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Abstract: In this study, we first prove a parameterized integral identity involving differentiable
functions. Then, for differentiable harmonically convex functions, we use this result to establish some
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as well as applications to the special means of real numbers.
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1. Introduction

The Hermite-Hadamard inequality, which was independently found by C. Hermite
and J. Hadamard (see, also [1], and [2] (p. 137)), is particularly important in the convex
functions theory:

K

K1+ K2 1 F(x1) + F(x2)

]—'( . )gKZ_Kl/}'(x)dxgz (1)
K1

where F : I C R — Ris a convex function over I, and k1, x> € I, with k1 < x5. In the case

of concave mappings, the above inequality is satisfied in reverse order.

Several researches have concentrated on obtaining trapezoid and midpoint-type in-
equalities that offer bounds for the right-hand side and left-hand side of the inequality (1),
respectively, throughout the previous two decades. In [3,4], for example, authors first ob-
tained trapezoid and midpoint-type inequalities for convex functions. In [5], Sarikaya et al.
obtained the inequalities (1) for the Riemann-Liouville fractional integrals and the au-
thors also proved some corresponding trapezoid-type inequalities for fractional integrals.
Igbal et al. presented some fractional midpoint-type inequalities for convex functions
in [6]. On the other hand, Iscan defined the harmonically convex functions and obtained
Hermite-Hadamard-type inequalities for these kinds of functions in [7]. The author also
established some trapezoid-type inequalities for harmonically convex functions in [7]. Fur-
thermore, using the Riemann-Liouville fractional integrals, the authors proved Hermite—
Hadamard-type inequalities for harmonically convex functions in [8]. They also proved
some fractional trapezoid-type inequalities for mapping whose derivatives in absolute
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value are harmonically convex. In [9], Sanli proved several fractional midpoint-type in-
equalities utilizing differentiable convex functions. In [10], Butt et al. presented a new
generalization of Hermite-Hadamard inequalities for harmonically convex functions using
the notions of the Jensen-Mercer inequality and, in [11], Butt et al. gave a new definition of
general harmonically convex functions and proved Hermite-Hadamard-type inequalities.
In [12], the authors used fractional operators and proved some new inequalities for general
harmonic convex functions. In [13], the authors established Hermite-Hadamard-type
inequalities for harmonically convex functions on n-co-ordinates. Some generalizations
of Hermite-Hadamard-type inequalities for harmonically convex functions on fractal sets
are also given in [14]. Moreover, Liu and Xu extended this class of functions and defined a
general harmonic convexity for interval-valued functions in [15]. In the literature, there
are several papers on inequalities for harmonically convex functions. For some recent
developments in integral inequalities and harmonical convexity, one can consult [16-26].

Inspired by these ongoing studies, we prove several Simpson’s type generalized
integral inequalities for differentiable convex functions. The key benefit of these inequalities
is that they can be turned into midpoint and trapezoidal-type inequalities for differentiable
convex functions without having to prove each one independently. These newly established
inequalities are the generalizations of inequalities proved in [7,9].

The following is the structure of this paper: In Section 2, we present the definition of
the harmonically convex functions and some related results. In Section 3, we prove several
new results for harmonically convex functions depending on parameters. We also prove
some new integral inequalities to highlight the relationship between the results reported
here and related results in the literature. By specially choosing one of the parameters, we
give some new results in Section 4. Some applications of newly established inequalities
to special means of real numbers are given in Section 5. In Section 6, we give some
recommendations for future studies.

2. Preliminaries

In [7], Iscan gave the concept of harmonically convex functions and proved associated
Hermite-Hadamard inequalities as follows:

Definition 1 ([7]). If the mapping F : I C R\{0} — R satisfies the inequality

]'-(T_:l_f) < TF(K2) + (1 — 1) F (K1), @)

forall x,y € Iand T € [0,1]; then, F is called the harmonically convex function. In the case of
harmonically concave mappings, the above inequality is satisfied in reverse order.

Theorem 1 ([7]). For any harmonically convex mapping F : I C R\{0} — Rand x1,x € I,
with k1 < Ky, the following inequality holds:

J.E< 2K1%2 > < Mk /"2 f(zﬁc)dx < Fla) + Flra)
K1 + Ko K2 — K1 Jig X 2

. 3)

In [7], Iscan established the following Lemma to prove trapezoidal-type inequalities
for harmonically convex functions.
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Lemma 1. Consider a mapping F : I C R\{0} — R, which is differentiable mapping on I°
(interior of I) and 11, xy € I° with k1 < K. If F' is integrable over [k1, k7], then we would have
the following equality:

F(k1) + F(k2)  KiKo /"2 F(x)

2 ko —k Sy X2
_ KKk — K1) /1 1-27 P K1K2 it
N 2 _ 2 Ty + (1 — 1)K '
0 (trx+(1—1)xq) 2 1

Theorem 2. Consider a mapping F : I C (0,00) — R, which is differentiable mapping on I1°
and K1,k € I° with ky < iy, and F' is integrable over (i1, xz|. If | F'| is harmonically convex on
[K1, k2], then the following inequality satisfies:

dx 4)

dx )

F(r) + F(k2)  Kikp /"2 F(x)

2 Ko — K1 Jig X2

IN

K122 = 1) 6173 (03] ()| + 0| (xc2) ),

2
where
2

01 _ 1 _ 2 211’1 (K1 +K2) )

KiK2  (kp — K1) EISTY)

2

0, — 1 " 3K, + K23 In (Kl + Kz)

k(K1 —K2)  (ky —x7) 41K
0, = 0,06,

Recently, Sanli [9] proved the following Lemma to find the left estimates of the
inequality (3).

Lemma 2. Consider a mapping F : I C R\{0} — R, which is differentiable mapping on
I° and x1,%2 € I° with xy < xy. If F' is integrable over [K1,%7], then we would have the
following equality:

;(ﬂ)f KKy / Fx) ©)

K1+ Ko Ky — K1 Jig X2

1
T

- . i , K1Kp
= x1x2(%2 1)[/0 (TKer(l*’l')Kl)Z]: (TK2+(1—T)K1)dT

1 T—1 K1K
+/ ]-"( )dr .
Ji (TKZ + (1 — T)K1)2 TKy + (1 - T)Kl

3. New Parameterized Inequalities for Harmonically Convex Function

Lemma 3. Consider a mapping F : I C R\{0} — R, which is differentiable mapping on 1° and
K1,k € I° with k1 < Ky. If F' is integrable over [k1, %3], then for A € R we would have the
following equality:

A[f<x1>+f<xz>]—<u—1>f( 2"1"2)— e 270, g

K1+ K2 Ky — K1 Jrg X2
1 m(T) ,( K12 )
= x1K2(K — K7 / ar,
( ) 0 (trky + (1 —7)y)? Tk + (1= 1)Ky
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<

where
A=t ifrelod)

m(T)_{ 1-A—1, ifTE [% }

Proof. From the fundamental concepts of integration, we had:

. 1 m(T) ! K1%2
K1k (%2 1)/0 (tha + (1 — T)K1)2 (TKz +(1- T)Kl)dT

1
2 A—T ,( K1K2 )
= K1k (Ky — K dt
b 1)[/0 (tka + (1— D)ky)? \ThR2 + (1= 1)Ky

1 — A —
+/ 1-A—1 2]__,< K1K2 >dT
b (o 4+ (1= 1)Ky) Ty + (1= T)xq

1 1
B K1Kp 27/2 K1K2
(T /\)f(TKer(l—T)Kl)o 0 f<TK2+(1—T)K1>dT]
1

K112 1 K1K2
(T+A_1)]:<TK2+(1—T)K1) ;_/% ]:(TK2+(1—T)K1)dT1

= A[F(x1) + Flxp)] — (2/\_1)]_-< 2K1K2 ) Kk /Kz F(x )dx

_|_

K1 + K2 Ky — K1 x?
and the proof was completed. [
Remark 1. In Lemma 3, if we set A = %, then we recaptured the identity (4).
Remark 2. In Lemma 3, if we assume A = 0, then we recaptured the identity (6).
Theorem 3. Consider a mapping F : I C (0,00) — R, which is differentiable mapping on I1°

and k1, %y € I° with ky < iy, and F' is integrable over (i1, xz|. If | F'| is harmonically convex on
[K1, k2], then the following inequality satisfies:

ALF (k1) + F(k2)] — (27 — 1);(1(21’1";) - K;‘l_"jq /KZ };fzx)dx

K1Ko (Ko — K1)
{[Al (Kl, Ko, )L) + Ag(K],Kz; /\) + A5(K1, Ko, A) + A7(K1,K2; /\)] |.F,(K1)‘

, ifo<Aa<t
y +[Ax (K1, 12; A) + Ay (K1, k2, A) + D (K1, k25 A) + Ag (k1,25 )| F' (2) | }
{[Ag(r1, 12, A) + Ar1(x1, K2, A)] | F (k1) | 1
, < A<1
(s k27 A) + Aa (k1,125 A)) | F (12} fa=hs
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where
A
Ai(xy, K2, A) = m In(x1.(Axz + (1 — A)xy))
2 — K
. 2A n 211 1n<)u<2 +(1- A)Kl)
(k2 —x1)"  (k2—11) K1 '
Mp(Ky, K0, A) = A + L ln< il )—A(K o, A)
2\K1, 42, - K1<K2 — Kl) (K2 _ K1)2 )\K2 ¥ (1 — )\)Kl 1\K1, K2, ’
Az(K1, k0, A) = 2)2\ — 12 + A 5 ln((Kl o) (Arz + (1 = A)Kl))
2(3 — x7) (k2 —x1) 2
1-2A n 2Kq 1n<2()uc2+ (1—/\K1))>
(2 — K1)2 (12 — K1)3 K1 + K2 ’
241 1 K1+ K2 )
Ag(x1,K0;A) = + ln( — A3 (x1,%0; A),
4(m i) K —K2 (kp—1xq)? \2(M2+ (1= Akp)) 31,2 )
20 —1 K1 + K2 K1+ K2
A5(K1,K2; /\) = + ln( )
2065 —15) (ko —x1)° 2
1-2A
+m(1 + 11'1()\1(1 + (1 — A)Kz))
2 — K1
2
2 — K1
No(eriA) = 22/\—12 1 ln(2()uc1 + (1 —A)xz)) sl a3 M),
K=K (k—x) K1+ K
1—-2A
A7(K1,K2;/\) = ﬁ ln(/\K1 + (1 — )L)Kz)
2 — K
2
*m(/\?(l + (1 — /\)KZ) 11’1()\1(1 + (1 - )\)Kz)
2 — K1
A 27
— - s+ 2 1n(xy),
k(K2 —K1) (K —k1)? Ko — K1
Ag(K1,K2;/\) = 1 211‘1</\K1+(1_/\)K2> + A —A7(K1,K2,’)\),
(Kz — Kl) K2 KZ(KZ - Kl)
1-2A K1 + K K1 + K
Ag(K1,K2;/\) = 5 5 + ! 2 11‘1( 12 2)
2015 —x7) (12— K1)
1 A 2
— — In(x1) — —————x1 In(xq),
(ka—11)* (k2 —11)° (ko —11)°
1-2A K1+ K K1+ K
MolKy, ki A) = 5o b 2 2ln< ! 2)
Ky — KT 2(Kk2 — K1) 2
e A — ! w1 In(xq) — Ag (K1, 125 A)
2 K](KZ_K]) (KZ—Kl)Z 1 1 9 1, K2, 7
1 — 2
Ma(xy, k;A) = L +ln<( OIG K13) ha KZ)
KZ(Kl - KZ) (Kz — Kl)
B 1 n 20 —1 +1H<A(K2K1)+K1+K2>
(ko —11)*  2(13 —x7) (k2 — K1)°
A 1
Ma(Ky, k05 A) = + 5K In(1z)

K2 (K1 — K2) (3 — 1)
1 20 —1
" A Kt 11‘1(K1+K2>.

20 —r1)  KG-K] 20k —xp) 2
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Proof. Taking modulus in (7), we had:

‘/\[}"(Kl)—k}"(xz)] - (2/\—1)]-'< 2112 > L /K2 ]:(x)dx‘

K1+ K2 Ky — K1 Ji, K2

/ K1K2
a (’L’KZ +(1- T)Kl)

/ K1K2
7 <TK2 +(1- T)K1> dT]

From the convexity of | F’| and for 0 < A < %, we have:

A -7l

< mre(re —x) [/0 (Thy + (1 = T)7)? i

/1 1—A—1]
b (i + (1= T)K7)?

= xyx2(k2 — x1)[S1 + S2).

3 A — 1| , NS -
51 < /0 (TK2+(1—T)K1)2[T|]:(K1)|+(1 Wil

- [ -0 "(x - '(11)]]dT
- /0 (TK2+(1_T)K1)2[T|JT(1)|+(1 )| F' (k1) |]d

S CEr , o
+//\ (TK2+(1—T)K1)2 [T|‘F (K1)|+(1 T)’.F( 1)|]dT

A _ ! _ /
— [./0( TA=7) dr+/ (=) 2dT]|J~"(K1)\

Ty + (1 — T)ic1)? A (o 4+ (1 —1)Kq)
A (1-1)(A=1) b (1-1)(t=A)
! [/0 (Tro + (1 - T)Kl)ZdT+/)‘ (tr2 + (1= T)x1)? dT
= [Al(KLKz;)\) +A3(K1,K2;)L)”.F’(K1)‘ + [Az(Kl,Kz;/\) +A4(K1,K2;A)HF’(K2)’.

’]:/(Kz)|

Similarly, we have:

L 1-A—1] , B )
2= /%(TK2+(1—T)K1)2[T‘}-(Kl)H(l O (k) Jdw

B /lliA (Ticz(l-l-_(I\—_TT))Kl)2 (7|7 (o) + (1 =) F (k1) [

1 (t+A-1) : - 1
+/1_A (tiy 4+ (1 — T)7)? (7|7 (e[ + (1= )| F ()|

[1—A T(1—A—1) dT+/11/\( T(t+A-1) 2dr]|]—"’(xl)]

] (Tt + (1 — T)K1)2 Ko + (1 — T)Kq)
A 1-11-A—1) L 1-1)(t+A-1) ,
A e A Y e r)m)szl 7
= [As(xy, K05 A) + Az (k1,105 A)] | F' (1) | + [A6 (i1, k2 A) + Ag (1, 100 A)] | F (2) |

+

Now, from the convexity of |F’| and for % < A <1, wehave:

1

[ e+ 0l

S
Ky + (1 — T)K1)2

IN

- [ (A~ ) "(x - "(x
= /0 (TK2+(1—T)K1)2[T"F( 1)|+(1 T)’]-'( 1)|]dT

_ ! (x 2 (A —1) "(x P_(1-o@-1
— |.7'_( 1)‘/0 (TK2+(1—T)K1)2dT+ |-7:( 2)‘/0 (TK2+(1—T)K1)2dT

= Ag(ir, 105 A) | F (1) | + Aqo (1, k2 A) | F' (12) |
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and

1 1—A—1| y O F (x -
% < | mrao e el DI e

B /; (TK2(1+(1/\T1))K1)2 M}-/(Kl)’ + (1 =7)|F (k)| ]dr
_ T(T+A - % JTHA-T)
- |/2 (T2 + (1 2T |/ 1—T)K1)2d

= Aqg(ry, 52 A) | F' (k1) ’ + A12 K1, k2; A) | F' (162) |
Thus, the proof is completed. [
Remark 3. In Theorem 3, if we set A = %, then we recaptured the inequality (5) for g = 1.
Remark 4. In Theorem 3, if we set A = 0, then Theorem 3 reduced to [9] (Theorem 3.1 for g = 1).

Corollary 1. In Theorem 3, if we set A = %, then we had the following inequality of Simpson’s type:

1 2K1%7 ~ mKry 2 F(x)
6{]—'(K1)+4}'(K1+K2)+}"(K2)} Kz_Kl/ P dx

< KyKp(Kp — K1)

1 1 1
X{ {Al <K1,K2,‘6> + 43 <K1,K2;6) +As (K1,K2;6> + 47 (KLKZ/ ﬂ | F' (1)
1 1 1 |
+142 K1, K25 ¢ + 4y K1, K25 ¢ + A¢ K1, K25 ¢ + Asg K1,K2, | F' (2)] p-

Theorem 4. Consider a mapping F : I C (0,00) — R, which is differentiable mapping on I° and
K1,k € I° with k1 < ko, and F' is integrable over [x1,x2]. If | F'|7, g > 1 is harmonically convex
on [k, ko], then the following inequality satisfies:

MF (1) + Fl2)) — (24 — 1)f<é’1"§2> = K:f’j{l / w7 x(zx)dx

= K1K2(K2 — K1)

1—

==

|:(A1 (Kl, K2, A) + Ay (Kl, K2; )\))

X ([A1(r1, k25 A) + A (1, 70, A)] | F (1) |7 .

. !
+[Ao (1, K25 A) + Ag(kq, 525 A )”1],:1( 2)|7)7 , ifOS)\S%
+(As (1, K0; A) + Ag(Kq, 50, A))" 4

([As (1, k25 A) + A7 (11, k0 A)] | F' (161) |
+[A6 (11, k25 A) + Ag (i1, K2; A)] | F' (2)|7) q]

_1

(Ag(x1, K2 A) + Alo(Kth;)\))l {

-

X (Ag (11, k25 A) | F (k1)] T + Alo(K1/ﬁ22A)|f/(K2)|q)
+(A11(r1, 52, A) + Aqa (K1, 52 /\))17

1
(A1 (K1, 705 A) | F' (1) |7+ Bap (rer, 125 A) | F (12)| ) q]

<

N—
IN
>
IN
—_

where Aq(k1, 12; A) — Aqa(x1, k2; A) are defined as in Theorem 3.
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Proof. Taking modulus in (7) and applying the power mean inequality, we had:

‘/\[.F(Kl) + F(r)] — (24 — 1)]_-< 2K1K7 > K1k /Kz F(x)

K1 + Ko Ko — K1 Jig X2
< kKoK — K1) /% A7 J—"’( e )
R P (Thy + (1 = T)7)? i + (1= T)xa

1 K1%2
7 <TK2 +(1— T)K1> dT] ’
b o o
< mm( —K) K/o (Try + (1 T)Kl)ZdT>
3 A — 1] y k1K
</0 (thky + (1 — T)K1)? d <TK2 +(1- T)’ﬁ)
1-1
11— A1 7
! </5 (tra + (1 — T)Kl)sz>

1 1—A—1| , K1K
</5 (szl—i- (I\— TT)Kl)2 ‘}— <TK2 + (11 2— T)"l)

From the convexity of | 7/|Tand 0 < A < 1, we have:

dx

dt

/1 1—A—1]
1 (tio + (1= T)Kp)?

2

’/\[]:(Kl) + F(ra)] — (24 — 1)]_—( 2K1K > K1k /KZ F(x)

> dx
K1 + K2 Ko — K1 Jig X

IN

1
K1K (K2 — K1) [(AI(KLKZ}/\) + Doy, k2 A))

==

X ([A1(K1, Ko, )\) + A3(K1,K2; /\)] ’f’(K1)|q + [Az(K1, Ko, )\) + A4(K1,K2; /\)] ’f’(Kz)‘q>
_1
(D5 (K, K2 A) + Do (k1,52 4)) 7

X ([A5(K1, Ko, )\) + A7(K1,K2,‘/\)H.F/(K1)|q + [A6(K1, Ko, )\) + Ag(K],Kz; /\)] ’f’(Kz)W) }]:| .

Now, from the convexity of | F’ \q and % < A <1, wehave:

ALF() + Flra)) - 2 -7 (202 ) - e [T

dx‘

IN

K1K2 (K2 — K1) l:(A9(K1/K2?)\) + Aao(xt, ks 1))

X (Ag(Kl,Kz;)\) | F/ (k1) |7+ Do (K1, k25 A) | F' (x2) |q> i

(A1 (1, K33 A) + Do (k1 k25 A)) 7

X (An(Kl,KZ;A)|f’(K1)V T Au(;q,;cz;)\)|.7-"(1<2)|q> ;]

and the proof was completed. [

Remark 5. In Theorem 4, if we set A = %, then we recaptured the inequality (5).

Remark 6. In Theorem 4, if we set A = 0, then Theorem 4 reduced to [9] (Theorem 3.1).
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Corollary 2. In Theorem 4, if we set A = 6, then we obtain the following Simpson’s type inequality:

1 2K1%Kp __kix x2 .F( )
‘6[J?(K1)+4}“( +K2>+J—"(K2)} K2_K1/ S

1 1N\ 17
K1k (K2 — K1) [(Al (K1/K2} 6) + A (KI/KZ? 6))
1
X({Al <K1/K2}6) +A3<K1,K2, )]|}_ xp) [T
1
+[A2 (K1,K2;6> +A4(K1,K2, ﬂ >
+(a )+ i
5 K1,K2,6 6 Kl/K2/6
1 1
X ([AS <K1,K2,‘ 6) + A7 <K1,K2, 6)]
1 N\ |7 e
X+ |86 | K1, K25 o |+ As | K1, K25 | F'(12)|

4. Some Special Cases of Main Results

IN

In this section, we gave some new inequalities as special cases of the newly estab-
lished results.

Corollary 3. Under the assumptions of Theorem 3 with A = 1, the following inequality held:

B 2Ky | KiKp /KZ F(x)
F(x1) + F(x2) F<K1+K2> Pl B dx

< xiKa(K2 — K1)
x{[Ao (K1, 2 1) + Aq1 (11, %2; 1)] | F' (1) | + [A10(x1, k25 1) + Ao (K1, 52, 1)] | F' (K2) | }-

Corollary 4. Under the assumptions of Theorem 3 with A = %, the following inequality held:

;[}"(Kl)—k}"( 2r1K2 >+}"(K2)] L /12 ]:(x)dx‘

K1 + 12 Ky — K1 x2

< KiKkp(xp — K1)

1 1 1
X { |:A1 (KLKZ} 3) + A3 <K1/K2; 3) +As (K1,Kz; 3) + 47 (KLKZ/ )} | F' (1)
1 1 1 ,
+| D2 | %1, K2; 3) T Ag| K1, %2; 3) T D | K1, K2 3]t Ag K1,K2, | F'(12)] ¢
Corollary 5. Under the assumptions of Theorem 3 with A = %, the following inequality held:

1[F (1) + Fxy) Lo 2k \| L _mre /KZ F(x)
2 2 K1 + Ko Kp — K1 Jig x2
< Kka(K2 — K1)

1 1 1

X{ {Al <K1/K2}4> + 43 <K1,K2;4) +As (K1,K2;4> + A7 (K1/K2,4>} | F' (1)
1 1 1 ,

+14A2 K1, K25 4 + 4y K1, K27 4 + Ag K1, K25 4 +Ag K1,K2/ | F' (12)] ¢-

dx
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Corollary 6. Under the assumptions of Theorem 4 with A = 1, the following inequality held:

2-7:(K1) + F(x2) _ oy Zar | _ Kk /"2 F(x)
2 K1 + Ko Ko — k1 Jiy X2
< KoK — K1)

dx

= (=

_1
X { (Ao (i1, k25 1) + Ago(K1, K2;1)) ' 0 (A9(K1,K2; D|F () |* + Aro (i1, 12; 1) | F (ic2) ’q)
1-1 7
+(A11(x1, %2, 1) + Aip(Kq, 12, 1)) 4 (An(KLKz; D|F (100)| 7+ Arp (i1, 625 1) | F (x2) |q) ! }
Corollary 7. Under the assumptions of Theorem 4 with A = %, the following inequality held:

‘:13|:]:(K1) +}'< il ) +}'(K2)] S~ /KZ AP

K1+ K2 Ky — K1 Jig X2

A S N )
1 Kl/K2/§ 2 K1,K2,§
1
1 N o g 1 N e i)
< |Br|rure 5 |+ As K 5 | F' (1) |" + | A2 K1, K25 5 )+ Ba{ K1, K25 5 | F' (1))
+(a ) 44 )
5 K11K2/3 6 Kl/K2/3
1
1 N o g 1 N e i)
<{ |Bs | xu Ko 5 | + A7 KK 5 | F' (k1) |" + | A6 K1, K2 5 | + Bs | K, K25 5 | F'(12) | .

Corollary 8. Under the assumptions of Theorem 4 with A = %, the following inequality held:
‘; V(Kl) +F(x1) | f( 2K1K) )] K1k /Kz Fx)

2 K1 + K2 Ko — K1 Jig x2

A 1) ia )Y
1 K1,K2,4 2 K1,K2,4
1
1 N o w1g 1 N 07
X|{ [Dr K1, 025 4 + A3 K1, K25 | F' (1) |"+ | A2 K1, 025 4 + Ay K1, K27 4 | F'(12))|
+(a 1) a )Y
5 Kl’KZ’Z 6 K1,K2,1
1
1 N g 1 N g\ ?
x| [Bs| K1k; 7 ) + A7 K2 | F' (k)| + | A6 K1k |+ Ag| K, K25 4 | F'(12)| .

5. Application to Special Means

< kKo (K — K1)

IN

K1K2(K2 - Kl)

For arbitrary positive numbers k1, k2 (k1 # k2), we considered the means as follows:
1.  The arithmetic mean;
K1 + K
A= Alxy, 1) = =5

2. The geometric mean;

G = G(K1,K2) = /KiK.
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3. The harmonic mean;

2K1K
H =H(k1,Kk2) = - iiz
4. The logarithmic mean;
L=L(K,%) = %
5. The generalize logarithmic mean;
p+1 p+1 %

Ly = Ly(Kx1,%2) = [ , p € R\{—1,0}.

6. The identric mean.

1
K2\ Kp—Kq
1( % ;
T=T(,n) =1 ¢ (Kfl) L )
K1, if K1 = Ko,

These means are often employed in numerical approximations and other fields. How-
ever, the following straightforward relationship has been stated in the literature.

H<GSL<I<A
Proposition 1. For k1, € (0,00) with k1 < ky, the following inequality was true:

gz (Kll KZ)

20 A(K1, k2) — (24 = 1) H (i1, K2) — L(x1,%7)

< KyKo(Kko — K1)
{[A1(x1, K2, A) + As(K1, k2, A) + As (K1, K2, A) + Az (K1, K25 A)]

o FosA< 3
X Do (i1, k25 A) + Dy(icr, k25 A) + g (K1, K25 A) + Ag (K1, 10 A) Kb }

{[Ag(x1, ,2; A) 4 Aqq (11, K2; A)] + [A1o(K1, K2, A) + Aqp (K1, 52, A)] }, ifi<A<i1

Proof. The inequality in Theorem 3 for mapping F : (0,00) — R, F(x) = x leads to this
conclusion. [

Proposition 2. For 1,y € (0,00) with k1 < Ky, the following inequality was true:

]2)\,4(;4’*2, 1) = A=) (0, ) - g2(xl,xz)£§(;q,x2)]
< xaxa(k2 —x1)(p +2)

{[Al (1,12, A) + Az (K1, K25 A) + A5 (k1,505 A) 4 Az (K1, 52 )\)]Kllg+1
, ifo<Aa<]
y H[Az(K1, K2, A) + Ag(K1, 52, A) + D (1, K25 A) + Ag (1, K2; A)]K’f“}
{[A9(K1,K2;/\) + A11(K1/K2}A)]Kf+1 Fl<a<i
’ 7> —
+[A10(K1, K2, A) + Aqp (K, Kz}/\)]’cgﬂ} ’

Proof. The inequality in Theorem 3 for mapping F : (0,00) — R, F(x) = xPt2, p e
(—1,00){0} leads to this conclusion. [
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Proposition 3. For k1, 1k € (0,00) with k1 < ky, the following inequality was true:

204 (K in ey, Binss ) — (24 = 1)HA (0, 1) In(H (1, 12)) = G (61, 2) In(Z (1, )
< KKko(K2 — K1)
{[A1(x1, K2, A) + D3 (K1, K25 A)
+A5(K1, 12, A) + D7 (K1, K2 A) K01 (61 + 2In Ky )
+[A (K1, k2, A) + Ayg(K, 12, A)
X +A6(K1,K2;/\) -‘rAg(Kl,Kz,')\)]Kz(Kz-i-ZIIIKz)}

fo<A<3

{[Ag (K1, 725 A) + Aq1 (1, k25 A) e (%1 + 2Inq ) :

, if= <A<I.
+[A1o (K1, K2, A) 4 A1a(K1, k2, A) K2 (k2 + 2In k) } f

N—

Proof. The inequality in Theorem 3 for mapping F : (0,00) — R, F(x) = x?In x leads to
this conclusion. [J

6. Conclusions

In this research, we proved some new inequalities of a midpoint type, trapezoidal
type, and Simpson type for differentiable harmonically convex functions. We also showed
that the results proved in this research were the refinements of some existing results in [7,9].
The findings of this study can be utilized in symmetry. The results for the case of symmetric
harmonically convex functions can be obtained in future studies. It is an interesting
and new problem that upcoming researchers can develop similar inequalities for in their
future work, with regards to differentiable coordinated harmonically convex functions.
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