...) be a bounded sequence of positive
real numbers. A function ¥ : T — R is said to be generalized convex if

Y(v1 +TRope (V2 —v1)) < (1 —=7)¥(v1) +7T¥(v2), Vv, v €Z,T€[0,1]

In addition to its many applications, another fascinating aspect of convexity is its close
relation with theories of inequalities. We can obtain several classical and new inequalities
using convexity and its generalization (see, e.g., [3-5] and references therein). The most
studied results pertaining to the convexity properties of functions are Hermite-Hadamard’s
inequality, Ostrowski’s inequality and Simpson’s inequality. For more details, see [6].

Cortez et al. [1] derived a new version of Hermite-Hadamard’s inequality using the
class of generalized convex functions. This result reads as follows:

Theorem 1. Let ¥ : [c1,¢1 + Ry (c2 — c1)] — R be a generalized convex function. Then,
ClJer/A/U(CZ*Cl)

2c1 + Rppe(c2 — C1)> 1 Y(c1) +¥(e2)
L4 s / Y(x)dx < ————==,
( 2 ~ Rprelca—c1) (r)dx < 2

€1

Note that if we take R, ) (c2 — c1) = c2 — c1, then we can recapture the classical
Hermite-Hadamard inequality from the above inequality for convex functions, which
reads as follows:

Theorem 2. Let ¥ : [c1, c2] — R be a convex function. Then,

€2
1{;(51+C2) < 1 /‘I’(x)dxg T(C])-FT(CQ)'
2 ) —Cq 2

We now recall the following two basic concepts regarding quantum calculus that are
helpful to us in obtaining the main results of the paper.

Definition 3 ([7,8]). Let ¥ : [c1, c2] — R be an arbitrary function. Then, the q-derivative of ¥ on
[c1, c2] at T is defined as

o Dg¥ (1) = ¥(7) (Elf(z;])r(:—(lcl_) q)m), T # ¢1 and Dg¥(c;) = lim oD¥ (1),

where 0 < q < 1is a constant.

Definition 4 ([7,8]). Let ¥ : [c1, cz] — R be an arbitrary function. Then, the q-integral of ¥ on
[c1, ¢2] is defined as

/‘I’ )adgT=(1—g)(x —c1) Z Y(g"x+(1-q")c1),
C1 n=0

forall x € [cq,c], where 0 < q < 1is a constant.

Recently, Tariboon and Ntouyas [7,8] utilized the concepts of quantum calculus in
obtaining the quantum analogues of inequalities involving convexity. These ideas and tech-
niques of Tariboon and his coauthor attracted many researchers, particulary those working
in the field of inequalities involving convexity and its generalizations. Since then, numer-
ous new quantum analogues of classical inequalities have been obtained in the literature.
For example, Noor et al. [9] and Sudsutad et al. [10] obtained g-analogues of Hermite—
Hadamard’s inequality using the class of convex functions. Noor et al. [11] obtained
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g-Hermite-Hadamard inequalities using the class of pre-invex functions. Alp et al. [12]
gave a refined g-analogue of Hermite-Hadamard’s inequality. Zhang et al. [13] obtained a
generalized quantum integral identity and obtained several new g-analogues of certain inte-
gral inequalities. Very recently, Du et al. [14] obtained another fascinating g-integral identity
and obtained various g-analogues of certain integral inequalities. For more information
about quantum calculus and its applications, see [15-26].

Before we move towards our main results, we first define the class of Rs-convex functions.

Definition 5. Let p, A > 0and o = (¢(0),...,0(k),...) be a bounded sequence of positive real
numbers. A function ¥ : T — R is said to be Rs-convex if

F (01 + TRy (02— 1) < (1— 1) ¥(0r) + T¥(v2), Yor,02 € Z,7€[0,1],5 € (0,1].

Note that we can recapture Definition 2 by taking s = 1 in Definition 5 above.

Inspired by the above results and literature, in Section 2, we derive a new multi-
parameter quantum integral identity. Using this generic identity as an auxiliary result, we
obtain some new generalized quantum estimates of certain integral inequalities pertaining
to the class of Rs-convex functions. In Section 3, we give quantum integral inequalities
for the product of R, - and Rs,-convex functions as well as another quantum result for
a function that satisfies a special condition. As for applications, in Section 4, we discuss
several important special cases of the established results for suitable choices of parameters
and also for Rs-convex functions that are absolute-value bounded. In Section 5, some
conclusions and future research are given.

2. Main Results

In this section, we first present the following multi-parameter quantum integral
identity, which will be a main tool to derive our main results. For brevity, we denote
B :=[c1,c1 + Rppe(ca —c1)], where B° is the interior set and J,& € R.

Lemma 1. Let ¥ : B — R be a g-differentiable function on B° with R, +(c2 —c1) > 0. If
1 Dg ¥ is integrable on B and 0 < q < 1, then

2c1 + Rppe(c2 —c1)

MOER) = et (er) + (0 - ¥ )+ 1= 0¥+ Ryler =)

2
1 /C1 +Rp,/\,¢7(c2*c1)
e EEEE—— Y(x d X
Roro(c2—rc1) Je () ey
1

= RP,A,U(CQ —01) /02 (T —€) ¢ Dg¥ (c1 + TRP,/\,U(CZ —c1))odyT

1
+ /1 (qT = 0) ;Dg¥(c1 + TRy 0(c2 — 1)) 0dgT |- )
)

Proof. Let
1
S = /02 (a7 =€) e, De¥(e1 + TRpr0(c2 — 1)) 0dyT,

1
Sy = /1 (97 = 8) ,Dg¥(c1 + TRy 0 (c2 — €1)) 0dqT.
2
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A direct computation gives

i Y(e1+7tR —c1)) —¥(c1 +9TR —
81:/24 (1 +7 p,)\,cT(CZ c1)) (c1+qt p,/\,U(CZ Cl))oqu

(1-=q9)Rpre(ca—c1)
. /% Y(e1 +TRpae(c2 — 1)) — ¥(e1 +9TRp Ao (c2 — 1))
0 (1 - q)Rpre(c2 —c1)

_ 1 i ‘F(Cl + 39" Rppe(c2 — ) ‘I’(cl + 34" Ry (02 — C1))
25 Rprelca )
i T(Cl 30" Ry (e = ) ( 7" Ror0(c2 c1))
=0 Rore(ca—c1 )
LIEO q"Y (cl + 39" Rope(c2 — c1)> — El gy (Cl + 14 R e(c2 — 01))
N 2Ry 00 (c2 —c1)
EOT(Cl + 30" Rpro(ca — Cl)) - :Z:o}l‘i’<c1 + 39" Ropo(c2 — C1))

Rp,A,a(CZ - Cl)

Oqu

— &

1 T(—zcﬁR”’Az’g(CZ_cl)) o n‘Y(Cl + 50" Ropo(c2 — Cl)) ‘P<—261+RP’A§0(C2_C1)> —¥(c1)
2 l Roae(c2 —c1) —0a) ng()q Rope(ca —c1) ] - Rone(ca—c1)
1 T(w) ¢ 1 o0 n‘f’(ﬁ + 30" Rpro(ca — 61))
- (2 of Roprelca—c1) * Rorelca— Cl)T(Cl) - 5(1 -0 n;oq Roprelca—c1)
1 T(w) € 1 c1+3Rppe(c2—c1)
B (2 ¢ Ropae(c2—c1) * Rore(ca— Cl)T(Cl) Ry o2 —c1) / ¥ odgx.

On the other hand, one has

1 1
S = /1 qt ¢, Dg¥ (c1 + TRy A (c2 — 1)) 0dgT — 5/1 aDg¥(c1 + TRy (2 —c1))0dgT
2 2

1 1
= /0 qT ¢, Dg¥(c1 + TRy A0 (c2 — 1)) 0dgT — (5/0 o Dg¥(c1 + TRy a (2 — 1)) 0dgT
1 1
- (/02 9T DY (c1 + TRy a0 (c2 — 1)) 0dgT — (5/02 aDg¥(c1 + TRy (2 —c1)) odqr)
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Since

1 1
/0 qt CquT(Cl + TRp,A,a(CZ —c1)) Oqu - 5/0 chq‘f(Cl =+ TRp,)\,(T(CZ —c1)) Oqu
_ /1 q‘P(Cl + TRopo(c2 —c1)) =¥(e1 +qTRpp0(c2 — 1)) dor
0 (1-9)Rpre(c2—c1) 04
s /1 (1 +TRppo(c2 — 1)) = ¥(e1 +9TRp (2 — 1))
0 (1= q)Rppe(ca —c1)
_ i an‘I’(Cl +q"Ropo(ca—c1)) =¥ (c1 + 9" " Rpre(c2 — 1))
n=0 Rp,)\,a(CZ —c1)
5 i ‘Y(Cl + anp’)\,a(CZ — Cl)) — 11"(C1 + anFlRp,)L’U(CZ — Cl))
=0 Ropo(c2—c1)

Oqu

q Zo Y (c1+q9"Ropo(c2—c1)) — 21 7Y (c1 + "R o(c2 —c1))
n=| n=

Ropeo(ca—c1)

ZO‘Y(Cl +q"Rope(ca—c1)) — ZO‘F(Cl +4"Rppe(c2 —c1))
_ 5712 n=

Roae(c2 —c1)
_ ¥l +Rppolea—c1)) i (1-0) WY +d"Rppo(ca—c1)) o ¥(a+Rprolca—c1)) —¥(a)
Rore(c2—c1) o Roae(c2 —c1) Rore(c2—c1)
_ (=9
"~ Ronelca—cr)
_ (=9
"~ Ronelca—cr)

) ad Y(c1+q"Rope(c2—c1))
-Y(c + R Cy —C + — Y¥(c — 1-— n hid
(c1 4+ Rprelca—c1)) Rone(cz— 1) (c1) n;()( 7)q Ry (€2 — 1)

6 1 1t Rp A (c2—c1)
‘P(Cl + Rp,)\,a(c2 — Cl)) + —T(C1) - / ! 1IJ(X) odqx,

Rp,/\,tr(CZ - Cl) Rg,/\,g(CZ —c1) Jg

and

1 1
/02 q7 ¢,Dg¥ (c1 + TRP,)W(CZ —c1))odgT — 6 /02 aDg¥(c1 + TRP,)W(CZ —c1))od4T
- 2c1 + Rp,/\,U(CZ —0) v 2c1 + Rp,/\,U(CZ —c1) ~¥(q)
[ 2 _(1_q) ian(Cl+anp//\’a(C2_C1))‘| _5 2 '

Roro(ca—c1) o Roro(ca—c1) Roro(ca—c1)

1
2

1 T<2C1+RP,A,U(C2—C1)> ; +1R o

2 1 T 5 RprrlC2—C1
—(Z_-5). + Y(c) — —/ 2 Y(x)odyx,
(2 ) Roprelc2—c1) Roprelca—c1) (e) R? \o(c2—c1) Je ()ody

we obtain

2c1 + Rppo(c2 — 01))

Y
(1-10) (1 ) ( 2
S =————"""Yc +R ) —¢C —(=z==4d]-
27 Rppelca—c1) (1 Rpnolz=er)) 2 Rore(ca—c1)
c1+Ryp s (c2—c1) ci+=Rpre(ca—c1)
- 17/1 L 70 1V N — /1 27 g () ody .
RP’)\,U(Cz—Cl) ] RP’A,U(Cz—Cl) ]

This completes the proof. [J
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. 1 5
Corollary 1. In Lemma 1, taking e = — and 6 = —, we have

6 6
- (201 + Rpre(c2 — Cl)>
¥(c1+R cp—cC c1+Rprc(ca—c1)
¥(c1) + 2 n (c1 pro(c2—c)) 1 /1 pAe(C2=C1 ¥(x) o dygx
6 3 6 Rore(ca—c1) Jo
> 1
=Rpre(c2—c1) /o T - o Dg¥(c1 + TRy (2 —c1))0dgT
1 5
+ /1 (qT — 6) aDg¥(c1 + TRy a0 (c2 —c1)) 0dgT |-
2
Corollary 2. In Lemma 1, choosing e = § = %, we obtain
q 1 1 /C1+Rp,A,a(Cz*Cl)
—Y —Y - - b4
T+ a (e1) + 7 e (c1 +Rppelc2—c1)) Rono(ca—c) Ju (x) ¢ dgx
1 1
= qRppco(c2—c1) / T——— | Dg¥(c1 + TRy 0(c2 — 1)) 0dgT.
0 1+g
. 1 3 .
Corollary 3. In Lemma 1, taking e = 1 and 6 = 1 e obtain
- (201 + Rl — Cl))
4 Y(c1+R c—c 1 c1+Rpr(c2—c1)
(c1) n 2 n (c1 oro(C2—c1)) _ /1 pAo(C27C1 ¥(x) ¢ dg
4 2 2 Rorolca—c1) Je

Py 1
=Ry o(c2—c1) /02 (‘JT - 4> aDg¥(c1 + TRy (c2 — 1)) 0dgT

1 3
+ /1 (qT — 4> chqT(Cl + TRp,/\,(T(CZ —c1)) Oqu] :
2

Using Lemma 1, we can obtain our main results.

Theorem 3. Let ¥ : B — R be a g-differentiable function on B° with R, ) s(c2 —c1) > 0. If
| ey Dg¥| is an integrable Rs-convex function with s € (0,1] and 0 < q < 1, then

IM(Y;R)| < Rprelcz—c1)

[, Dg (1) (21_5(1‘\1(824) +A2(6;9)) — (As(s,&q) + A4(Sr5/‘f1))>

+ 1 Dg¥(c2)[(As(s, & q) + A4(S,5;q))] , 3)

where
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Ay(s,0;q)

1
_ 2
e [ 0t
Ailera) ::/“”_S'Od‘ﬂ: 2011 q) g L
0 W; 5 < 6,
39 —-26(1+q) o<1
/ 8(5%(1 251)1 )+57 1 % 2
- +4)+59
= T—6]odyT = , S < =<1,
/|q |0 q 4(1"‘@) 5 e
. 26(1+4) —3 <0
2 4(1+49) ! q'
2€S+2(1 q)
( s+l)(
. 0ol a0 (-1 - o potol
A (S€q /2 S|qT—€‘0d T = 25+2(1_qs+1)(1_qs+2) =4 _q_Z'
(=9l =9+@4-1(1-e¢? 1 ¢
2s+2(1 _ qs-i-l)(l _ qs+2) ) q’
and
S(1-gq)1=2"1) qA-q@*2-1) 4 _1
25+1 (1 — qs+1) 25+2(1 _ q5+2) 4 = a > E,
S(1-q)1+2°)  q(1—q)(1+2°7?)
oIl — 7) 25+2(1 — g5+2)
S R iy
(1=t (1 —g+2)’ 2 g7
S(1-g)(1-2") ql-q22-1) 9
- 25+1(1 — gst1) 25+2(1 — g5+2) 7 < 6

Proof. Using Lemma 1 and Rs-convexity of | ., D,¥| and applying inequality (1 — 7)° <
21=5 — 75, for T € (0,1), we have
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1
IM(¥;R)| = Rype(ca — 1) /O 2 (gt — £) o, Dy¥(c1 + TRy g (c2 — €1)) 0dgT

1
+ /1 (g7 —06) ,Dg¥(c1 + TRy 0(c2 —c1)) 0dgT
2

1

< Rprelc2 —c1) 2 lqt — €| ,Dg¥(c1 + TRy A0 (c2 —c1))|0dgT
0

1
+ /1 ‘q’[ — 5‘ ‘ CquT(Cl + TRp,/\,U(CZ — Cl))' Oqu‘|
2

1
< Roppelca—c1) [/02 lqT — ¢ ((1 —7)°| ¢, Dg¥(c1)| + T°) C1Dq‘F(C2)|> 0dyT

1
+ /1 lgT — 4| ((1 — 1) DY (c1)| + 7% Cqu‘I’(cz)|> odyT
2

1
—= 1
| s Dg¥ (1) (/02(1 —1)°9T — € odgT + /1(1 —1)°|qT — 0 Odrﬂ')
2

= Rp,/\,a(c2 - Cl)

1

- 1
+ | Dg¥(c2)] (/2 Ts|qT—€|oqu+/1 TS|¢1T—5|0qu>
0 2
1 .
< Rorelca—c1) |l Dg¥(c1)l (/2 (2'7° = 7°)|qT — €| odyT + /1 (27 =) |qT — 5| 0qu>
0 2
1

—= 1
+ |, Dg¥(c2)] (/02 T°|qT — €[ odgT + /} Ts|qT—5|oqu>
2

= Rpre(c2 —c1)

e Dg¥ (c1)] (213(141 (&) + A2(5;9)) — (As(s,€q) + Aals, 5}@)))

+ e Dg¥(c2)] (As(s,s;q) + Au(s, 5}4))

This completes the proof. [

Theorem 4. Let ¥ : B — R be a g-differentiable function on B° with R, 5 ,(ca —c1) > 0. If
| D Y| is an integrable Rs-convex function with s € (0,1] and 0 < q < 1, then for r > 1 and
p~t+r~1 =1, we have
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1 !
IM(¥,R)| < Rppolca—cr) | K (e,3:0) (| Dg¥ (1) (275 — Ka(s:9)) + | o, Dy ¥ (c2)"Ka(s:9)) 7
5 1
+KJ (6,:9) (1 Dg¥ (c1) (27 — Ka(s:)) + | o Dg¥ (2) " Ka(s:0)) 7 |, 4)
where
_ 0 n+1 p
1 1 q y qn(q 8)
> 2 = M 2
2(1—g)e o) € 1
(& q;p) = /Iqr—sl”odqr - ;7) zoq"(l—q")P, 0< ;<7
0 n= p
1_‘7 S n anrl 1 €
— — =< -
2 ngoq ( 2 ¢ ’ 2 q
1
(6, 0:p) /IQT—(S!”oqu
1
2
1— 0 n+1 14 5 1
_ n( n+1 r q nl4q . <22
(1=q) & q"(@" =0)" ==~ X 4 (2 5> .00y
2(1 — 5]94—1 o0
) xq"(1—q")" 1 s
— q n=0 %<1
ol _q %] q?’l+1 p 2 q = 4,
+(1-q) L q" (" -0)F + rq" -é),
n=0 2 n=0 2
) 1— <) qn+1 P
1-q) L q"(q"" =6 +—— L ¢ —5), 1<-,
n=0 2 n=0 2
1
- 1_
Y e— [ 2 _ q
Kz(S,Q) = /O T° Oqu = W’
and
(1-g)@-1)
K4( /1 a Od T= 2s+1(1 qs+1) .

Proof. Using Lemma 1, Holder’s inequality and Rs-convexity of |, D;¥|" and applying
inequality (1 —7)° < 2! — 7%, for T € (0,1), we have
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IM(¥;R)
1

=Rore(c2—c1) /02 (9T — &) s Dg¥(c1 + TRy 0(c2 — 1)) 0dgT

1
+ /1 (47 — 6) o Dy¥(c1 + TR 1o (c2 — €1)) 0dy T
2

1

< Ropolez—er)| [ 217 —ell Dy (er + TRpao(e2 —cu) odyT

1
+ /} lqT = || ,Dg¥ (c1 + TRy Ao (2 — 1))l oqu]
2

1
1 p( 1
< Rprelca—c1) [ /02 g7 — €] odyT /02 |e;Dg¥(c1 + TRy o(c2 —c1))| 0dgT

<

1

1 r
(/1 | Dg¥(c1 4+ TRy p(c2 — Cl))|roqu) ]
2

<= |-

1

1
+ (/1 ‘iT—5|p0qu)
2

1 1 1 p

< Rprolea—c) |KL (e,4:p) |C1Dq‘1’(c1)|’/02(1—T)sodqr+|,;1Dq‘I’(c2)|r/02 T 0d,T

1 1

1 1 ;
+kE 0,3:p) (| cDp¥ ()" 1 (1= odyt+ [ Dy¥(ea)l” o rsodqr) ]
2 2

: 1 1 v
Klp (e q:p)| [eDg¥ ()] /02 (2175 —T°) odgT + [, Dg¥(c2)|" /02 70 0dgT

-

< Rparelc2 —c1)

1 1

Y 1 1 ;
+kf (0,3:p) (| (D ()l L2175 =) odgt + | DY () f1 7 odqr) ]
2 2

1
= 1
Klp (g, q}P)<| aDg¥(c1)["(27° — Ka(s;9)) + |C1Dq‘Y(02)|rK2(S}’1)>;

=Rpro(c2—c1)
1 1
+ K8 (0,4 p) (| Da¥ ()" (27 = Kal5:9)) + | Dy'¥ (e2) Ka(s; ) V] :
This completes the proof. [
Remark 1. Using Lemma 1, many new and interesting results via Holder—Iscan, Chebyshev,

Markov, Young and Minkowski inequalities using different classes of convex functions can be
established. We omit their proofs here and the details are left to the interested reader.



Symmetry 2022, 14, 606 11 of 19

3. Further Results

Our next results are given below.

Theorem 5. Let ¥, g : B — R be continuous and non-negative functions on B. If ¥ and g are
respectively R, - and Rs,-convex functions on BB, then for s € (0,1] and 0 < q < 1, we have

1 C1+Rp/)\,a(cz_cl)

—_— Y(x X dx
RP,A,U(CZ_CI) ( )g( )Cl q

€1

e 1-—- 01— 1—
< ¥(c1)g(er) (21 TR 1_qsl+qsz+l> +¥(e1)g(ea) (21 T qu+1 T1- qleinrl)

15, 1—4¢ 1—¢ 1—¢
+ ¥(c2)g(c1) (2 ? 1—gotl 1= g2+l + T(C2)g(c2)m'

Proof. Since ¥ and g are respectively R, - and Rs,-convex functions, we have

Y(e1 +TRpac(c2 —c1)) < (1—1)¥(c1) + T1¥(c2) ©)

gler + TRy a2 — 1)) < (1—1)%2g(c1) + 128(c2). (6)

Multiplying both sides of (5) and (6), we obtain

‘I’(Cl + TRp,)\,U(CZ — cl))g(c1 + TRp,/\,a(CZ — Cl))
< (1=7)172¥ (c1)g(er) + 72(1 = 7)1 ¥ (c1)g(c2)
+ 79 (1 = 7)2%(c2)g(c1) + T T2¥ (c2)g(c2)- (7)

Taking the g-integral for (7) with respect to T and using the inequality (1 — 7)° <
21=5 — 7%, for T € (0,1), we obtain

1
/ \P(C1 + TRp,/\,a(CZ — Cl))g(Cl + TRp,)\,tT(CZ — Cl)) oqu
0

1
< ¥(engler) [(1 =1y ¥ (eg(er) [ T2(1-1)7 o dyr
0

o\_

1 1
+¥(c2)g(c1 /T (1—1)%20d;T + ¥(c2)8(c2 / 5182
0

1

0
1
< Y¥(cy)g(er /21 517 52—751+52)0d T+ ¥(c1)g(c2 /T (21751 — 51 )odyT
0 0
| /1
0

+Y¥(c2)g(c1) /Tsl (21_52 —1%2)odsT +¥(c2)8
0

S1 +52

s 1-
=¥(c1)g(c1) (21 e 1_q1+qz+1>
1-— 1-
1- q 1
+¥(c1)g(c2) (2 i g2 1- qs1+sz+1>

1-— 1-— 1-—
1— q q q
¥ (en)glen) (2 — o ) + Yes(e) T
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_qJ<
:\f(

In addition,

1
/‘1’(61 +TRppe(c2 —c1))g(c1 + TRy A (c2 — 1)) 0dgT
0

€1 +Rp,/\,(7 (CZ _Cl)

1
T Ryrolca—c1) Y (x)g(x) ¢, dgx.
Rp,/\,a(cz — Cl) ! ( )g( ) c1Yq

This completes the proof. [

Before we present our next result, let us recall Condition 1, which was introduced by
Noor and Noor [27].

Condition 1. Assume that the function R, ) () satisfies the following condition:
Roroc(ORppo(v—1u)) =0Rppo(v—u), 6€R.

Theorem 6. Let ¥ : B — R be an Rs-convex function. If h : B — R is a non-negative and
2c1 + Rppo(c2 —c1)

integrable function on B and symmetric about
Condition 1, then for s € (0,1] and 0 < g < 1, we have

, where Ry ) (+) satisfies

c1+Rprc(c2—c1) c1+Rpro(c2—c1)

2C1+R,/\’ (Cz—Cl) B
w( s ) / h(x) ¢ dgx < 218 / ¥(x)h(x) ¢, dyx.
1 1
. . 1+t
Proof. Using R,-convexity of ¥, for every x = ¢ + TRP//W(CZ —cj)andy = ¢c1 +
1_
TTRP’/\,(f(Cz —¢1) with T = [-1,1], we have

‘I’(x + R(y’z_x)> <27W(x) + (1— 27 1) ¥ (y).
Using Condition 1, we obtain

1+71

1—-71
Rorolc1+—5—Rpre(c2—c1) —c1 — ——Rprs(ca —c1))

1+7
Y|+ 7Rp,/\,(r(02 — Cl) + 2
2 2
1+ TRy ro(C2 —c1)
1+ —5Rprelca—c1) - et
2 2
2c1 + Rppo(c2 —c1)
2
1+7 1+7

<27% <C1 +

7Rp,/\,¢7(c2 — Cl)) +(1- 271)3T <C1 +

773,0,)\,0(02 — C1)> .
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Multiplying both sides of the above inequality by h <c1 + HTTRP, Ao(C2 — cl)> and

integrating with respect to T on [—1, 1], we obtain

1
2c1 + R0, (Cz—Cl) 1+71
\If< (W )/h<C1+2 Rp,/\,a(czcl)) Clqu
-1

_ 1+7 1+7
<278 /‘Y(C] + TRPI/\H(C2 — C]))h(cl + TRPr)\rU(CZ - C1)> Clqu

1
_ _ 147 147
+ (21 s_1o 5) /‘P(C] + TRPr/\r‘T(CZ — cl)>h(01 + TR{)’A'U(CZ — C])> Clqu‘

-1

2c1 + Rppo(ca —c1)
, we have

Since h is symmetric about

2
c1+Rpac(c2—c1)
1I,(ZCHFRp,A,a(Cz—Cl)) 2 p/ h(x) e do
2 RP,A,a(Cz —c1) &4 o
2 C1+Rp,A,0(C2_Cl)
< 2_5— / Y(x)h(x d;x
o Rp,/\,a(CZ _Cl) ( ) ( )Cl i

€1
c1+Rpro(c2—c1)

2
LG IE oo e / Y(x)h(c1 +R c—c1)—x) . d.x
( )Rp,m(cz—cl) / (x)h(er ore(C2—c1) —x) ¢ dy
2 ‘a +Rp//\/¢7 (cp—c1)
Rp,/\,O'(CZ — Cl) C_l ( ) ( )Cl q

c1+Rpro(c2—c1)

2
+ -2 Y(x)h(x) ¢ dyx
( )Rp,/\,a(CZ_Cl) / ( ) ( )Cl q
21_5 C1+Rp,/\,a(62_cl)
=2 / Y(x)h(x d,x.
Rp,)\,U(CZ - Cl) ( ) ( )Cl i

€1

This completes the proof. [

Corollary 4. Taking h(x) = 1 and letting ¢ — 17, we have the left-hand side of Hermite—
Hadamard'’s inequality for Rs-convex functions.

Remark 2. Taking s = 1 in our results, we obtain quantum integral inequalities via generalized
convex functions. Moreover, choosing Rz y(ca —c1) = ca — c1, we obtain quantum integral
inequalities via s-convex functions. We omit their proofs here and the details are left to the inter-
ested reader.

4. Applications

We now discuss some important special cases as applications of our main results.
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Corollary 5. In Theorem 3, taking € = 3 and 6 = & we have
¥ (201 +Rorelca— Cl))
Y Y(c1+R ) —¢C 1 c1+Rp e (c2—c1)
(1) | 2 L Yt Rprelca—a)) /1 2 ) g
6 3 6 Rorolca—c1) Jo

< Rppelca—c1) [| aDg¥(c1)] <21_5 (31 (%;q) + Bz(g;q)) - (Bg (S, %;q) + By (s, Z,q)))

+ ], Dg¥ (c2)] <B3 (s, é;q) + By (s, g;q)

I

where
L 6 1 1 1
2 ey 0< - < =
1 N _ ) 36(1+¢q)’ —6g — 2
Bl(ﬂ) '—/‘”‘EOC‘”— 1-2g 1 _1
0 12(1+4q)" 2 6q"
A49=5 , 0< S < 1,
1 12(1—%—11) 1_62_2
5
2.0 = =2 - ——, S < =<1,
B2<6"’> /qT 6| 04T 36(11q) 2 6g ="
1 75 — q 1 < i
2 12(1+¢q)’ 6q"
2(1—q)?
6s+2(1 _ s+1)(1 _ q5+2
! (1- g)(6g 1) + 5(q - )g°*? 1_1
1 P 1 < —<Z
Bi(s. i) = [2 7ot —¢lodyr = T er a2 VS =2
C(-g)(6g 1) +5(q -1t 1 _ 1
6_25+2(1 _ qs+l)(1 _ qs+2) ) 617/
5(1-q)(1=2"1) g(l-—g)*2-1) 5 1
6.25+1(1 _ qs-i-l) 2s+2<1 _ qs+2) 4 — 617 =2’
5L-gq) (1427 g(1—g) (14272
5 1 . 5 6.25+1 (1 ; qs+1) , 25—1—2(1 _ 6]S+2)
B4(s,6;q) ::/1T T —¢ odyT = N 25°T2(1—gq) 1<£<1
2 6s+2(1 — qs+1)(1 _ qs+2)’ 2 " 6g ’
51— =2t g(1—¢)(2572 1) 1< 52
6.25+1 (1 _ qs+1) 25+2(1 _ qs—I—Z) 4
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Corollary 6. In Theorem 3, choosing € = 6 = ﬁ, we obtain
q 1 1 /C1+Rp,,\,¢7(cz—f1)
—Y(c1)+ —Y(1+R cb—c))— ————— Y(x).dyx
44 (c1) 154 (c1 +Rppe(c2—rc1)) Rpre(cz 1) Jo (%) ¢, dg

< Rpaelc2 —c1)

DY) (zl-m (@) + Caa)) — (Ca(s:0) + Cals q>>)

+ |, Dg¥ (c2)] <C3 (s;9) +Cs4 (s;q))

7

where
1 2 2
A 0SSy
_ _ _ q q
0 4(1+q)’ 2 1+¢q
q 1 1
—L, 0<— <,
) A+q) “14q 2
q 5P +122—g 1 1
C ::/ ———|odyr=<¢ X —"F 1T — < <1,
- 1
2 4(1+q)’ 1<1+q’
2¢°72(1 - q)?
, (1+q)+2(1—gt) (1 —g°2)
= ] PA-q+q@q-Dg™> 1 _1
Cs(s;q) == /02 9T — g odgT =14 "2 R2(1 4+ )1 — gt (1 —gt2) "~ 14q 2’
_ Pl-p+@-Dg 1 1
2721 4+q)(1—g)(1—gt2)" 2 ~1+¢q
g1—q( =2t g1 —q)(2°7* - 1) 1 _1
s+1 s+1 s+2 s+2) 7 0<s——=5,
2 (14 q)(L—got1) — 29F2(1 —g°+2) 1+g 7~ 2
g -g)(1 422" g1 -g)(1+2°7)
1 q 25+1(1 + L]) (1 _ qs+1 zs+2(1 _ qs+2)
Ca(s;q) := /1 T — 0dgT = 2¢°7%(1 - g)? 1 1
- < — <
; - - ) 2 “Tiq ="
_ (-1 =2 g —g)(2F2—1) 1
25+1(1 + q) (1 _ qs+1) 25+2(1 _ qs+2) 4 1+ q‘

Corollary 7. In Theorem 3, taking € = % and 6 = é, we obtain
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v 2c1 + Rppo(c2 —c1)
T(Cl) + 2 + ‘P(Cl + Rp,/\,g(cz - Cl)) _ 1 /Cl"’_Rp,)\,tT(CZ_Cl) x) . d .
4 2 2 Rp,A,U(CZ - Cl) o1 th

< Rpaelc2—c1)

| Dy¥(cr))] <21—S (ta(350) + L2(34)) — (ts(s ) + La(s Z;q)))
+ |, Dg¥ (c2)] (Ls (5, %200 + Ly (S/ i;q>>]'

where

IN

&L=
IN

NI~

—_
|
=
N — O
AN

~

IN
IN

_ N
<

~

A
IN

| ok f]w

[0e]
~
—
+
&S
=
= N = O

0]
—~
—_
+
=
~—
A\
I
B

(1-¢)?
225+3(1 _ qs+l)(1 _ qs+2)
(1—9¢)+3(g—1)g°"
2s+4(1 _ q5+1)(1 _ qs+2)’ 4 4q

+

o
IN

quT =

.
v~ 3

L3(s, %;q) = /OE i

(=g +3@-Dg 1
2s+4(1 — qs-l-l)(l — qs+2)’ 2

A

31—q)(1—25)
25+3(1 — gs+1)
3(1—q)(1+251)
25+3(1 — gst1)
3s+2(1 o q)2

g(1—q)(2+2 - 1)
25+2(1 _ qs+2) 4 0
q(1—q)(1+272)

2s+2(1 _ qs+2)

3
T =4 0dgT =

_|_

<

£l

L4(S,Z;q) = /11 i
2

225+3(1 _ qs+l)(1 _ qs+2) ¢

31— -2
o 253(1 — go+1)

25+2(1 _ qs+2) 4

1 5
Corollary 8. In Theorem 4, choosing € = 3 and 6 = o we have

N —

gl—gq)(22-1) | _ 3
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9 (2C1 +Rore(ca— Cl))
‘P(Cl) 2 ‘Y(Cl + RpAU<C2 — Cl)) 1 /C1+Rp,/\/a(52_cl)
+ + - —~ ¥(x)c,d
6 3 6 RP,)\,O'(CZ —c1) Jo ()e 7
1 1
1 - 1
< Rosaler =) | K (0 ) (Dl (27 = Ka(sin) + [ oDy (o) Ka(sin) "
1 1
Z s . 1
K8 (240) (DY () (2 = Ka(si0)) + Dy (e2) Ka(sin)
Corollary 9. In Theorem 4, taking e = 6 = I j_ , we obtain
q 1 1 /C1+Rp,A,a(C2C1)
Y(c;)+ —Y(1+R cy — - ¥ d
T+q (c1) T+q (c1+Rppel(ca—c1)) Rono(cz—c1) Jo (x) e dgx
1 1

< Rprelca—c1) K1p (@) (| e;Dg¥ (c1)"(27° — Ka(s;q)) + | s Dy ¥ (c2)|"Ka(s; 7)) r

1 1

+KF (@:9) (| o Dg¥ (e1)"(27* = Ka(539)) + | Dy ¥ (e2) [ Ka(s)) 7

. 1 .
Corollary 10. I[n Theorem 4, choosing € = i and 6 = Z, we obtain

‘I’(ZCl +Rore(c2 Cl))
¥ 2 Y(ci +R Cy—¢C 1 c1+Rp e (c2—c1)
(c1) + n (c1 M,a( 2 1)) _ /1 oA 1 ‘I’(x)cldqx
4 2 2 Roro(ca—c1) Jo
1 1

L 7 !
< Rosler =) | K (100 ) (D0l (27 = Kalsin)) + [ oDy el Ka(sin) "

1 1

&0 (300 (D (e (27 = Ka(si) + | Dy (e Ka(siq))

We now discuss applications regarding absolute-value bounded functions of the
results obtained from our main results. We suppose that the following condition is satisfied:

| Cqu‘ﬂ < Ar

and 0 < g < 11is a constant.

Applying the above condition, we have the following results.
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Corollary 11. Under the assumptions of Theorem 3, the following inequality holds:
2c1 + Rppo(c2 —c1)
2

1 /Cl +Rp,/\,a(c2fcl)
Rp,)\,o’(c2 - Cl) c
<21 Ry po(c2 — 1) A(A1(g9) + A2(5:9)).-

€‘Y(C1) + (5 — E)T( ) + (1 — 5)‘{[((}1 + Rp,A,U(CZ — C1))

Y (x)c,dgx

1

Corollary 12. Under the assumptions of Theorem 4, the following inequality holds:

2c1 +Rppo(ca—c
Hlen o £)T< : WEU( 2 1)> +(1=8)¥(c1 +Rpp ol —c1))
1 1+ Rp a0 (c2—c1)
C Ropelc—c1) ¥ (x) dgx
Rp,A’U(Cz - Cl) '/Cl ( )C1 q

1 1
s

< 277%,2\,0(62 —c1)A Klp (&, q;p) + K3p (6. q:p)

5. Conclusions

In this paper, we derive a new multi-parameter quantum integral identity. Applying
this generic identity as an auxiliary result, we establish some new generalized quantum
estimates of certain integral inequalities pertaining to the class of Rs-convex functions. Fur-
thermore, we obtain quantum integral inequalities for the product of Rs,- and Rs,-convex
functions as well as another new quantum result for a function that satisfies Condition
M. We also offer some applications of the obtained results for suitable choices of parame-
ters included in the identity found. Finally, two results for Rs-convex functions that are
absolute-value bounded are given. In any case, we hope that these results continue to
sharpen our understanding of the nature of quantum calculus and its huge applications
in different fields. For future developments, we will derive several new and interesting
inequalities via the Holder-Igcan, Chebyshev, Markov, Young and Minkowski inequalities
using quantum calculus for different classes of convex functions.
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