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Abstract: By introducing a 3 x 3 matrix Lie algebra and employing the generalized Tu scheme, a
AKNS isospectral-nonisospectral integrable hierarchy is generated by using a third-order matrix Lie
algebra. Through a matrix transformation, we turn the 3 x 3 matrix Lie algebra into a 2 x 2 matrix
case for which we conveniently enlarge it into two various expanding Lie algebras in order to obtain
two different expanding integrable models of the isospectral-nonisospectral AKNS hierarchy by
employing the integrable coupling theory. Specially, we propose a method for generating nonlinear
integrable couplings for the first time, and produce a generalized KdV-Schrodinger integrable system
and a nonlocal nonlinear Schrédinger equation, which indicates that we unite the KdV equation and
the nonlinear Schrodinger equation as an integrable model by our method. This method presented in
the paper could apply to investigate other integrable systems.

Keywords: 3 x 3 AKNS spectral problem; nonlinear integrable coupling; nonisospectral integrable
hierarchy

1. Introduction

It has been an important issue to generate new integrable hierarchies and further in-
vestigate their related properties, such as symmetries, Backlund transformations, algebraic—
geometric solutions, covering, etc. [1-7]. Blaszak and Ma [8] started from AKNS 3 x 3
matrix Lax pairs to discuss the Liouville integrable noncanonical systems with variable
coefficient symplectic form by using binary symmetry constraints of the AKNS hierarchy;,
and they further provided a class of integrable factorization for every AKNS system in the
hierarchy. Ma, Fuchssteiner and Oevel [9] adopted 3 x 3 matrix spectral problems

—2A V29 0

o, =UdU=| vV2r 0 29 |, 1
0 V2r 2A
00 zai \/Ebl 0

Q;=Vo,V=) | v2¢, 0 V2l
i=0 0 V2 —2a

and employed zero curvature equations for deriving the standard AKNS hierarchy. Fur-
thermore, they exploited the binary nonlinearization theory to extend a case of 3 x 3 matrix
spectral problems for AKNS hierarchy. Fuchssteiner [10] proposed the notation on in-
tegrable couplings of some known integrable systems while investigating properties of
Virasora algebras. Later, Ma and Fuchssteiner [11] employed the perturbation technique
for generating the integrable couplings of the KdV equation. However, this method is too
tedious and only obtains the integrable couplings of single integrable equations. In 2002,
Zhang et al. [12-14] adopted finite dimensional Lie algebras to introduce spectral problems,
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then employed the Tu Scheme [15] to have generated integrable couplings of some known
integrable hierarchy. In order to produce Hamiltonian structures of integrable couplings,
Guo and Zhang [16] introduced a s-dimensional vector space V and defined a Lie bracket
to make V a Lie algebra V. On V, a linear functional was again introduced, by employing
the variational method, a formula called the quadratic-form identity was obtained. Later,
Ma and Chen [17,18] further improved the formula to get a variational identity, which
is a powerful method to generate Hamiltonian structures of some integrable couplings
of the known integrable hierarchies. The quadratic-form identity is generalized form of
the trace identity proposed by Tu Guizhang [15]. It is remarkable that not all integrable
couplings of the known integrable hierarchies possess Hamiltonian structures deduced by
the quadratic-form identity or the variational identity. For example, the Lie algebra

Az,l = Span{elr €r,€3,¢64, 65}

1 0 010 000
e1:(0—1 0) (000>,e3:(100),
0 0 00 0 000
00 1 000
e4_(ooo> (001),
00 0 000

has a resulting loop algebra:
Ayq =span{e;(n),i=1,...,5},¢;(n) = e;A".

By applying the loop algebra A_;l, some integrable couplings of the AKNS hierarchy, the TD
hierarchy, etc., could be obtained by the use of the Tu Scheme. However, the Hamiltonian
structures of such the integrable couplings cannot be generated by the quadratic-form
identity or the variational identity. Therefore, it is necessary to choose appropriate Lie
algebras for deducing their Hamiltonian structures. In addition, the Lie algebras for
generating integrable couplings are usually enlarged by the basis of the Lie algebra A;. In
the paper, we want to start from the 3 x 3 AKNS spectral problems which are represented by
3 x 3 matrix Lie algebras to derive integrable couplings of the known integrable hierarchies
through turning the 3 x 3 matrix Lie algebras to the 2 x 2 Lie algebra by choosing proper
matrix commutative transformations. Based on those, we choose two appropriate enlarged
Lie algebras for which the integrable couplings of the AKNS hierarchy from the 3 x 3
spectral problems are generated, respectively. Besides, their Hamiltonian structures are also
obtained by employing the quadratic-form identity and the trace identity. Specifically, we
obtain new nonlinear isospectral and nonisospectral integrable couplings and their initial
symmetries of the nonlinear Schroger equation, the KdV equations. In particular, we obtain
a nonisospectral nonlinear Schroger equation.

2. Isospectral and Nonisospectral 3 X 3 ANKS Hierarchies
Based on the 3 x 3 spectral problem (1) and (2), we take the spatial spectral equation

-A q 0
Y,.=UY, U= r 0 g |, 3)
r A

0

1 0 O 010 0 00
=100 0 |],ee=001],es=|10 0|,
0 0 -1 0 00 010

and define a commutative operation as follows:

Set

[A,B] = AB — BA,
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then we have
[e1, e2] = €2, [e1, e3] = —e3, [e2, €3] = ey @)
Making a matrix commutative transformation
1 1
e1~ =h,ep ~ee3~ =f, 5
1~ oher ~ees~ o f )

where

(3 %) (30)0-(20)

is a basis of the Lie algebra A;.
By using (6), an enlarge Lie algebra is given by

H =: span{hy, hy, h3, hy, hs,he},

0 e 0

h )/hZ— ( 0 e )rh?)—
h 0 e
I >1h5_ ( 0 e >lh6_

where

-

1( h
2\ 0
1/0

m‘z(o

N = N =
OO O+

= O
N———

It is easy to see that

h]/hz == h2/ [h]/h3] = _h3/ [h1/h4] = 0/ [h1/h5] = h5/

[h1, ha]
(M1, he] = —he, [ha, h3] = hq, [hp, hy] = —hs, [ho, h5] =0,
(ho, he] = hy, [h3, hy] = he, [h3,hs] = —hy, [h3, h6] =0,
[hg, hs] = hs, [hg, he] = —he, [hs, he) = he.
Denoting
Hy = span{hy, hy, h3}, Hy = span{hy, hs, he},
then

H = Hy & Hy, [Hy, H1] C Hy,[Hy, Hy| C Hy, [Hy, Hy| C Ha, )

hence, H is a semi-simple Lie algebra. Specially, we find the Lie algebra A; = span{e;, ey, e3}
has the same commutative relations with the Lie algebra Hj. Therefore, span{ey, ey, e3} is
isomorphic to Hy. Thus, if employing the loop algebras Aj and H; with the same degrations
and the Tu Scheme, we could generate the common integrable hierarchies. In what follows,

we first apply the loop algebra A; and the Tu Scheme to deduce the 3 x 3 isospectral and
nonisospectral hierarchy.

Set
A1 = span{e;(n),ex(n),e3(n)}, ei(n) = e;A",i =1,2,3,n € Z.
Taking
V= Z(aiel(—i) + bj62(—i) + Cj€3(—i)) + Z(ﬁjel(—j) + EjEzez(—j) + 5]‘63(—j))
i>0 j=0
=W+,

then the compatibility condition of the spectral problems

¢x = U(u,\)p, ¢t = V(u,A)p, At #0 €)

reads that U U
Eut + ﬁ)\t — Vx + [U, V] =0.
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According to the scheme called the generalized Tu Scheme presented in [19-21], we first
solve the equation for V

ou
ﬁ)‘t +[U,V]=0,A = gk ©)
j=0
which admits that )
a (qei —1b;) — a;(t),

=9
aj=9" 1(qc] —rb]) ( )x,
biv1 = (=9 +q9~'r)b; — g9 qe; + ai(t)q,
b1 = (—0+q0 'r)b; — g0~ 'q¢; + k;(t)xq,
civ1 = (0 —rd~1g)c; +ro trbj + a;(t)r,
Ciy1 = (0 — Ta_lq)fj + 78_17’5]' + kj(t)xr
Noting
n
VI = Y (aey (n — i) + biea(n — i) + cies(n — 7))

i=0

+ i(ﬁjel(m — J) + bjea(m — j) + cjes(m — j))
i=0

= A"V 4 AV — VU,
A = Ama - A,
then (9) can be decomposed into

— v, vt - % () — ym) g, vy - g—%/\( ) (10)

The gradations of the left-hand side in (10) are more than 0, while the right-hand side less
than 1. Thus, the gradations of (10) read 0, 1, which lead us to the following

ou -
VI V) 4 SEAY = (but + Bua)e2(0) = (e + i )es(0).
The zero curvature equation
%A“’” + Z—Uu v 4, vy = o

gives rise to the following isospectra and nonisospectral AKNS hierarchy
Uy =: ( q ) — ( *bn-&-l*Bm-&-l )
rJ, Cnt1 T Cmt1
_ ( -1 )( 20511+ 241 ) N h( 2,11+ 211 )
0 2bn+1 + 2bm+1 2bn+1 + 2bm+l

_1
2 ) is a Hamiltonian operator. Equation (11) can be written again

(11)

Ni—= O

where [; = (

Ni= O

Uur =

1 —q0 g 9-—golg 2cy +2Cm
2\ a—ro~lg rolr 2b,, + 2b,

ret() ()

(12)
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It is easy to compute that
Cnl ) _ 9—ro lr ro~lr Cn L r
bui1 —qo~lq —9+gq0lr by "\ g
Cn r
=:L + =...
(o)l
:L"< Zi ) +[rle”‘l+a2L"‘2+-~+an_1L+o<n]< ; )

Hence, (11) can be written as

wr( 2aor n— n— r
uﬁ(”t—q}]( 2000 )HZ“]@ 22 2+'”+2“”)]< q)

m 2k0xr m—1 m-2 Xr
+P ]( Shoxg F (2 "L 4 2ky @2 4 2K)] xq

_ iszn_iCDi]< r )+i2km_]-<bi]< xr )
i=0 1 =0

] X

i(0)=30")

we have the 3 x 3 AKNS isospectral-nonisospectral hierarchy:
n 1 i i —q m 1 j o —xq
_ N (2) @
Ut l;)"‘nz<4) N ( ’ ) +];)km](4> @ ( xr )r (13)

e —-9+4g0"r g0y
N —r~lr  9-ra"lg )

Due to

where

Letj=0,i =n,ap(t) = 4", (13) reduces to the isospectral hierarchy:

u = é:”( A > —: K. (14)

7

It is easy to verify that
Ty = ntKy,_1 + x< _rq )

are nonlocal symmetries of (14). Since ® is a strong symmetric operator, 7' = ®"'1} =

ntKy4n—1 + <T>”x< _rq ) are still symmetries of (14).

Remark 1. Through the discussion as above, we declare that the integrable hierarchies derived from
3 x 3 matrix Lie algebras can be worked out by employing 2 x 2 matrix Lie algebras via such the
transformation (5). Actually, some other 3 x 3 spectral problems can also transform to 2 X 2 cases
by the transformation (5). For example, the following 3 x 3 spectral problem [22]:

20 -2 /2g 0
Y, = —2Mr 0 ﬁq Y.
0 —V2Ar  —2A —2s

The advantage for turning 3 x 3 spectral problems to 2 x 2 cases by using (5) lies in further
investigating integrable couplings of the associating integrable hierarchies derived from 3 x 3
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spectral problems. In what follows, we still take the 3 x 3 AKNS integrable hierarchy for example to
illustrate the question.

3. Two Kinds of Integrable Models of (13)

The so-called integrable models in the paper imply integrable couplings of some
known integrable hierarchies.

Case 3.1: The first kind of integrable model

Now, we shall employ the enlarged Lie algebra H (7) obtained by using the transfor-
mation (5) for deducing a kind of integrable coupling of (13) and discuss its Hamiltonian

structure.
Set

Px =
Pt =
Vi =
Vo =

A =

By using (9)

Denoting

VJ(Fn,m)

g

Up,U = —hi(1) + qh2(0) + rh3(0) + u1hs(0) + uzhe(0), (15)
Vo, V=VI+V1,, (16)
Y (@il (i) + biho (i) + ciha(—i) + diha(—=i) + eihs(—i) + gihe(—i),

i0

Y (aihy (=j) + bjho(—j) + Ciha(—j) + diha(—]) + ejhs(—]) + gjhe (=),

=0

j=0

along with (15) and (16), we have

a; =0~ (qe; — rb;) — a;(t),

a; =9 ' (qe; — rbj) — ki(t)x,

biv1 = —bix = qa;, (17)
bjv1 = —bjx —qaj,

Cit1 = Cix — 144,

Civ1 = Cjx — rdj,

di = 07 [(q + u1)gi — (r + up)e; + urc; — uzbi] — Bi(t),

dj = o (g + u1)g; — (r + u2)ej + u1¢; — uab;] — vj(t)x,

eir1 = —ex—(g+ ul)d_i — uq4a;, (18)
8iy1 = —€ix — (q+u1)d; — u1adj,

Si+1 = &ix — (r +uz)d; — upa;,

Si+1 = gjix — (r + uo)d; — uodj.

= i(aihl (n—1i) 4+ bihy(n — i) + cihs(n — i) + d;hg(n — i) + e;hs(n — i)
i=0
T gihs(n— 1)) + i}@-mm )+ Biha(m — ) + ciha(m — )
]:

iy — ) + s (m — )+ gihe(m — )) = V. + V",

& ' (m)
=Y ki (HA" T =AM — A
j=0
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A direct calculation gives rise to

n,m n,m ou m T _
v (U VI 4 A = (b, 4 Buya)B2(0) = (Cug 18 )3 (0)

oA
+ (en+1 + e_erl)hS(O) - (gn+1 + gm+1)h6(0)-
Noting V(") = Vi"’m), then the nonisospectral zero curvature equation

ou ou
7ut + _

u ' oA AL — v (U, V) = 0

admits an integrable model

q —byt1 — by
r c +C
Uy = — n+1 711+1 . (19)
U —€p4+1 — Em+1
Uz t Sn+1 T 8m+1

Obviously, when u; = up = 0, (19) reduces to (13). Therefore, (19) is an integrable
coupling of the isospectral-nonisospectral hierarchy (13). In the following, we consider
some reductions of (19).

Set

bo = co = go = eo = 0,a0 = ao(t),do = —Po(t),
then from (17) and (18) we get that

by = wog,c1 = agr, a1 = —aq(t),

by = —aoqx + 14,2 = agry + 17, a2 = apqr — az(t),
b3 = &ofxx — 61qx — X0 T + A2,

€3 = AoTxx + &17x — Q4> + o,

az = wo(qry — qxt) + a1qr — az,

by = —&0fxxx + 3009427 + 01 qxx — 01077 — Koy + (34,

Cq4 = XQVxxx — 30‘0qrrx + a1rxx — ‘qurz + apry + azt,

81 = Po(r + u2) + aguy,

e1 = Polq + u1) + aous,

dy = —B1(t),

ex = —Po(q+u1)x — wourx + B1(q + u1) + aguy,

g2 = Bo(r + uz)x + aguay + B1(r + uz) + aquy,

dy = Bo(q + u1)(r + uz) + agurr + aguiuz + aoti2qg — P2,

Whenn =1,m = 0, (19) reduces to

qt = xofdx — a1q,
Tt = &oTx + x17,
urr = Bolq +u1)x + aotr,x — B(g +u1) — wyuy,
Uzt = IBO(r + Mz)x + apua,x + ,61(7’ + Mz) + xqup.
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When n =2,m =0, (19) becomes

gt = — &ofxx + X1qx + 0601127 — a2,
re =agrxx + @11y — aoqr* + a7,
ury = — Bo(q + 1) xx — @ott1,xx + B1(q + u1)x + azigy,
+ Bo(q + uy)*(r + uz) + ao(q + u1) (urr + taq + uquiy)
— Ba(q + u1) + aogrus — azuy,
ugp =Po(r + u2)xx + aoUoxx + P1(r + 2)x +artinx
— Bo(q + u1) (r + u2)?® — g (r + uz) (urr + uguz + uzq)
+ Bo(r + up) — apqruy + apuy.

(20)

Specially, set a1 = ap = 0,09 = 1,89 = B1 = B2 = 0,u; = up = 0, (20) reduces to the
well-known nonlinear Schrédinger system

= —gyy + d%r,
{qt Qxx T q°71 (21)

rp = ey — qre.
Remark 2. We first time obtained such the nonlinear integrable coupling of the nonlinear Schrodinger
equation. The so-called nonlinear integrable coupling means that if uy = K(u) is a known integrable

hierarchy, vy = S(u,v) is also integrable and is nonlinear with respect to the new potential variable
v, then the integrable system
{ut = K(u),

vy = S(u,v)

is called a nonlinear integrable coupling.
When n = 3,m = 0, (19) again reduces to

{Qt = —by = apGxxx — 300qqxT — X1 Gxx — D‘quT + axqx — a3q, (22)

Tt = C4 = QpTyxx + &1Txx — SX0GITyx — 061‘172 + apry + sy,

uyy = —eg =Po(q + 1) xxx + &oU1xxx — B1(q + 1) xx — X1l xx
— ao[(q + u1) (urr + uzg + wyuz)]x + B2 (q + u1)x — ao(qrun)x
+ ity — 3Bo(q + u1) (q + u1)x (r + u2) + a0 (g + 1)tz
—ao(q +u1)(g +ur)xuz + aoqua,x (g + u1) — aoqxua(q + ) (23)
+ (g + u1) (uatine — u xtip + urrx — ugxr) + P1(q + ur)(q + u2)
+a1(q +u1)(q + uz + wruz + urr) — B3(q + u1) + aour (qrx — gxr)
+ ayqrug — azuy,

g = g4 =Po(r + U2)xxx + &oU2,xxx + P1(r + 12) xx + X1U2 2y

—3Bo(q + u1)(r +u2)(r + uz)x — ao[(r + u2) (u1r + uguz + u2q)|x
+ Bo(r +uz)x — ap(qruz)x + otz — ag(r + u2)(q + u1)uz
+ aq(r 4 u2) (g + up)xup — ao(r + up)qua x + aoqxuiz (r + uz) (24)
— g (7 + up) (ugtpx — Uy iy +urry — g r) — Br(r +uz)(q + uq)
X (g +uz) — oy (r + uz) (qua + ugup + ugr) + Ba(r + uz)
— aoup(qry — qxr) — x1qrup + asily.

When oy = ap = a3 = 0,09 = 1, (22) reduces to

{qt = Gxxx +399x7, 25)

Tt = Txxx — 3q1Tx.
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When r = 1, (25) turns to the KdV equation

qt = Qxxx + 31717x

When r = —iq, (25) becomes
qt = Jxxx — 3i5]21/]x; (26)
which is a complex modified KAV equation.
When ag = ap = a3 = 0,a17 = 1, (22) reduces to

= —gyy + %1,
{qt Gux + 7 )

2
Yt = Txx —qr-,

which represents the Schrodinger equation.

Therefore, we call (22) a generalized KdV-Schrodinger integrable system. Obuviously, when
Bi =0(i =1,2,3),u; = uy = 0, Equations (23) and (24) identically hold. Hence, (22)—(24) con-
sist of an nonlinear integrable coupling of the generalized KAdV-Schrodinger integrable system (22).

Remark 3. From the above discussion, we conclude that a simple and efficient approach for gener-
ating nonlinear integrable couplings just right take multiple parameter functions.
In what follows, we look for the Hamiltonian structure and the symmetries of the isospectral

integrable hierarchy:
q *bn-&-l
— r _ Cn+1
S R B I )
Uz t In+1

which is the integrable coupling of the hierarchy (14). For arbitrary elements a, b in the Lie algebra
H, we represent them as

6 6
a—= Zaihi,b = Zbihi
i=1 i=1

which can be used to define a commutative operation in the vector space R® as follows:

a,b
o= oy ) )
where
[a, b]lT =(agbs — agby, a1by — apby, asby — aybs),
[a,b]} =(asbs — agby + asbs — asbs + asbg — agbs,
a1bs — asby + agby — apby + a4bs — asby,
asby — agbs + aghy — a1be + aghy — agbg).

It can be verified that R® becomes a vector Lie algebra if equipped with (29). Besides, (29) can be

written as
_ T _ 1 Ri R
[a,b] =a R(b) =a < 0 Rs ),

0 b —bs 0 bs —bs
Ry = b3 —by 0 , Ry = be —by 0 ’
—bz 0 bl b5 0 b4

0 by +bs —by—bg
R3 = b3 + bg —by — by 0 ,

—by — by 0 b1+ by

where
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R(b) requires satisfy

Solving (30) obtains

here 115 and 1y are constants.
According to Refs. [16,17], a linear functional is defined by

{a,b} = a Mb.

Taking
U= (-Aq,70uy,uy) € RO,

V =(A,B,C,D,E,G) € RS,
A=Y aA,B=Y biA ™, ...

i>0 i>0

In terms of (31), it is easy to calculate that
ou ou
{V/ %} = C’?l + G772/ {V/ y} = B’?l + E’72/
ou ou
{v, %} =Cn2+ G2, {V, %} = (B+E)n,
ou
{V, =} = A+ D

Substituting the above results into the quadratic-form identity reads that

Cni+ G
0 7 9 Bii + Ena
9 1%
pu A D) = ATSRAT o G
B772 + Eﬂz

Comparing the coefficients of A=~ of both sides in (32) gives

Cnul1 + gul2
9 _ bui1 + entp2
2Su(an+1’71 +dpy12) = (—n) Cull2 + gulfa
btz + entp2
Thus,
Cntf1 + &nl2
b1 + ent2 _. 0H,
cutio+8gut2 |- 7 du’

bui + ennpn

(30)

(31)

(32)
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where H, = — M are the Hamiltonian function. We can take 1 = 1, then the integrable

coupling (28) can be written as

0 1 0 1
q 1 21 1 1_(;72 Cn+1M1 + &nt172
Uy = r = 1= 1 721 1 bpi1m + enyai
o1 0 T-12 0 i Cnt172 + &n+112
uz t 772171 0 m O bn+1’72 + en+1772 (33)
Cn+1 + Snt1l2 (r + up) Butia + tpantly + ot
— 7 byt1 +eni1m2 _ T5Hn+1 n —(q + u1)Bunz + urant2 + anq
Cnt1M2 + Sn+112 Su (r 4 up) Butja + upantn + antnp
byt112 + €112 —(q + u1)Bunz + uraniz + qant

which is the Hamiltonian form of (28). It can be found that

Cnt1 + n+112 Cn + &nlf2
bn-‘rl + ent112 - L by + entl2
(Cnv1+ gur1)2 (cn + gn)2
(anrl + en+1)772 (bn + en)772
where
9—rd71g ro~1r —r(r+u)o luy —up0 g (r+up)d lug + 10 r
—q07 g —0+4g07lr  —(gH+u)oluy —ud7lq (g u)dluy +ugdlr
(r +u2)0~ (ug — up) 0 9 — (r+u)d (g +up) (r+u)0 1 (r +un)
0 0 —(q+u1)a7 (g +u1) =9+ (g +u1)d ! (r + ua)

is a recurrence operator. Hence, (33) can be written again as

q cn + gnif2 (r 4 u2) Butjz + uotntjy + ayr
| 1 by +entf2 —(q 4 u1)Bunp + urantn + g
Uy = = ]L
U (cn + gn)12 (r +u2) Butfz + uatntjy + antri
uy /, (bn +en)2 —(q +u1) Burz + uranipz + qanip
€1+ 8112
- by +e112
=P +P =" + Py,
P / (c1+81)m2 z
(bl +€1)172
where
& =JL]!
0 1 0 -1
-1 0 1 0
= 1
0 -1 01 oy
1 0 ~% 0
R I o lr —(r+up)0 tuy —up07lq  (r+up)0 luy +up0”lr
—q0~ g —0+q07r  —(g+u)dluy —ud g (qg+uy)d tuy +ug07
(r+ 1)~ (ug — up) 0 90— (r+u)d (g +u) (r+u2)d~ 1 (r + up)
0 0 —(g+u)o (g +up) O+ (q+uy)o (r+uy)
1 1 1
0 “n(m-1) 0 1-g
1 1 1
w (1) 0 =53 0
0 1—1 0 1 _q
2 2
| 0 L1 0
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Obviously,
1+ 8112
Ko :]— bl + 61772
(c1 +g1 12
(b1 +e1)m2
0 1 0o -1 aor + (Bor + Pouz + aou1 )12
1 -1 0 1 (1’ aoq + (Boq + Bou1 + aou1)12
Tp—1| 0 0 5 (aor + Bor + Bouz + agti1 )12
1 0 —% 0 (aoq + Bogq + Bour + aou)n2
_Dcoq
o xor
—(Bog + Bou1 + agtiq)

(ﬁo?’ + ,Bouz + l’éoul)

is an initial symmetry of the integrable coupling (33). The isospectral-nonisospectral integrable
hierarchy (19) also contains the nonisospectral integrable hierarchy

q _Em+1
r Em+1
= = " . 34
" 51 —Cm+1 (4)
Uz t g_m+1
In what follows, we consider some reductions of (34). Set by = ¢p = o = & = 0,9 =
—ko(t)x,dy = —o(t)x, then we have from (17) and (18) that
by = koxq, &1 = koxr,§1 = yox(r + u2) + koxuy,
&1 = vox(q 4 u1) + koxuy, a1 — ky(t)x, dy = —y1()x,
by = —ko(xq)x + k1xq, 82 = ko(xr)x + kyxr,
2 = vo(x(r 4+ up))x + ko(xuz)x + y1x(r 4 up) + kyxu,
&y = —70(x(q +u1))x — ko(xur)x +y1x(q + 1) + kyxuy,
ay = koxgr + koo ™! (qr) — kox,
b3 = ko(xq)xx + k1(xq)x — koxq®r — kogd " (qr) + kaxq,
3 = ko(x7)xx + k1 (x7)x — koxqr? — koro~t(qr) + koxr,
dy = yox(q + uq) (r + u2) + 100~ (q + uq) (r + u2)
+ koo Y [(q + u1) (xup)x + (r 4 ) (xuq)]
+ koo~ ! (urr + upxry + unq + UpXqy) — Yy2x,
33 = yo(x(r +u2))xx + ko (xti2)xx + Y1 (x(r + 12))x 35)
+ Ky (xup)x — ua[koxqr + kod 1 (qr) — kox] — (r + up)dy,
Yo(x(q +u1))xx + ko(xt1)xx — 1 (x(q +u1))x (36)
— ky(xu1)x — up[koxqr +kod 1 (qr) — kox] — (g + uq)da,
When m = 1, (34) reduces to
qt = ko(xq)x — k1xq,
re = ko(x7)x + kyxr, 37)

uyr = yo(x(q+u1))x + ko(xuq)x — y1x(q 4+ ug) — kixuy,
upt = yo(x(r + u2))x + ko(xuz)x + y1x(r + u2) + ky xus.
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Obviously, When vy = y1 = u1 = up = 0, (37) just reduces to

gt = ko(xq)x — k1xq,
re = ko(xr)y + kyxr.

Hence, (37) is a nonisospectral integrable coupling of (38).
When m = 2, (34) becomes
gt = —ko(xq)xx — k1 (xq)x + koxq*r +kogd ™ (qr) — kaxq,
1t = ko(x7)xx + k1 (x7)y — koxqr?* — kord ™1 (qr) + koxr,
Uy = —é,
uzt = g3,

where 3, g3 are presented by (36) and (35), respectively.
When vg = 71 = 72 = 0,u1 = up = 0, (39) reduces to

gt = —ko(xq)xx — k1 (xq)x + koxgr +kogd ™" (qr) — kaxq,
re = ko(xr)xx + k1 (x7)x — koxgr?* — kord 1 (qr) + koxr.

Therefore, (39) is a nonlinear nonisospectral integrable coupling of (40).
Taking r = 0, (40) again reduces to

qr = —ko(xq)xx — k1(xq)x — k2xq.

A simple symmetry of the nonisospectral integrable coupling (34) is given by

1+ &2
- by + e
T = o
0=J (C1+81)m
(b1 +81)m2
0 1 0 -1 koxr + [’Yox(i’ + up) + koxup
_ 1 -1 0 1 (1) koxq + [yox(q + u1) + koxus
m—-1 0 -1 0 [koxr + yox(r + ua) + koxus
1 0 —% 0 [koxq + yox(q + uy) + koxuy
—koxg
koxr

—yox(q + u1) — koxuy
Yox(r+ up) + koxup

Case 2: The second kind of integrable model
In the section, we take the basis of the Lie algebra A:

(35 e (2 3)-(0 )

which is enlarged to the following
G =:span{f1, f2, f3, fu, f5. fo},

where

-3 (s )k ).
f4—;(2 g),f5=<(e) S>,f6=;<?¢ g)

Jn2
Jm2
Jm2
Jm2

(38)

(39)

(40)
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along with the following commutative relations
(f1, o] = fo lf1, f3l = = f3,[f1, ful = 0,[f1, f5] = fs,
(f, fo] = —fo lf2, f3] = fu [fo, fu] = —f5,[f2, f5] = 0,
(f2 fol = fa [fa, fal = fe, [f5, f5] = —fu, [fa, f6] = 0O,
[fa f5] = fo, [fa fo] = =13, [fs, fo] = fu-
Denoting
G = G1® Gy, Gy = span{fy, fo, f3}, G2 = span = {fy, f5, fe },
we find that
[G1,G1] C Gy, [G1, Ga] C Gy, [Ga, G2] C Gy. (41)

Remark 4. Obviously, G and Hy has the same commutators. Hence, if defining the same loop
algebras Gy and H for Gy and Hy, and introducing the same spectral equations, then it follows
that the same integrable hierarchy can be generated by the Gy and Hy. However, (41) is different
from (7), we conclude that we could obtain various integrable coupling by using the Lie algebra
G. In what follows, we shall employ the Lie algebra G for generating another kind of expanding
integrable model of (14).

Set
¢x = Ug, U = —f1(1) +/2(0) +r£3(0) + 5115(0) + s2h6(0), (42)
pr=Veo,V=V1+V,, (43)
Vi =Y (mifi(—i) + agifa(—i) + asifa(—i) + agi fa(—i) + asifs(—i) + aei fo(—i)),

i>0

6

Va=) ) biufi(=j), A=) kj(H)AT

i=0i=1 >0

Denoting

I=1

ot <Gt B

Zk HAMT = A — A,

then equation

ou
Vx — ﬁ)\t + [u, V]

admits that

a =07 (qas; — ray; + s1a6; — S2a5;) — a;(t),
az,iv1 = —(a2i)x — qa1; — 5144,

3,11 = (@3;)x — ray; — Sady;,

ag = 0" (qag — ras; + s1a3; — s2a5;) — Pi(t),
as,i1 = —(a5;)x — qas; — 5141,

ag,it1 = (A6i)x — ras; — S2Ay;,
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Taking

dj = 97 (qisj — rij + 5186 — s2d5;) — k;(t)x,
yj11 = —(A2j)x — 9d1; — $144j,

a3 11 = (83))x — rdyj — S2dy;,

fy; = 0™ (qlig; — riis; + s13; — spi1;) — % (t),
as,j1 = —(@5))x — qAx — qgj — 5173,

6,41 = (dg)x — 1laj — S2d1j,1,j > 0.

a0 = a3y = Asp = Agg = g = 30 = 50 = A0 = 0,
a10 = —ao(t), az0 = —Po(t), a0 = —ko(t)x,dsg = —yo(t),

then we get from the above equations that

ap1 = aoq + Pos1, a3 = &gy + Pos2, as1 = xos1 + Pod,
ag1 = aosz + Poy,ann = —a(t), as = —pa(t),

az = —apqx — Posix +a19 + P11,

Az = —a0Yx + Posax + w17 + 152,

asy = —aos1x — Poqx + p1q + a5y,

a6y = xoS2x + Poyx + P17 + 151,

a12 = ao(qr +s152) + Po(gs2 +7s1) — aa(t),
agp = wo(gsy + rs1) + Bo(gr + s152) — Ba(t),

a3 = oGy — G°r — 245152 — 15152) + Po(S1xx — G752 — 2q751 — 5%52)
—a1qx — P1S1x + x2q + B27,

a33 = ag(rxx — qr° — 25152 — 453) + Po(S20x — 24752 — 1751 + 5153)
+ a7y + B1Sax + aor + Bosa,

as3 = a0 (s1xx — 29751 — 5152 — °52) + Po(qrx — 47 — 2q5152 — 157)
— w151x — P1gx + 281 + P2y,

ag3 = ao(Saxx — 2q7sy — 25y — sls%) + Bo(rxx — qr2 — 2rs18y — qs%)
+ 182y + B1rx + Por + azsy,

ay = koxq + 7y0s1,a31 = koxr + Y0s2,

as1 = Y04 + koxs1,ds1 = Yor + koxsa,a11 = —ki1(t)x,

ayg = —71(t), 352 = —v0qx — ko(xs1)x +qv1 + k1xsy,

62 = Y0Yx + ko(x82)x + 717 + k1x82,

a3y = ko(x7)x + y0S2x + k1xr + 7152,

ay = —ko(xq9)x — Y0511 + k1xq + 7151,

a1y = ko0~ 1(qr + s152) + kox(gr 4 s152) + Y0(gs2 + rs1) — ka()x,
Ayy = koo~ ' (gs2 + rs1) + Y0(q7 + 5152) + kox(gs2 +751) — 72(t),
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A3 = ko (xq)xx + V05122 — k1(xq)x — 11515 — kogd ™' (97 + 5152)
— koxq(gr + s152) — vo(gsa +rs1) + koxg — kosla_l(qsz +7s1)
— Y051(qr + s152) — koxs1(gs2 + rs1) + 7251,
33 = ko(x7) xx + Y0525x + k1 (x7)x + Y1820 — kord ™! (qr + 5152)
— koxr(
— Yo0s2(
53 = ko(x51)xx + Y0qxx — 1149x — k1(x51)x — kogd ™' (qs2 + 7s1)
— v0q(qr + s152) — koxq(gsz + rs1) + v2q — kos19~ 1 (qr + 5152)
— koxs1(gr + s152) — 7051(q82 + 751) + koxsy,

qr +s182) — Yot (gsa + rs1) + koxr — koszafl(qsz +7s1)
qr +s152) — koxsa(qs2 +7s1) + 7252,

g3 = ko(XSz)xx + Yorxx + Y17x + kl(XSZ)x — korafl (qu + 1’51)
— qor(qr + s182) — koxr(gsy 4 rs2) + Yar — ko290~ (gr + s152)
— koxs2(qr + s152) — v052(gs2 + rs1) + kaxs,

A direct calculation reads

ou
= (Ve UV ALY

_ mm)y (nm)y _ OU _ (m)
= (V) = [ VEPT] = =2 D

= (az 41 + A2 m+1) f2(0) — (43,41 + a3,m+1) f3(0)
+ (@5,141 + a5m+1) f5(0) — (a6,n+1 + d6,m+1) f6(0)-

Therefore, the nonisospectral zero curvature equation

%g r%%%A() v 4w, vty = o

admits an isospectral-nonisospectral Lax integrable hierarchy

q —A2,14+1 — A2,m+1

r _ 31+ B3 mi1 | (44)
51 —as,n4+1 — 45,m41

52/ A6n+1 + A6 m+1

Ur =

When a3, @3, 5, ae,p(p = m+1) = 0, (44) reduces to the resulting isospectral integrable
hierarchy

q —a2,n+1
r a
Uur = = 3n+1 . (45)
51 —a5,n+1
SZ t aé;n+1

Specially, when sy = sy, (45) reduces to the AKNS hierarchy.
In what follows, we deduce the Hamiltonian structure of (45). The U and V in (42) and (43)
can be written as

U = ( —h(1) + 4e(0) +r£(0) s1¢(0) +52f(0) )
s1¢(0) +52f(0) —h(1) +4e(0) +£(0) )’

Vi = ( a1h(0) + aze(0) +azf(0)  agh(0) + ase(0) + agf(0) )
1 a4h(0) 4 ase(0) + agf(0) ah(0) + aze(0) +azf(0) )’
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where
a; = aZ]fl(]),tzl,Z,,6
j=0
It is easy to calculate that
ou ou ou
Vi, =—) = —4a1, V1, =—) = 4a,(V1, —) = —4ag3,
<18)\> a1<laq> a2<1ar> as
ou ou
Vi, =) = —das, (V}, —) = —4aq.
< 1/asl> a5/< l/asz> a6
Substituting the above consequences to the trace identity gives
4{12
1) ., 0 —4513
—(—4a;) = AT =)\Y 46
5u(~4m) oA 405 (46)
—4116
Comparing the coefficients of A~"~1 both sides of (46) leads to
azn
O () = ()|
Su 1,n+1 as
—len
It is easy to check that v = 0. Thus, we have
azn
—a3n 0Hy a1,n+1
A I
asn ou " n
—ae,n
The integrable hierarchy (46) can be written as Hamiltonian form
q —a2 541 -1 0 0 ©0 2,141
o a3 n+1 _ 0 -1 0 O —a3,n+1
S1 —a5,+1 o 0 -1 0 5,141
s2 /4 \ Aent1 o 0 0 -1 —A6,n+1
—a2,n+1
By O 0Hp 1
—a5,n41 ou
A6,n+1
Next, we consider reductions of (44).
When n = 2, m = 2, we have that
gt =ao(—qux + q*r +2g5152 + 5152) + Bo(—S1xx + G752 + 2q7s1 + 5352)
+ a1qx + B151x — &2q — Bor — koxq(qr)xx — Y0S1xx + k1(x9)x + Y1514 )
+koqd ! (gr + s152) + koxq(qr + s152) + v0(gs2 + 751) — kaxg
+kos197 1 (gs2 + 751) + Y051(qr + s152) + koxsi(gs2 + 7s1) — 1251,
re =g (ryx — qr* — 2rs150 — s3) + Bo(Soxx — 24752 — 1251 + 5153)
+ aqry + ﬁlst + arr + ,3252 + ko(xr)xx + Y0S52xx + kl(xr)x + Y152y (48)

— kord ™ (qr + s182) — koxr(qr + s152) — Yo(gsa + r51) + koxr
— ko520 1 (gs2 4 1s1) — Yos2(qr + s152) — koxsa(qs2 + 7s1) + 252,
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s1r =g (—S1xx + 29751 + 5752 + 4%52) + Bo(—qxx + g7 + 2qs15y + 157)
+ @181y + B19x — @251 — B2g — ko(x52)xx — Y0rxx — Y17x — k1(x82)x
+koro ! (gsz + rs1) + Yor(gr + s152) + koxrd ™ (gsy + rs1) — yar
+ ko$20 1 (g7 + 5152) + koxsa(qr 4 s1s2) + yos2(gsa + rs1) — kpxsy,

(49)

Spr =& (Spxx — 2975y — 1751 — 5153) 4 Bo(rax — qr* — 2rsysy — Gs3)

+ o152 + B17x + Bar + w282 + ko(x52)xx + Yorxx + y17x + k1 (x82)x
— kord 1 (gsy +rs1) — yor(qr + s152) — koxr(gsy + 7s1) (50)
+ 1o — koxsp0”(qr + s152) — koxsz(qr + s152) + koxs,.

Taking Bo = s1 = sp = 0, (47) and (48) reduce to

qt :D‘O(_‘hx + q2r) + a1qx — a2q — ,527’ - k0<xQ)xx
+ky(xq)x + koqa_l(qr) + koxqzr — koxq, 1)
1t =00 (rex — qr%) + a1rx + aar + ko(s7) xx + ki (x7)x
— koro 1 (gr) — koxqr? + koxr.
Iftaking oy = ay = Bp = k;(i = 0,1,2) = 0,9 = 1, (51) becomes

{qf = —qu 47T,
re=rxx —qr’,
which can be transformed to

iq: = gxx — qlq|? (52)

by using the transformation r — gx,t — —it. (52) is obviously nonlinear Schrodinger equation.
When ag = a1 = ap = B = 0, (51) turns to

qr = —ko (XQ)xx +kq (xq)x + koqa_l (lx]?’) + koxqzr —kyxq, (53)
re = ko(xr)xx + k1 (xr)y — kord~(qr) — koxqr® + koxr,
which is a non-local integrable system with variable coefficients.
In particular, when k1 = ky = 0,kg = 1, (53) presents
ge = —(xq)xx + 0~ (q7) + 47, 5
re = (x1)xx — 13" (qr) — xq7%.

If taking v = qx,t — —it, (54) reads that
i = () +q07"[ql* + xqlq]?,
which is a non-local nonlinear Schrodinger equation with variable coefficients.

Remark 5. The first two equations in (39) are the same with (53) . When m = 2, the nonisospectral
integrable hierarchy of (44) presents

qr = —ay3,
ry =4ass, (55)
S1t = —as3,

Sot = g 3-
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Specially, when By = B1 = B2 = vo = 71 = Y2 = 0, (55) reduces to

gt = — ko(xq) xx + k1 (xq)x + kogo~L(qr 4 s1s2) + koxq(gr + s152)

— kpxq + ko519~ (gsy + rs1) + koxsi(gsy + rs1),
re =ko(x7)xx + k1 (x7)y — kord L (qr + s152) — koxr(qr + s152)

+ koxr — kos20~ 1 (gsy 4 rs1) — koxsa(gsy + s1),

s1t = — ko(x82)xx — k1(x82)x + koro~(gsy + rs1) + koxr(gsa + rs1)
+ ko$20 1 (qr + 5152) + koxsa(qr 4 s153) — kaxsy,

sor =ko(x50)xx + k1 (x52)x — kord 1 (gsa + rs1) — koxr(gsy + 7s1)
— kos20 " (qr + s152) — koxsa(qr + s152) + koxsy,

which are different from (39). Hence, the isospectral-nonisospectral integrable hierarchy (44) is
different from the hierarchy (19), they are all integrable couplings of the AKNS hierarchy (14).

4. Conclusions

In the paper, we obtained an isospectral-nonisospectral AKNS hierarchy by using a
third-order matrix Lie algebras. In order to discover its expanding integrable models, i.e.,
integrable couplings, we turned the matrix Lie algebra into a 2 x 2 matrix Lie algebra so
that it was enlarged into two higher order semi-simple Lie algebras for which two kinds
of nonisospectral expanding integrable models were generated. Specially, we obtained
nonlinear integrable couplings which has been required to overcome. An interesting result
reads that we united the well-known KdV equation and the NLS as an integrable model.
The aim for publishing the paper lies in a few aspects. One purpose reads how to transfer
higher-order matrix Lie algebras into lower-order matrix Lie algebras. The second one
presents how to generate nonlinear integrable couplings. The third one manifests how
to generate multiply nonisospectral integrable couplings. The approach presented in the
paper can be used to discuss other integrable systems.
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