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Abstract: By introducing several independent parameters, according to the structural symmetry
of quasi-homogeneous kernels and the Hilbert-type inequality, and using the weight function
method, the parameter conditions of the optimal Hilbert-type n-multiple series inequality with
quasi-homogeneous kernels are discussed, and several equivalent conditions and the expression
formula of the best constant factor are obtained. As applications, some special symmetric inequalities
are given.
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1. Introduction

Suppose that ã = {am} ∈ l2, b̃ = {bn} ∈ l2. In 1908, the literature [1] stated the
well-known Hilbert series inequality with symmetric and −1 order homogeneous kernel

1
m+n :

∞

∑
n=1

∞

∑
m=1

1
m + n

ambn ≤ π

(
∞

∑
m=1

a2
m

)1/2( ∞

∑
n=1

b2
n

)1/2

= π||ã||2||b̃||2, (1)

where the constant factor π is the best. In 1925, by introducing a pair of conjugate param-
eters (p, q) ( 1

p + 1
q = 1, p > 1), Hardy [2] generalized (1) as follows: If ã = {am} ∈ lp,

b̃ = {bn} ∈ lq, then

∞

∑
n=1

∞

∑
m=1

1
m + n

ambn ≤
π

sin(π/p)

(
∞

∑
m=1
|am|p

)1/p( ∞

∑
n=1
|bn|q

)1/q

=
π

sin(π/p)
||ã||p||b̃||q, (2)

where the constant factor π/ sin(π/p) is the best.
Define the series operator T by

T(ã)n =
∞

∑
m=1

1
m + n

am, ã = {am} ∈ lp, n = 1, 2, · · ·
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then, we can prove that (2) has the following dual operator representation:

||T(ã)||p ≤
π

sin(π/p)
||ã||p.

It follows that T is a bounded operator on lp, and the operator norm of T is ||T|| =
π/ sin(π/p). Therefore, it has important applications to study (2).

By introducing an independent parameter λ, (2) has been extended to more general
forms [3–5]. In 2020, ref. [6] considered the symmetric homogeneous kernel (min{m, n})λ

of λ-order, and obtained the Hilbert-type series inequality of the following form: If λ̃1 +
λ̃2 = λ, am ≥ 0, bm ≥ 0, then

∞

∑
n=1

∞

∑
m=1

(min{m, n})λambn ≤ M

(
∞

∑
m=1

mp(1+λ̃1)−1ap
m

)1/p( ∞

∑
n=1

nq(1+λ̃2)−1bq
n

)1/q

,

and the equivalent conditions and expression formula for the best constant factor are
discussed. In particular, when λ̃1 + λ̃2 = 1, the inequality with the best constant factor 2
is given:

∞

∑
n=1

∞

∑
m=1

(min{m, n})2ambn ≤ 2

(
∞

∑
m=1

m2p−1ap
m

)1/p( ∞

∑
n=1

n2q−1bq
n

)1/q

.

The obvious feature of the above results is that their kernels are symmetric and
homogeneous, and the structures of the inequalities also have some symmetry. For further
study, we first generalize the space lp to a weighted sequence space:

lα
p :=

ã = {am} : ||ã||p,α =

(
∞

∑
m=1

mα|am|p
)1/p

< +∞

.

Next, on the basis of a symmetric homogeneous kernel, we will consider the quasi-
homogeneous kernel K(m, n) = G(mλ1 , nλ2), where G is a homogeneous function of
λ-order. For ã = {am} ∈ lα

p, b̃ = {bn} ∈ lβ
q , K(m, n) ≥ 0, we call

∞

∑
n=1

∞

∑
m=1

K(m, n)ambn ≤ M||ã||p,α||b̃||q,β

the Hilbert-type series inequality. For n ≥ 2,
n
∑

i=1

1
pi

= 1(pi > 1), K(m1, m2, · · · , mn) ≥ 0,

ã(i) = {ami (i)} ∈ lαi
pi (i = 1, 2, · · · , n), we say that

∞

∑
m1=1

∞

∑
m2=1

· · ·
∞

∑
mn=1

K(m1, m2, · · · , mn)
n

∏
i=1

ami (i) ≤ M
n

∏
i=1
||ã(i)||pi ,αi (3)

is the Hilbert-type n-multiple series inequality.
Several results have been obtained on the n-multiple Hilbert-type inequality [7–11].

However, the equivalent conditions and the expression formula of the best constant factor
for quasi-homogeneous kernel have not yet been seen in the literature. The purpose of this
paper is to solve this problem.
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By introducing matching parameters a1, a2, · · · , an, and using the Hölder’s inequal-
ity and weight coefficient method, we can obtain the following Hilbert-type multiple
series inequality

∞

∑
m1=1

∞

∑
m2=1

· · ·
∞

∑
mn=1

K(m1, m2, · · · , mn)
n

∏
i=1

ami (i)

≤ M(p1 , · · · , pn, a1, · · · , an)
n

∏
i=1
||ã(i)||pi ,αi(p1 ,··· ,pn ,a1,··· ,an), (4)

where the constant factor M and parameters {αi}n
i=1 all depend on p1 , · · · , pn and a1, · · · , an.

Generally speaking, for any matching parameters a1, · · · , an, the constant factor M(p1 , · · · ,
pn, a1, · · · , an) in (4) is not the optimal value. To optimize the constant factor in (4),
the matching parameters should satisfy certain conditions. In this paper, we discuss the
law of best matching parameters in (4), obtain several equivalent conditions of the best
matching parameters, and solve the theoretical problem of optimal matching parameters
(see Theorem 1 in Section 3).

It is worth pointing out that the structural symmetry of the Hilbert-type inequality
makes our treatment of each variable mi of universal significance, which is very important.

2. Preliminary Lemmas

Lemma 1. ([12]) Assume that pi > 0, ai > 0, αi > 0 (i = 1, 2, · · · , n), ψ(u) is measurable.
Then ∫

n
∑

i=1

(
xi
ai

)αi≤1,xi>0
ψ

(
n

∑
i=1

(
xi
ai

)αi
)

n

∏
i=1

xpi−1
i dx1 · · ·dxn

=
ap1

1 · · · a
pn
n Γ( p1

α1
) · · · Γ( pn

αn
)

α1 · · · αnΓ
(

p1
α1

+ · · ·+ pn
αn

) ∫ 1

0
ψ(u)u∑n

i=1
pi
αi
−1du,

where Γ(t) is the Gamma function.

By using Lemma 1, it is not difficult to obtain the following formula.

Lemma 2. Under the conditions of Lemma 1, we have

∫
Rn
+

ψ

(
n

∑
i=1

(
xi
ai

)αi
)

n

∏
i=1

xpi−1
i dx1 · · ·dxn

=
ap1

1 · · · a
pn
n Γ( p1

α1
) · · · Γ( pn

αn
)

α1 · · · αnΓ
(

p1
α1

+ · · ·+ pn
αn

) ∫ +∞

0
ψ(u)u∑n

i=1
pi
αi
−1du,

where Rn
+ = {(x1, · · · , xn) ∈ Rn : xi > 0 (i = 1, 2, · · · , n)}.

Lemma 3. Suppose that n ≥ 2,
n
∑

i=1

1
pi

= 1 (pi > 1), λiλj > 0 (i, j = 1, 2, · · · , n),

K(x1, x2, · · · , xn) = G(xλ1
1 , xλ2

2 , · · · , xλn
n ), G(u1, u2, · · · , un) is a homogeneous non-negative

measurable function of order λ, K(x1, · · · , xi, · · · , xn)x−ai
i is monotonically decreasing with re-

spect to xi on (0,+∞), denote

Wj =
∫
Rn−1
+

K(t1, · · · , tj−1, 1, tj+1 · · · , tn)
n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn.
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Then

ω j(mj) =
∞

∑
m1=1

· · ·
∞

∑
mj−1=1

∞

∑
mj+1=1

· · ·
∞

∑
mn=1

K(m1, m2, · · · , mn)
n

∏
i 6=j

m−ai
i

≤ m
λj(λ−∑n

i 6=j
ai
λi
+∑n

i 6=j
1
λi
)

j Wj.

For ∑n
i=1

ai
λi

= λ + ∑n
i=1

1
λi

, we have 1
λ1

W1 = 1
λ2

W2 = · · · = 1
λn

Wn.

Proof. First, notice that the quasi-homogeneous kernel K(m1, m2, · · · , mn) has an obvious
property: For t > 0,

K(m1, · · · , mj−1, tmj, mj+1 · · · , mn)

= tλλj K(t−λj/λ1 m1, · · · , t−λj/λj−1 mj−1, mj, t−λj/λj+1 mj+1, · · · , t−λj/λn mn).

Since K(x1, · · · , xi, · · · , xn)x−ai
i is monotonically decreasing with respect to xi on (0,+∞),

then

ω1(m1) =
∞

∑
m2=1

· · ·
∞

∑
mn=1

K(m1, m2, · · · , mn)
n

∏
i=2

m−ai
i

≤
∞

∑
m2=1

· · ·
∞

∑
mn−1=1

n−1

∏
i=2

m−ai
i

∫ +∞

0
K(m1, m2, · · · , mn−1, tn)t−an

n dtn

≤
∞

∑
m2=1

· · ·
∞

∑
mn−2=1

n−2

∏
i=2

m−ai
i

∫
R2
+

K(m1, m2, · · · , mn−2, tn−1, tn)
n

∏
i=n−1

t−ai
i dtn−1dtn

≤ · · · · · ·

≤
∫
Rn−1
+

K(m1, t2, · · · , tn)
n

∏
i=2

t−ai
i dt2 · · ·dtn

= mλλ1
1

∫
Rn−1
+

K(1, m−λ1/λ2
1 t2, · · · , m−λ1/λn

1 tn)
n

∏
i=2

t−ai
i dt2 · · ·dtn

= m
λ1

(
λ−∑n

i=2
ai
λi
+∑n

i=2
1
λi

)
1

∫
Rn−1
+

K(1, u2, · · · , un)
n

∏
i=2

u−ai
i du2 · · ·dun

= m
λ1

(
λ−∑n

i=2
ai
λi
+∑n

i=2
1
λi

)
1 W1.

Similarly, we can prove the cases of j = 2, 3, · · · , n.
For ∑n

i=1
ai
λi

= λ + ∑n
i=1

1
λi

, j = 2, 3, · · · , n, we compute

Wj =
∫
Rn−1
+

tλλ1 K(1, t−λ1/λ2
1 t2, · · · , t

−λ1/λj−1
1 tj−1, t

−λ1/λj
1 , t

−λ1/λj+1
1 tj+1, · · · , t−λ1/λn

1 tn)

×
n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn

=
λj

λ1

∫
Rn−1
+

K(1, u2, · · · , un)u
λj

(
∑n

i=1
ai
λi
−λ−∑n

i=1
1
λi

)
−aj

j

n

∏
i 6=1,i 6=j

u−ai
i du2 · · ·dun

=
λj

λ1

∫
Rn−1
+

K(1, u2, · · · , un)
n

∏
i=2

u−ai
i du2 · · ·dun =

λj

λ1
W1.

Hence 1
λ1

W1 = 1
λj

Wj (j = 2, 3, · · · , n).
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3. Main Results

In this section, we introduce the matching parameters a1, a2, · · · , an, and use the
weight coefficient method to establish the Hilbert inequality of n-multiple series in
Theorem 1(i), and obtain two equivalent conditions of the best matching parameters in
Theorem 1(ii).

Theorem 1. Suppose that n ≥ 2, ∑n
i=1

1
pi

= 1(pi > 1), ai ∈ R, λiλj > 0 (i, j = 1, 2, · · · , n),

K(x1, x2, · · · , xn) = G(xλ1
1 , xλ2

2 , · · · , xλn
n ) > 0, G(u1, u2, · · · , un) is a homogeneous non-negative

measurable function of order λ, ∑n
i=1

ai
λi
−
(

λ + ∑n
i=1

1
λi

)
= c, K(x1, · · · , xi, · · · , xn)x−ai

i and

K(x1, · · · , xi, · · · , xn)x
−ai+

λi c
pi

i are monotonically decreasing with respect to xi on (0,+∞), and
for j = 1, 2, · · · , n,

Wj =
∫
Rn−1
+

G(tλ1
1 , · · · , t

λj−1
j−1 , 1, t

λj+1
j+1 , · · · , tλn

n )
n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn

is convergent, then:
(i) Denote

αi = λi

(
λ +

n

∑
k 6=i

1
λk
−

n

∑
k=1

ak
λk

)
+ ai pi,

one has

∞

∑
m1=1

· · ·
∞

∑
mn=1

G(mλ1
1 , mλ2

2 , · · · , mλn
n )

n

∏
i=1

ami (i) ≤
(

n

∏
i=1

W1/pi
i

)
n

∏
i=1
||ã(i)||pi ,αi , (5)

where ã(i) = {ami (i)} ∈ lαi
pi (i = 1, 2, · · · , n).

(ii) The following three conditions are equivalent:

(a) The constant factor
n
∏
i=1

W1/pi
i of (5) is the best. That is, a1, a2, · · · , an are the best matching

parameters;
(b) ∑n

i=1
ai
λi

= λ + ∑n
i=1

1
λi

;

(c) 1
λ1

W1 = 1
λ2

W2 = · · · = 1
λn

Wn.
(iii) For ∑n

i=1
ai
λi

= λ + ∑n
i=1

1
λi

, (5) becomes

∞

∑
m1=1

· · ·
∞

∑
mn=1

G(mλ1
1 , mλ2

2 , · · · , mλn
n )

n

∏
i=1

ami (i) ≤
(

W0

n

∏
i=1
|λi|1/pi

)
n

∏
i=1
||ã(i)||pi ,ai pi−1 , (6)

where W0 = 1
|λ1|

W1 = 1
|λ2|

W2 = · · · = 1
|λn |Wn.

Proof. (i) Since

n

∏
j=1

m
aj
j

(
n

∏
i=1

m−ai
i

)1/pj
 =

(
n

∏
i=1

m−ai
i

) 1
p1
+···+ 1

pn n

∏
j=1

m
aj
j =

n

∏
i=1

m−ai
i

n

∏
j=1

m
aj
j = 1,
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it follows from Hölder’s inequality and Lemma 3 that

∞

∑
m1=1

· · ·
∞

∑
mn=1

G(mλ1
1 , mλ2

2 , · · · , mλn
n )

n

∏
i=1

ami (i)

=
∞

∑
m1=1

· · ·
∞

∑
mn=1

K(m1, m2, · · · , mn)
n

∏
j=1

m
aj
j amj(j)

(
n

∏
i=1

m−ai
i

)1/pj


≤
n

∏
j=1

 ∞

∑
mj=1

m
aj pj−aj
j |amj(j)|pj ω j(mi)

1/pj

≤
n

∏
j=1

W
1/pj
j

n

∏
j=1

 ∞

∑
mj=1

m
aj pj−aj+λj(λ−∑n

i 6=j
ai
λi
+∑n

i 6=j
1
λi
)

j |amj(j)|pj

1/pj

=
n

∏
i=1

W1/pi
i

n

∏
i=1

(
∞

∑
mi=1

mαi
i |ami (i)|

pi

)1/pi

=

(
n

∏
i=1

W1/pi
i

)
n

∏
i=1
||ã(i)||pi ,αi .

Hence, (5) holds.
(ii) (b)⇒(c) By Lemma 3 we have (b)⇒(c).
(b)⇒(a) Suppose that ∑n

i=1
ai
λi

= λ + ∑n
i=1

1
λi

, then αi = ai pi − 1 (i = 1, 2, · · · , n).
It follows from Lemma 3 that 1

λ1
W1 = 1

λ2
W2 = · · · = 1

λn
Wn, and

n

∏
i=1

W1/pi
i = W1/p1

1

n

∏
i=2

(
λi
λ1

Wi

)1/pi

=
W1

|λ1|
n

∏
i=1
|λi|1/pi = W0

n

∏
i=1
|λi|1/pi .

Therefore, (5) becomes (6).

Let the best constant factor of (6) be M0, then M0 ≤W0
n
∏
i=1
|λi|1/pi , and (6) still holds

after replacing the constant factor of (6) with M0.
For sufficiently small ε > 0 and sufficiently large natural number N, take

ami (i) = m(−ai pi−|λi |ε)/pi
i , i = 2, 3, · · · , n,

am1(1) =

{
0, m1 = 1, 2, · · · , N − 1,

m(−a1 p1−|λ1|ε)/p1
1 , m1 = N, N + 1, · · ·

then

n

∏
i=1
||ã(i)||pi ,ai pi−1 =

(
∞

∑
m1=N

m−1−|λ1|ε
1

)1/p1 n

∏
i=2

(
∞

∑
mi=1

m−1−|λi |ε
i

)1/pi

≤
(∫ +∞

N−1
t−1−|λ1|εdt

)1/p1 n

∏
i=2

(
1 +

∫ +∞

1
t−1−|λi |εdt

)1/pi

=
1
ε
(N − 1)−|λ1|ε/p1

n

∏
i=1
|λi|−1/pi

n

∏
i=2

(|λi|ε + 1)1/pi .

Notice that K(x1, · · · , xi, · · · , xn)x−ai
i is monotonically decreasing with respect to xi on

(0,+∞), then
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∞

∑
m1=1

· · ·
∞

∑
mn=1

G(mλ1
1 , mλ2

2 , · · · , mλn
n )

n

∏
i=1

ami (i)

=
∞

∑
m1=N

m(−a1 p1−|λ1|ε)/p1
1

∞

∑
m2=1

· · ·
∞

∑
mn=1

K(m1, m2, · · · , mn)
n

∏
i=2

m(−ai pi−|λi |ε)/pi
i

≥
∞

∑
m1=N

m(−a1 p1−|λ1|ε)/p1
1

∞

∑
m2=1

· · ·
∞

∑
mn−1=1

n−1

∏
i=2

m(−ai pi−|λi |ε)/pi
i

×
(∫ +∞

1
K(m1, · · · , mn−1, un)u(−an pn−|λn |ε)/pn

n dun

)
≥

∞

∑
m1=N

m(−a1 p1−|λ1|ε)/p1
1

∞

∑
m2=1

· · ·
∞

∑
mn−2=1

n−2

∏
i=2

m(−ai pi−|λi |ε)/pi
i

×
(∫ +∞

1

∫ +∞

1
K(m1, · · · , mn−2, un−1, un)

n

∏
i=n−1

u(−ai pi−|λi |ε)/pi
i dun−1dun

)
≥ · · · · · ·

≥
∞

∑
m1=N

m(−a1 p1−|λ1|ε)/p1
1

(∫ +∞

1
· · ·

∫ +∞

1
K(m1, u2, · · · , un)

n

∏
i=2

u(−ai pi−|λi |ε)/pi
i du2 · · ·dun

)

=
∞

∑
m1=N

m
λλ1−

a1 p1+|λ1 |ε
p1

1

(∫ +∞

1
· · ·

∫ +∞

1
K(1, m

− λ1
λ2

1 u2, · · · , m
− λ1

λn
1 un)

×
n

∏
i=2

u(−ai pi−|λi |ε)/pi
i du2 · · ·dun

)

=
∞

∑
m1=N

m
λλ1−

a1 p1+|λ1 |ε
p1

−λ ∑n
i=2

ai pi+|λi |ε
λi pi

+λ1 ∑n
i=2

1
λi

1

(∫ +∞

m−λ1/λ2
1

· · ·
∫ +∞

m−λ1/λn
1

K(1, t2, · · · , tn)

×
n

∏
i=2

t(−ai pi−|λi |ε)/pi
i dt2 · · ·dtn

)

≥
∞

∑
m1=N

m−1−|λ1|ε
1

(∫ +∞

N−λ1/λ2
· · ·

∫ +∞

N−λ1/λn
K(1, t2, · · · , tn)

n

∏
i=2

t(−ai pi−|λi |ε)/pi
i dt2 · · ·dtn

)

≥
∫ +∞

N
t−1−|λ1|ε
1 dt1

(∫ +∞

N−λ1/λ2
· · ·

∫ +∞

N−λ1/λn
K(1, t2, · · · , tn)

n

∏
i=2

t(−ai pi−|λi |ε)/pi
i dt2 · · ·dtn

)

=
1
|λ1|ε

N−|λ1|ε
(∫ +∞

N−λ1/λ2
· · ·

∫ +∞

N−λ1/λn
K(1, t2, · · · , tn)

n

∏
i=2

t(−ai pi−|λi |ε)/pi
i dt2 · · ·dtn

)
,

therefore

1
|λ1|

N−|λ1|ε
(∫ +∞

N−λ1/λ2
· · ·

∫ +∞

N−λ1/λn
K(1, t2, · · · , tn)

n

∏
i=2

t(−ai pi−|λi |ε)/pi
i dt2 · · ·dtn

)

≤ M0(N − 1)−|λ1|ε/p1
n

∏
i=1
|λi|−1/pi

n

∏
i=2

(|λi|ε + 1)1/pi .

Letting ε→ 0+ and then N → +∞, by calculating the quadratic limit, we obtain

1
|λ1|

∫
Rn−1
+

K(1, t2, · · · , tn)
n

∏
i=2

t−ai
i dt2 · · ·dtn ≤ M0

n

∏
i=1
|λi|−1/pi ,

consequently,

W0

n

∏
i=1
|λi|1/pi =

W1

|λ1|
n

∏
i=1
|λi|1/pi ≤ M0.
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Thus, the best constant factor of (6) is M0 = W0
n
∏
i=1
|λi|1/pi .

(a)⇒(b) Let the constant factor
n
∏
i=1

W1/pi
i of (5) be the best. Put a′i = ai − λic

pi
, then

n

∑
i=1

a′i
λi
−
(

λ +
n

∑
i=1

1
λi

)
=

n

∑
i=1

(
ai
λi
− c

pi

)
−
(

λ +
n

∑
i=1

1
λi

)
= 0.

For j ≥ 2, it is not difficult to obtain

Wj =
λj

λ1

∫
Rn−1
+

G(1, tλ2
2 , · · · , tλn

n )

(
n

∏
i=2

t−ai
i

)
t
−λjc
j dt2 · · ·dtn.

Additionally, since

α′i = λi

(
λ +

n

∑
k 6=i

1
λk
−

n

∑
k=1

a′k
λk

)
+ a′i pi = λi

(
λ +

n

∑
k 6=i

1
λk
−

n

∑
k=1

ak
λk

)
+ ai pi = αi,

then (5) can be written equivalently as

∞

∑
m1=1

· · ·
∞

∑
mn=1

G(mλ1
1 , mλ2

2 , · · · , mλn
n )

n

∏
i=1

ami (i)

≤ W1/p1
1

n

∏
j=2

[
λj

λ1

∫
Rn−1
+

G(1, tλ2
2 , · · · , tλn

n )

(
n

∏
i=2

t−ai
i

)
t
λjc
j dt2 · · ·dtn

]1/pj

×
n

∏
i=1
||ã(i)||pi ,a′i

. (7)

Hence, according to the assumption, the constant factor

W1/p1
1

n

∏
j=2

[
λj

λ1

∫
Rn−1
+

G(1, tλ2
2 , · · · , tλn

n )

(
n

∏
i=2

t−ai
i

)
t
λjc
j dt2 · · ·dtn

]1/pj

=
1
|λ1|

n

∏
i=1
|λi|1/pi W1/p1

1

n

∏
j=2

[∫
Rn−1
+

G(1, tλ2
2 , · · · , tλn

n )

(
n

∏
i=2

t−ai
i

)
t
λjc
j dt2 · · ·dtn

]1/pj

of (7) is the best. In view of ∑n
i=1

a′i
λi
−
(

λ + ∑n
i=1

1
λi

)
= 0, and

K(x1, · · · , xi, · · · , xn)x−a′i
i = K(x1, · · · , xi, · · · , xn)x

−ai+
λi c
pi

i

is monotonically decreasing with respect to xi on (0, +∞), according to the proof of (b)⇒(a),
we can see that the best constant of (7) is

n

∏
i=1
|λi|1/pi W ′0 =

n

∏
i=1
|λi|1/pi

(
1
|λ1|

W ′1

)
=

1
|λ1|

n

∏
i=1
|λi|1/pi

∫
Rn−1
+

G(1, tλ2
2 , · · · , tλn

n )
n

∏
i=2

t−a′i
i dt2 · · ·dtn

=
1
|λ1|

n

∏
i=1
|λi|1/pi

∫
Rn−1
+

G(1, tλ2
2 , · · · , tλn

n )

(
n

∏
i=2

t−ai
i

)
n

∏
i=2

t
λi c
pi

i dt2 · · ·dtn.
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Set H(t2, · · · , tn) = G(1, tλ2
2 , · · · , tλn

n )
n
∏
i=2

t−ai
i , then, in summary, it can be obtained

that

∫
Rn−1
+

H(t2, · · · , tn)
n

∏
i=2

t
λi c
pi

i dt2 · · ·dtn = W1/p1
1

n

∏
j=2

(∫
Rn−1
+

H(t2, · · · , tn)t
λjc
j dt2 · · ·dtn

)1/pj

. (8)

For functions 1, tλ2c/p2
2 , · · · , tλnc/pn

n , it follows from Hölder’s inequality that

∫
Rn−1
+

H(t2, · · · , tn)
n

∏
i=2

t
λi c
pi

i dt2 · · ·dtn

≤
(∫

Rn−1
+

1p1 H(t2, · · · , tn)dt2 · · ·dtn

)1/p1 n

∏
j=2

(∫
Rn−1
+

H(t2, · · · , tn)t
λjc
j dt2 · · ·dtn

)1/pj

= W1/p1
1

n

∏
j=2

(∫
Rn−1
+

H(t2, · · · , tn)t
λjc
j dt2 · · ·dtn

)1/pj

. (9)

By (8), we know that (9) takes the equal sign. Then, t
λjc
j =constant (j = 2, 3, · · · , n)

is obtained from the condition of equal sign of Hölder’s inequality. Thus, c = 0, i.e.,
∑n

i=1
ai
λi

= λ + ∑n
i=1

1
λi

.

(c)⇒(b) Assume that 1
λ1

W1 = 1
λ2

W2 = · · · = 1
λn

Wn. If 1
r +

1
s = 1(0 < r < 1, s < 0),

then, by the inverse Hölder’s inequality, we find for j ≥ 2

∫
Rn−1

+

K(t1, · · · , tj−1, 1, tj+1, · · · , tn)
n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn

= Wj =
λj

λ1
W1 =

λj

λ1

∫
Rn−1

+

K(1, t2, · · · , tn)
n

∏
i=2

t−ai
i dt2 · · ·dtn

=
λj

λ1

∫
Rn−1

+

K(t
−

λj
λ1

j , t
−

λj
λ2

j t2, · · · , t
−

λj
λj−1

j tj−1, 1, t
−

λj
λj+1

j tj+1, · · · t−
λj
λn

j tn)t
λλj

j

n

∏
i=2

t−ai
i dt2 · · ·dtn

=
∫
Rn−1

+

K(u1, · · · , uj−1, 1, uj+1, · · · , un)u
− λ1

λj
(λλj−aj)−λ1 ∑n

i=2
1

λi
−1

j

×
n

∏
i=2( 6=j)

u
λ1
λi

ai

j u−ai
i du1 · · ·duj−1duj+1 · · ·dun

=
∫
Rn−1

+

K(u1, · · · , uj−1, 1, uj+1, · · · , un)u
λ1(∑n

i=2
ai
λi
−λ−∑n

i=1
1

λi
)

j

n

∏
i=2( 6=j)

u−ai
i

×du1 · · ·duj−1duj+1 · · ·dun

=
∫
Rn−1

+

K(u1, · · · , uj−1, 1, uj+1, · · · , un)u
λ1(c−

a1
λ1

)

j

n

∏
i=2( 6=j)

u−ai
i du1 · · ·duj−1duj+1 · · ·dun

=
∫
Rn−1

+

uλ1c
j K(t1, · · · , tj−1, 1, tj+1, · · · , tn)

n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn

≥

∫
Rn−1

+

1rK(t1, · · · , tj−1, 1, tj+1, · · · , tn)
n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn

1/r

×

∫
Rn−1

+

tλ1cs
1 K(t1, · · · , tj−1, 1, tj+1, · · · , tn)

n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn

1/s

= W1/r
j

∫
Rn−1

+

tλ1cs
1 K(t1, · · · , tj−1, 1, tj+1, · · · , tn)

n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn

1/s

.
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Thereupon,

W j ≥
∫
Rn−1

+

tλ1cs
1 K(t1, · · · , tj−1, 1, tj+1, · · · , tn)

n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn.

If λ1c > 0, then λ1cs < 0 and

W j ≥
∫ 1

2

0

∫
Rn−2

+

tλ1cs
1 K(t1, · · · , tj−1, 1, tj+1, · · · , tn)

n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn

≥
(

1
2

)λ1cs ∫ 1
2

0

∫
Rn−2

+

K(t1, · · · , tj−1, 1, tj+1, · · · , tn)
n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn.

Letting s→ −∞, then W j = +∞. According to the convergence of W j, we have a contradic-
tion. Hence, λ1c > 0 is impossible.

If λ1c < 0, then λ1cs > 0 and

W j ≥
∫ +∞

2

∫
Rn−2

+

tλ1cs
1 K(t1, · · · , tj−1, 1, tj+1, · · · , tn)

n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn

≥ 2λ1cs
∫ +∞

2

∫
Rn−2

+

K(t1, · · · , tj−1, 1, tj+1, · · · , tn)
n

∏
i 6=j

t−ai
i dt1 · · ·dtj−1dtj+1 · · ·dtn.

Letting s→ −∞, then W j = +∞, which is contrary to the convergence of W j; thus, λ1c < 0
cannot hold.

In conclusion, λ1c = 0,; therefore, c = 0, that is ∑n
i=1

ai
λi

= λ + ∑n
i=1

1
λi

.
It has been proved that (b)⇒(c) and (b)⇒(a), (a)⇒(b) and (c)⇒(b), hence (a), (b) and

(c) are equivalent to each other.
(iii) It can be obtained by the proof of (b)⇒(a).

4. Applications

According to Theorem 1, the following several inequalities involving symmetry can
be obtained.

Corollary 1. If n ≥ 2, ∑n
i=1

1
pi

= 1(pi > 1), 0 < λi ≤ 1, ã(i) = {ami (i)} ∈ lpi−1
pi (i = 1, 2,

· · · , n), then

∞

∑
m1=1

· · ·
∞

∑
mn=1

min{mλ1
1 , · · · , mλn

n }
max{mλ1

1 , · · · , mλn
n }

n

∏
i=1

ami (i)

≤ n!
n

∏
i=1

λ
1
pi
−1

i

n

∏
i=1
||ã(i)||pi ,pi−1 ,

where the constant factor n!
n
∏
i=1

λ
1
pi
−1

i is the best.

Proof. Let

G
(

xλ1
1 , · · · , xλn

n

)
=

min{xλ1
1 , xλ2

2 , · · · , xλn
n }

max{xλ1
1 , xλ2

2 , · · · , xλn
n }

,

then G(u1, u2, · · · , un) a is a homogeneous function of order λ = 0.
Set ai pi − 1 = pi − 1, then ai = 1. Choose ai = 1 (i = 1, 2, · · · , n) as the matching

parameter, we have

c =
n

∑
i=1

pi
λi
−
(

λ +
n

∑
i=1

1
λi

)
=

n

∑
i=1

1
λi
−
(

0 +
n

∑
i=1

1
λi

)
= 0.
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Hence ai = 1 (i = 1, 2, · · · , n) is the best matching parameter.
Since 0 < λi ≤ 1 (i = 1, 2, · · · , n), then

G
(

xλ1
1 , · · · , xλi

i , · · · , xλn
n

)
x−ai

i =
min{xλ1

1 , · · · , xλi
i , · · · , xλn

n }
max{xλ1

1 , · · · , xλi
i , · · · , xλn

n }
x−1

i

decreases monotonically on (0,+∞) with respect to xi. According to the results of [13], it is
calculated that

W1 =
∫
Rn−1
+

G(1, tλ2
2 , · · · , tλn

n )
n

∏
i=2

t−ai
i dt2 · · ·dtn

=
∫
Rn−1
+

min{1, tλ2
2 , · · · , tλn

n }
max{1, tλ2

2 , · · · , tλn
n }

n

∏
i=2

t−1
i dt2 · · ·dtn

=
n

∏
i=2

1
λi

∫
Rn−1
+

min{1, u2, · · · , un}
max{1, u2, · · · , un}

n

∏
i=2

u−1
i du2 · · ·dun

= n!
n

∏
i=2

1
λi

.

The conclusion of Corollary 1 can be obtained according to Theorem 1.

Corollary 2. If n ≥ 2, ∑n
i=1

1
pi

= 1(pi > 1), 1 ≤ k < n, λ > 0, λi > 0, 0 < ai < 1, 0 ≤ σ ≤
min{ a1

λ1 , · · · , ak
λk}, ã(i) = {ami (i)} ∈ lai pi−1

pi (i = 1, 2, · · · , n), ∑n
i=1

ai
λi

= σ − λ + ∑n
i=1

1
λi

,
then

∞

∑
m1=1

· · ·
∞

∑
mn=1

(
mλ1

1 + · · ·+ mλk
k

)σ

(
mλ1

1 + · · ·+ mλk
k + · · ·+ mλn

n

)λ

n

∏
i=1

ami (i)

≤ M0

n

∏
i=1
||ã(i)||pi ,ai pi−1 ,

where the constant factor

M0 =
1

Γ(λ)

n

∏
i=1

λ
1
pi
−1

i

Γ
(

σ + ∑k
i=1

1−ai
λi

)
Γ
(

∑k
i=1

1−ai
λi

) n

∏
i=1

Γ
(

1− ai
λi

)

is the best.
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Proof. Let

G
(

xλ1
1 , · · · , xλn

n

)
=

(
xλ1

1 + · · ·+ xλk
k

)σ

(
xλ1

1 + · · ·+ xλk
k + · · ·+ xλn

n

)λ
,

then G(u1, · · · , un) is a homogeneous function of order σ− λ.
For i > k, notice that λ > 0, λi > 0, ai > 0, then

G
(

xλ1
1 , · · · , xλn

n

)
x−ai

i =

(
xλ1

1 + · · ·+ xλk
k

)σ

(
xλ1

1 + · · ·+ xλk
k + · · ·+ xλn

n

)λ
x−ai

i

is monotonically decreasing on (0, +∞) with respect to xi.
For 1 ≤ i ≤ k, since λ > 0, λi > 0, ai > 0, 0 ≤ σ ≤ min{ a1

λ1 , · · · , ak
λk}, then

G
(

xλ1
1 , · · · , xλn

n

)
x−ai

i =

(
x−ai/σ

i xλ1
1 + · · · xλi−ai/σ

i + · · ·+ x−ai/σ
i xλk

k

)σ

(
xλ1

1 + · · ·+ xλi
i + · · ·+ xλn

n

)λ

is also monotonically decreasing on (0, +∞) with respect to xi.
According to Lemma 2, we calculate

Wn =
∫
Rn−1
+

G(tλ1
1 , · · · , tλn−1

n−1 , 1)
n−1

∏
i=1

t−ai
i dt1 · · ·dtn−1

=
∫
Rn−1
+

(
tλ1
1 + · · ·+ tλk

k

)σ

(
tλ1
1 + · · ·+ tλk

k + tλk+1
k+1 + · · ·+ tλn−1

n−1 + 1
)λ

n−1

∏
i=1

t−ai
i dt2 · · ·dtn−1

=
∫
Rn−k−1
+

n−1

∏
i=k+1

t−ai
i

∫
Rk
+

(
tλ1
1 + · · ·+ tλk

k

)σ

[(
tλ1
1 + · · ·+ tλk

k

)
+
(

tλk+1
k+1 + · · ·+ tλn−1

n−1

)
+ 1
]λ

×
k

∏
i=1

t−ai
i dt1 · · ·dtk

)
dtk+1 · · ·dtn−1

=

k
∏
i=1

Γ
(

1−ai
λi

)
k

∏
i=1

λiΓ
(

∑k
i=1

1−ai
λi

) ∫Rn−k−1
+

n−1

∏
i=k+1

t−ai
i

∫ +∞

0

uσ[
u +

(
tλk+1
k+1 + · · ·+ tλn−1

n−1

)
+ 1
]λ

×u∑k
i=1

1−ai
λi
−1

du
)

dtk+1 · · ·dtn−1
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=

k
∏
i=1

Γ
(

1−ai
λi

)
k

∏
i=1

λiΓ
(

∑k
i=1

1−ai
λi

) ∫ +∞

0
uσ+∑k

i=1
1−ai

λi
−1

∫
Rn−k−1
+

1[
1 + u +

(
tλk+1
k+1 + · · ·+ tλn−1

n−1

)]λ

×
n−1

∏
i=k+1

t−ai
i dtk+1 · · ·dtn−1

)
du

=

k
∏
i=1

Γ
(

1−ai
λi

)
k

∏
i=1

λiΓ
(

∑k
i=1

1−ai
λi

)
n−1
∏
i=1

Γ
(

1−ai
λi

)
n−1
∏

i=k+1
λiΓ
(

∑n−1
i=k+1

1−ai
λi

) ∫ +∞

0
uσ+∑k

i=1
1−ai

λi
−1

×
(∫ +∞

0

1

(1 + u + v)λ
v∑n−1

i=k+1
1−ai

λi
−1

dv

)
du

=

n−1
∏
i=1

Γ
(

1−ai
λi

)
n−1
∏
i=1

λiΓ
(

∑k
i=1

1−ai
λi

)
Γ
(

∑n−1
i=k+1

1−ai
λi

) ∫R2
+

1

(1 + u + v)λ
uσ+∑k

i=1
1−ai

λi
−1v∑n−1

i=k+1
1−ai

λi
−1

×dudv

=

n−1
∏
i=1

Γ
(

1−ai
λi

)
n−1
∏
i=1

λiΓ
(

∑k
i=1

1−ai
λi

)
Γ
(

∑n−1
i=k+1

1−ai
λi

) Γ
(

σ + ∑k
i=1

1−ai
λi

)
Γ
(

∑n−1
i=k+1

1−ai
λi

)
Γ
(

σ + ∑k
i=1

1−ai
λi

+ ∑n−1
i=k+1

1−ai
λi

)
×
∫ +∞

0

1

(1 + t)λ
tσ+∑n−1

i=1
1−ai

λi
−1

dt

=

n−1
∏
i=1

Γ
(

1−ai
λi

)
Γ
(

σ + ∑k
i=1

1−ai
λi

)
n−1
∏
i=1

λiΓ
(

∑k
i=1

1−ai
λi

)
Γ
(

σ + ∑n−1
i=1

1−ai
λi

) Γ
(

σ + ∑n−1
i=1

1−ai
λi

)
Γ
(

λ− σ−∑n−1
i=1

1−ai
λi

)
Γ(λ)

=

n−1
∏
i=1

Γ
(

1−ai
λi

)
Γ
(

σ + ∑k
i=1

1−ai
λi

)
Γ(λ)

n−1
∏
i=1

λiΓ
(

∑k
i=1

1−ai
λi

) Γ
(

1− an

λn

)
=

n
∏
i=1

Γ
(

1−ai
λi

)
Γ
(

σ + ∑k
i=1

1−ai
λi

)
Γ(λ)

n−1
∏
i=1

λiΓ
(

∑k
i=1

1−ai
λi

) .

Thereupon,

W0 =
1

λn
Wn =

1
Γ(λ)

n

∏
i=1

λ−1
i

Γ
(

σ + ∑k
i=1

1−ai
λi

)
Γ
(

∑k
i=1

1−ai
λi

) n

∏
i=1

Γ
(

1− ai
λi

)
.

It follows from Theorem 1 that Corollary 2 holds.

In Corollary 2, take σ = 0; the following corollary can be obtained.

Corollary 3. Suppose that n ≥ 2, ∑n
i=1

1
pi
= 1(pi > 1), λ > 0, λi > 0, 0 < ai < 1, ∑n

i=1
ai
λi

=

−λ + ∑n
i=1

1
λi

, ã(i) = {ami (i)} ∈ lai pi−1
pi (i = 1, 2, · · · , n). Then

∞

∑
m1=1

· · ·
∞

∑
mn=1

1(
mλ1

1 + · · ·+ mλn
n

)λ

n

∏
i=1

ami (i) ≤ M0

n

∏
i=1
||ã(i)||pi ,ai pi−1,



Symmetry 2022, 14, 520 14 of 15

where the constant factor

M0 =
1

Γ(λ)

n

∏
i=1

λ
1
pi
−1

i

n

∏
i=1

Γ
(

1− ai
λi

)
is the best.

Take ai =
λi
pi
(σ− λ)− 1 (i = 1, 2, · · · , n) in Corollary 2, we can obtain the following

result.

Corollary 4. If n ≥ 2, ∑n
i=1

1
pi

= 1(pi > 1), 1 ≤ k < n, λ > 0, λi > 0, 0 < λ− σ < pi
λi ,

αi = λi(σ− λ) + pi − 1, 0 < σ <
(

1− 1
pi

)−1( 1
λi −

λ
pi

)
, ã(i) = {ami (i)} ∈ lαi

pi (i = 1, 2, · · · ,
n), then

∞

∑
m1=1

· · ·
∞

∑
mn=1

(
mλ1

1 + · · ·+ mλk
k

)σ

(
mλ1

1 + · · ·+ mλk
k + · · ·+ mλn

n

)λ

n

∏
i=1

ami (i)

≤ M0

n

∏
i=1
||ã(i)||pi ,αi ,

where the constant factor

M0 =
1

Γ(λ)

n

∏
i=1

λ
1
pi
−1

i

Γ
(

σ + ∑k
i=1

λ−σ
pi

)
Γ
(

∑k
i=1

λ−σ
λi

) n

∏
i=1

Γ
(

λ− σ

λi

)

is the best.

5. Conclusions

In this paper, based on some symmetric homogeneous kernels, the concept of the
quasi-homogeneous kernel is proposed and extended to the high-dimensional case. Then,
using the symmetry of the Hilbert-type inequality for each variable and the weight function
method, the matching parameters a1, · · · , an are introduced to obtain the Hilbert-type
inequality of an n-multiple series. In Theorem 1, the equivalent parameter conditions of
the best constant factor of the n-multiple Hilbert-type inequality is established, and the
parameter problem of constructing a Hilbert-type series inequality with the best constant
factor is solved. As applications, some special cases are given in Corollaries 1–4, and many
Hilbert series inequalities with symmetric quasi-homogeneous kernels and best constant
factors are obtained.

Author Contributions: In the process of writing this article, the three authors discussed the relevant
issues many times. Y.H. completed the draft of the full text, L.L. reviewed the full text and put
forward suggestions, and finally B.H. revised and proofread it. All authors have read and agreed to
the published version of the manuscript.

Funding: This work is supported by the NNSF of China (No. 12071491), Guangdong Basic and Ap-
plied Basic Research Foundation-Natural Science Foundation (No. 2021A1515010055) and Guangzhou
Science and Technology Plan Project (No. 202102080177).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: The authors are grateful to the reviewers for their valuable comments and
suggestions to improve the quality of the manuscript.



Symmetry 2022, 14, 520 15 of 15

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Weyl, H. Singuläre Integralgleichungen Mit Besonderer Berücksichtigung des Fourierschen Integraltheorems. Ph.D. Thesis,

Universität Göttingen, Göttingen, Germany, 1908.
2. Hardy, G.H. Note on a theorem of Hilbert concerning series of positive terms. Proc. Lond. Math. Soc. 1925, 23, xlv–xlvi.
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