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Abstract: We present the gravitational-wave background and its properties focusing on the back-
ground from compact binary coalescences in terrestrial detectors. We also introduce the standard
data analysis method used to search for this background and discuss its detectability with second
and third generation networks of detectors. To illustrate, we first use simple models and then discuss
more realistic models based on simulations.
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1. Introduction

Gravitational waves (GWs) were predicted by the theory of General Relativity of
Albert Einstein. They interact very little with matter and thus are observed since only
recently with terrestrial laser-beam interferometers LIGO [1] and Virgo [2] and Kagra [3].
What make these waves difficult to detect is also the reason why they are so precious. GWs
propagate without being stopped or slowed down from the darkest regions of the Universe
that cannot be observed with light, such as the interior of neutron stars or black holes. Since
gravitational-waves decoupled from the primordial plasma very early in the evolution of
the Universe, they can potentially probe the first instants, a fraction of second after the Big
Bang, at the Planck era.

It is expected that GWs were produced by the amplification of vacuum fluctuations at
the time of inflation [4–8], and that the overlap of a large number of signals created a GW
stochastic background. This primordial background is often seen as the Grail of GW astron-
omy and its detection would provide unique information on the first stages of the Universe.
At the end of inflation, an extra contribution to the primordial background could have been
generated by active sources such as particle production, reheating, spectator fields, primor-
dial black holes (see [9] for a complete review). Other mechanisms capable of producing a
stochastic background in the early Universe include pre-big bang models [10–14], cosmic
phase transitions [15–17] or topological defects known as cosmic(super)strings [18–24].

In addition to the stochastic background of cosmological origin, an astrophysical
background was formed since the beginning of stellar activity by astrophysical sources such
as supernova and core collapse to neutron stars and black hole [25–30], phase transitions
in neutron stars [31], rotating neutron stars [32–34] or magnetars [35–38], binaries formed
by two neutron stars or black holes [39–50]. This background carries information about
the star formation history and the evolution of the properties of compact objects with the
redshift and the metallicity (see [51–53] for a review). The GW background is expected to
be observed in the full frequency range covered by CMB experiment B-modes (see [54])
at frequencies f∼10−18–10−16 (which are sensitive to the cosmological contribution only),
pulsar timing arrays (NanoGrav, PPTA or EPTA) at f∼10−9–10−7 [55], space-based laser
interferometer LISA at milliHertz frequencies planned to be launched in 2037 [56] and
terrestrial laser-beam interferometers at f∼10–103 Hz.

Recently, the NanoGrav collaboration reported a strong evidence of a stochastic process
in the common spectrum from 47 pulsars observed between July 2004 and June 2017 [57],
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which could be an astrophysical background from supermassive black-hole binaries but
more data are needed to confirm this result as on the other hand, there is no visually
apparent correlation pattern, as expected in the presence of a GW background. (GWs cause
extremely small deviations in the pulse arrival times of pulsars and a GW background
imprints a specific correlated pattern across all the pulsars of the array).

In the frequency band of terrestrial detectors such as the present LIGO (US), Virgo
(Italy), Kagra (Japan), the future LIGO India [58], we expect the background formed by
compact binary systems of two black holes (BBH), two neutron stars (BNS) and a neutron
star and a black hole (BH-NS) to dominate over all the other backgrounds [51,52]. This
background should be detected after a few years of observation with the second generation
terrestrial detector network, while the goal with their third generation counterparts, Ein-
stein Telescope [59] and Cosmic Explorer [60], planned to start taking data around 2035,
will be to remove it to observe the other backgrounds below [61,62]. This background will
also appear in space based detectors such as LISA and the challenge there too would be to
remove it or separate it from the cosmological contribution [63–66].

In this paper, we will first define the gravitational-wave background, then we will
discuss the case of the background from compact binary coalescences (CBCs) in terrestrial
detectors that is the best constrained by current observations and has a chance to be detected
in the next decade. We will introduce the data analysis method used to search for this
background and discuss its detectability. Most of the material presented in this article
has already been published in previous paper. The goal is not to provide an exhaustive
review of all the models existing in the literature, as there are still a lot of uncertainties and
predictions evolve fast, but we will rather focus on definitions and simple examples, in
order to provide the reader the tools to understand the various aspects.

2. What Is the Gravitational-Wave (Stochastic) Background?

The gravitational-wave background is usually defined as the superposition of weak
independent sources that cannot be resolved individually [67]. You can think about a family
diner or a cocktail party. Imagine you are arriving there, all you can hear is a confusion
noise I prefer with the italic as it permits to emphasize but it can be removed from all
the people speaking together. It is impossible to follow the conversations except from the
people closest to you. Another way to see it, which we personally prefer, is to think about
an orchestra. Again, unless you have an exceptional ear, you cannot follow the melody of
each instrument individually, only the symphony of all the instruments playing together,
in our case, the symphony of the Universe. Of course, the analogy stops here and whether
there is an orchestra conductor is another story.

When people gave this definition of the gravitational-wave background, they were
essentially thinking of the primordial background from inflation where a very large number
of events overlap when they reach our detectors. In this case, even if you had perfect
detectors, sensitive enough to observe the small amplitude of faint and distant events, you
will still never be able to resolve them individually because of the overlap. For this reason
the gravitational-wave background is historically called stochastic. However, we do not
have perfect detectors so that faint and distant sources buried in the instrumental noise are
also unresolved and participate to the gravitational-wave background, even if they do not
overlap. As we will see later, this is the case for the background from CBCs which is not
stochastic and whose level depends on the sensitivity of the detectors.

3. The Spectral Properties

Since the first studies on the gravitational-wave background were focusing on the
primordial background, we historically characterize the GWB using the fractional energy
density spectrum [67]:

ΩGW( f ) =
f

ρc

dρGW
d f

(1)
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where dρGW is the energy density in the frequency interval f to f + d f , ρc =
3H2

0 c2

8πG is the
critical energy density, and H0 is the Hubble constant. The energy density parameter in
GWs, that can be compared to other quantities used in cosmology such as the energy
density parameters of matter, dark energy, relativistic particle or curvature, is:

ΩGW =
∫

ΩGW( f )d ln f (2)

Going back to the cosmological stochastic background formed by the overlap of many
weak sources in the early Universe, it is assumed to be Gaussian because of the central limit
theorem which says that the sum of a large number of independent variables converges
to a normal distribution, whatever distribution the variables follow individually. It is also
stationary in the sense that the normal distribution does not change with time. Figure 1
shows a time series of the GW strain amplitude of a Gaussian and stationary stochastic
background: the amplitude h(t) at any given time t follows a normal distribution centered
in zero and with the same variance. It is also assumed to be isotropic by analogy with the
Cosmic Microwave Background and unpolarized. Then it is completely characterized by
the energy density spectrum as defined in Equation (2). However, when the background
is non Gaussian, non stationary or non isotropic, which can be the case for astrophysical
backgrounds, other quantities need to be introduced, as we will discuss later.

Figure 1. Time series of the strain amplitude in GWs for a Gaussian stochastic background.

For a population of astrophysical sources from all over the Universe, the fractional
energy density can be expressed as:

ΩGW( f ) =
f

cρc
FGW( f ) (3)

The integrated flux in gravitational waves is given by the sum of all the individual
contributions:

FGW( f ) =
∫

Θ
p(θ)dθ

∫ zmax(θ)

zmin(θ)
dz

dR
dz

(θ, z)ΦGW(θ, z, f ) (4)
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where p(θ) is the probability distribution of the source parameters θ, Θ represents the
parameter space (for example the masses, the spins, the deformation of neutron stars),
dR
dz (θ, z) is the observed rate in the redshift interval z− z+ dz, for sources with parameters θ,
and ΦGW( f ) is the fluence at the observer frequency f from of a source with parameters θ at
redshift z. The lower and upper limits of the integral zmin(θ) and zmax(θ) are the minimum
and the maximum redshifts at which a source with parameters θ can be formed. They are
related to the parameters θ through the minimal and maximal emission frequencies:

zmin( f ) = max(0,
fs;min(θ)

f
− 1) (5)

and

zmax( f ) = min(zmax,
fs;max(θ)

f
− 1) (6)

where fs;min(θ) and fs;min(θ) are the minimal and the maximal emission frequency of the
source. In the case of compact binary coalescences, they correspond to the initial at the
birth of the compact binary system and the final frequency.

Replacing the fluence by the following expression:

ΦGW(θ, z, f ) =
1

4πr(z)2
dEGW

d fs
(θ, fs) (7)

where r(z) is the proper distance, dEgw/d fs is the energy density emitted by a single source,
fs = f (1 + z) is frequency in the source frame, one obtains:

FGW( f ) =
∫

Θ
p(θ)dθ

∫ zmax(θ)

zmin(θ)
dz

dRz

dz
(θ, z)

1
4πr(z)2

dEGW
d fs

(θ, fs) (8)

The rate per interval of redshift is often calculated from the rate per comoving vol-
ume R(z):

dRz

dz
(z) =

R(z)
1 + z

dV
dz

(z) (9)

where the factor 1 + z in the denominator converts R(z) given in the source frame to the
observer frame, and where the comoving volume element is:

dV
dz

(z) = 4πr(z)2 c
H0E(z)

(10)

For a flat ΛCDM cosmology (neglecting the radiation term):

Ez(z) =
√

ΩM(1 + z)3 + ΩΛ (11)

captures the dependence of the comoving volume on redshift (see for e.g., [68]) where
ΩM is the energy density parameter of matter and ΩΛ the energy density parameter of
dark energy.

Combining the expressions above and after simplification we obtain the formula [46,48,52]:

ΩGW( f ) =
f

ρcH0

∫
Θ

p(θ)dθ
∫ zmax(θ)

zmin(θ)
dz

R(θ, z)
dEgw(θ, fs)

d fs

(1 + z)Ez(z)
(12)

4. The Case of Compact Binary Mergers

The population of extra-galactic compact binaries formed by two black holes, two
neutron stars or a neutron star and a black hole is the most interesting example of a GW
background in the frequency band of terrestrial detectors for different reasons. First, we
have started to observe the closest and the loudest mergers of such systems with second
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generation detectors LIGO and Virgo, and we have already obtained constraints about
the rate and the distribution of masses or spins. Second, the waveform is well modelled
and thus the shape of the fractional energy density spectrum. And finally we expect this
background to dominate over all the other backgrounds and to be detected first. This
background is also present in the space detector LISA at lower frequencies.

Compact binaries emit gravitational waves when they inspiral around each others and
merge to produce a single neutron star or a black hole. In the frequency band of terrestrial
detectors, we observe the very last moment of the inspiral phase, close to the merger, when
the orbit has been circularized and we can assume there is no evolution of the redshift.
In this case, the rate R(z) corresponds to the merger rate and the spectral energy density
spectrum of a single source dEgw/d fs, is obtained from the relation for circular orbit [39]:

1
4πr2

dEgw

d fs
( fs) =

πc3

2G
f 2
s (H2

+( fs) + H2
×( fs)) (13)

where H+( fs) = A( fs)(1 + cos2 ι)/2 and H×( fs) = A( fs) cos ι are the Fourier amplitudes
of the two polarization states, ι is the inclination angle, and r is the proper distance.
Following recent papers e.g., [45,46,48], we can consider the inspiral phase only for BNSs
and BHNSs and use the Newtonian waveforms up to the last stable orbit fISCO = c3

63/2GπM ,
M = m1 + m2 being the total mass (i.e., the sum of the component masses m1 and m2 of the
two compact objects), which gives:

A( fs) =

√
5
24

(GMc)5/6

π2/3c3/2
1
r

f−7/6
s (14)

whereMc = (m1m2)
3/5/(m1 + m2)

1/5 is the chirp mass. Replacing in Equation (13), we
obtain (N, C stands for Newtonian and circular):

dEN,C
gw

d fs
( fs) =

5(Gπ)2/3M5/3
c Fι

12
f−1/3
s (15)

where Fι = (1 + cos2 ι)2/4 + cos2 ι.
For BBHs, we consider also the merger and ringdown and we use the phenomenologi-

cal waveform A( f ) of [69], which gives (P, C stands for phenomenological and circular):

dEP,C
gw

d fs
( fs) =

dEN,C
gw

d fs
( fs)g( fs) (16)

where

g( fs) =


(1 + ∑3

i=2 αiν
i)2 if fs < f1

fswm(1 + ∑2
i=1 εiν

i)2 if f1 ≤ fs < f2

f 1/3
s wrL2( fs, f2, σ) if f2 ≤ fs < f3

, (17)

In this expression, f1, f2 and f3 are the frequencies at the end of the inspiral, merger and
ringdown phases, ν = (πM f )1/3 and L( f , fring, σ) is the Lorentz function centered at f2
and with width σ, wm and wr are normalization constants ensuring the continuity between
the three phases.

The other various constants are defined as

ε1 = 1.4547χ− 1.8897,
ε2 = −1.8153χ + 1.6557,
α2 = −323/224 + 451η/168,
α3 = (27/8− 11η/6)χ,

(18)
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where η = m1m2/(m1 + m2)
2 is the symmetric mass ratio and χ =

(m1~χ1 + m2~χ2)

M
·
~L
L

is
called the effective spin, and is a weighted combination of the projections of the individual
spins ~χ1 and ~χ2 on the angular momentum~L.

The frequencies at the end of the different phases and σ (µk = f1, f2, σ, f3) are calcu-
lated using Equation (2) of [69]:

GπM
c3 µk = µ0

k +
3

∑
i=1

N

∑
j=0

xij
k ηiχj (19)

where N = min(3− i, 2) and where the coefficients µ0
k and xij

k are given in Table I of [69].

5. Examples of Models for Compact Binary Mergers

As seen in the previous section, the calculation of the fractional energy density spec-
trum requires a model for the merger rate and for the distribution of the parameters
θ. The later can be inferred from theoretical predictions, population synthesis or since
recently from constraints obtained with the individual detections by the collaboration
LIGO–Virgo–Kagra.

5.1. Simple Model

We will look first at a very simple model of BNSs whose aim is to understand the
different parts of the spectrum. We assume that all the systems have the same mass and
that m1 = m2. In this case the chirp mass is related to the total mass asMc = M/43/5.
Furthermore, we assume a constant merger rate R(z) = r0 in the range z = 0–10 and
null after.

In this scenario, the fractional energy density of Equation (12) can be expressed as:

ΩGW( f ) =
8π5/3

9
G5/3

H3
0 c2

r0M5/3
c Iz( f ) f 2/3 (20)

where we have averaged Fι over a uniform distribution of cos(ι) which gives Fiso
ι = 4/5.

In the expression above,

Iz( f ) =
∫ zup( f )

0

dz
(1 + z)4/3Ez(z)

, (21)

where
zup( f ) = min(zmax,

f ISCO
f
− 1) (22)

is the redshift after which the emitted frequency fs = f (1 + z) becomes larger than f ICSO.
Figures 2–4 show the evolution of zup( f ), Iz( f ) and f 2/3 Iz( f ) as a function of the

frequency f for component masses m1 = m2 = 1.4 M�. The spectrum for this sim-
ple model is shown in Figure 5. At zmax = 10, the frequency at the last stable orbit
is observed at f = 143 Hz for component masses m1 = m2 = 1.4 M�, meaning that
up to 143 Hz, all the sources contributes to the fractional energy density, which gives
an evolution as Ωgw( f )∼ f 2/3, with an amplitude that depends on r0M5/3

c Imax where

Imax =
∫ 10

0
dz

(1 + z)4/3Ez(z)
= 0.93. After this frequency, sources leave the band, starting

with the more distant ones, reducing the factor Iz( f ) and at the same time the slope of
ΩGW that deviates slowly from ΩGW∼ f 2/3 until the spectrum reaches a maximum at about
650 Hz; it then drops steeply to finally become zero at f = f ISCO where Iz( f ISCO) = 0 and
only local sources at z = 0 remain.
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Figure 2. Evolution of the upper limit of the redshift with the frequency (see Equation (22)).

Figure 3. Evolution of the integral Iz with the frequency for different models of the merger rate (see
Equation (21)): a constant merger rate used in the simple model (Flat), a merger rate that follows the
star formation rate of [70] with no delay between the formation and the merger (Vangioni td = 0), and
the merger rates of BNSs and BBHs assuming the SFR of [70] with a delay, as described in Section 5.2.
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Figure 4. Evolution of f 2/3 Iz with the frequency for different models of the merger rate (see
Equation (21)): a constant merger rate used in the simple model (Flat), a merger rate that follows the
star formation rate of [70] with no delay between the formation and the merger (Vangioni td = 0), and
the merger rates of BNSs and BBHs assuming the SFR of [70] with a delay, as described in Section 5.2.

Figure 5. Fractional energy density spectrum for our simple model of a population of BNSs with
constant merger rate and identical masses.

5.2. Model from GW Catalogs

In the case of isolated systems (other formation channels include dynamical captures
in dense environments and primordial binary black holes) whose progenitors are massive
stars binaries that have remained bound after the formation of the two compact objects, the
merger rate R(z, θ) can be derived from the formation rate, although shifted by a delay td
between the formation of the massive binary at a redshift z f and the merger of the compact
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objects at z. This delay is the sum of the evolution time tb, between the birth of the massive
stars and the formation of the compact object, and the coalescence time tm.

The time delay which connects z f to z is also the difference in cosmological look-
back times:

td = tc(z f )− tc(z) (23)

where

tc(z) =
∫ z

0

dz′

H0(1 + z′)Ez(z′)
dz′ (24)

A model that has been often used in the literature assumes that the cosmic merger rate
is an average over the intrinsic parameters θ and results from the convolution product:

R(z) =
∫

R f (z f (z, td))Ptd(td)dtd (25)

between the formation rate

R f (z f ) = r0
SFR(z f )

SFR(0)
(26)

where SFR is the cosmic star formation rate in M� yr−1Gpc3 and r0 is the local rate in
yr−1Gpc−3 that can be inferred from observations. The probability distribution of the delay
is assumed to be of the form:

Ptd(td) ∼
1
td

(27)

with a maximum delay equal to the Hubble time and a minimal delay that depends on the
type of binaries, 20 Myr for BNSs and 50 Myr for BHNSs and BBHs. The short mergers
rate are predicted from population synthesis of isolated binaries such as StarTrack [71]. It
does not apply to dynamical binaries or primordial black holes for which different models
should be used.

Combining all the equations above we obtain:

ΩGW( f ) =
8π5/3

9
G5/3

H3
0 c2

∫
dθp(θ)M5/3

c Iz(θ, f ) f 2/3 (28)

where

Iz( f ) =
∫ zup(θ, f )

0

R(z)
(1 + z)4/3Ez(z)

dz (29)

with θ = m1, m2 for BNSs and θ = m1, m2,~s1,~s2 for BBHs. Here we have again averaged
over an isotropic distribution of the inclination angle.

The first part of the third observation run O3a by the LIGO-Virgo collaboration gives a
constraint on the local rate of r0 = 320+490

−240 Gpc−3yr−1 for BNSs and r0 = 19+18
−8 Gpc−3yr−1

for BBHs. At that time, no BHNSs had been observed and only an upper limit was reported.
Figure 6 shows the average merger rate for BNSs (blue) and BBHs (red) derived from the
equations above using the star formation rate of [70] (Vangioni et al.), as in [46,48].

On the other hand, the O3a catalog favors a uniform distribution of the component
masses, between 1–3 M� for BNSs and a broken power law for BBHs. Ref. [72] assumed a
sharp low-mass cut-off in the BBH mass spectrum, corresponding to δm = 0 in Equation (B6)
of [73]), which gives:

p(m1) ∝
{

mα1
1 if mmin < m1 < mb

mα2
1 if mb < m1 < mmax

(30)

with α1 = −1.74, α2 = −6.27, mmin = 5.64 M�, mmax = 76.6 M� and mb = 38.59 M�, for
the largest component mass and

p(q) ∝ qβq (31)

with βq = 1.37 for the mass ratio q = m2/m1 where m2 < m1.
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Figure 6. Average merger rate for the populations of BNSs (blue) and BBHs (red) derived from
Equation (25) the equations above using the star formation rate of [70] (Vangioni et al.), a power law
model P(td)∼1/td of the delay and local rates derived from the LIGO/Virgo run O3a.

Figure 7 shows the fractional energy density spectrum for the population of BNSs
(blue), BBHs (red) and the total (black). The filled areas corresponds to the error on the local
rate and do not integrate all the uncertainty on the models. The average values of ΩGW
at 25 Hz are about 3× 10−10 for BBHs and 2× 10−10 for BNS. There is a slight difference
for BBHs compared to the results in [72] (5× 10−10) due to the fact that for simplicity
we have used the median values rather than included the uncertainty on the BBH mass
distribution parameters. In addition, we have neglected the metallicity cutoff that can apply
to larger mass BBHs and that is not well understood (see [46]) (after we have written this
section, the LIGO–Virgo–Kagra collaboration released a new catalog including observations
during the second half of the O3 observational run [74] and updated the predictions for
the background from binaries [75]. They find a total energy density spectrum including
BH-NS of the ΩGW(25 Hz) = 6.93.5

−2.0 × 10−10).
In order to quantify the effect of changing the star formation history or the delay

time, Refs. [43,46] have explored variations to the fiducial model, and found differences
within a factor of two i.e., smaller than the error on the rate. In a paper that followed
the first BBH detection (GW150914), Ref. [47] calculated the fractional energy density
spectrum of BBHs for different redshift dependant mass distributions derived from black
holes formation channels in which the cosmic chemical evolution simultaneously matches
observations of the cosmic star formation rate, optical depth to reionization and metallicity
of the interstellar medium. Their results are in agreement with the predictions of [46] and
show the importance of considering a mass distribution.
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Figure 7. Fractional energy density spectrum derived for the populations of BNSs (blue) and BBHs
(red) derived from Equation (25) the equations above using the star formation rate of [70], a power
law model P(td)∼1/td of the delay and local rates derived from the LIGO/Virgo run O3a. The
filled areas correspond to the uncertainty on the local rate. The black line indicates the sum of BNSs
and BBHs.

5.3. Model from Simulations

Using an analytical formula to calculate ΩGW is very convenient for simple models
like the ones discussed above, but can become quite complicated and computationally
expensive with more parameters, correlations between them or evolution of the parameter
with redshift. A better strategy in this case is to use Monte Carlo simulations to generate
a population of sources with the required distribution in the parameter space and then
calculate ωGW as the sum of the contribution from each source. In order to reproduce the
result of the previous section, one could proceed as follow for each event k:

• The time interval from the previous event τk is drawn from an exponential probability
distribution P(τ) = exp(−τ/λ), assuming a Poisson process. The average waiting
time is computed from the inverse of the total rate in the observer frame, integrated
over the volume of the Universe.

λ = (
∫ 10

0
dz

dR
dz

(z))−1 (32)

• The redshift zk is drawn from a probability distribution p(z) constructed by normaliz-

ing in the interval 0–10 the coalescence rate
dR
dz

(z) (9).

• The cosine of the inclination angle, cos ιk, is drawn from a uniform distribution in the
range of [−1, 1]. In addition, each event is given a sky position (equatorial declination
δk and right ascension rak) and a polarization angle, ψk. In the simple models we are
considering here we assume isotropic distributions.

• the component masses mk
1 and mk

2 are drawn from the mass distributions given in the
previous sections and the spins of BHs sk

1 and sk
2 are taken equal to zero for this model

but can be drawn too from a distribution.
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• for each observed frequency f , we can then calculate the fluence of the source k:

Φk
GW( f ) =

1
4πr2(zk)

dEgw

d f
(θk, fs) (33)

It is convenient to write this equation in term of the observed quantities: luminosity
distance dL = r(1 + z), observed frequency f = fs = (1 + z) and redshifted masses
mi,z = mi(1 + z):

Φk
GW( f ) =

1
4πd2

L(z
k)

dEgw

d f
(θk, f ) (34)

Finally, the energy flux in is calculated by adding together all the contributions:

FGW( f ) =
1
T

N

∑
k=1

f k
GW( f ) (35)

and calculate the energy density spectrum ΩGW from (3).
The Monte Carlo procedure can be used to calculate the fractional energy density

spectrum from any probability distributions of the parameters but also from lists of sources
whose parameters are the end products of sophisticated population synthesis and binary
evolution codes, a case which could not be done analytically. In a recent paper, ref. [49] have
used simulated populations produced by the code StarTrack to calculate the background
of all types of binaries, including population III stars and binaries that do not merge in
a Hubble time. The code follows the formation and evolution of massive stars as well
as the evolution of the orbital parameters for given redshift and metallicity and provides
the evolution time to form the system of compact objects, the merger time, the masses
of the compact objects, the initial separation and eccentricity and the spins. With these
information, it is possible to account for the correlations between the parameters as well as
the eccentricity and redshift evolution at low frequencies, when the sources evolve slowly.
However, it was shown that even in the LISA band the impact of eccentricity is negligible.

In a second paper, Ref. [50] have used simulated populations produced by the code
MOBSE to calculate the background of all types of binaries, for both the isolated formation
channel considered until now and the dynamical channel. The dynamical channel can
boost the background by a factor a bit less than two, depending on what fraction of the total
population of CBCs, this channel represents. The results of these two studies are compatible
with the ones derived in the previous section, and indicates a value of ΩGW(25 Hz)∼10−9

for the contribution of all the types of CBCs. Notice that the background from population
III as predicted by [49] with the StarTrack data is one order of magnitude below but can
have an impact in third generation detectors as we will see later.

6. Properties in the Time Domain: Continuity

The backgrounds from BNS and BBH population have similar fractional energy density
spectrum (see Figure 7) but there statistical properties can be very different and so their
behavior in the time domain.

Figure 8 shows a simulated time series of the GW strain amplitude h(t), in a detector
like LIGO, Virgo, Kagra or the future LIGO India with a lower frequency of 10 Hz, for
both the BNS and BBH backgrounds whose fractional energy density spectra corresponds
to the median plots in Figure 7. The BNS population creates a continuous background
consisting of a superposition of overlapping sources, while the BBH population create a
highly non-continuous, non-stationary background of individual events well separated on
time often referred to as popcorn.



Symmetry 2022, 14, 270 13 of 25

Figure 8. Simulated time series of the GW strain amplitude h(t) with a lower frequency of 10 Hz, for
both the BNS (continuous) and BBH (popcorn) background whose energy density spectra corresponds
to the median plots in Figure 7.

Whether a background is continuous or not can be quantified by the so called duty
cycle (see for instance [76]),

∆ =
∫ zmax

0
τ(Mc, fL)(1 + z)

dR
dz

(z)dz (36)

which is the average number of events that overlap at any given moment and is defined
as the ratio, of the typical duration of a single event in the detector, to the average time
interval between successive events. The factor (1 + z) converts the duration in the source
frame to the detector frame.

The duration in the source frame is given at leading order by

τ(Mc, fL) =
5c5

256π8/3G5/3M
−5/3
c f−8/3

L , (37)

where fL is the lower frequency bound of the detector, assumed to be much smaller than
the frequency at the time of the merger. The signal duration depends very strongly on both
the chirp mass and the lower frequency bound. In particular, more massive binaries such
as BBHs have shorter duration and signals measured by instruments with low fL have
longer duration:

• For a system of BNS with component masses of 1.4 M� (a chirp massMc = 1.2 M�),
the duration is 1000 s in 2G detectors with fL = 10 Hz and 6351 s in 3G detectors with
fL = 5 Hz or 5.4 days if we can push the lower frequency band down to fL = 1 Hz.

• For a system of two black holes with component masses of 15 M� (a chirp mass
Mc = 13 M�), the duration is 19.4 s in 2G detectors with fL = 10 Hz and 123 s in 3G
detectors with fL = 5 Hz or 2.5 h if we can push the lower frequency band down to
fL = 1 Hz.
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For the case shown in Figure 7, BNSs are more frequent than BBHs (the average
waiting time between two BNSs is 63 s and between two BBHs 1242 s) and stay longer in
band than BBHs (the average BNS duration is 164 s for BNSs and 10.5 s for BBHs), resulting
in a continuous background for BNSs with a duty cycle of ∆ = 2.6 and events separated in
times for BBHs with ∆ = 8.5× 10−3.

7. Residual Background

Even for BNSs and the largest predicted rate, the number of overlapping sources is
not large enough to create a confusion background in the frequency band of ground based
detectors. Actually, when whitened with the sensitivity of the detectors, the GW strain time
series look like a collection of well separated events, and those whose signal-to-noise ratio
is above the detection threshold ρT can be detected individually. Here, we follow previous
work and assume ρT = 12 [49,50].

For a network of N terrestrial detectors the coherent signal-to-noise ratio (SNR),
assuming optimal matched filtering and uncorrelated Gaussian noise in the detectors, is
given by:

ρ = [
N

∑
i=1

4
∫ fi,max

fi,min

|F+,i(t, f , ra, δ, ψ)H+( f ) + F×,i(t, f , ra, δ, ψ)H×( f )|2

Pi( f )
d f ]1/2 (38)

where the index i refers to the detectors, fi,min and fi,max are the low and high frequency
bounds of their sensitivity band, F+,i and F×,i are the antenna response functions to the +
and × polarizations, that depends on the sky position and polarization of the source, and
Pi( f ) is the one-sided noise power spectral density of the ith detector.

Figure 9 shows detection efficiency εD(z) integrated over sky positions, polarization
and inclination angle for the network of second generation detectors LIGO Hanford (H),
LIGO Livingston (L) and Virgo (V), for a neutron star binary of equal component masses
1.4 M� (blue) and for a black hole binary of equal component masses 15 M� (red); we
assume spins of zero for BHs. At z = 0, all the sources can be detected and the efficiency is
equal to one, then it decreases to reach zero at the horizon distance where only a source
positioned and oriented optimally is detected. Because of the selection effect on the
population of detected sources, the distribution of the orientation angle, for the residual
background, is not isotropic. Figure 10 shows the evolution of the average value of the
orientation parameter < Fι > as a function of the redshift, for the same examples as in
Figure 9.

Using these two functions, Equation (28) can be written for the residual background as:

Ωr,D
GW( f ) =

8π5/3

9
G5/3

H3
0 c2

∫
Θ

dθp(θ)M5/3
c Ir,D

z (θ, f ) f 2/3 (39)

with

Ir,D
z (θ, f ) =

∫ zup(θ, f )

0

(1− εD(θ, z))F̄D
ι (θ, z)

(1 + z)4/3Ez(z)
(40)

where F̄D
ι (z) =

< FD
ι (θ, z) >

Fiso
ι

with Fiso
ι = 4/5.

Figure 11 shows the residual backgrounds for the population of BNSs (blue) and BBHs
(red) for the network of second generation detectors HLV (continuous line), and for two
third generation detector networks, Einstein Telescope (dashed line) and ET with two
Cosmic Explorers (dot-dashed line). The black curves are the Power Integrated (PI) curves
that indicate the sensitivity of the three networks of detector to a stochastic background.
As described in [77], a power-law stochastic background that is tangent to a PI curve is
detectable with a signal-to-noise-ratio of 2 after an effective integration time of 1 year (two
years of real data if we assume a duty cycle of 50%).
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Figure 9. Detection efficiency εD(z) integrated over sky positions, polarization and inclination angle
for the network of second generation detectors HLV, for a BNS of component masses 1.4 M� (blue)
and for a BBH of component masses 15 M� (red).

Figure 10. Evolution of the average value of the orientation parameter < Fι > as a function of the
redshift, for the same examples as in Figure 9.

The background can be decreased down to about two orders of magnitudes with 3G
detectors for BNSs and four orders of magnitude for BBHs. The figure shows the best
possible scenario where we are able to measure the exact parameters of the detected sources
and subtract perfectly the waveform [61]. In practice, there is an extra residual due to the
error we make on measuring the parameters and on the waveform model. Ref. [62] studied
the effect of the uncertainties on the recovered parameters and found that for BBHs they
dominate the residual background when for BNSs they are negligible compared to the
residual due to undetected sources.

Using models from StarTrack, Ref. [49] calculated the residual for both population I/II
and population III CBCs and found that the population III at large redshift, that was masked
below the population I/II in 2G detectors could appear as a bump at low frequencies in
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the residual of 3G detectors. The shape of the spectrum would then deviate from the
expected power law ΩGW( f )∼ f 2/3, providing evidence for the existence of this population.
Figure 12 reproduces the results of [49] for the StarTrack model FS1 for population III (in
orange) along with the sum of the BNS and BBH contributions of Figure 11 (purple). The
total of the two curves is indicated in green, where we see the bump from population III
CBCs below 30 Hz.

Figure 11. Fractional energy density spectrum of the residual backgrounds for the population of
BNSs (blue) and BBHs (red) for the network of second generation detectors HLV (continuous line),
and for two third generation detector networks, Einstein Telescope (dashed line) and ET with two
Cosmic Explorer (dot-dashed line). The black lines indicate the Power Integrated sensitivity curves.

Figure 12. Fractional energy density spectrum of the residual background in the network of 3G
detectors Einstein Telescope (ET) with two Cosmic Explorer (CE) including population I/II BNSs and
BBHs (purple) from Figure 11 and population III from StarTrack model FS1 (orange). The total of the
two curves is indicated in green. The black line indicates the Power Integrated sensitivity curves of
ET+2CE.
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8. Detectability

The signal at the output of a detector contains both the instrumental noise and the
gravitational-wave signal:

si = hi + ni (41)

where hi
hi = h+,iF+,i + h×,iF×,i (42)

The strategy to search for a stochastic background, which could be confounded with
the intrinsic instrumental noise, is to cross-correlate measurements of two (or multiple)
detectors. In theory, it permits to eliminate the noise that is assumed to be uncorrelated
between the two detectors i and j and with the signal:

< sisj >=< hihj > +< ninj >︸ ︷︷ ︸
=0

+< hinj >︸ ︷︷ ︸
=0

+< nihj >︸ ︷︷ ︸
=0

(43)

In practice, environmental correlated noise may remain such as seismic or magnetic
noise [78–80].

It is convenient to work in the frequency domain and write the cross-correlation
product as:

Y =
∫

s̃i( f )Q̃( f )s̃j( f )d f (44)

where the tilde denote a Fourier transform and where Q̃ is an optimal filter that depends
on the noise power spectral densities in the two detectors Pi and Pj and on the fractional
energy density spectrum ΩGW :

Q̃( f ) = λ
γiso

ij ( f )Ωij( f )

Pi( f )Pj( f )
(45)

In this equation, λ is a normalisation constant and

γiso
ij ( f ) =

5
8π ∑

A=+,×

∫
ei2π f Ω̂∆tFA

i (Ω̂)FA
j (Ω̂)dΩ̂ (46)

is the isotropic overlap reduction function (ORF), normalized to take the value of 1 for
co-aligned and coincident detectors. This function is the average over polarization and sky
position of the overlap between the response tensors of the two detectors and characterizes
the loss of sensitivity due to the relative orientations of the distance between them, that
creates a delay ∆t between the arrival times at the two detectors for a wave coming from
the direction Ω̂. Figure 13 shows examples of the ORF for pairs of detectors formed by
LIGO Hanford (H), LIGO Livingston (L), Virgo (V), Kagra (K) and LIGO India (I). At a
frequency f = 0 Hz, the only effect is the non alignement of the detectors but the effect of
the distance increases with the frequency and we observe an important drop of sensitivity
after a few hundred Hz for all the pairs.

The average value of the cross correlation statistics µ gives an estimate of the signal
and the variance σ an estimate of the error. For a pair of detectors, we can write the optimal

signal to noise ratio, SNR=
µ

σ
as:

SNRij =
3H2

0
10π2

√
2T

[∫ ∞

0
d f

γ2
ij( f )Ω2

gw( f )

f 6Pi( f )Pj( f )

]1/2

, (47)

where T is the observational time. For a network of n detectors, the combined SNR is
obtained by calculating the quadratic sum:
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SNR2 =
n

∑
i=1

∑
j>i

SNR2
ij, (48)

In the case of the background from CBCs, a natural template is ΩT
GW( f ) = ΩRef(

f
fRef

)2/3,

corresponding to the shape of the spectrum in the inspiral regime. In this case and as already
discussed in [45], most of the SNR comes from a relatively small frequency interval that
extends from a few Hz to <100 Hz (see Figure 14).

Figure 15 shows the evolution of the SNR with the effective observation time (the
real time is twice the effective time for a duty cycle of 50%) for the network of advanced
detectors at design sensitivity. We considered a background with ΩGW(25 Hz) between
5× 10−10–5× 10−9 taking into account the uncertainty from the most recent predictions.
The background could be detected with a signal-to-noise ratio of 3 after a few months or a
dozen years. The prediction from the latest LIGO–Virgo–Kagra catalog (ΩGW(25 Hz) =
5 × 10−9) favors a observation time of 7 years when the models from the simulations
StarTrack or MOBSE discussed in Section 5.3, with an average value of ΩGW(25 Hz)∼10−9,
predict a smaller observation time of 3 years.

Figure 13. Overlap reduction fuction for different pairs of terrestrial detectors LIGO Hanford and
Livingston, Virgo, LIGO India and Kagra
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Figure 14. Cumulative fraction of the SNR as a function of the frequency for ΩGW∼ f 2/3 for different
configurations: 2 co-aligned and co-located detectors with advanced design sensitivity (CC HL), the
pair of separated detectors LIGO Hanford and LIGO Livingston with advanced design sensitivity
(adv HL) and CE sensitivity (CE HL) and Einstein Telescope with ET-D sensitivity.

With 3G detector the background will be observed with a large signal-to-noise ra-
tio [49]. One may wonder whether it will still be interesting since the background has a
good chance to be detected before. It is because we will observe mainly the residual from
BNS sources and sources at higher redshift that were hidden below the contribution from
closest sources in 2G detectors.

Figure 15. Evolution of the SNR as a function of the effective observation time for the network of 2G
detectors operating at design sensitivity. The blue continuous line indicates an average background
with ΩGW(25 Hz) = 10−9. The filled area corresponds to values in the range 5× 10−10–5× 10−9.
The horizontal continuous black line indicates the 3σ detection threshold and the dashed black line a
more conservative 5σ threshold.
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9. Possible Complications
9.1. Population III

If there is a population III that dominates in the residual of 3G detectors the shape of
the spectrum will deviate from ΩGW( f )∼ f 2/3. Ref. [81] addresses this issue using a broken
power law template to model the decrease of the spectrum after the peak at around 20 Hz.

9.2. Non Gaussianity

As discussed before, the background from CBC is expected to be non Gaussian in
the frequency band of terrestrial detectors. The cross correlation statistic is optimal for
stationary and Gaussian backgrounds; however, refs. [82,83] have shown that since the
analysis is done in the frequency domain, what matters is the total number of sources within
the integration time rather than whether they overlap in the time domain, and that standard
cross-correlation statistics could detect the background from CBCs with no loss of sensitivity.
More sensitive methods that take into account the non Gaussianity have been studied [84,85].

9.3. Anisotropy

Models predict that the GW background will present anisotropies due to the nature of
spacetime along the line of sight, and for the astrophysical contribution, due to the local
distribution of matter and the finitness of the number of sources. The past years a lot
of work has been done to characterize anisotropies in particular in the background from
CBCs [86–95].

They can be measured using a modified version of the isotropic cross-correlation
statistics described in the previous section, where one relaxes the assumption of isotropy
and generalizes to arbitrary angular distribution. In this case, the fractional energy density
spectrum depends on the direction of the sky and takes the form:

ΩGW( f , Ω̂) = ΩGW( f )P(Ω̂) (49)

where ΩGW( f ) is the averaged value (called the monopole) and P(Ω̂) is the angular power
distribution normalized to unity over the whole sky:∫

S2
P(Ω̂)dΩ̂ = 1 (50)

In order to probe anisotropies in the GW background, one can use a method similar
to what is done in radio astronomy and that is called the GW radiometer [78,96,97]. GWs
from different directions in the sky will arrive with different delays in two detectors and by
correcting for these delays, it is possible to map P(Ω̂) in a pixel or spherical harmonic basis.
The overlap reduction function in the direction Ω̂ is the integrand of (51):

γΩ̂
ij ( f ) =

1
2 ∑

A=+,×
ei2π f Ω̂∆tFA

i (Ω̂)FA
j (Ω̂) (51)

In addition, for 3G detectors, the residual background may not be isotropic because
of the selection effect on the detected sources that are removed. Using simulated data,
Ref. [98] calculated a that it could lead to systematic bias of about 1.25 if the isotropic
version of the cross correlation statistics was used.

10. Summary and Conclusions

The GW background is expected to be detected in many frequency bands thanks to the
tremendous efforts in improving the sensitivity of the detectors. Future CMB experiments
on Earth (for instance CMB-S4 [99]) or in space (for instance LiteBird [54,100] ) will be
able to reach values of the tensor to scalar ratio of the order of r∼10−4, i.e., a gain of
2–3 orders of magnitudes compared to the current upper limit of r < 0.032 given by
Planck 2018+BICEP+Keck [101]. This would translate into a sensitivity of h2

0ΩGW∼10−17

at f∼10−17 on the primordial background from inflation [54]. Pulsar timing arrays are
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constantly increasing the number of pulsars in their catalogs and NanoGrav may already
be very close to confirm the detection of the background from SMBHB [57]. In the future,
SKA [102] could reach a sensitivity of h2

0ΩGW∼10−13 at f∼10−9–10−8 Hz [54]. In As for
laser interferometers, both LISA in space and Einstein Telescope and Cosmic Explorer,
planned to start collecting data around 2035, will reach a sensitivity of h2

0ΩGW∼10−13 [54],
i.e., a gain of three orders of magnitude compared to the second generation of terrestrial
detectors. Other proposals for space missions include BBO [103], the successor of LISA, the
Japanese detector DECIGO [104], or the two chinese detectors TianQin [105] and Taiji [106],
amoung others [54].

Combining the results of these experiments will provide precious complementary
information on the very early stages of the Universe and its evolution before and after
the beginning of stellar activity. In the frequency band of terrestrial detectors, we expect
the background to be dominated by its astrophysical contribution and in particular the
background formed by compact binary mergers. According to the predictions inferred
from the constraints on the rate and the masses from sources detected individually at close
distances, the detection of this background could be the next important milestone for GW
astronomy and has received a lot of attention the past few years.

In this paper, we introduced the properties of the background from CBCs and show
that it is non Gaussian and non stationary and then differs from what we expect for a
stochastic background, for example of cosmological origin. Even if they look similar in the
frequency domain, the background from BBHs appears in the time domain as a popcorn
signal on the top of the continuous signal formed by BNSs, more frequent than BBHs and
with longer duration. This can help distinguishing them in the future. At the moment we
cannot either with the standard cross-correlation method separate the different formation
channels but methods are being investigated that could lead to promising results. Another
challenge will be to partially suppress the background by removing the sources detected
individually in third generation detectors. This will provide the possibility to unveil the
existence of a population III as well as observe other astrophysical contributions and maybe
the background from cosmological origin.
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