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Abstract: According to the superposition principle, an extensive air shower initiated by a nucleus
with energy E and mass number A can be approximated as the superposition of A proton-initiated
showers each with energy E/A. The superposition principle for interactions of atomic nuclei proposes
to describe nucleus-initiated extensive air showers using simulations performed for proton showers.
Single detectors and systems working in tight coincidence mainly register events initiated by particles
with very low energies, which are affected by major statistical fluctuations, such as those used in high
schools for education and outreach purposes. Verifying whether the superposition principle is still a
good approximation in the low-energy region is important for the validity of the interpretation of
such measurements. We present results of the comparison of results of the superposition model with
detailed simulations of showers with the CORSIKA program from the energy of 10 GeV. While the
energy dependence of the mean shower parameters satisfies the superposition principle, the higher
moments do not. A modification of the superposition model based on the wounded nucleon model,
reducing these discrepancies, is proposed. The semi-analytical description of showers in the modified
superposition model can give the density spectrum of cosmic ray particles, which is consistent with
the measurements. In this paper, we present results both consistent with the superposition model
and indicating the need for its modification. This modification is proposed and tested.

Keywords: cosmic rays; extensive air showers; simulations; superposition; nuclei interactions

1. Introduction

The surface detector arrays of the largest Extensive Air Shower (EAS) experiments,
such as the Pierre Auger Observatory [1] or the Telescope Array [2], combine local triggers
based on signals from individual stations into higher-level triggers combining local triggers
from neighbouring stations, and so on hierarchically to finally record the events of interest.
It was these composite interlinks of local triggers that made it possible in practice to measure
ultra-high-energy cosmic-ray (UHECR) flux above 1020 eV, which is on the order of one
particle per few km2 per century. The construction of larger surface detector arrays for the
measurement of increasingly higher cosmic-ray energies, where the flux is increasingly
lower is, today, only considered theoretically with the prospect of realization in the next
decades [3]. For larger statistics measurements above the Greisen–Zatsepin–Kuzmin cut-
off, new techniques are needed, such as satellite or radio measurements, which dozens or
hundreds of scientists from many countries are working on [4,5].

On the other hand, there has recently been considerable interest in small-scale EAS
experiments to satisfy young people’s scientific curiosity and develop their interest in
science. Small local (school) EAS arrays can play an important role in education. They
represent one of the few “hands-on” opportunities for secondary school students to learn
about nuclear physics, modern high-energy physics, and particle physics. The clear scale
symmetry between the large, largest, and small local physics experiments reflects the
physical consistency of the description of showers with giant numbers of particles counted
in billions and the smallest ones with a few particles reaching the surface of the earth.
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The physics of the interactions is, in principle, the same; however, in the range of
10 decades of primary cosmic-ray energy, we can expect some differences. Some approx-
imations valid for energies around 100 GeV may no longer be valid at 100 EeV and vice
versa. In particular, this may concern superposition rules and symmetries related to the
mass number of primary nuclei. Interest in similar projects has emerged in many countries
with the hope of increasing interest for young people in physics and, in particular, the
physics of space radiation.

In some cases, this has already been done on a smaller or larger scale to list some
of the following: the High School Project on Astrophysics Research with Cosmics (HiS-
PARC) [6] in the Netherlands; as well as the Washington Area Large-scale Time coincidence
Array (WALTA) [7], North American LargeArea Time Coincidence Array (NALTA), Al-
berta LargeArea Time Coincidence Array (ALTA) [8], Snowmass Area Large-scale Time-
coincidence Array (SALTA), CZEch Large-area Time coincidence Array (CZELTA) [9],
SKALTA (SlovaKiAn Large-area coincidence Time Array), CHICOS (California HIgh school
Cosmic ray ObServatory) [10], CROP (Cosmic Ray Observation Project), CosMO (Cosmic
Muon Observer) [11], µNet [12] Extreme Energy Events (EEE) [13] or Maze [14,15] and
Cosmic-Ray Extremely Distributed Observatory (CREDO [16] and CREDO-Maze [17]). In
several centres, work is in progress on the stage of construction of prototypes or on research
and development stage.

In several places, prototypes are being built; in others, they are only at the research and
development stage. From a very practical point of view, building local arrays does not pose
serious problems. The main problem lies in properly preparing people, especially teachers,
to actively use the equipment entrusted to them, the detectors and their entire network, and
integrate them into the curriculum or extracurricular activities. For the proposed idea to
work in practice, it is necessary to create a rich set of educational materials for teachers and
students. Pupils must understand that they are investigating real physical phenomena and
that what they see is actually the cosmic radiation reaching the Earth from distant space.

For this, they need tools to interpret the signals recorded by their arrays. The simul-
taneous appearance of a signal in several detectors is not particularly interesting. It only
becomes of interest when, from a series of measurements lasting continuously for at least
weeks, and preferably months or even years, something starts to emerge that actually
enriches our knowledge of the surrounding world. The transition from measurement to
conclusions requires the appropriate tools, which we make available to pupils and teachers
together with clear and comprehensible documentation and hopefully training, either
face-to-face or online.

Small arrays are, by their nature, designed to record small showers. Such small
showers raise particular problems of interpretation. Locating the position of the shower
axis is, of course, impossible. With a small number of detectors, the localisation even if there
were higher particle densities in the detectors (large showers) would be questionable. With
four detectors set up at short distances (approx. 10 m), it is also not possible to determine
with reasonable accuracy the arrival directions of the showers. In the absence of information
on the direction and position of the axis, the analysis of individual showers makes no sense.
What we can reasonably determine is, first, the frequency of the observation of the various
types of coincidences.

The event time measured will allow us to study how the detection rate changes with
time, which can be a basis for various studies conducted by groups of students, such as its
variability as a function of atmospheric parameters, day/night variability, sun activity—
space weather and dependencies of various “everyday life” quantities on the observed
cosmic ray flux. From the fundamental physics point of view, it is crucial to connect many
(the more, the better) local arrays into one network allowing the search for the existence of
real-time long-distance correlations.

The observation of EAS pairs in distant points of the globe may indicate, through
the Gerasimov–Zatsepin effect, the existence of heavy nuclei in the cosmic ray stream at
the highest energies. The mass composition of cosmic rays in this area is still completely
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unknown. The observation of other spatial correlations may indicate the existence of even
more exotic cosmological objects, such as the Cosmic Ray Ensembles, which are the main
focus of the CREDO Collaboration [16]. Thereby, building small, local, school-based EAS
arrays and networking them on a much larger, global scale has many beneficial aspects.

2. Simulations

The fundamental role in the development of cosmic-ray Extensive Air Showers is
played by inelastic interactions of primary cosmic-ray protons and heavier nuclei with the
nuclei of atmospheric atoms. As a result of these interactions, new high-energy hadrons
are created. These are mostly pions of which 1/3 are neutral pions. They decay practically
at the point of the creation of two photons. These photons initiate electromagnetic cascades.
Electromagnetic particles dominate in the composition of extensive air showers: electrons,
positrons, and photons. The development of electromagnetic cascades is determined
by the laws of quantum electrodynamics, and we can say that these are known to us.
Nevertheless, at the highest shower energies, we have to deal with billions of particles. The
three-dimensional tracking of all these particles is a problem.

This problem is mainly related to the calculation time, When it comes to hadrons, we
do not have a problem with quantity. In their case, the limitation is the lack of knowledge
of the physical processes responsible for multiparticle production. This is described by
phenomenological models. Additionally, from the point of view of the development of
large showers, the most important is the production of particles in the forward high-
rapidity region, and accelerator data on this subject are very poor, which adds an additional
uncertainty factor for extrapolations of many orders of magnitude in the (laboratory)
primary particle energy.

The description of the electromagnetic component, as well as the modelling of strong
interactions in the lowest energy region of cosmic rays, looks much better due to the
richness of the experimental data. Computer simulations of small showers do not appear
to pose fundamental difficulties. (Let us define as “small showers” those that are caused by
particles with energies below “knee” < 1015 eV). However, other problems arise caused by
the large slope of the cosmic-ray energy spectrum. As has been known for years, it is the
power-law with an index (differential) of about 3. This spectrum is given to us by nature,
and we must take it into account as an a priori factor in the Bayesian approach whenever
we want to compare the results of simulation calculations with measurements. Simulations
are always performed for a constant energy of the primary particle, while measurements
are always only an average taking into account all the a priori factors and, therefore, also
the steepness of the energy spectrum.

This effect must always be taken into account, regardless of energy; however, the im-
portance of fluctuations for large energies is relatively easily accounted for. All fluctuations
at large statistics tend toward normal (or log-normal) distributions with relative widths that
can be easily determined. Appropriate integration with the spectrum a priori gives a shift
on the energy scale without significantly changing the nature of the observed relationships.
For very small showers in the extreme, we are dealing with cases of observables that
are small natural numbers. Their distributions cannot be considered as normal and may
additionally have a significant relative width (dispersion).

Due to the aforementioned steepness of the energy spectrum in such cases, when
averaging with the spectrum (a priori), we hardly reach the mean values, and sometimes
we are far from them. Taking large fluctuations into account in simulation calculations
requires simulating a sufficiently large number of cases, and although, in each single case,
the simulation of a shower initiated by particles with energies on the order of TeV does not
take much time, when such simulations have to be made in the millions, we are confronted
with the problem of computational time.
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2.1. Corsika Program

The history of modelling strong interactions is long. One could look for its roots in
Fermi’s first thermodynamic models from the mid-20th century. The models available “on
the market” today have been developed over the years. They were improved with the
appearance of new theoretical concepts and were tuned to received continuously new ex-
perimental data. These models, in order to lead to results capable of predicting observations
of extensive air showers, were implemented in three-dimensional geometric structures
and embedded in a cascading mechanism in the Earth’s atmosphere. Programs simulating
the development of the extensive air showers are also equipped with the electromagnetic
part containing descriptions of many processes, which may involve electrons and photons
propagating in matter.

One of the most widely used programs in many experiments and interpretive and
theoretical works is the CORSIKA program [18,19], which was created over 30 years ago
in Karlsruhe for use essentially in the KASCADE experiment [20,21] in the “knee” region
(1015–1016 eV). This program has been continuously improved and developed throughout.
In particular, a great deal of attention has been paid to new functionalities to enable use in
applications other than KASCADE. It is even used for simulations in the UHECR area up
to 1021 eV.

In the CORSIKA program, the user has many options allowing adjustment of the
simulations to their own needs. They relate first to the structure of the algorithm, the
selection of high- and low-energy interaction models as well as to the parameters of
showers that are of interest to the user (Cherenkov or fluorescence light, neutrinos, and
emissions in the radio area). There are so many options that a mere short description of
them takes almost 200 pages in the latest version of the CORSIKA description [19].

After linking, the program has many options for setting the operating parameters,
which is done with the control cards. For typical simulations, a default set is provided
embedded in the program itself. However, to use the CORSIKA program for an unusual,
non-standard purpose, one should set the values of the control parameters with particular
care. We will use the program mainly to simulate small and very small showers. In our
case, it is important to precisely determine the size of fluctuations, which we deal with at
low and very low energies; therefore, we turn off all thinning options.

Using the control cards, the parameters of the already connected programme can be
changed. In the program itself, the set of parameter values corresponding to the typical
case of running the program in the energy area of the “knee” region is already set as default.
Special care must be taken if we want to use the CORSIKA program in a non-standard
configuration for purposes other than typical ones. In this paper, we analyse the results
of simulations with CORSIKA program in version 7.7401 with the EPOS LHC strong
interaction model (v3400) set up.

Our interest is focused on energies of particles below 1015 eV, which energies were
available in accelerator experiments almost half a century ago (SPS, Tevatron). Interaction
models implemented in CORSIKA were adjusted to the accelerator results at these energies
from the very beginning, and they all give very similar results in this region. Significant
discrepancies appear only when extrapolating these models to higher and the highest
energies. We tested the results obtained with the SIBYLL 2.3d, VENUS, and QGSJET-II-04
models and did not observe any significant discrepancies with the EPOS model results.

2.2. Heavy Nuclei

Methodological limitations of the analysis of data from small local arrays do not allow
the use of data processing methods typical of cosmic ray experiments. The interpretation
of EAS registration, in any case, is based on computer simulations describing the evolution
of EAS and modelling the response of array detectors to them, comparing the registrations
with predictions. These predictions take into account such parameters as the mass of the
primary particle, its energy, and the direction of arrival with the position of the shower axis
(the intersection of the primary particle trajectory with the observation plane).
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The importance of these parameters is clear. In addition, the models and parameters
of the cosmic ray particle-air interactions also enter implicitly. Some characteristics of air
showers strongly depend on the mass of the primary particle and its mass number, not only
on its total energy. The hydrogen and helium nuclei dominate the primary cosmic rays
flux. There are very few lithium, beryllium, and boron nuclei. Behind them, an important
group of nuclei are the carbon, nitrogen and oxygen nuclei, collectively called the CNO
group. Next, we have a wide group of intermediate nuclei, mainly Ne, Mg, and Si, and
the abundant group of iron (plus nickel and so-called sub-iron nuclei). Heavier nuclei are
observed much less. In the area of low energies, the mass composition is known quite well,
and we can take it into account in the calculations by averaging the simulation results over
the mass of cosmic ray nuclei. Such averaging clearly extends the time needed to precisely
simulate the appropriate number of cases.

2.3. Superposition Model

Finding a formula relating to the relationship between the mass of the primary particle
and the development of a extensive air shower would facilitate and simplify the calculations
and, in particular, would enable almost instant averaging over the mass of the particle. In
shower physics, a fairly obvious superposition model is used for this purpose. The atomic
nucleus, from the point of view of high-energy processes of multi-particle production, is
only a set of nucleons (protons and neutrons that do not differ, at least in the aspect we are
interested in). Thus, they can be treated in a first approximation in a simplified manner,
and it can be assumed that, for example, an iron nucleus initiated shower is a superposition
of 56 single nucleon-initiated showers with 56-times lower energy.

This simple and undoubtedly attractive model allows us to substantiate many claims
about iron- and proton-initiated showers that were and are still used primarily to analyse
the mass composition of primordial cosmic rays in EAS experiments.

3. Characteristics of the Simulated EAS

From the very definition, there is a relationship between the number of particles in
proton and iron showers:

Ne,µ(iron, E) = 56× Ne,µ(proton, E/56) (1)

An analogous relationship holds for showers initiated by any nucleus. Ne and Nµ

denote here the number of electrons (and positrons) and muons at the observation level,
which will be hereafter called the electron and muon shower size. This relationship is
shown in Figure 1.

It is worth noting that the relation described in Equation (1) is successful not only
in the area of relatively high energies (where we deal with power functions) but also in
areas where the averaged size of the shower is less than 1. Such showers, developing in the
atmosphere, do not reach the level of observation, in our case, at sea level.

Both the electron and muon shower size must fluctuate even with a certain energy and
type of primary particle. These fluctuations are an immanent part of the superposition of
the physical processes responsible for the development of the extensive air shower and its
probabilistic nature. Thus, they are naturally included in a complex simulation programs,
like CORSIKA. In Figure 2, we present the dispersion of the electron and muon shower
size obtained with the CORSIKA program for showers initiated by protons with energies
of 10 13 eV and iron-initiated showers with a total energy of 10 15 eV. The lines on each plot
correspond to a Gaussian (actually log-normal) distribution fitted to the simulation results
shown. These examples show that the log-normal distribution describes the fluctuations in
the size of the air showers quite well.



Symmetry 2022, 14, 559 6 of 17

Figure 1. Average electrons (a) and muons (b) shower sizes in a vertical CORSIKA shower shown as
a function of energy per nucleon of the primary particles. The graphs simultaneously show the results
for proton showers (filled symbols and left axis for the shower size) and scaled-up iron shower size
(open symbols and right axis). The solid and dashed lines show the results of our phenomenological
calculations for proton and iron showers, respectively.
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Figure 2. Examples of fluctuations of electron (a,c) and muon (b,d) size of CORSIKA vertical showers
initiated by protons of energy of 1013 eV (a,b) and iron of 1015 eV (c,d). Lines shows respective fits of
the Gaussian (log-normal) distribution.

In the case of showers smaller than those shown in Figure 2, when the number of
particles in the shower is on the order of a few particles, the log-normal distribution clearly
can no longer work well. With such a small number of particles, a significant correlation
between the particles should be expected, generated by their common origin from small
cascades, developed randomly right above the level of observation.

This is overlapped with Poisson-type fluctuations caused by the probabilistic nature
of the phenomenon itself. The discrete nature of the size variable means that we expect a
series of events with a size equal to exactly 0 for low energies. Analysis of the simulation
results shows that there are more such cases than would result from the purely Poisson
nature of the process. The amount of such “empty” showers increases rapidly with the
decrease of the energy of the primary particles. This relationship is important because it
cuts off the observed flux of primary cosmic ray particles on the low-energy side.

If we assume the symmetry of the superposition model, we have 56 proton showers
consisting of one iron EAS independent from each other. Each of them fluctuates as shown
in Figure 2. Based on the Fenton–Wilkinson approximation, the widths (logarithmic) of the
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distributions of the logarithm of the total number of electrons (and muons) for the proton
and iron-induced showers should satisfy the relation

De,µ(iron, E) =
1√
56

De,µ(proton, E/56) (2)

Figure 3 shows the CORSIKA proton shower results represented by black symbols
compared with iron shower results (empty symbols).

Figure 3. Dispersion of the electron size (a) and muon size (b) of vertical CORSIKA showers shown as
a function of the primary energy per nucleon. There are according to the Equation (2) simultaneously
shown results for dispersion of proton showers (black dots and left axis) and scaled-up iron showers
(open symbols and right axis). Thick solid lines represent results of our small shower generator for
proton showers. Thin lines represent iron shower results: the solid lines show the results of our
small shower generator with the simple superposition model, dashed for the independent wounded
nucleon superposition model, and dotted for the genuine wounded nucleon superposition model.

The first thing that is noticeable is that the scaling according to Equation (2) does not
work here. The simple superposition model regarding the CORSIKA simulation shows
clearly that fluctuations of the total number of electrons in showers initiated by iron nuclei
are wider than one could expect (almost about a factor of 2 [22,23]). In the case of the muon
component, this difference is also present, and it is significant.

Next, we mention the surprisingly high dispersion values seen for iron nuclei at very
low energies (E < 1013 eV). This is due, as we said, to a significant contribution from
cases of showers disappearing before they reach the level of observation and the resulting
superimposition of additional Poisson fluctuations.

The simple superposition used in our phenomenological computational model takes
into account the necessary modifications related to the cases previously mentioned for
showers with a very small number of particles at the observational level. It essentially
agrees with Equation (2). The results for iron showers are scaled accordingly to the line
for protons for muon size already above the energy of iron nuclei above 1012 eV, and for
electron size the asymptotic agreement appears further. Interestingly, the scaling according
to Equation (2) clearly do not agree with the CORSIKA simulations.

This apparent and clear inconsistency with the simple superposition model requires
further discussion; however, before we start modifying this model, let us follow other charac-
teristics of showers and examine how they are described with the simple superposition model.

The transverse distributions of particles in great showers are described by the simple
formula proposed many years ago by Greisen [24] and theoretically justified by detailed
calculations (but only in the case of purely electromagnetic cascades) by Kamata and
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Nishimura [25], and thus this function has been called the Nishimura–Kamata–Greisen
(NKG) function. We took the same form of the distance dependence for EAS muons:

ρe/µ(r) =
Ne/µ

2πr2
0

Γ(4.5− s)
Γ(s) Γ(4.5− 2s)

(
r
r0

)s−2(
1 +

r
r0

)s−4.5
, (3)

where Ne/µ is the electron and muon shower size, and r0 is a radial scale parameter. In the
case of the electromagnetic cascade, this is called the Molière unit and it is equal to about
2 radiation lengths units above the observation level, ∼79 m on a sea level (for the muon
distribution its value was adjusted and parametrized using the CORSIKA results), and s is
the age parameter.

The average radial distributions for the electron and muon components of CORSIKA
vertival showers are shown in Figure 4 for primary protons and iron nuclei of energies
10 TeV, 100 TeV, and 1 PeV. The lines show our model calculation results. They were
obtained from a smooth parametrization of the fits of the NKG curves to the average
electron and muon distributions for proton showers over the whole analysed energy range
as well as for very small showers. The showers with a size of (on average) about one
particle have a particle density (on average) of 10−6 per m2 in the central part (the case of
100 GeV proton shower in Figure 1).

The NKG function cannot describe such cases well. Moving on, with central densities
of 10−8 per m2, as shown in Figure 1, this corresponds to a proton shower with an energy
of 10 GeV and iron-induced shower with a total energy of about 1 TeV, the distribution can
be considered almost uniform, and the shower particles can appear almost anywhere up to
a distance of several hundred meters from the shower axis.

Figure 4. The average radial distribution of electrons (circles) and muons (squares) in CORSIKA
showers of energy 1013 eV (left plot), 1014 eV (middle plot), and 1015 eV (right plot) initiated by
proton (filled symbols) and iron nucleus (open symbols) compared with results of our small shower
generator—solid lines for proton induced showers and dashed for iron showers.

The lack of a statistically justified average particle distribution in such very small
showers does not affect the results of any theoretical predictions to be compared with a real
physical experiment. The surface integrals of these distributions, which we ultimately aim
at by averaging, will be normalized by the total number of particles in showers, which will
be on the order of 0.01, as shown in Figure 1.

The small shower generator radial distributions for iron showers shown in Figure 4 by
dashed lines were obtained using the superposition principle. For all analysed superposi-
tion models no significant differences in the resulting iron distributions, were observed.

Analysing the application of the superposition symmetry in the case of small showers,
it is worth paying attention to the longitudinal development of the showers. The features
of interest here are not and cannot be observed by local small shower arrays and, in general,
are very difficult for any precise observations and measurements even in the case of very
large and complex Cherenkov telescopes. Nevertheless, the comparison of the longitudinal
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development of showers resulting from the CORSIKA program in the case of proton and
iron-induced showers may provide an important guidance for the modification of the
simple superposition model and thus lead to the proposition of a more precise fast small
showers generator.

The longitudinal profile of the shower provides an excellent opportunity to follow the
process of successive nucleon interactions of the initial heavy nucleus and the superposi-
tion mechanism. In the case of a proton initiated shower, its size at maximum (the largest
number of particles that the developing shower reaches at some point) is determined by
the energy of the original particle.

Nmax =
1
2
〈m〉

3
〈Kinel〉

E
εc

(4)

where εc is the critical energy of electron in air, 〈Kinel〉 effective interaction inelasticity
coefficient, and 〈m〉 is the effective pion multiplicity [26].

The shape of the function describing the number of particles at the level described by
the depth in the atmosphere x can be described by different relations [27]. We decided to
test the relation called the Gaisser–Hillas function [28] in our small shower generator

N(x) = Nmax

(
x− x0

xmax − x0

) xmax−x0
λ

exp
(
− x− xmax

λ

)
(5)

If we are dealing with a heavy nucleus with a mass number of A, we have A nucleons,
each of which can interact at a different depth in the atmosphere of xi (i = 1, 2, 3, . . . , A).
Let us define FA({xi}) as A-dimensional probability density of xi places, in the case of a
simple superposition, we have all xi independent, and then

FA({xi}) =
A

∏
j=1

1
λp

exp (−xj/λp) (6)

where λp is the proton interaction length. It can be seen, clearly, that the averaged longitu-
dinal profile of a shower initiated by a cosmic ray nucleus of mass A is, in this case, equal to
the sum of A average profiles of proton showers of correspondingly smaller (E/A) energy.

When studying the longitudinal profiles of showers, one usually compares the first
two moments in the form of the average depth of the maximum and its dispersion. In the
superposition model, the average position of the maximum of the iron shower is exactly in
the exact place of the maximum of the shower for the proton shower with the initial energy
being 56-times smaller.

xmax(iron, E) = xmax(proton, E/56) (7)

This is shown in Figure 5.
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Figure 5. The average depth of the shower maximum obtained with the CORSIKA for primary proton
(black circles) and iron (open squares) compared with the results of our small shower generator. The
thick solid line is for proton showers, and the thin solid line is this proton line displaced according
to Equation (7), which is intended to correspond to an iron shower for a superposition symmetry
assumption. Other thin lines are obtained by more sophisticated calculations (with our small shower
generator) for different modification of the superposition models: dotted for pure superposition,
dashed for the independent wounded nucleon superposition model, and dot-dashed lines for the
genuine wounded nucleon superposition model.

Quite surprisingly, for very small energies, CORSIKA showers do not agree with
Equation (7) relation. The lowest energy cascades are dominated by interactions in low-
energy models, e.g., GHEISHA or URQMD. The results for all interaction models, including
the high-energy ones (SIBYLL, EPOS, VENUS, and QGSM) available in the CORSIKA
package do not differ significantly from those shown in Figure 5. As well, the simple
superposition model and its modifications, which are presented below, give very similar
results for the average position of the shower maximum.

Much more interesting is the comparison of the second moments: the dispersion of
the position of the shower maximum. The situation is shown in Figure 6.

Figure 6. Dispersion of the depth of the shower maximum obtained with the CORSIKA for primary
proton (filled circles and left scale) and iron (empty squares and right scale). The scale for the iron
was scaled accordingly as described in the text and compared with the results of our small shower
generator. The thick solid line is for proton showers, and thin lines are for iron showers: solid for the
pure superposition model, dashed lines for the independent wounded nucleon superposition model,
and dotted lines represent the genuine wounded nucleon superposition model.
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The dispersion results for the simple superposition model obtained from our small
generator for proton showers are shown with a thick solid line (left scale in Figure 6).
The agreement with CORSIKA is seen. For iron showers in the superposition model, the
situation is quite the opposite. According to this model, the

√
56-scaled dispersion (the

right scale in Figure 6) for showers initiated by iron nuclei should agree with the results for
proton showers, and this is indeed the case. Our generator results for iron showers shown
in Figure 6 by the dotted line clearly asymptotically tend towards the agreement with the
results for proton showers. However, the problem is that CORSIKA shows a significant
inadequacy of the simple superposition model in this case.

For higher moments of the longitudinal distributions simple relations of the type
Equation (7) do not hold [29]. The dispersions of xmax obtained from the CORSIKA
program for iron showers are three-times larger than expected for simple superposition (at
the same energy per nucleon). This is a clear signal that the simple superposition model
needs to be modified.

4. Modification of the Simple Superposition Model

The simple superposition model in the case of average sizes Ne and Nµ must lead to
the relation given by Equation (1) and for xmax by Equation (7) (neglecting the divergence
for very low energies shown in Figure 5) regardless of whether the nucleon sub-showers
comprising the iron shower are in any way dependent on each other or not. The picture of
the hadron cascade development shows that the sub-cascades appearing with depth in the
atmosphere must be correlated with each other.

It is known that the cross-section for the interaction of a heavy nucleus with the
atmosphere (we can choose nitrogen, oxygen, or argon) is clearly larger than the cross-
section for the interaction of a single nucleon (proton). The widely accepted model of
Glauber [30,31] describing nuclear collisions is, to some extent, geometric and its further
evolution to the “wounded nucleon” model [32] explains this difference in cross-sections in
a natural way. One nucleus interaction includes several single nucleon–nucleon interactions
simultaneously. The average number of interacting “wounded” nucleons is expressed by
the ratio of the active sections:

〈wA〉 = A
σp−air

σA−air
= A

λA−air

λp−air
(8)

Following this line, we need to modify Equation (6) to take into account the micro-
scopic mechanism of nuclei interaction. We call such a model of shower development
the wounded nucleon superposition model. Let us assume that the number of wounded
nucleons in a given nuclear interaction is equal to w. This means that only w nucleons
will interact in the same place at the same depth in the atmosphere. This is defined by the
cross section of the nucleus as a whole. This fact leads to the multiplication of identical (or
almost identical) sub-cascades.

Another assumption should be made about the remaining non-interacting nucleons.
Suppose, as a first boundary working hypothesis, that the nucleus is completely fragmented
by the first interaction and that all the nucleons of which it is assembled continue to move
through the atmosphere as free particles.

FA

{ w times︷ ︸︸ ︷
x0, x0, ..., x0, xw+1, xw+2..., xA}

 =
1

λw
Fe

exp
(
− w x0

λFe

) A−w

∏
j=1

1
λp

exp
(
−

(xj − x0)

λp

)∣∣∣∣
xj>x0

(9)

By Equation (8) we obtain that the distribution of the values of the depth of the first
interaction of a single nucleon xi (we omit the irrelevant ordering occurring in Equation (9))
is the same as in the simple superposition model described by Equation (6). It follows
that the position of the EAS maximum, as determined, first, by the depths of the first
interactions, will be the same in the simple superposition model and in the wounded
nucleon model assuming the first interaction of the nucleus as common for w its nucleons.
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This is seen in Figures 1 and 5 as an exact correspondence between the outputs of the
small shower generator for the simple superposition model and the total fragmentation
model. The results regarding to the average shower size merge into one curve shown
in Figure 1 as a dashed line. In Figure 5, the differences are slightly larger, although
still insignificant.

The assumption of a complete fragmentation of the nucleus in its first interaction
clearly does not have to be correct. Another extreme case, when non-wounded nucleons
remain as one smaller nucleus, this does not change the situation substantially. Replacing
the product in Equation (9) by a complex of appropriate exponential factors for successively
smaller nuclei remaining after successive interactions leads also to the same distribution of
the first interaction positions. The contribution to the development of EAS from successive
interactions of fragmented or unfragmented remnants of primary nuclei has no significant
effect either on the size of the shower or on the depth of its maximum. However, some
effects can be expected for higher momenta of the distributions of some characteristics of
the shower parameters.

The number of wounded nucleons in the interaction of specific nuclei at a given energy
is clearly not always the same. It has a certain distribution. The expectation value of this
distribution is determined by the ratio of interaction cross sections; however, the shape is
essentially unknown. As a first approximation, the simplest assumption can be made—that
the interactions of nucleons in the nucleus are independent of each other. If so, then, clearly,
the actual number of wounded nucleons must have a binomial distribution. We call this
solution the superposition model of independent wounded nucleons.

Analysing more deeply the geometrical concept of the interaction of heavy nuclei,
on which Glauber’s theory is essentially based, one must conclude that the individual
interactions of the nucleons from the beam nucleus with the nucleons from the target
nucleus are not and cannot be independent. A more realistic distribution of the number of
wounded nucleons can be attempted by appealing to a simple geometric picture.

The assumption that the actual number of wounded nucleons depends on the inte-
grated opacity of the two colliding nuclei with a certain collision parameter is not necessar-
ily correct and accurate. One can nevertheless carry out detailed calculations under this
assumption [29,33]. As a result, one obtains that the actual width of the distribution of
the number of wounded nucleons is much larger than would be implied by a model of
independent interactions with the same mean.

Taking into account this realistic distributions in our small shower generator, we
obtain a significant increase in the spread of the small EAS characteristics. This applies
both to the total shower sizes (muon and electron) and in particular to the width of the
depth distributions of the shower development maximum xmax. We call this version of the
superposition model genuine wounded nucleon superposition model.

5. Small Shower Generator

In this paper, we analysed the results of simulations with CORSIKA program in
version 7.7401 with the EPOS LHC strong interaction model (v3400) set up. Our interest is
focused on energies of particles below 1015 eV—energies that were available in accelerator
experiments almost half a century ago (SPS, Tevatron). Interaction models implemented in
CORSIKA were adjusted to the accelerator results at these energies from the very beginning,
and they all gave very similar results in this region. Significant discrepancies appeared
only when extrapolating these models to higher and the highest energies. We tested the
results obtained with the SIBYLL 2.3d and QGSJET-II-04 models and did not observe any
significant discrepancies with the EPOS model.

To obtain the aforementioned phenomenological description of CORSIKA showers,
intensive simulation calculations were conducted in the energy range from 10 GeV to
10 PeV, for different zenith angles, and for proton and iron showers. At low energies, it is
important to select a low energy interaction model in CORSIKA, and thus two available
models were tested: GHEISHA and URQMD without finding significant differences in the
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results, at least as far as the large shower parameters analysed in this work are concerned.
The results for interaction models for the high-energy region (SIBYLL, EPOS, VENUS, and
QGSM) were similarly checked, again with no significant differences for low energy and
parameters of interest in this paper.

Shower size (electron and muon) and their fluctuations and parameters of the trans-
verse evolution of the shower obtained from simulations with the CORSIKA program
have been parametrized as a function of the energy of the primary particle and the angle
of arrival of the shower for the primary proton. The superposition model both in the
standard version and in the discussed modified versions allows us to describe the proper-
ties of showers initiated by an iron nucleus, in fact, by any heavy nucleus of the primary
cosmic ray.

These parametrizations were applied practically by creating a program, a fast small
shower generator, realizing a random distribution of shower particles at the level of obser-
vation, to generate the number of particles (electrons and muons) at any distance from the
core of the shower initiated by a cosmic ray particle of any mass of any energy, arriving
from any direction in the sky. This allowed us to compare the results obtained from our
small shower generator not only with the CORSIKA showers on which it is based but also
with experimental results.

By its very nature, the generation by such a program of numbers of particles hitting
the detectors of a local small shower array is incomparably faster than obtaining the same
data from the CORSIKA-like program and the generation of millions of events is no longer
a computational time problem.

It should be noted that our generator is based on CORSIKA simulations for the energy
range from 1010 eV to 1016 eV, with particular attention to the correct implementation
for the lowest energy events. The actual validity of the simulated showers it produces
is therefore limited by the correctness of the CORSIKA program. At the energies under
consideration, this reliability appears to be high.

6. Example Result: Shower Particle Density Spectrum

This credibility is confirmed by comparing the results based on our simulations with
real physical measurements of the density spectrum of shower particles. This is one of
the primary characteristics of cosmic rays reaching the earth’s surface. These have been
measured since at least the middle of the last century. The spectrum has a power spectrum,
which is a reflection of the energy spectrum of the primary cosmic radiation. Measurements
were made by Cocconi, Loverdo, and Tongiorgi in 1946 for densities from about 10 to
1000 particles per square meter [34,35]

N(x) = 700× x−1.47 (10)

where x is the actual particle density (m−2) and N is the rate of events of densities
higher than x (h−1). We have also the results of the measurements by Broadbent et al.
in 1950:

(
620× x−1.425) for slightly lower densities [36], and those by Norman in 1956:(

540× x−1.39) (for x < 500 per m2) [37]. There was estimation by Greisen in 1960 who gave
a similar expression for the density spectrum in the range of 1 < x < 104 per m2 with the
index of (−1.3) [38].

Our fast small shower generator not only reproduces the average shower character-
istics determined for a given energy, mass, and inclination angle of the primary particle
but also takes into consideration the respective fluctuations. One can use it to perform
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multidimensional Monte Carlo integration to obtain the shower particle density spectrum.
The general formula is clear:

f ($e/µ) = ∑
A

1016∫
109

dE ΦA(E)
90∫

0

dφ
∫

dNe/µ p
(

Ne/µ, 〈Ne/µ〉
)
(E, A, φ)

2km∫
−2km

dx dy 2π sin(φ) cos(φ) $(r) (11)

where ΦA(E) is the cosmic ray flux energy density for a component with the mass num-
ber of the primary cosmic ray nucleus A, 〈Ne/µ〉(E, A, φ) is the average number of elec-

trons/muons of the shower coming from the zenith angle φ, and p
(

Ne/µ, 〈Ne/µ〉
)

is the
probability density distribution of the actual electron/muon shower size where the ex-
pected value is given.

The charged particle density is $ = ρe + ρµ where the electron/muon density is
described by NKG-type formula Equation (3) with the adjusted parameters r0 and s. The
upper limit of the primary particle energy spectrum depends on the values of the density
that we wish to study. This paper is concerned with small densities and small showers;
therefore, if we limit ourselves to densities not exceeding a few hundred per m2, the limit
of 1016 eV is quite sufficient. The 2 km upper limit on r integration is again taken up with a
surplus to be safe for the problem we are discussing.

Consideration of the mass spectrum of primary cosmic ray nuclei for practical reasons
is usually changed to summing the five already mentioned groups of nuclei with similar
masses: protons (A = 1), helium (A = 4), CNO (A = 14), Medium (A = 28), and iron group
(A = 56). The uncertainties introduced by this approximation are not significant when
compared to other effects that average and blur the results. The result of the integration in
Equation (11) is shown in Figure 7 in comparison with measured results listed above [35–37].
As we can see, the agreement is very good.

ρ [    ]m
-2

f(ρ)

[   ]s
-1

[35] 

[36] 

[37] 

Figure 7. The density distribution of shower particles obtained using our small shower generator
(black circles) compared with measurements represented by the lines: solid—Cocconi, Loverdo and
Tongiorgi [35], dashed—Broadbent et al. [36], and dotted—Norman [37].
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The presented results on the particle density spectrum allow, in principle, to draw
conclusions regarding the energy spectrum of the primary cosmic rays. Averaging over
the position of the shower axis (x, y) does not obscure the complex proportionality of
the observed particle density at some point to the average energy of the primary particle,
thus, giving that very density at the surface. Certainly, the simple proportionality between
density rho and energy E is ultimately inaccurate; however, studying the slope of the density
spectrum allows general inferences about the cosmic ray energy spectrum. Following this
idea, in 1957, Zawadzki first identified the existence of an abrupt change of the index in the
density spectrum [39], which was later confirmed in many EAS experiments and commonly
known today as the “knee”.

7. Conclusions

Using the superposition principle based on the similarity symmetry of extensive
air showers generated by primary cosmic ray nuclei and single protons, we developed
a phenomenological “small shower generator”. This generator can be used as a semi-
analytical method to calculate the flux of secondary particles at sea level and to simulate the
accurate generation of showers by the CORSIKA program and other Monte-Carlo programs
that accurately simulate extensive air showers.

The CORSIKA program simulation results were used to obtain characteristics of the
showers at the lowest primary energies (allowed by this program). The mean values of
the most important parameters of the shower were found and described. The shapes of
their distributions were determined—in particular, the second moments and the small
correlations between some of them that occur. The parametrizations were performed sepa-
rately for the soft component (electrons) and for the hard component (muons). Parametric
descriptions of radial distributions of these particles as a function of the energy of the
primary particle and the zenith angle were obtained.

Analysing the electron and muon shower sizes as well as the radial and longitudinal
shower particle distributions for different atomic masses of the primary nuclei, we exam-
ined the simple superposition hypothesis, finding that the extensive air shower produced
in the interaction of a nucleus of mass A is a simple compound of A showers initiated
by nucleons (protons) of appropriately lower energy. The analysis of the mean values
confirmed the presence of this symmetry.

In addition, we found the persistence of this symmetry in the range of the smallest
showers, even those that do not contain any particles (electrons or muons). However,
investigating the dispersion of the electron and muon shower size, we showed that the
assumption that the shower from nucleons folding according to the superposition principle,
fold independently of each other, does not correspond to reality, or at least does not
correspond to the results of the CORSIKA program.

We investigated the degree of violation of this symmetry and tested possible correc-
tions that could fix this inconsistency. These consisted of taking into account the correlation
between some of the constituent sub-showers. According to the wounded nucleon model,
a heavy cosmic ray nucleus interacting with an air nucleus initiates the simultaneous gener-
ation of a number of nucleon sub-cascades at the interaction point. Their average number
is determined by the ratio of the cross sections of the interaction of the whole nucleus and a
single nucleon.

We tested the possibility that fluctuations in the number of wounded nucleons do
not follow the simple symmetry of the superposition model of independently interacting
nucleons but rather indicate a subtle symmetry breaking and a more collective picture of
the interaction (wounded nucleon model), thus, changing the binomial distribution into a
more geometrical one. The most sensitive parameter describing the shower development
for deciding between these possibilities appears to be the position of the maximum of
the shower and, more precisely, its dispersion. This indicates that the genuine wounded
nucleon superposition model describes this system much better.
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Other shower parameters showed little or no significant dependence on such model
details as was the case, for example, for the total number of particles in the shower, which
followed the symmetry of the superposition model. Our small shower generator is well
suited for interpreting measurements made by small school local EAS arrays. It can be
used not only to determine the shower registration rates but also to determine the flux of
secondary cosmic rays at sea level that are registered by small individual array detectors.
A comparison of registrations with the calculation results allowed for testing the detectors
themselves and the analysis of local measurements.
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