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Abstract: By introducing several independent parameters, according to the structural symmetry
of quasi-homogeneous kernels and the Hilbert-type inequality, and using the weight function
method, the parameter conditions of the optimal Hilbert-type n-multiple series inequality with
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Keywords: quasi-homogeneous kernel; Hilbert-type multiple series inequality; the best constant
factor; equivalent condition

JEL Classification: 26D15; 47A07

1. Introduction

Suppose that @ = {ay} € I, b = {b,} € l,. In 1908, the literature [1] stated the

well-known Hilbert series inequality with symmetric and —1 order homogeneous kernel
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where the constant factor 77 is the best. In 1925, by introducing a pair of conjugate param-
eters (p,q) (% + % =1, p > 1), Hardy [2] generalized (1) as follows: If a = {a;} € I,

b= {by} € Iy, then

0o o0 1 T 00 1/p 0o 1/q
ng’lmg’lm+nmn_sm(n/p) ;1;1|M| nga'"'
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where the constant factor 7t/ sin(7t/p) is the best.
Define the series operator T by

1
m+n

T(ﬁ)n = i

m=1

am, 4= {am} €lpn=1,2,---
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then, we can prove that (2) has the following dual operator representation:

IT(@)]]p < [lal[p-

T
sin(7t/p)
It follows that T is a bounded operator on [,, and the operator norm of T is ||T|| =
7t/ sin(7t/ p). Therefore, it has important applications to study (2).

By introducing an independent parameter A, (2) has been extended to more general
forms [3-5]. In 2020, ref. [6] considered the symmetric homogeneous kernel (min{m, n})/\
of A-order, and obtained the Hilbert-type series inequality of the following form: If A; +
Xz =A,a,; >0,b, >0, then

0 B 17v / o B 1/q
min{m,n})’\ambn < M( 2 mp(1+m)1a51> (Z n‘?(lJr/\z)le) )

m=1 n=1

popal

HM8

and the equivalent conditions and expression formula for the best constant factor are
discussed. In particular, when A1 + Ay = 1, the inequality with the best constant factor 2
is given:

o o o r / 1/q
Y Y (min{m, n})?anb, < 2(2 mzf’—la,’f1> <Z n2ﬂ—1bz> :
n=1m=1 m=1 n=1

The obvious feature of the above results is that their kernels are symmetric and
homogeneous, and the structures of the inequalities also have some symmetry. For further
study, we first generalize the space I, to a weighted sequence space:

o = toab il (£ laak) <4

m=1

Next, on the basis of a symmetric homogeneous kernel, we will consider the quasi-
homogeneous kernel K(m, n) = G(m*,n"2), where G is a homogeneous function of

A-order. For @ = {a,} € lg, b= {b,} € l,’;, K(m, n) > 0, we call

[7e
[7e

K(m, m)ambu < M]|al|pal[5llqp

n=1m=1
n
the Hilbert-type series inequality. For n > 2, Z pi =1(p, > 1), K(my,mp,--- ,my) >0,
a(i) = {am (i)} € i (i=1,2,--- ,n), wesay that
Z Z m1,m2,~ M Haml < MHHQ HP, Ki (3)
: : my=1

is the Hilbert-type n-multiple series inequality.

Several results have been obtained on the n-multiple Hilbert-type inequality [7-11].
However, the equivalent conditions and the expression formula of the best constant factor
for quasi-homogeneous kernel have not yet been seen in the literature. The purpose of this
paper is to solve this problem.
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By introducing matching parameters a4, 4y, - - - , a5, and using the Holder’s inequal-
ity and weight coefficient method, we can obtain the following Hilbert-type multiple
series inequality

i i i K(mlrmzl"',mn)ﬁami(i)

n
S M(p]/ /pnral/"' ,ﬂn)HHﬁ(l)‘ Pir’Xj(P]/'“rpnra]/"'/”n)’ (4)
i=1

where the constant factor M and parameters {«;} ; alldependonp,,---,pyanday,-- -, a,.
Generally speaking, for any matching parameters a4, - - - , a,, the constant factor M(p,, - - -,
Pn, 41, -+, ay) in (4) is not the optimal value. To optimize the constant factor in (4),
the matching parameters should satisfy certain conditions. In this paper, we discuss the
law of best matching parameters in (4), obtain several equivalent conditions of the best
matching parameters, and solve the theoretical problem of optimal matching parameters
(see Theorem 1 in Section 3).

It is worth pointing out that the structural symmetry of the Hilbert-type inequality
makes our treatment of each variable m; of universal significance, which is very important.

2. Preliminary Lemmas

Lemma 1. ([12]) Assume that p; > 0,a; > 0, a; > 0(i = 1,2, ---, n), P(u) is measurable.
Then

; X) oy
/i (Y )ai<1/xi>olp<1§<ai > gxl‘ dX1 an

%
=1\
H)

BT ) 0y,
[xl,.-anf(%—k-"—F )'0

=

2|2

n

where T (t) is the Gamma function.
By using Lemma 1, it is not difficult to obtain the following formula.

Lemma 2. Under the conditions of Lemma 1, we have

RE -\ 2\ 4 i

1

e T T /+001/;(u)u a1y,
al,..anr(%+~~+%) 0

where R, = {(x1,--- ,xp) €ER":x; >0(i=1,2,---,n)}.

n
Lemma 3. Suppose that n > 2, Elpli =1(p, > 1), Aidj >0 (i,j = 1,2,---,n),
K(xq,x0,++ ,xn) = G(xi\l,xé‘z,- . ,x,’}"), G(uq,up, - -+ ,uy) is a homogeneous non-negative
measurable function of order A, K(x1,- -+ ,x;,-- -, xn)xl._ i s monotonically decreasing with re-

spect to x; on (0, +c0), denote

n
W] = /1171 K(ty,--- ,t]‘_1,1, tip1 - i) Ht;aidfl . 'dtj_ldfj+1 o dty.
RY i#]
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Then
o o0 [o'e) o0
wim) =3 - ) ) 0 ) K(mymy,-o
m=1  mjg=lmj =1 my=1
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< N EER Ly
] ]
n a; __ 1 1 o 1
For Yl 3 = A+ 1, /\ ,we have 1-Wy = LW = - = LW,

Proof. First, notice that the quasi-homogeneous kernel K(my, 1y, - - -

property: For t > 0,

K(mll e /mj—lrtmjr ] e /ml’l)

Since K(x1, -+, xj,+ S Xn)X;
then

wilm) = ¥ o Y Klmyma, o) [ [
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3
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n
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my ) has an obvious

,t_)‘f/)‘”mn).

tndt,

“ is monotonically decreasing with respect to x; on (0, +00),

7/\1/Antn>

- = n-2 —a; n —a;
< Z Z mi 1/2 K(mllmZ"“lmi’lfzrtn—lltn) H ti ldtn—]dtn
my=1  my_p=1i=2 R% i=n—1
< e
n
< K(my, by, -+, ta) [ [t “dEp - - - dty
R" 1 1
=2
n
A A/A A/A —a;
= mll/R,,_lK(lfml 1/ 2, m M/ Ay )Htiudt . dt,
+ i=2
A=Y 1+Z 1 no
= m ( 24 A) K(1,up, -+ ,uy) u; "iduy - - - duy,
1 R-1 i
+ =2
A-Y, T,
)
Similarly, we can prove the cases of j = 2,3, - ,n.
For ;L 151\1:/\4'21 1A,]—23 -, 1, we compute
AL —A1/A —M/Aj —M/A =M/ A
W = /RHt K@, M 2, T I,

n
—a;
X Hti dtl o -dtj_ldt]'+1 <o dty

i#]
Aj AT, A=y, L), 1 o
— 7// 71K(1,u2,---,un)uj]< 1/\ 1)‘1> ] H u; %y -
A1 JR™ i£1,i]
A n A
i —a; j
= K(1,uy,-- -, s - duy — LW,
M /R"gl (1w tn) Hu’ SR Ve

Hence - Wy = +W; (j=23,---,n). O

-duy,
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3. Main Results

In this section, we introduce the matching parameters a1, ay, - - - ,a,, and use the
weight coefficient method to establish the Hilbert inequality of n-multiple series in
Theorem 1(i), and obtain two equivalent conditions of the best matching parameters in
Theorem 1(ii).

Theorem 1. Suppose thatn > 2, Y ! =1p;>1),a € R NA >0(,j=1,2,--,n),

i=1 p; p
K(xq,x0,+++ ,xy) = G(xi\l,xé‘z,~ . ) >0,G(uy, up, -+, Uy) isahomogeneous non-negative
measurable function of order A, Y1 4 /\ ()\ +X % ) =, K(xy,+ -+, xj,- -+, xn)x; " and
Aje
—aj+--

K(xl,...,xi,...,xn)x, pl

; are monotonically decreasing with respect to x; on (0, +00), and
forj=12,---,n,

n
/\ —-
W]- = it G(tlll. tjlll,l f]fll" .. ,til\n) Hti Yidty - 'dtj—ldtj+1 .. dty,
+ i#j

is convergent, then:
(i) Denote

w—)r()\—i—il iak>+ap
i — /M 3 3 iVis
k;éiAk k=1 M

one has

Yo X G(mi”,mz S ) Hﬂm, < (Hwil/pi>n”ﬁ(i)|pf’“"’ ©)

mi1=1 my=1
where a(i) = {am, (i)} €1y (i=1,2,--- ,n).
(ii) The following three conditions are equivalent:

n .
(a) The constant factor T Wl-l/p’ of (5) is the best. That is, ay,a, - - - , a, are the best matching
i=1

parameters;
(b)211K':A+211A1
(0) Wi = LW, =- —%w

(iii) For Y1 4 Kl =A+Y0 4 - (5) becomes

n
Z Z G mll,m2 A ,m;\”)Hﬂm, S (WOHM |1/p1> HH“ Pi/“ipi—l’ (6)
m=1  my=1 i=1
— 1 | — _ 1
ZUhere WO - |T1‘Wl - WW2 _ = an

Proof. (i) Since

1/}7/ n ﬂ*‘r +777 n . n .
i —_ —aj 7 — —aj R
H Hm " = Hmil [ m=]1]m "[]m =1

j=1

N

-
Il
MR
Il
MR
-
Il
_
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it follows from Holder’s inequality and Lemma 3 that

o0 (o) /\ n
Yoo ) G( ml Lmb2, . -,mQ”)Hami(i)
mp=1 my=1 i=1
o o0 n |, noo 1/pj
= Z Z K(m1/m2/"' /mn)H m]]am](]) Hmz i
mip=1 my=1 j=1 i=1
1/P/’
L > ajpi—aj .
< TI{ X m" "lam()Picw;(m;)
j=1 \m;=1
1/p; ajpj—aj+ A (A=L; Al+ it )\ 1D
< 1w 11 £ P 1P
j= mj=1
n p n 0 . 1/pi n 1p; n
= WPTTL X g am, (1)) = (TTw;"" | TTHa@)lpya-
i=1 i=1 \m;=1 i=1 i=1
Hence, (5) holds.

(ii) (b)=-(c) By Lemma 3 we have (b)=-(c).
(b)=(a) Suppose that }_!" f; = A+ Zl 1 A , then o =api—10G0 =12, ,n).
It follows from Lemma 3 that - A W = %ZWZ = = /\n W, and

L 1/p: 1/p v A i 1/p; _ . 1/p;
[Iw; 7 =w " TT( Wi I—[lM f=Wo [ TIAlV7.
i=1 =2 )\1 |)\ | i=1

Therefore, (5) becomes (6).
n
Let the best constant factor of (6) be My, then My < Wy T |A;|'/?i, and (6) still holds
i=1

after replacing the constant factor of (6) with M.
For sufficiently small ¢ > 0 and sufficiently large natural number N, take

(*ﬂipi*\/\ilﬁ)/r’i’i —23,..

am; (i) = m; -,n,

0/ m1:1/2/"'/N_1/
amy (1) = S L S VS VS W

then
n

H | |ﬁ(i) | |Pi,ﬂilﬂ,‘71 =

i=1

n n
(N = 1) MEPTTIA P T T Ale + 1)
i=1 i=2

A
NN
S—
AN
-
AN
x
=
-
Q.
~
~——
-
~
=
—=
7N
—_
_|_
—
-~
-
=
o
Q.
~~
~——
~
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Notice that K(x1, -+, x;, -+, xp)x;

" is monotonically decreasing with respect to x; on
(0, +00), then
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(o)
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n
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> m Yoo x IIm
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+oo _ _
X </1 K(mlr s, My, un) u£1 b l/\”‘s)/pndun)
o o © n—2
(—aip1—|Mle)/pa (—aipi—|Aile)/ pi
> yom Yoo IIm
WllzN Wl2=1 mn,2=1 i=2
+o00 400 n
—aipi—|Ai i
X (/ / K(ml,. .. /mn—Zrunfl,un) 1_[ ul( aipi—|Aile)/p dun,ldun
1 J1 i—n—1
>
s _ _ "+ +oo n g\ )
>y e [T R ) T MOy - dy
m=N 1 1 i=2
0 AA]7ﬂ1P1+V\1\€ 00 00 :1 M
= Y m n / / K(1,my up, -+, my " uy)
m1:N 1 1
1 (—aipi—|Aile) /i
x[Tw PTIMIE Piqy, - duy,
=2
IS A — ﬂwﬁW e —AY, ,I’ +M le AT, A o0 00
= Z my (/ iy / Ay K(l,fz,’“ /tn)
mp=N my my
n
) [Tl gy, ~dtn>
i=2
i +oo +oo n
—1—|Me / / —aipi—|Aile)/ pi
> m cee K t dty - - -dt
+00 +o0 “+o00 n
—1—|Ayle —aipi—|Aile)/pi
> [ty (/N o S KLtz ) I dty -ty
0o ~+o00 n
= N IMle / / K(1,ty, - ,t (PNl /i g gy ,
|)\1|£ N- Ay /Ay Nf}‘]/’\” ( 2 ”)g i 2 n
therefore
() +o0 n . )
7N ‘/\1‘8 / . / K(l, t2/ . /tl’l) t aipi ‘/\1|€)/Pzdt2 . dtn
|/\1‘ N- MiAy N—M/An ) i
n n 1/
< Mo(N 1) M/ [T /P T T(IAsle +1)/7.

i=1

i=2

Letting ¢ — 0" and then N — +oo, by calculating the quadratic limit, we obtain

1
Al Jre-t

consequently,

n
Wo [ TIAil7 =

i=1

K(lltZI' o /ti’l)

n
[t “dty--
i=2

M | i=1

n
~dty < Mo [T || 7YPi,

i=1

n
mHMiP/’” < Mo.
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n
Thus, the best constant factor of (6) is My = Wy [] \/\i|1/ Pi,
i=1

n ) .
(a)=-(b) Let the constant factor ] Wil/ Pi of (5) be the best. Put a; =a; — %, then
i=1 !

B (e ba) - BG5)- () -

For j > 2, it is not difficult to obtain

W; = ))Z/Ril G(1,82,- -, tpm) <i]iti”i>tj)‘fcdt2 - dty.
Additionally, since
a-)\(A%—Z icﬁi)—ka{p‘:)\‘()&i—il—iak>+a<p-:w
k#i M 3 M " l k#i M oM - !
then (5) can be written equivalently as
o oo n
Yoo ) Gm1 ,mz,-",mﬁ") am, (i)

mp=1 my=1 i=

1
1/pj
nolA n ) ]
1/ A . —a; \ Aje
< WL LGt (T oo
i
X]—[Hﬁ(i)l
i=1

pir”;" (7)

Hence, according to the assumption, the constant factor

l/P]'
n
wi/m A —ai | N4, - .
Hl)‘l /Rn LGB,y )@tf )tj dt, dtn]
1 n L Aic Upj
_ TH ‘/\ |1/P Wl/Pl H[/ 1 6\2,. .. ,tﬁn) (Htiul)tj’ dty - - .dtn]
i=2

of (7) is the best. In view of )", f\’ ()\ +Y0 o ) =0, and

A
—a! —a;+-=
K(xy, - %, x0)x; =Ky, oo, x50 0,x0)x;
is monotonically decreasing with respect to x; on (0, +-00), according to the proof of (b)=-(a),

we can see that the best constant of (7) is

n . n ) 1
LT 7w =TT ()
1=
n

= |A1|H|A|1/P1/ G(1,8)2,--- AT tl “dty - dty

1 1/p; A )\n a; Vz
= WHW P/]Mlc(l,tzz,-- b tl Ht dty - - - dty,.
i=1 + i=
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n
Set H(ty, -+ ,tx) = G(1, tQZ, B TT t. ", then, in summary, it can be obtained
i=2
that
1 Aic j
/n,lH(tzl"'lt”) tp dtz /le(/n ) tZ/"';tn)tj] dtzdtn) ) (8)
Ry i—2 R
For functions 1, t)‘zc/p 2. tﬁ"c/ Pr it follows from Holder’s inequality that
n_ Aie
/RH H(ty, - ta) [t dbp- - dty
+ i=2
Vp Aic UP}'
Ry j=2 \JRY
n 1/p;
1/ Aic j
= Wl pll—[(/R,,l H(tZI"'rtn)t]'] dt2~~~dtn> . (9)
j=2 +
/\.
By (8), we know that (9) takes the equal sign. Then, t].’c =constant (j = 2,3, ,n)

is obtained from the

n a; __
i = A+ Ll 1/\

(c)=(b) Assume that %Wl = %Wz = ...

condition of equal sign of Holder’s inequality. Thus, ¢ = 0, i.e,,

= tWeIf1+1=10<r<15<0),

then, by the inverse Holder’s inequality, we find for j > 2

n
/R’H K(ty, - tjim1, g, oo b)) [ [ 8 “dty - - dbj_qdtjyq - - diy
+ i#]
A Aj
= W— ]Wl )\1/ K(1,tp,-- Hi’ Yidty - -
A A
Aj | ey ~%h N P
= /\ij/%1 K(f] M ’tj A ty, - ’tj j—1 tjflrlrt]‘ 1 f]'+1, .. tj An tn)tj ]Hti ”rdtz coodty
1 JRY i=2
—M AN —a) A YT, L1
A 4 1 2i=2 3
= /R”*l K(uq, o1, L, ,un)uj /
"
n iﬁlai
x 1 u;! u; “duy -+ - duj_ydujyg - - duy
i=2(#])
M(EL ATl ) & —a
= o Kl g I w
* i=2(#j)
Xduq -+ dujqdujiq - - duy
Al(c_/%) - —a;
= /R”*l K(uy, - ujq, 1041, ,un)uj ‘ 11 - duy -~ -dujqdujyq - - duy
* i=2(#j)
n
A Ui
= /an ujch(h,' .. ,f];l,l, t]'+1" .. /tn) gti a dtl .. 'dtjfldthrl oo dty,
+ 17#]

\Y]

/ TK(t
R
Arc
X </R”+1 '
Wl,/" /
] Rf‘[l

ti\lcsK(tll Tty tj—]/ 1/ t]+]/ Tty tn

'R rtj—lflrtj+1r"'

1/r
n
cn) [ L8 dty - dtj_qdtjyq - - - dty
i#]
1/s
tiqdtjpq - dt,,)

1/s
n
)]t "dt - - dtjqdtjg - dtn> .

n
[t %dty---d

i#]

SK(tlr e /tj—l/ 1/ tj+lr e /tn)

i#j
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Thereupon,
n
> /n—l ti\wsK(tl/, .. /tjfll]‘/ t]’+1/ ce /tn) I—[fi_”’dtl .. 'dtj—ldt]’+1 - dty,.
R i#j
If Aic > 0, then Aqcs < 0 and
)L i a
cs —a;
W, > / /Rn R ST I W TRy ,t”)l;[ti dty - dtj_ydtjyq - - dty
i#]

Aics n
> () //R“ (1o tjc, L, - ta) [ [ " dty - - - dtj_qdtjpq - - - dip.

i#]

Letting s — —oo, then W; = +-c0. According to the convergence of W;, we have a contradic-
tion. Hence, A1c > 0 is impossible.
If Aic <0, then Ajcs > 0 and

+oo n
A Ui
Wj > / /an 11csK tl,'"/tj—lzlftﬂ—lr"'/fn)Htiudtl"'dtj—ldtj+1"'dtn
i#]
Mes [T T
> 2 1“/2 /RH K(ty, - tioq, b, ta) [ [ 8 “dty - - - dtj_qdtjyq - - - din.
* +

i#j

Letting s — —oo, then W; = +oo, which is contrary to the convergence of Wj; thus, Ajc <0
cannot hold.

In conclusion, Aj¢c = 0,; therefore, ¢ = 0, thatis )} ; ?\ =A+Y1, A

It has been proved that (b)=(c) and (b)=-(a), (a)=(b) and (c)=(b), hence (a), (b) and
(c) are equivalent to each other.

(iii) It can be obtained by the proof of (b)=-(a). O

4. Applications

According to Theorem 1, the following several inequalities involving symmetry can
be obtained.

Corollary 1. If n > 2, ¥ L = 1(p; > 1),0 < A; < 1,a(i) = {am, (i)} € 1 (i=1,2,
n), then

e} [e)

. A
min{m1,- ., mp"} 1
DR LTI BS | P
n

mi=1  my=1 max{m;’ i=1

,,1 n
< H HH” pipia
i=1
n %71 )
where the constant factor n! T A" is the best.
i=1
Proof. Let o N
3 1 2 n
G(xi‘l x)\n) _ min{x}?, x5, -+, Xy
s A A A
max{xy’, x5, -+, X"

then G(uq,up, - - - ,uy) ais a homogeneous function of order A = 0.
Seta;jp;i—1 = p; — 1, thena; = 1. Choosea; =1 (i = 1,2,---,n) as the matching
parameter, we have

Ylpl A n 1 n 1 0 n 1 0
“hno\MEa) tha Utax) 0
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Hencea; =1 (i =1,2,---,n) is the best matching parameter.
Since0 < A; <1(i=1,2,---,n),then

A A A

Gl . M x—ai_mm{xlf"'fxir"'rxn }xfl
Lo s Mo e
max{x}', -, X7, X"}

decreases monotonically on (0, +-00) with respect to x;. According to the results of [13], it is
calculated that

n
Wy = /HG(Lth,...,tgn)l—[ti—mdtzmdtn
R i=2

. A A
_ min{lB% B T gy,
- n—1 /\2 /\n i 2 n
R max{1, 52, -+, ;" } i=2
n

no1 s min{1,up, -+ ,uy} 1
= 111/\1'/]1%”1 [Tw 'duy- - duy,

-1 max{1,up,--- , Uy} )
n
1
n!H—.
i i

The conclusion of Corollary 1 can be obtained according to Theorem 1. [

Corollary 2. IfnZZ,Z?:l%zl(pi>1),1§k<n,)\>0,)\i>0,0<ai<1,0§0§

. . . P ,
min{ g}, -, &} a(0) = {am, ()} € LI (=12, n), ?:1% =0—-A+Y", Ali'
then

ag
(mi‘l—i—---—i—m,?k)

5 ﬁami(i)

mp=1 my= (mi\l ++ml/(\k+_._m;l\”) i=1

< Mo [lla)]

i=1

piAipi-1/

where the constant factor

is the best.
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Proof. Let -
(- )

(xf1+---+x,§k+~-~+xn")Al

A
G(xlll... ,x/n\"> =

then G(uy, - - -, uy) is a homogeneous function of order o — A.
Fori > k,notice that A > 0,A; > 0,a; > 0, then

(xi\l I —|—x2")g

AT
(xi\1+...+x£k+...+xnﬂ)

—a;

G(xf, e )x " =

is monotonically decreasing on (0, +oc0) with respect to x;.
For1 <i<k,sinceA>0,A;>0,4; >0,0<c¢ <min{}, -, 5k}, then

1

(xi—ﬂi/ffxi\l 4. .x;\i_ai/0+ oy El I)clk)

G(X?l,"'/xﬁ")x;ai = : " Py
( 11+ "‘|‘xil+""|‘xn")

is also monotonically decreasing on (0, +o0) with respect to x;.
According to Lemma 2, we calculate

W, = /Rn*lc(tfl, ) Ht”’dtl codt,

+

(ti\l 4+ .4 tkk) n—1 .
= /Ril( - ~ [ [t “dta---dt,

A Moo e An—1 il
A +1) =1

a
n1 (t{‘l oot t£k>
ITe| )

1

= /n—kfl
RIS (R )+ (R )+1}

k
xnti_“ldtl dtk>dtk+1 -dt,_q

I1 F(lfi) n—1

= e[~ u’
- ) n 1, i 0 |:
. I -

U+ (t,ﬁfﬁf T +t2";11) +1}A
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k —q:
o () [ |
ﬁl/\ir<ﬂ{_1 1Xia,~) 0 Rk [1 - (fkff TR A 1)}/\
x ﬁ t Vdbgyq - d >du
i=k+1
k —q:
= zljlr(l)"'al) H r(l Hl) /J”’"ucﬂrzl el
ili/\i(ﬂ‘l 1;@) 1 1}11,\1*():1 L : ) 0
" </O+oo 1+ u1+ o)t Eika dv)d
1,
= V:g F(l,\iﬂl) / 1 u"+2i~‘:1 1;;1. _102?:}1“ 1X:i .
] )
7:1_—[11 AT (Zi,le l;fi)r<2?;kl+l 1;;11) (1 +u -+ ZJ)
xdudv
n—1 1-0;
_ 1131 F( X ) F((7+Z’F: ) (Zl k+1 - )

I—[/\F<E = uz) (Zz k41 1;”) (UJFZI 11Aaz+zl —kt A" >

+o0 n—11-a;
X / 1 ﬂﬁzi:l % la
0 (1+1)

,?1:111"(1;11_)1"(0_*_2?:1 1;;1,-) (U+Zn 11— u) (/\ c-Yr 11— a)

H/\F(Z 1al) (0_+Zn 11— a)

T(h)

(e )y gy ATl )

i=1 i i 1—ay i=1
_ r< ) _
n—1 k 1—&) /\i’l

F() AT (Th 5 r) T A (£ 15%)

1

Thereupon,

1 1 T(U+Ek,

AT S (R ”'))lﬁr(lmai)

It follows from Theorem 1 that Corollary 2 holds. O

In Corollary 2, take o = 0; the following corollary can be obtained.

Corollary 3. Suppose thatn > 2,y 1" 1p =1(p;>1),A>0,1>0,0<4a;<1, Z?:l%:
-A+YE 1/\, ~():{am()}€l‘p’ (i=1,2,---,n). Then

m]:l mn:l (m{‘l + e + m;//l\n)

1

H”m: <MOHH” N pyaipi—
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where the constant factor

is the best.

Take a; = %(a —A)—1(i=1,2,---,n)in Corollary 2, we can obtain the following
result.
Corollary 4. Ifn > 2, z;;li =1(p;i>1),1<k<nA>01>00<A-—0 <k,
-1 o
ai= Ao =N +pi—1,0<o< (1-1) (L -2)a0) = {an @)} €l (=12,
n), then

[e9)

ag
g i) g
e ;) m;
mp=1 muy=1 (mi\l + -+ ml/(\k 4+ .-+ m;\l”) i=1

n

< Mo THa()llpm

i=1

where the constant factor

is the best.

5. Conclusions

In this paper, based on some symmetric homogeneous kernels, the concept of the
quasi-homogeneous kernel is proposed and extended to the high-dimensional case. Then,
using the symmetry of the Hilbert-type inequality for each variable and the weight function
method, the matching parameters ay,- - - ,a, are introduced to obtain the Hilbert-type
inequality of an n-multiple series. In Theorem 1, the equivalent parameter conditions of
the best constant factor of the n-multiple Hilbert-type inequality is established, and the
parameter problem of constructing a Hilbert-type series inequality with the best constant
factor is solved. As applications, some special cases are given in Corollaries 1-4, and many
Hilbert series inequalities with symmetric quasi-homogeneous kernels and best constant
factors are obtained.
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