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Abstract: An extension of the D? test statistic to test the equality of mean for high-dimensional and
k-th order array-variate data using k-self similar compound symmetry (k-SSCS) covariance structure
is derived. The k-th order data appear in many scientific fields including agriculture, medical,
environmental and engineering applications. We discuss the property of this k-SSCS covariance
structure, namely, the property of Jordan algebra. We formally show that our D? test statistic for k-th
order data is an extension or the generalization of the D? test statistic for second-order data and for
third-order data, respectively. We also derive the D? test statistic for third-order data and illustrate
its application using a medical dataset from a clinical trial study of the eye disease glaucoma. The
new test statistic is very efficient for high-dimensional data where the estimation of unstructured
variance-covariance matrix is not feasible due to small sample size.

Keywords: array-variate data; eigenblock; high dimensional data; Wishart distribution; Hotelling’s
T? statistic; Lawley-Hotelling trace distribution

1. Introduction

We study the hypotheses testing problems of equality of means for high-dimensional
and higher-order (multi-dimensional arrays) data. Standard multivariate techniques such
as Hotelling’s 72 distribution with one big unstructured variance-covariance matrix (as-
suming a large sample size) do not work for these higher-order data, as Hotelling’s 72
distribution cannot incorporate any higher-order information into the test statistic and thus
draws wrong conclusions [1]. Higher-order data are formed by representing the additional
associations that are inherent in repetition across several dimensions. To obtain a better
understanding of higher-order data, we first share a simple and interesting example of
higher-order data:

e Traditional multivariate (vector-variate) data are the first-order data. For example, a
clinical trial study of glaucoma, where several factors (1) such as intraocular pressure
(IOP) and central corneal thickness (CCT) are effective in the diagnosis of glaucoma.
This example is an illustration of the (17 x 1) vector-variate first-order data.

. When the first-order data are measured at various locations/sites or time points, the
data become two-dimensional matrix-variate data, and we name it as second-order
data. These data are also recognized as multivariate repeated measures data, or doubly
multivariate data; e.g., multivariate spatial data or multivariate temporal data. In the
above example of the clinical trial study, an ophthalmologist or optometrist diagnoses
glaucoma by measuring IOP and CCT (m) in both the eyes (m;). So, we see how
the vector-variate first-order dataset discussed in the previous paragraph becomes a
(my x my) matrix-variate second-order dataset by measuring m, variables repeatedly
over another dimension.
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. When the second-order data are measured at various sites, or over various time points,
the data become three-dimensional array-variate data, and we name it as third-order
data. In addition, these are recognized as triply multivariate data, e.g., multivariate
spatio-temporal data or multivariate spatio-spatio data. In the previous example, if
the IOP and CCT (m; = 2) are measured in both eyes (m, = 2) as well as over, say,
three time points (m3 = 3), the dataset would become third-order data.

e  When the third-order data are measured at various directions, the data become four-
dimensional (my x my X m3 x my) array-variate fourth-order data, e.g., multivariate
directo-spatio-temporal data or multivariate directo-spatio-spatio data.

*  When the fourth-order data are measured at various depths, the data become five-
dimensional (mq X my X m3 X my X ms) array-variate fifth-order data, and so on, e.g.,
multivariate deptho-directo-spatio-temporal data.

In the above glaucoma data example, the dataset has m; variables, and these m; vari-
ables are repeatedly measured over various dimensions adding higher-order information to
the dataset. Now, the question is, what is the higher-order information? Higher-order infor-
mation is embedded in the higher-order covariance structures that are formed by signifying
the additional associations that are inherent in repetition of the variables across several
dimensions. The other question is how can we measure and capture the higher-order
information? For this, one needs to understand how to read these structured higher-order
data and how to use the appropriate variance-covariance structure to incorporate the
higher-order information that are integral to the higher-order data.

Higher-order data have been studied by many authors in the last 20 years using various
variance-covariance structures to reduce the number of unknown parameters, which is very
important for high-dimensional data. Second-order data are studied using matrix-variate
normal distribution [2,3]. Second-order data can also be analyzed vectorially using a two-
separable (Kronecker product) variance-covariance structure [4,5], or a block compound
symmetry (BCS), also named a block exchangeable (BE) or a 2-SSCS covariance structure [6].
Two-separable covariance structure for second-order data has two covariance matrices,
one for each order of the data; in other words, one covariance matrix for within-subject
information and the other covariance matrix for between-subject information. Combining
the covariance structures of within-subject information and between-subject information
results in a second-order model for second-order data. Ignoring this information often
influences the test statistic, and if not properly taken care of this information, test statistic
will end up yielding wrong conclusions [1]. To obtain a picture of the third-order data,
see [7]. Manceur and Dutilleul [7] used tensor normal distribution with double separable
covariance structure. 2-SSCS and 3-SSCS covariance structures are useful tools for the
analyses of the second- and third-order datasets, respectively. Manceur and Dutilleul [7]
also studied fourth-order data with four-separable covariance structure. In the same way,
k-th order data can be analyzed vectorially with some structured variance-covariance
matrix to integrate the higher-order information into the model, e.g., k-separable covariance
structure [8,9] for the k-th order data. However, k-separable covariance structure may not
be appropriate for all datasets; thus, we investigate some other structure, namely, k-SSCS
covariance structure (defined in Section 3) for the k-th order data in this article. See [10].

The high-dimensionality of a dataset needs to exploit the structural properties of
the data to reduce the number of estimated degrees of freedom for more accurate con-
clusion for the k-th order data, and k-SSCS covariance structure is one of them. For
example, for the third-order glaucoma data, the number of unknown parameters in the
(12 x 12)-dimensional unstructured variance-covariance matrix is 78, whereas the number
of unknown parameters for 3-SSCS covariance structure is just 9 and thus may help in
providing the correct information about the true association of the structured third-order
data. The data quickly become high-dimensional with the increase in the order of the
data, and thus, the variance-covariance matrix becomes singular for small samples, and
thus testing of mean is not possible. This necessitates the development of new statistical
methods with a suitable structured variance-covariance matrix, which can integrate the
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existing correlations information of the higher-order data into the test statistic and can take
care of the high-dimensionality of the data as well.

Rao [11,12] introduced 2-SSCS covariance structure while classifying genetically dif-
ferent groups. Olkin and Press [13] examined a circular stationary model. The problem
of estimation in balanced multilevel models with a block circular symmetric covariance
structure was studied by Liang et al. [14]. Olkin [15] studied the hypothesis testing problem
of the equality of the mean vectors of multiple populations of second-order data using a
2-SSCS covariance structure, which is reminiscent of a model of Wilks [16]. Arnold [17]
studied normal testing problems that mean is patterned when the variance-covariance
matrix has a 2-SSCS structure. Arnold [17] also studied multivariate analysis of variance
problem when the variance-covariance matrix has a 2-SSCS structure. Arnold [18] later
developed linear models with a 2-55CS structure as the error matrix for one matrix-variate
observation. Roy et al. [19] and Zezula et al. [1] studied the hypotheses testing problems
on the mean for the second-order data using a 2-SSCS covariance structure. There are
few studies on third-order data using the 3-SSCS covariance structure. See Leiva and
Roy [20] for classification problems and Roy and Fonseca [21] for linear models with a
3-5SSCS covariance structure on the error vectors. Recently, Zezula et al. [22] studied the
mean value test for third-order data using a 3-SSCS covariance structure.

A majority of the above-mentioned authors only studied the second-order matrix-
variate data and used a 2-SSCS covariance structure where the exchangeability (invariance)
property in one factor was present. However, we obtain datasets these days with more than
one factor, and the assumption of exchangeability on the levels of factors is appropriate for
these datasets. A k-SSCS structured matrix results from the exchangeability property of
the k — 1 factors of a dataset. Employing a 2-SSCS covariance structure would be wrong
for the datasets with more than one factor. One may construct a second-order data from a
k-th order data by summing the observations, however, it would result in a loss of detailed
information of particular characteristics that may be of interest. One may also consider
matricization of the k-th order data to a second-order data and then using the 2-S5CS
covariance structure, but then, once again, all the correlation information will be wiped
out. So, the development of new statistical methods are in demand to handle the k-th order
data using k-SSCS variance-covariance matrix.

The aim of this paper is to derive a test statistic for mean for high-dimensional k-th
order data using k-SSCS covariance matrix by generalizing D? test statistics developed
in Zezula et al. [1]. In doing so, we exploit the distributions of the eigenblocks of the
k-SSCS covariance matrix. We obtain the test statistic to test the mean for one sample case,
paired samples case and two independent samples case. We show through Remark 2 that
our generalized D? test statistic for the k-th order data generalizes the test statistic for the
second-order data, and we derive the test statistic for the third-order data, which is largely
motivated by the work of ZeZula et al. [22] and in Remark 2 as well.

This article is organized as follows. In Section 2, we set up some preliminaries about
some matrix notations and definitions related to block matrices. Section 3 has the definition
of k-SSCS covariance matrix. Section 3 has properties of the k-SSCS covariance matrix,
such as Jordan algebra. Section 4 discusses the estimation of the eigenblocks and their
distributions. The test for the mean for one population is proposed in Section 5. Tests for
the equality of means for two populations are proposed in Section 6, and an example of
a dataset exemplifying our proposed method is presented in Section 7. Finally, Section 8
concludes with some discussion and the scope for the future research.
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2. Preliminaries

Let mg, for g =1,...,k, be natural numbers greater than 1, and p; ; be given by:

j
[Img if 0<j—i<k
=] g=i , 1
Pig 1 if j-i=-1 W
0 if j—i=-2

withi =1,...,k. We denote by F, the set F; = {1,...,mg},forg=1,... k.

Definition 1. We say that a matrix Ay is a k-th order block matrix according to the factoriza-

P1kXxP1k
k
tion p1x = [1 mg to point out that it can be expressed as k different “natural” partitioned matrix
g=1
forms, that is:
a4 =(a ) j=0,...,k—1.
PLEXPLE i« pﬁ/]xﬁ; i) fofi €hofirfin €l

Note that for the case j = 0, the matrix A is a (k x k) —dimensional matrix with 1 x 1 blocks.
Clearly, both m; > 2 and my > 2 for second-order data, and my > 2, mp > 2 and m3 > 2
for third-order data, and so on. Next, we define matrix operators that will be useful tools
in working with these k-th order block matrices, where k > 2. Let Mpl, ‘ denote the set of
P14 X P1,g-matrices.

Definition 2. Let BSp,  and BT, , denote the py,g-Sum and pyg-Trace block operators from
Mp,,, to Mp,  for1 <g¢g<h< k respecitvely, where M, will always be evident from the
context. These block operators applied to a matrix

Cr = (6 ) e

P1,gPg+1,h X P1gPg+1,h P1gXPig ff*€R g 1=Fyx XFg+1:j>:<1 Fry1-j
give the following py ¢ X p1,g-matrices:

BSp, (Gy) = ) ) Grp and BTy (Gp) = Y. Ggf

feph,g+1 f*EFh,ngl fth,g+1

The subindex p1 ¢ in these block matrix operators represents p1 ¢ X p ¢-dimensional blocks
in a partitioned square matrix G, and thus their use results in py,¢ X p1 ¢-dimensional
matrices. Many useful properties of these block operators, which we will use later in this
article, are examined in Leiva and Roy [10]. For any natural number a2 > 1, we use the
following additional notations:

Qa = I,— P, )
axa
1
and P, = E]”' 3)
where J, = 1,1, with 1, be the a x 1 vector of ones, and I, = [e;1, - - , €q4,4] being the

a X a— identity matrix with e, ; the ith column vector of I,. Observe that P, and Q, are
idempotent matrices and mutually orthogonal to each other, that is:

(P’ =Py, (Q)*=Q, and P,Q,=0.
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For a fixed natural number k > 2, let Ry ; be the py 4 X py y-matrix
Rk,j+1 = R]t,]+] ® Imlz (4)

where, the symbol ® represents the Kronecker product operator and foreachj =1,...,k—1,

k—(j+1) k-1
RZ,j+1 = ® Ly | © Qmj+] ® ® Py, ©)
P2k X P2k h=1 h=k—(j—1)

IPj+z,k ® Qmj+] ® Pm/‘,mz/

with
k—(i*—1)
P _ ® Pmk_H_h:Pmi®Pmi,1®"'®Pmi* lf 121*
mim = h=k—(i—1)

1 if i<i*

0 k-1
and @ Iy, , =1= & Py, ,- Also, let Ry 1 be the py ;. X py j-matrix such that
h=1 h=k

Rik+1 = Rijy1 ® Iy, (6)
where .
-1
R;:,k+l = ® Pmk+l—h = Puy,m,- (7)

P2,k %P2,k h=1

3. Properties of the Self Similar Compound Symmetry Covariance Matrix

Let x,,r be an m; —variate vector of measurements on the rth replicate (individual)

2
atthe f = (f,...,f2) € F = Fp = Fx--- xF = x F; factor combination. Let
g=k

x; be the p1 = H;‘:l mj—variate vector of all measurements corresponding to the rth

sample unit of the population, that is, x, = (xr;lw.,l, e Xp gy ) ' Thus, the unstructured
covariance matrix I'y has ¢ = p1 x(p1x +1)/2 unknown parameters that can be large for
random values of either of the m;’s. Consequently, if the data are high-dimensional, k-SSCS
covariance matrix (defined bellow in Definition 3) with number of unknown parameters
kmy(my 4+ 1) /2 is a good choice if the exchangeable feature is present in the data.

Definition 3. We say that x, has a k-SSCS covariance matrix if Ty = cov|x,] is of the form:

+ Ty, @ Uik, ®

k-1
I = [Z Iy @ Jp,, @ (Uk,j - Uk,j+1)
=1

where Uy ;, for j = 1,...,k, are my X my-matrices called SSCS-component matrices, with the
assumption that ], is equal to the real number 1.

An alternative expression to (8) is:

k-1

+ @ ey Tioks )

h=1

k=1
T = [Z ij+1,k ® ]Pz,j ® Tkrj
j=1
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Tipe = Uk, (10)
and Tk’]' = uk,]' - le,jﬂ for ] =1,... ,k -1 (11)
k
or equivalently Uy, = Ty, and Uy, = Z Typ for i=1,...,k—1

h=i

The covariance matrix Iy given in (8) is called k-self similar compound symmetry co-
variance matrix because if we consider the p; y-dimensional vector x = (xll._.,l, oo Xy )/
with a k-SSCS covariance matrix I'y and for each fixed ge{2,...,k — 1}, we also consider
the partition of x in p; ¢-subvectors. Then, its corresponding covariance matrix I'y is parti-
tioned in py,4 X p1¢-submatrices, which is (k + 1 — ¢)-SSCS matrix I} ; 2 (see Leiva and
Roy [10]) as follows:

_ %
Ty - 1-kJrlfg
P1kXP1k
k+1-g—1
_ * *
- Z IPj+1,k+1fg ® ]PZ,]' ® (uk+1fg,j o uk+1fg,j+l)
j=1

*
+]p2,k+1—g ® uk+lfg,k+1fg’

where Uy, g1 18 the ¢g-SSCS matrix given by:
g1
Ui g1 = { le Ipjrg ®@Jp,; ® (Uk,f - uk,f+1> } T, @ Ukg,

g1
and Uy o = <® Img+1h> @Uygrj1 for je{2,....k+1-—g}.
h=1

The existence of l"k_1 can be proved using the principle of Mathematical Induction

and to derive its expression as well. For the expression of I'; !, we need matrices Ay for
j=1,...,k which are defined as follows:

j
Aj =) poi(Up;i — Ugiyq), (12)
i=1
where Uy ;1 = 0and py1 = 1. Note that

Ui, — Uy, if j=1
-

. . . 13
Apj1+ PZ,j(Uk,j - uk,j+1) if j=2,...,k 13

It can be proved that if matrices Ay, j=1,...,k are non-singular, then I’k_1 exists and
is given by:

k—1
1
-1 _ -1 -1
" = [Z Iy @Jp,, @ v .(Ak,j - Ak,j—1>
j=1 2

7,

1T a1 a1
@ (Ak,k - Ak,kfl)'
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(see Leiva and Roy [10]), where the symbol A;& indicates the my X my zero matrix

(A 3 = O, xm, ). It is worthwhile to note that the structure of T/ !is the same as the
structure of Iy, that is, it has the k-SSCS structure given in (9) with (10) and (11) and

+ Ipz,k ® Tk,k/

k—1
-1
"= [Z% IP;'+1,1< ® IPZ,/‘ ® T,
]:

where, in this formula I,/ L Ty j is as follows

1 _ _ .
Tk,j — ij(Aklj — Ak,j—l)' foreach j=1,...,k.

Using a similar inductive arguments, it can be proved that:

Pi+1k—Pj+2,k
4

K
Tx| = H’Ak,j
=1

]

where the matrices Ay ; are given by (12), and it is assumed that py, 14 = 1 and pgi24 = 0.
The matrices Ay, j=1,...,kare the k eigenblocks of the k-SSCS covariance structure. See
Lemma 4 of Leiva and Roy [10] for proof. The matrix I'y can be written as the following
sum of k orthogonal parts:

k
=), R,’;/]- L1 @A (14)
j=1

and if [~ 1 exists, then it can be written as:

k
1 1
=) Ry i1 ©B 7, (15)
=

where R;,jH is givenin (5), foreachj =1,...,k —1,and, for j = k, Ry ; ,  is given in (7).
The conventional Hotelling’s T? statistic to test the mean is based on the unbiased
estimate of the unstructured variance-covariance matrix, which follows a Wishart distri-
bution. Nevertheless, the unbiased estimate of the k-SSCS covariance matrix does not
follow a Wishart distribution, and thus the test statistic to test the equality of mean does
not follow Hotelling’s T? statistic. We thus make a canonical transformation of the data
to block diagonalize the k-SSCS covariance matrix, and show that a scalar multiple of the
estimates of the diagonal blocks (eigenblocks) follow independent Wishart distributions
and use this property in our advantage to obtain test statistics to test the mean for the
k-th order data (k > 2). We see from Leiva and Roy [10] that the k-SSCS matrix Iy given
by (8) can be transformed into an m; x mj-block diagonal matrix (blocks in the diagonal
are mq X mj-matrices) by pre- and post-multiplying I'; by appropriate orthogonal matrices.
For1<j<g<i<k,let Imi,mj denote the m;m;_q - - - identity matrix, that is:

Imi,mj - Imimi,1~--mj = Imi ® Imi*l Q- ® Im]’

and let

Hm,v,mg = Hmi & Hmi,l K- ® ng/

Pg,i*xPg,i
where Hy,, is an my, X my, Helmert matrix foreach h = 2,.. ., k, i.e., each Hy, is an orthogo-
nal matrix whose first column is proportional to 1. Then:

L, =H), . @ In,

My, My
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is an orthogonal matrix (note that L; are not function of either of the U;’s), and in particular
L]/( = H:n;l,mz ® Iml = (Imk ® L;(—l) (H:”k ® Imk—l/ml) : (16)

Lemma 4 of Leiva and Roy [10] states and proves the block diagonalization result of
the k-SSCS matrix I'y by using the orthogonal matrix L as defined in (16), that is:

LiTL, = diag{Df;f = (fo fetr-- fo) € F} 17)
= diag{ka,fk_l,,“,fz; (fk/fk—l,-. .,f2)/ €Eh xF_1X...X Fz},

where, for eachj = 1,...,k, the my x mj-diagonal matrices Dy = Dy, , | . r, are given by:

Dfgifo =B if o=1....fi=1fn#1,

where f;,1 # 1is not taken into consideration, that is:

A i =1, fra=1f=1
Ak,kfl if fz = 1,.. .,fk,1 = 1,fk 7& 1
Ao i fo=1,...,frra=1fr1 #1
Dfofirrfs = : : : . (18)
Apop if fo=1f3#1
Apq if fo#1
Thus, Ay for j =1,...,k are the k eigenblocks of the k-SSCS covariance matrix I';. We

will obtain the estimators of the eigenblocks Ay j, j = 1,...,k in Section 4. In the following
section, we briefly discuss that the k-5SCS covariance structure is of the Jordan algebra type.

k-SSCS Covariance Structure Is of the Jordan Algebra Type

The k-SSCS covariance structure is of the Jordan algebra type (Jordan et al. [23]). Let
Gpy, be the set of all k-SSCS pyx X p1 matrices. It is clear that under the usual matrix
addition and scalar multiplication, G, , is a subspace of the linear vectorial space Sp, , of
the p; x X p1x symmetric matrices. For any natural number k > 2, it is easy to prove the
following proposition:

Proposition 1. If Ty is a k-SSCS matrix given by (9) (or equivlently by (8)), then T3 = T4 Ty is
also a k-SSCS matrix given by:

k-1
*
+ ® ]mk+1—h Tk,k’
h=1

k—1
=00 =T; = [Z Ipjiy @ Ty, @ Ty
j=1

where

k-1

Tiw = P2, (Tk,ka,k + Tk,ka,j) + poyTix
1

j=
— *
== Uk,k,

andforh=k—-1,k—-2,...,2, Tlt,h = UZ,h — U;/hﬂ, with

h—1

Z P2, (Tk,ka,h + Typ Tk,j)
=1

+ P2l + Uiy

Uy, = [

and where Tj, =: U}, — U}, = (Ugy — Uy,)” = T2, that is, with Uy, = Th, + U} ,.
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Therefore, we conclude that Gy, , is a Jordan Algebra. See Lemma 4.1 on Page 10 in
Malley [24], which states that Gy, , is a Jordan Algebra if and only if I2 =TI} € Gp,, f
allT; € gm .- See Roy et al. [25] and Koziot et al. [26] for proofs that 2-SSCS and 3- SSCS
covariance structures are of Jordan algebra types.

4. Estimators of the Eigenblocks

Letx, : r = 1,...,n be p;x x 1 random vectors partitioned into m; x 1 subvectors
as follows:

j=k

Xr = (x:’;f :f:(fkrfk—ll"'/f>€l: Fk2_ >2<F]>

/
= (x:'karfk—lz---/fZ (fi€F= {1,...,mj}, forj =k, k — 1,...,2) )
The vectors x, : ¥ = 1,...,n are a random sample from a population with distribution
N, p1x (#;Tx), where Iy is a positive definite k-SSCS structured covariance matrix as given
in (8) in Definition 3. Let X be the n X p; y-sample data matrix as follows:

1
X =1 1 =X X Xy
nXpk , nxim nxmy nximy
Xn
with
/
xlrf n
_ _ . _ /
Xof =X fofivpfs = : =\ *rr
nxmy nxmq / 1><m1 _
xn,f r=1

In this section, we prove that certain unbiased estimators (to be defined) of the matrix
parameters Uy : j = 1,...,k — 1 can be written as functions of the usual sample variance-
covariance matrix S as follows:

s = 7X,Qn
X{'l ol
1 m,1;<n’
_ : O Xty Xy | = (s )
n—1 o "\ ,:nka]mz FE) . peer’
X';Tl’lk,...,ﬂ’lz
mpXn

where Q,, is given in (2) with (3). Now the sample mean x can be expressed as:

! 1 !
1 X~;1,.4.,1 EX~;1,...,1 1,

x = - X 1,=- : 1, =
Pl,le npixxn n .

N :
mo n ko
1 1 & _
= (nX{;f1n> = (n Z’%f) = ( Xf )
myxn feF r=1 feF mqx1

—_
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Thus, S7, ¢+ in § can be expressed as:

1 £ (e —) (wy-m) it £=r
- 1

_ 1 / / _ m1><1 XM
Str = XWX =y | n N o .
n—1 Xpf =X |\ X p =X ) B fAS
r=1 nyx1 “1xm
1

Since S is an unbiased estimator of I'y, we have:

E[Sf;f*} = E|:ka/fk—1r-"'f2; ?fflffl""'f;]

_ ) Uk if = k=K ‘ ‘
Ui if fi#ffin=fyeofo=f for j=2,..k

Therefore, to find a better unbiased estimator of Uy ;, we average all the above random

matrices that are unbiased estimator of the same Uy ;. The unbiased estimators LAIk,]- of Uy ;
foreachj = 1,...,k are derived in Lemma 5 in Leiva and Roy [10] with k,j defined in
Lemma 3 in Leiva and Roy [10] as:

— P2k if j=1 9
i { pox(mi—1)paj1 if j=2,...k" (19)

Unbiased estimators of the eigenblocks Ay ; can be obtained from (13). Then, using
(14), the unbiased estimators of I'y can be obtained as the following othogonal sums:

k
e
T =) Rij1® A,

j=1

and if f,: ! exists, it can be obtained from (15) as follows:
~—1 ko ~—1
T =) Rij1®4, (20)
=1

where R;(‘,]»+1 is givenin (5), foreachj=1,...,k—1, and, forj =k, Rz,kﬂ is given in (7).

The computation of the unbiased estimates of the component matrices Uy ; for each
j=1,...,kis easy, as all of them have explicit solutions. At this point, we want to mention
that for k-separable covariance structure the estimates of the component matrices are not
easy, as the MLEs have implicit equations, and therefore are not tractable analytically. Now,
from Theorem 1 of Leiva and Roy [10], we see that a multiple of the unbiased estimators of
the eigenblocks Kk,j foreachj =1,...,k have Wishart distributions as follows:

(n=1)pjyax(mjr1 — 1)By; = (n = 1)BTy,, (Rk,j+ls Rk,j+1) =L k=1,

and (n—1)Agx = (n—1)BTp,, (Rj+1S Riks1),
where Ry 1 = R,’j,]. 11 ® Iy, given by (4) with (5) and (6) with (7), are independent and

(n=1)pjaoj(miyr —1)Ag; ~ Wiy, ((n = )pjgoi(mjs1 — l);Ak,]-) forl,...,k—1
and (1’1 — 1)3](,]( ~ Wm1 ((Tl — 1);Ak,k)-
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From Corollary 1 of Leiva and Roy [10], the 2-5SCS covariance matrix for second-order data
or multivariate repeated measures data has two eigenblocks, A > and A, ; with multiplicity
my — 1, and their distributions are as follows:

(Tl — 1)(1’}12 — 1)32,1 ~ Wml ((Tl — 1)(1112 — 1),A2’1),
and (1’1 - 1)32,2 ~ Wrm ((1’[ - 1)r AZ,Z)-

The 3-S5CS covariance matrix for third-order data has three eigenblocks, Az 3, A3
with multiplicity m3 — 1 and Az with multiplicity m3(my — 1), and their distributions are
as follows:

(n = 1)m3(my = 1)As1 ~ Wy, ((n = 1)ms(my — 1), 831),
and (7’1 - 1)(7?13 — 1)33,2 ~ Wm1 ((1’1 — 1)(1’?13 - 1),A3’2),
and (n —1)A33 ~ Wy, ((n — 1), As3).

5. Test for the Mean
5.1. One Sample Test

Using the notation and assumptions in Section 4,let X = (xq,..., xn)’ bean x py -
nXpik

dimensional data matrix formed from the random samples x1, ..., x, from N, , (u;Ty). Let

¥ be the sample mean, then ¥ ~ N, , (y, %Fk) . We are interested in testing the following

hypothesis:
Ho:pu=py vs Hi:p#wuy, (21)

for known p. For testing hypothesis (21), we use the test statistic D? defined as:
2 _ //\71 —
D =n(x —puo) T (X —pp)- (22)

5.1.1. Distribution of Test Statistic D? under Hy

Now, let Li = H}, ,,, ® Ly, be the matrix as given in (16). We use here the following
canonical transformation:

2= Li(® = o) = (Hyy @ Ly ) (F = o).

Therefore, z = (21,...,1l,'-~/ka,...,m2/)/ = L.(X—py) ~ Np, (0, Q). Therefore, ac-
cording to (17) with (18), we have:

1 1
k n k k(l’l k) k

1
= n <H7//”krm2 ® Iml)rk (HmkrmZ ® Iml)

1 ..
= ;d1ag{kar 1y f2) (fk,fkfl, .. .,fz)/ €F XF_1xX...X Fz},

where, for each j = 1,...,k, the diagonal my x m1- matrices Dy = Dy, | 1 are given by:

karfk—ll-"/fl = Akrj Zf f2 = 1’ Tt ’fj = 1’fj+1 # 1’

where fi 1 # 11is not taken into consideration, and the m; x 1 component vectors z; ¢,
with f = (f,...,f2) € F, are independent. The distribution of zj _r, under Hy is
given by:

1 )
szr~--,fz ~ N <0, nAk']) lf
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fo;=(for--- fj), fir1 € Fra— {1}, and  fi o = (fir2,--- fk) € Fpa x -+ X Fy.
Since
!
Hy Iy, Hyy, = Iy, = [emill’emilz""’emirmi]
r I3
Hy, Py H, = ep,e, = diag 1,&. ..,0
m,'*l
i
/ o VAP
and Hy, Q, Hy, = ;emi,]emi,]- = diag| O, 1,...,1 ,
= 711,'71
forj=1,...,k—1, wehave:
Hmk ”‘ZRk]Jrlek 1y (Hmk Mjio ® Hm/-H ® Hm//mz) (ij+2,k ® QmHl ®Pm]vlm2)
(Hmk np @ Hy O H, )
k—j—1 My
= ® [e"'k+1 iy Gy i] ® (Zé e’”j+1/ie£ﬂj+],i> ® (epj,2r19;1,2,1>
i=1 i=
= diag]| 20,...,0:1,0,...,0:---:1,0,...,05 -+ 20,...,0:1,0,...,0:---:1,0,...,0% |,
S—— S~ N—— S— S e
P2 p2,j—1 p2,j—1 P2, p2,—1 p2j—1
Mjyq Mjt1
Pj+2k
and for j = k, we have:
_ / _ / T
Hmk,msz k+1Hmk my Hmk,mzpmk,mszk,mz = Cpap1Cpyl = diag 1’0;'.' ,_/"O
p2x—1
Therefore, using (20), the statistic D? in (22) can be written as:
D* = n(x—py)Tp (F—
= n(X—py) Ty (¥ —pp)
k 1
/ * A
= nz ( My, my ® Iml) Z Rk,j+1 ® Ak,j (Hmk/mz ® Iml)z
=1
Pi+2k
k-1 -
o / . . ! ! ': / / ':
= hz ~ dlag o Pz; 1 0P2, 1° 1 0P2; 1° Pz, 1 0?2; 1° 1 0!’2, 1°
]:
Mjt1 Mmj+1
~ , . ~—1
®Ak] z+nz ¢diag| 1,0,...,0 | ® Apy rz,
pak—1
that is,
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whereforj=1,...,k—1

Mjip My

2 _ A
To; =tr|n Z DD - 25 ,f,“, ) pfiinl, ,]Ak,] (24)
fi=1 f/+z—1 fir1=2
j— 10nes j— 10nes
k—j Sums

and for j = k, we assume

my Mjyp  Mjgq

2 _ / A
Toe = trjn}, .. X %, Sk 1P pa1, L 18k
fi=1 fir2=1 fjr1=2 S ~——
j—1 ones j—1 ones
k—j Sums
= ntr|z z! A, (25)
1,...,1%1,...,1%kk |
SN N——
k—1 ones k—1 ones

Note that the subsets of vectors involved in T3, . . ., T3, respectively, form a partition of
the set of independent vectors {z Forfs - fer-o 2o €F } Therefore, Tozl, ey Tgk are mutually
independent. Moreover, since forj =1, ...k,

My My

_nz Z Z fkr ff]Jrlr .. /k ..... f]qu,].,...,l NWml (k(])’Ak/])’
———

fie=1 f/+2—1 fi+1=2

j— 1 ones j—1 ones

k—j Sums
where
k) = Pjv2k(mjp —1),
and
Ej=(n—1)pjox(mjp1 — 1)3,(,]- ~ W, (d]-; Ak,j)r
with

dj = (n —1)pj2k(mjp1 — 1).

Therefore, ng given by (24) reduces to

E;

1
T2 = +tr|H:
o ! ((” = 1)pjrok(mjs — 1) )

= (n— 1)Pj+2,k (mj+1 - 1) tr(Hij_l) = dj tr(HjEf_1>'

and has a Lawley-Hotelling trace (LH-trace) distribution denoted by 72 (ml i Pjsok(mipr —1),d j)
if dj = (n—1)pjyox(mjs1 —1) > my. Note that, using (25), the case j = k reduces to
Hy = nzy, 121,.1" ~ Wi (L Agg) and B = (n—1)Ag ~ Wy, (n — 1; Ag). Then, T3,
has the LH-trace distribution 72(m1; 1, (n — 1)) if (n — 1) > my.

Thus, the distribution of D? given by (23) is the convolution of k-independent LH-trace
distributions:

k

D Ts (ml?Pj+2,k (mjr1 —1),dj = (n—1)pjsa(mjp —1) = ml)-
j=1
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The critical values of this distribution can be obtained using simulations. However, LH-trace
distribution is usually aproximated by F distribution, and we use here the second approxima-
tion suggested in McKeon [27]. For jth case, ie., forj = 1,...,k — 1, let us use the notations

mgy =dj—my —1=(n—1)pjsax(mj1 —1) —m1 =1,k = pjrax(mjs1 — 1) and

B — )+ o) . [m(j) +m]
[mgy =2 [my+1]
[npj+2'k<mj+1 “Hom- 1} [(” = Dpjrok(mjpr —1) = 1}

{(" —D)pjax(mjyr —1) —my — 3} {(” —D)pjsax(mjyr —1) — ml} .

Then, the distribution
T (m; pjaap(mipr — 1), (n = 1)pjiox(mjpq — 1))

of ng =d; tIT(H]'Ej_l) can be approximated by g;.F (K, D;) where K; = kjymy = pjiox (mj11 — 1)

2
Kj+2 pisog(mjsa—1)mi+2 d;K; Dj—2 (=172 o (mj1-1)"m D2
my, D; =4 i g4 P i and ¢o; = SN 2Tt j+2 i<
VD=4 g + Bi-1 ) mg) D (n=1)pjax(mjp1—1)—m—~1 Dj

Finally, for j = k, the distribution
To (m1;1,(n = 1))
is the usual Hotelling 7'1%7171, that is, distributed as an exact distribution as follows:

(n—1)m

F(my,n—my).
n—m;

This means that the distribution of D? can be approximated by the convolution of the
above k distributions ((k — 1) approximated F distribution and one exact F distribution),
where its critical values are obtained by the method suggested by Dyer [28].

Remark 1. The statistic ng, j = 1,...,k — 1 has LH-trace distribution TZ(my; Piyoi(miiy —
1),d;) ifd; = (n = 1)pjox(mjt1 — 1) > my. Wealso note that T2 has the LH-trace distribution
Té&(my;1, (n—1)) if (n — 1) > my. Now, for k-th order data, all mi; > 2forj=1,... kand
k > 2. See Definition 1. Now, k > j. Therefore, k —j > 1 and then k — j —2 > —1. Thus,
Pji2k > 1. Sincem; > 2 for all k-th order data, m; 1 > 2, we have (n— 1)p]-+2,k(mj+1 1) >m
when (n —1) > mq. Therefore, the only constraint needed on sample size in order to have all
ng,j =1,...,k to follow LH-trace distribution is (n — 1) > my, i.e., n > my + 1, regardless of
any mj, j =2,..., k. In essence, the minimum sample size needed to compute the D? test statistic
is my + 1, although the minimum sample size needed to compute the Hotelling’s T test statistic is
p1x + 1, where py . is the full dimension of the observations. For this reason, one cannot compute
Hotelling's T? test statistic for a small sample data set where n < py , which is doable for the D?
test statistic.

We will now discuss some special cases of the D? statistic in the following remark.
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Remark 2. For second-order data or multivariate repeated measures data, D*> = T3 + Ta,. Now,
ng is distributed as LH-trace distribution 762(m1 ;Ln—1), and T2 01 is distributed as LH-trace
distribution as follows

T8 (m1; prooje(misy — 1); (n = 1) pyox(mipg — 1))
or 762(m1;p3,2(m2—1);(n—1)p3,2(m2—1)) as k=2
or 762("11; (my—1);(n—1)(my—1)) as psp=1 by (1).

Thus, T3, is distributed as LH-trace distribution T (my; (ma — 1); (n — 1) (mp — 1)).

So, we see that this test exactly matches the test obtained by Zezula et al. [1] for multivariate
repeated measures data (second-order data) with 2-SSCS or BCS covariance structure. Therefore,
we can say that our mean test statistic in this article is an extension or generalization of Zezula et
al.’s [1] mean test statistic for k-th order data with k-SSCS covariance structure.

We will now derive the mean test statistic for third-order data with 3-SSCS covariance
structure. For third-order data, D> = T3 + T4, + T,. Now, T3, is distributed as LH-trace
distribution T (my; 1;n — 1), and T3, is distributed as LH-trace distribution as follows:

T8 (m1; pasoje(masy — 1); (n = 1) paiok(moiq — 1))
or 762(m1;p4,3(m3—1);(n—1)p4,3(m3—1)) as k=3
or 762(m1; (mz—1);(n—1)(m3—1)) as paz=1 by (1),

that can be approximated by g F (Ka, D,), where Ky = (m3 —1)my, Dy = 4+ 3 K2+2 and g =
d _ —1)(mz3—1)? _ .
TR = G e with dy = (1= 1)(ms — 1), m(y = dp —m — 1 and

[Wl(z) +(Wl371)m1] [m(z) +m1]

B, =
2 [m2)=2][mz)+1]

, and T, is distributed as LH-trace distribution as follows

To (m1; prooge(mizy — 1); (n = D) p1iap(miq — 1))
or 762(m1,p33 (my —1); (n—1)p3s(my —1)) ask =3
or 762(m1,m3 (my —1); (n—1)mz(my —1)) as psz=ms by (1),
that can be approximated by g1 F (K, D1) where Ky = mg(my —1)mq, Dy = 4+ 3 Kl +2 and g1 =
_ m 1 _ )
% b = (n(ill)nL(nE;ﬂle)jmffl Sbi with dy = (n = )ms(my 1), mqy = di —m —1
gnd Bl _ [m(1)+m3(m2—1)m1] [m(1)+m1] .

[m)=2][m1)+1] S .

So, one can easily derive the test statistic for j-th order data for j = 2,...,k from
our generalized D? statistic. The distribution of D? under Hy for second-order data with
2-SSCS covariance structure is discussed in detail in ZeZula et al. [1]. We will discuss the

distribution of D? under Hy for third-order data in detail in the following section.

5.1.2. Distribution of Statistic D?> under Hy for Third-order Data with 3-SSCS
Covariance Structure

This section is adopted from the work of Zezula et al. [22]. However, we use a much
simpler, straightforward approach so that the practitioners or the analysts can appreciate
and apply the method easily. Let L3 = Hy;; ® Hy, ® Iy, = Hppg i, @ Iy, be a matrix such
that for each j = 2,3 Hyy, is an (m; x m;) Helmert matrix, that is, an (m; x m;) orthogonal
matrix with the first column proportlonal to the m; x 1 vector of 1’s. We use here the
following canonical transformation:

z= Lé@ — M) = (H;113,m2 ® Im1)(f_ o)
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Therefore, z = (z11',.. ., Zmym,') = L5(X — pg) ~ Np,, (0,Q3), where

1 1 1
Q; = nD3zlé(nI3)L3:liﬁﬁ%m2®1mgrd}h@mz®1mJ

1.,
= Edlag{D]%fz" (f3,f2)/ €cF=FKx P2},

where, for each j = 1,2, 3, the diagonal m X mj-matrices D = D fs,f, are given by

L#L j=1
Df3,f2 = A3,]‘ if f2 = 1,f3 75 1 ]'= 2,
and the m; x 1 component vectors z, r,, with f = (f3, f2) € F, are independent, with

distributions (under the null hypothesis) zy, 7, ~ Ny, (O, %Ag,,]-) if

fZ,j = (fz,. . ,f]) = 1]‘,1, f]'+1 GFj+1 - {1}, and fj+2,3 = (fj+2/‘ . .,fk) GFj+2 X X F3.

Therefore, particularizing D?, given by (23), for k = 3 we have

Mjio M

~—1
D? = tren Ay
Z Z Z Z fkr rf;+1r . 1 fk, r_f:]+1/ ., 15k
fk=1 f/+2 1f/+1— R,—/
j— lones j—1 ones
k—j Sums
ms mp ms 1 1
IR IR
= trin) ZZf:,)’ZZfoZABl ttrln ), zpazh Bs, | +tr|nzinziiBs;
fi=1/2=2 fi=2
—— ~—
3—1 Sums 3—2 Sums

2 2 2
=: TOl + T02 + T03.

Since the subsets of vectors involved in Tgl, ng, Tg3, respectively, form a partition
of the set of independent vectors {z f S fpEBX R =F } T3, T3,, T4, are mutually
independent. Moreover, since, for j =1,

mz

H1 = ﬂle Z Zf3 f2Zf3 fz Wm1 (1’/’13(1’}12 — 1);Ak,]') = Wm1 (kl;Ak’]’), and
G
3—1 Sums

El = (Tl — 1)1’)13(1’}12 — 1)83,1 ~ Wml ((Tl — 1)7}’[3(7}’[2 — 1),‘ A3,1) = Wm1 (d],‘Agrl), and

5 ms. 1y El -1
TOl = tr|n 2 2 ZfszZfo A31 = tr Hl(( _1)m3(m2_1)>

fr=1fo=2

= (1= Dms(m — Dr(HiE;Y) = dyer (B E}Y)
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has a LH-trace distribution denoted by 72 (my;m3(my —1),dy) if d1 = (n — 1)ms(my —
1) > my. Similarly, for j = 2,

msg

Hy = n ), zf3,1z}3,1 ~ W, ((m3 —1);A32) and

fr=2

g’

3—2 Sums
Ez = (Tl — 1)(1’}13 — 1)83,2 ~ Wml ((1’1 — 1)(1’1’[3 — 1),‘ Ag,z), and
T2 f / 3—1 H E, -1
= tr|n Zf12 = tr 2()
N o R (D — 1)

= (Tl - 1)(7}13 - 1)tr<H2E£1> = dztr(HzEgl),

has a LH-trace distribution denoted by 72 (my; (m3 — 1),dp) if do = (n — 1) (mz — 1) > my.
Note that the case j = 3 reduces to H3 = nz11z11" ~ Wy, (1,A33) and Ez = (n — 1)33,3 ~
W(n —1;A33), then T§3 has the LH-trace distribution 762(1711; 1,d3)ifdz = (n—1) > my.

3
Therefore, the distribution of D> = Y. ng is the following convolution of three
j=1
independent LH-trace distributions:
N2

D 75 (m;pjaas(mjpr = 1),d)) =
j=1
To (my;ma(my —1),d1) & Tg (ma; (m3 — 1), da) & Tg (m1; 1, d3), (26)

if for j = 1,2,3, (n —1)pj23(mjy1 —1) > my. The critical values of this distribution
can be obtained using simulations. LH-trace distribution is usually approximated by
F distribution as mentioned before, however, we use here the second approximation
suggested in McKeon [27].

For j = 1, denoting by m ;) = dy —m; —1 = (n—1)mz(my—1) —my —1,by kg =
m3(my — 1) and by

[H’I(l) +k1} [Iﬂ(l) —le]

B = :
|:71’Z(1) — 2:| |:7”l’l(1) + 1:|
_ [nms(my — 1) —my — 1|[(n — 1)mz(mpy — 1) — 1]
[(n—1)mz(my — 1) —my = 3][(n — V)mz(mp — 1) — my]’
the distribution

762(m1;n13(m2 —1),(n—1)mz(my — 1))

of Tgl =dqtr (HlEl_l) can be approximated by g1 (Ki, D7), where Ky = m3(mp — 1)my,

Ky D2 (n=1)m3(my—1)*m;_ D;—2
my D1 (n=1)mz(my—1)—my—1 D1 -
For j = 2, denoting by m(5) = dp —my —1 = (n—1)(m3 —1) —my — 1, by k() =

m3 — 1 and by

D1 =4 + 7M3(m%;17i)1m1+2 and gl = d1

{m(z) + k(z)} [m(z) + ml]

[M(z) — 2} . {Wl(z) + 1}
[n(ms —1) —my —1][(n —1)(m3 — 1) —1]
[(n—=1)(m3 —1) —my —3][(n—1)(m3 — 1) —my]’

B, =
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the distribution
T (my; (m3 — 1), d3)

of ng = dytr (HzEgl) can be approximated by g, F(Ky, D;), where Ky = (m3 —1)my,

- (mz—1)m;42 _ Ky D=2 _  (n=1)(m3—1)*my Dy—2
Dy =4+ =g g—and g = (n = 1)(ms = V)22 75" = Gyt -1)-m =1 Dy -
Finally, for our last case corresponding to j = 3, the distribution 72(my; 1, (n — 1)) is

the usual Hotelling 7;31 that is, an exact distribution as follows:

n—1s

(n—1)m B
n—m ‘F(mlrn ml)'

This means that the distribution of D? can be approximated by the convolution of the
above three F distributions (two approximated F distribution and one exact F distribution),
where its critical values are obtained by the method suggested by Dyer [28].

Now, we need to perform the convolution of three distribution functions. Since
convolution is associative, for three distribution functions F7, />, and F3, the associative
law of random variables implies that (F; ® F») ® F3 = F1 @ (F, ® F3), so we can
dispense with the parentheses and can write 77 ® 7, ® F3. In the following section, we
present the unbiased estimates of the eigenblocks for a 3-S5CS covariance matrix.

5.2. The Expressions of the A’s Estimators for the Case k = 3

1. From Lemma 5 in Leiva and Roy [10], the unbiased estimators f13,]- of U3 for each
j =1,2,3, are written as follows:

~ 1 1
Us; = —BT, (S)=— Y S,
pas M P23 f;: Fif

2 sums

1 N - = / —
N (n—1)q31 L L L\*mpn—Tnn Yifsfe T Xhfa | 27)
" f3€F €K r=1 myx1 myx1

3 _ BSP1,1 [BTPLZ (S)} B BSPl,l [BTPM (S)] _ BSPM [BTPLz(S)] B BTPM (S)

93,2 73,2
1 special sum pair

1 sum

12(2 y )z( s )( v )
(n_l)q3’2f3€1:3 f2€Fz fz#fz*EFz = T’,f3/J;211><1 f3/f2 7;f3,f12><m1 f3,f2 7

and

(28)

l’i _ BSPLl [BTPLs (S)} B Bspl,l [BTPLZ (S)]
q33

1 special sum pair 1 sum pair
- rifsifa T falf: ifsfs TR
(n 1)‘73/3 f3€F3 f37éf3*EF3 szFz f;EFz r=1 ’ 7}211 x1 e rf3 flzxml f3 fZ

where q3,js j = 1,2,3 are given in (19). Therefore, an unbiased estimator of I'; is
given by:

(29)

TTpps @ ﬁ3'3'

2
I3 = LZ ij+1,3 ® ]Pz/]‘ ® (U3/f o U3/f+1>
=1
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Since k-SSCS matrix I'y in (9) is of Jordan algebra type, following Koziol et al. [26] one
can show that the above estimate f3 is the best unbiased, consistent and complete
estimator for I's.

2.  Foreachj=1,2,3 an unbiased estimator of A3,j, 334 is given by:

. ] SO
Azj=) pai (U3,i - U3,i+1),
i=1
where fI3,4 =0and py1 = 1, or equivalently:

A Us; — Usp if j=1
3 Az 1+ Pz,j(U3,j - U3,j+1> if j=23"

The above unbiased estimators admit the following expressions as functions of S:

An. Mjt1 - BSpy, [BTPL]'(S)} —BSpy, [BTPL]'H (S)]
% p23(mjs1 —1)

7

for j = 1,2 and where BS;,, [BTPM (8)] = BTy, (S)and BS, , |:BTP1/]'+1 (S)] =BSp,,(S),

and an unbiased estimator of Az 3, As 3 is given by:

~ 1
A3z = —BS, ,(S).
P23 P11 )
6. Test for the Equality of Two Means
6.1. Paired Observation Model
In this section, we consider that in each one of the n individuals, a p; x-variate vector is
measured at two different times (e.g., before and after a treatment). These measurements
are k-th order (array-variate) measurements from each individual. To be more precise,
for each f = (fi,...,f) € F, let Vg, and wyg . be the paired mj-dimensional
vectors measured at the (fy,..., f) site of the r individuals, for r = 1,...,n. Let u, be
/

the partitioned 2m-variate vectors u, = (v}, w),) = ((vr 1 'vi,rm)' (w’r 1 'wé,mk>>'
/

!
where v, = (v:;fk,lf : "’v:’;fk—lzmk—l) and wy;; = (w:’}fk/l""’w:’ka/mk—l) whereo,p 5\ =
!/ /
(’v;'ka/fkflll"“'v;}fkrfk—lrmk—z) andw,s ¢ | = (w;;fkrfkq,l"'"w;;fk,fqumfz) ,witho.e o
!/ !/
- (v/’?fk/--~ff3/1"”’vf’kav"rf&mZ) and Wryp...fy = (w:;fk/~~-/f3,1""’w;;fk/~~-/f3,Mz> , Tespectively,
where o). oo = Vrsforfafolr e - -1 Ubif fo fom and  wi.
Wrsfoofofolr - - - 1 Wrify o fs fZ,m]) are the m; paired measurements taken from the rth

individual, forr = 1,...,n. We assume that uq, ..., u, iid. N2p1 . (#,,Tu), where i.i.d. stands

for independent and identically distributed, and p,, = (,”;;rﬂ;u), and I'y is the partitioned
2p1k X 2p1 p-matrix

rv rvw
I, — P1LkXP1k PLkXP1k
u — 7
rwv rw

P1LkXP1k  PLkXPik



Symmetry 2022, 14, 291

20 of 27

where
k—1
r, = Zl IPj+1,k ® ]pz,j & (uv,j - Uv,j+1) + ]Pz,k & uv,k and
]:
k—1
Tw = [V 1, ®] poy @ (Uwj = Uwjt1) | +Jp,, ® Uy, and
=1
k=1
Tow = r',wv = Z IPj+1,k ® IPz,j ® (uvw,j - uvw,j+1) + ]Pz,k Q Uy k-
=1

The matrices I'yp, and I'y, are accountable for the linear dependence among the
considered m; paired measurements. Particular cases of I'yy, could be of interest, e.g.,
Uyy = -+ = Uy, thatis, Ty = I, = Tpoi ® Upap (see, for example, when k = 2,
Definition 2 on Page 388 in Leiva [6]). Under this set up, we are interested in testing the
following hypothesis:

Ho:py, =4, vs. Hi:py, 7y

If we define x = v — w the above hypothesis is equivalent to
Ho:p, =0 vs Hi:p, #0,

as u, = E(v —w) = u, — p,,. Moreover, x, =v, —w,, r = 1,...,n, are iid. N(p,T)
where ., = pu, —p,, and

I = cov(x) =cov(v—w) =Ty +Tw —Tow — Two

k—1
= 21 ij+1,k ® IpZ,j & (ux,]‘ - Ux,j+1) + ]Pz,k X ux,k/
j=

where Ux,]' = Uv,j + Uw,j - va,]' - U,

vw,j

for j=1,...,k

Assuming I' is a positive definite matrix and that n > p; ;, one may consider the
likelihood ratio test for the above hypothesis testing problem for k- level multivariate
data assuming the mean vectors p,, and p,, are unstructured. Note that this test problem
reduces to the one sample mean case of the previous section where y, = 0. Therefore, all
the results obtained in the previous section are valid for this case. Following the same
logic as in Remark 1, the needed sample size for the testis n > mj + 1, regardless of any
mj,] = 2,...,k.

6.2. Independent Observation Model
In this section, we consider the case where we have two independent samples: one random

. . i.i-d. . / / /
sample of size n1 of py y vectors vy, : 171 =1,...,m ~ pl/k(‘uv, I'y), with v, = (vrl,lf N

/ / / / / /
whereo’ , = (v .., v = (v ...,0 ...,and where
1 fx ( rf " U k/mk—]), ifefk—1 ( e fi— VT Ui fiume— )7
v = (v v’ with v/ = (v v
7];fk,.“, 3 Vl;fk,..., 3,1’ Tt r1;fk,...,f3,m2 Tl;fk,..., 3,/2 15 krrS3s, 2,17y 115 krrJ3,]2,1M7
being the m; measurements taken from the rﬁh individual, forr; = 1,...,n1, and another
. iid. .
random sample of size ny of py vectors w;, : 1o = 1,..., 1y '~ Npl,k (g Tw), with
! _ ! / / _ / / / I
w;, = (wml, . ..,w,z,mk), where Wy .p = (wrz;fk,l’ W k/mk—1>’ where Wy pp =
/ / / / /
...,and wher =
(wVZ?fk/fk—lfl’ W fefirma )70 e W, frrrf3 W firefsl? 7 Wros i fam
. / _ .
with w Faiforfofs = \Oraifirfafols s 1 Wryifi fo fom being the m; measurements taken

from the réh individual, forrp, = 1,...,np, for f = (fy, . ..,fz)/ e F.
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Our interest is in testing the following hypothesis:

Ho:py =4, 0s. Hi:py, # Hy (30)

under the assumption that I';, = I'y, = I' = I'; is an unknown k-SSCS covariance matrix

of the form (8). Let V = (vy,...,v,,) and W = (w;, ..., wy,) denote the corresponding
m

two sample matrix data. We know that the sample means v = n% Y v, and w =
1’1:1
3
nl—z Y. wy, are independent of the covariance matrix estimators §; = ﬁVQn V' and

ro=1
Sy = nz%lWan W' respectively. Therefore, they are also independent of SP!, the pooled
unbiased estimator T (convex linear combination of unbiased estimators of I'), which is

given by:
pl n—1 np —1
S n+np,—2 ! n+ny,—2 2
B pl ) e ~(opl
- (ka ..... fz;f,j,wfz*)lef;:bm;fk,fljzl N (Sf;f*)f;f*eF/
where
nq i . nyp o o
L (vy;f — T¢) (U:’l,’f* - v}*) + ¥ (wy,;r —y) (wiz;f* - w}*>
Spl _ r1=1 =1
Lif (ny +ny —2)
Now .
_ 1 niny
v-wr Npl,k (V-o — P nplrk>’ where nP" = m
We know that under Hy:

o 1 1 !
T~ Ny, <0, nplrk)’ and SP' ~ W, <n1 tnm =2, nl—l—n2—2rk)

Due to the exchangeable form of I, it is clear that we again have:

Esh.] = E[S% ] (31)

I o
Uk,j lf fj#fj*lfj—&-l :fjil""’fk:fl:( fOT ]:2,,k

Note that each of the following expressions is the arithmetic mean of all submatrices
of SP!, which, according to (31), have the same expectation. It is easy to prove that for each

j=1,...,k an unbiased estimator of Uy ;, LAIZIJ, for j = 11is given by:

ﬁl]:,ll - LBTPM (Spl> = i

Y st
P2k P2k fef

fif

n—1 1 np, —1 1
= — S..+7—§S..,
n1—|—n2—2p2,kf€F Lfif n +nz—2p2,kfep skl
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and forj=2,...,k, l/:lil] after some algebraic simplification is given by:

~pl BSPLl [(BTPL;’ <5pl>) - BTVl,j—l (SP1>]
i = Gk.j

np—1 1
e 177 SR Dl D DS )DEED DN BN DB B EES
VT2 T2k ek fiacha\fieh fi#f €F) \fiaeha f7 1€ F2€F¢ f3€F

np —1 1
+ n+2n —2q; Yo X )DDY D Yol X XS
1 2 kj fek, fir€Fa\fi€F fi#fi €k ) \fi-1€F fi€Fa f2€F fy€F

where g;; is given in (19). Therefore, we can use the following unbiased estimator of
variance and covariance matrices

k-1
Pl ppl pl pl pl
r = I = [ Z% IPj+1,k ® Ipz,j ® (uk,j o uk,j-i—l) + IPz,k ® uk,k'
]:
Apl 1 =~pl 1 =pl 1 ~pl
and Qk = EDk = L;( <np1rk )Lk = E (I{;nk’m2 ® Im1>l"k (Hmk/mz ® Iml)

1 .. ~pl
= Edlag{ka,fkflwwfz; (fk,fk_ll- ..,f2)/ c Fk X Fk_1 X ... X Fz},

. . _ . pl _ pl . .
where, for each j =1, ..., k, the diagonal m; x mj-matrices D = D Fofi 1,0, AT€ glVEN by:

=pl ~pl .
karfk—l/-n/fz - Ak,] lf f2 - 1,. . .,fj]' - 1,'f]+1 # 1,
where f; 1 # 1is not taken into consideration and where
NG J Pl ypl
Aij =Y P2 (Uk,i - Uk,i+1>/
i=1
with ﬁglk 11 = 0, or equvalently:
~pl ~pl . .
AP — l Uy, — Lfk,z 1 if j=1
g AP 7P 7P : : :
! Apiq+ Pz,j(uk,j - uk,j+1) if j=2,...,k
The usual likelihood ratio test of (30) is to reject Hy if:

-1
T? = %(5—@)'(5191) (T —w) > %

Since (n1 +ny — z)spl =(n; — 1)51 + (np—1)S; ~ Wml((nl +npy — 2);Fk),

-1

[N
NI

1 1\, (ny +ny —2)SP! 1 1N\Z.,_
T2 = — 4+ = —w) — — RS R - 4+ = —w) — — .
(5 ) @)= G | SEEEZZEE N () ) )
NN‘”"“Zlf’l,k ~Wishart/d.f. NNormaIka

. =pl . .
Nevertheless, we cannot use the above result, as in our case, l"}]: is an estimator
of T',. However, by Theorem 1 of Leiva and Roy [10], we know that the random vec-

tors (1’1 — 1)pj+2,k(m]-+1 — 1)3]{’] = (Tl — 1)BTP1,1 (Rk,jHS Rk,j+1) : ] = 1, .. .,k - 1, and
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(n— 1)3ka = (n—1)BTp,, (Rk,]»HS Rk,jﬂ), where R 1 = R ;1 ® Ly, are given by (4)
with (5) and (6) with (7) are independent and

~pl
(n1 4 1o = 2)pjap(mjpr — 1)A}1:,j ~ W, (Ak,j; (n1 412 = 2)pjai(mjpr — 1))
for j=1,...,k—-1,

~pl
and (np +ny — 2)A£k ~ Wy, (Ak,k; (ny +ny — 2)), where pjiqr =1

Since the estimators Kflj :j=1,...,k are functions of SP!, they are independent of
o — w. Therefore, using a similar procedure as in the one sample case where we used
the transformation z = Ly (¥ — p1y) = (Hp, ® - -+ @ Hyy ® Iy, ) (X — py), we now use the
following transformation:

d = (di,.1) . dwmmy’) = Li(7— ) (Hp, ® @ Hyy @ I, ) (T — ).

According to the previous result, d = Li (5 — @) ~ N, (0, ), where
1 / 1 !

1
= Edlag{karfk Lo fa? (fk/fk—1/~ . .,fz)/ €Eh xF_1%X...%X FZ},
where, for each j = 1,..., k, the diagonal m; x m1- matrices Dy = Dy 5 1.5, are given by:
Digipo =B if o=1,....fi=1fi1#1L

Using a similar result as the one used in the one sample case, we obtain the statistic

(Dpl)2 as follows:

(Dpl)z = % (5 —w) (") o) = w'd T 'd

Mjip  Mjyq

_ ol pl\ !
= nPZ 2 S Y fad ol (Ak,j> de find, .1

=11 fi=l f;+2 1fin=2
N, ———— j— 1 ones j—1 ones
k—j Sums

-1
+nPld’ (Kpl ) d
fk il oo, T\ Tkk 1,...,1

k—1 ones k=1 ones

k my m]+2 m]+l 1
_ _mny_ )
= 2|t —— Yoo X Xodg ikl 19, p1, 1<Ak,j

=1 fi=1 fr+2 Lfin=2 —

7 j— lom.s j—1 ones
k—j Sums

k
. ZTZ
=: 0j°

=1

2 k
Then, the distribution of (Dpl> =) ng is the convolution of k independent LH-trace
j=1

distributions as follows:

k
D7 (ml,' Pivok(miv1 —1),dj = (m1 +n2 = 2)pjop(mjpn — 1) > m1>.
=1



Symmetry 2022, 14, 291

24 of 27

The only condition needed on the sample size in order to have the above convolution of
k independent LH-trace distribution is n; 4+ ny > my + 2. However, LH-trace distributions
are usually approximated by F distribution (We use here the second approximation

2
suggested in McKeon [27]). This means that the distribution of (Dpl) can be aproximated

by the convolution of k F distributions, where its critical values are obtained by the method
sugested by Dyer [28].

7. An Example

We apply our proposed extended D? test statistic to a third-order (k = 3) medical
dataset as described in the Introduction, where the interest is in testing the equality of mean
of a population of glaucoma patients to a target mean of another population of glaucoma
patients [29]. Several studies showed that the central corneal thickness (CCT) plays a
major role in the diagnosis of glaucoma. Intraocular pressure (IOP) is positively correlated
with CCT and may therefore affect diagnosis. Therefore, CCT should be measured along
with IOP in all patients for verification of glaucoma. CCT and IOP vary from individual
to individual, from right eye to left eye, and from time to time. We have a sample of
30 glaucoma patients. Measurements on IOP and CCT were taken from both the eyes (sites)
and were observed over three time points at an interval of three months. Clearly, then,
this dataset is a third-order dataset with m; = 2,m, = 2, and m3 = 3. This dataset was
studied by Leiva and Roy [20] by assuming a 3-SSCS covariance structure. Here, we also
assume that this dataset has a 3-SSCS covariance structure. The (2 x 1)-dimensional sample
partitioned mean vector in our sample of 30 glaucoma patients is presented in Table 1.

Table 1. The (2 x 1) dimensional sample partitioned mean vector in our sample of 30 glaucoma
patients.

(IOP, CCT)

24.333,527.367)'
23.567,534.633)'
20.233,525.333)/
)
)
)

19.567,532.500)"
19.233,527.133)'
18.933,534.867)’

W WNNRFR P e
NRNRNR|®
NN TN TN TN TN

Additionally, using the Formulas (27)-(29) presented in Section 5.2, the unbiased
estimates U3 1, U3, and U3 3 are:

3.528 9.268

.. — | 12230 12061 ] 4 5826  6.939
31— 9.268 288.684 |’

12061 426,155 | 132 = | 6939 164.156 } and Us 3 = {

respectively. Using the above estimates, the unbiased estimate of I'3 is:

T3=leliolsy +Iloe(Jy—lu)@Usy + (o~ lo)® J, ©Uz 3 =

12.230 12.061 5.826 6.939 | 3.528 9.268 3.528 9.268 | 3.528 9.268 3.528 9.268
12.061 426.155 6.939 164156 | 9.268 288.684 9.268 288684 | 9268 288.684 9.268 288.684
5.826 6.939 12.230 12.061 [ 3.528 9.268 3.528 9.268 ! 3.528 9.268 3.528 9.268
6.939 164.156 12.061 426.155 -L 9.268 288.684 9.268 288.684 _l- 9.268 288.684 9.268 288.684
3.528 9.268 3.528 9.268 | 12.230 12.061 5.826 6.939 | 3.528 9.268 3.528 9.268
9.268 288.684 9.268 288.684 | 12.061 426.155 6.939 164.156 | 9.268 288.684 9.268 288.684
3.528 9.268 3.528 9.268 | 5826 6.939 12.230 12061 1| 3528 9.268 3.528 9.268
9.268 288.684 9.268 288.684 I 6.939 164.156 12.061 426.155 1 9.268 288.684 9.268 288.684
3.528 9.268 3.528 9268 | 3528 9.268 3.528 9268 | [ 12230 12.061 5.826 6.939
9.268 288.684 9.268 288.684 | 9.268 288.684 9.268 288.684 | | 12.061 426.155 6.939 164.156
3.528 9.268 3.528 9.268 i 3.528 9.268 3.528 9.268 i 5.826 6.939 12.230 12.061
9.268 288.684 9.268 288684 | 9.268 288.684 9.268 288684 | 6939 164.156 12.061 426.155

The 2 x 2 block diagonals U3 ; represent the estimate of the variance-covariance matrix
of the two response variables IOP and CCT at any given eye and at any given time point,
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whereas the 2 x 2 block off diagonals ﬁgrz represent the estimate of the covariance matrix of
the two response variables IOP and CCT between the two eyes and at any given time point.
The 2 x 2 block off diagonals Uj 3 represent the covariance matrix of the two response
variables IOP and CCT between any two time points.

Iester et al. [29] reported the mean and standard deviation (SD) of the IOP and CCT
measurements for both the eyes from 794 Italian Caucasian glaucoma patients (see Table 2).
We deem these means as the means of the IOP and CCT at the first time point and then
randomly generate four samples within three standard errors (SD of mean) from these
reported means of IOP and CCT to represent the means of IOP and CCT for the left and
right eyes in the third and sixth months, respectively. These randomly generated means of
IOP and CCT for the left and right eyes at three time points in vector form are reported
in Table 3, and we will take this mean vector as the targeted mean p, in (21). The sample
mean vector in Table 1 appears to be very different from the targeted population mean
vector i, in Table 3.

Table 2. IOP and CCT measurements from 794 Italian Caucasian glaucoma patients.

Mean SD

Right IOP 16.16 3.55
Right CCT 545.68 35.82
Left IOP 16.28 3.31
Left CCT 546.89 36.09

Table 3. The (2 x 1) dimensional targeted partitioned mean vector y, in the Italian Caucasian
glaucoma patients.

t s (IOP, CCT)
1 1 (16.16, 545.68)
1 2 (16.28, 546.89)
2 1 (15.97, 546.18)
2 2 (16.25, 550.30)
3 1 (16.20, 546.90)
3 2

(16.07, 549.64)

The aim of our study is to see whether our sample of 30 glaucoma patients has the
same mean vector as the Italian Caucasian glaucoma patients. Our main intention of the
analysis of our glaucoma dataset is to illustrate the use of our new hypotheses testing
procedures rather than giving any insight into the dataset itself.

The calculated D? statistic (26), which is a convolution of three independent L-H
distributions, Tg(Z; 3,87), Tg(Z; 2,58) and Tg(Z; 1,29), respectively, which in turn is ap-
proximated by two approximated F distributions and one exact F distribution, is 317.2971,
and the corresponding p value is 0. So, we reject the null hypothesis that the population
mean of our dataset is equal to the Italian Caucasian glaucoma patients, and this conclusion
was expected from the data.

8. Conclusions and Discussion

We study the tests of hypotheses of equality of means for one population as well as
for two populations for high-dimensional and higher-order data with k-SSCS covariance
structure. Such a structure is natural and a credible assumption in many research studies.
MLEs and the unbiased estimates of the matrix parameters of the k-5SCS covariance struc-
ture have closed-form solutions. On the other hand, the MLEs and the unbiased estimates
of the matrix parameters of the k—separable covariance structure are not tractable and
are computationally intensive. So, k-SSCS covariance structure is a desirable covariance
structure for k-th order data. Aghaian et al. [30] examined differences in CCT of 801 subjects,
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establishing the fact that the CCT of Japanese participants was significantly lower than that
of Caucasians, Chinese, Filipinos, and Hispanics, and greater than that of African Ameri-
cans. African American individuals have thinner corneas compared to white individuals
[31]. So, CCT and IOP in glaucoma patients vary with race, and our result confirms this
fact. Our proposed new hypotheses testing procedures are perfect for high-dimensional
array-variate data, which are ubiquitous in this century. In discriminant analysis [32],
the first step is to test the equality of means for the two populations. Therefore, our new
method developed in this article will have important applications in the analysis of modern
multivariate datasets with higher-order structure. Our new method can be extended to
non-normal datasets. In addition, it can be extended in testing the equality of means for
more than two populations and simultaneous hypotheses testing in models with k-SSCS
covariance structure.
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