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Abstract: This research paper is dedicated to an investigation of an evolution problem under a
new operator (g-Atangana-Baleanu—Caputo type fractional derivative)(for short, g-ABC). For the
proposed problem, we construct sufficient conditions for some properties of the solution like existence,
uniqueness and stability analysis. Existence and uniqueness results are proved based on some fixed
point theorems such that Banach and Krasnoselskii. Furthermore, through mathematical analysis
techniques, we analyze different types of stability results. The symmetric properties aid in identifying
the best strategy for getting the correct solution of fractional differential equations. An illustrative
example is discussed for the control problem.

Keywords: g-Atangana—Baleanu-Caputo type FD; integral boundary conditions; existence; stability
results; fixed point theorem

1. Introduction

Arbitrary integration and differentiation are some of the most interesting research
fields because they are suitable tools for modeling complex phenomena in a wide range
of science and engineering fields, such as chemical engineering, electrodynamics, power
systems, biological sciences, etc. (for more information see [1-9]). To meet the needs of
modeling many practical problems in different fields of science and engineering, some
researchers have realized the necessity development of the concept of fractional calculus
by searching for new fractional derivatives with different singular or non-singular kernels.
From this perspective, new fractional operators have turned into the best effective tool of
numerous specialists and researchers with their contribution to physical phenomena and
their performance in applying to real-world problems. Some applications of the operator
used can be found in [10-13]. The symmetries can be found by solving a related set of
partial fractional differential equations. Until 2015, all fractional derivatives had only
singular kernels. Therefore, it is difficult to use these singularities to simulate physical
phenomena. Caputo and Fabrizio in [14] introduced a new type of FD in the exponential
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kernel denoted by CF. The CF-fractional derivative has some problems regarding the locality
of its kernel. Atangana and Baleanu (AB) in [15] investigsted new type and interesting FD
with Mittag-Leffler kernels. The AB technique makes an outstanding memory description
and inhold qualities for mean-square displacement using this generalised “Mittag—Leffler”
function as a kernel [16,17]. Abdeljawad in [18] extended AB-fractional derivative type
to higher arbitrary order and formulated their associated integral operators. There are
some researchers who studied the properties of solution for some fractional differential
equations via generalized fractional derivatives with respect to another function g, for
example, [19,20]. The advantage of the operator ABC fractional derivative with respect
to another function g (g-ABC) used in this work is the freedom of choice the suitable
classical differentiation operator and the suitable function g to modeling some real-world
problems such as various infectious diseases like Ebola virus, Leptospirosis, dynamics of
smoking, etc in a more comprehensive way, see [21,22]. There are some researchers in the
various area investigated some properties for evolution FDEs, for example, Zhao in [23]
developed the adequate conditions of exact controllability for a new class of impulsive
fractional functional evolution equations (IFFEEs) using resolvent operator theory. In [24],
by using the resolvent operator theory, and the Picard type iterative methodology, the
authors examined some properties of mild solutions for a class of R-L fractional stochastic
evolution equations of Sobolev type in abstract spaces. Shokri in [25] developed a new
class of two-step multiderivative methods for solving second-order initial value problems
numerically. Recently, Almalahi et al. in [26] study some qualitative properties of solution
for the following problem

{ (“DIFE 4+ A)ulo) = flom(@) 0 € ] := (a,T),
u(a) = 0,u(T) = L0y 8 u(ni), i € (a,T),

where HDZ;ﬁ"Pdenotes the ¢-Hilfer FD of order q € (1,2), B € [0,1], v = q+2B —qB,
A < 0and theintegerm > 1. f : ] x R — R is a continuous function. Raja et al. [27] proved
some properties of the following fractional differential evolution equations

{ (‘DJ, — A(0))u(e) = R(0) + f(e,u(0)),0 € [0,T],
u(0) = ug, u'(0) = uy,

where ‘DY is the Mittag-Leffler-fractional derivative of order q € (1,2]. Kamal Shah et al. [28]
studied some properties of solutions for controllability problem of the following evolution
equation

q—1

u(0) = uo+ Jy Tri—h(u(n))dn,

where MLDY is the Mittag—Leffler-FD of order q € (0, 1].

Motivated by the above argumentations, we investigate the sufficient conditions for
the existence and uniqueness as well as different types of stability results for an important
class of differential equations, called evolution equations which used to explain the law of
differentiation to describe the development of dynamic systems described as follows

{ (MDY, — @(0))u(o) = f(o,u(0), Zu(e)), ¢ € [0, T),

M

u(0) = 0,u(T) = [T g () BOBU"jiy () )y,

{CWb%—ém»mw—ﬂ@w@Mﬂw@»Qer—mn,
T(5)

where

(i) ABCDYS is the g-ABC-fractional derivative of order q € (1,2].
(i) REI%8 is g-R-L fractional integral of order & € (0, 1].
(iii) g is an increasing function, having a continuous derivative ¢’ on (0, T) such that

¢'(0) #0,forallg € J.
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(iv) f:]x R? — R is a continuous function fulfilled some conditions described later.
(v) &,k : ] — Rare continuous functions.

To the best of our knowledge, this is the first work considering fractional-order equa-
tion with AB fractional derivative with respect to another function g. Various approaches
to the definition of the fractional derivative with different kernels have been proposed in
the literature. As a result, the researchers are motivated to use the operator that is best
suited to the model they are studying. Fractional derivative with a nonsingular kernel
has attracted a lot of attention in the recent past due to some physical phenomena that are
difficult to model as a result of the singularities. The proposed problem (1) for different
values of a function g includes the study of problems involving the results in [28] and many
other results which do not study yet.

Observe that our approach used in this work is new because we prove the existence,
uniqueness, and different types of stability results without using semigroup property and
relies on a minimum number of hypotheses. More than that, the proposed problem (1) for
different values of a function g includes the study of problems involving the results in [28]
and many other results which do not study yet.

This paper has the following structure: In Section 2, we will introduce some symbols,
auxiliary lemmas, and some basic definitions used throughout this paper. In addition, we
deduced the equivalent solution formula of the g-ABC problem (1). The existence and
uniqueness results for the g-ABC problem (1) have been discussed in Section 3. In Section 4,
we analyse the stability results in the sense of Ulam-Hyers. Some examples provide to
illustrate our results in section 5. In the last section, we present a summary comment on
the results.

2. Preliminaries

This part is dedicated to reviewing some concepts, definitions, and auxiliary proposi-
tions that will be used later. Let ] = [0, T] C R. Let X be a Banach space with the norm
[I-]. Let C(J, X) be a Banach space of all continuous functions u : [— X equipped with
the norm

[ull = sup{{lu(o)]| - e € J},
where u € C(J, X).

Definition 1 ([2,5]). Let ¢ > 0and u € Li(]). Then, the following expression

RLInggu(Q) — /Ogg/(s) (g(Q) —g(s))qflu(s)d&

is called the left ¢-RL-FI of u of order q. Furthermore, the g-RL-FD of u of order q € (n,n+1],n €
N is given by

(o) = (i) (VI u(o).

Definition 2 ([29] Theorem 4). The left-sided g-ABC-FD of a function u of order q € (0,1] are
defined respectively by

ABCpa8 (o) — 2(0) v ( —a " ng—1t'(0)
Dou(e) = Z( )qu §'(e)’

where the normalization function B(q) satisfied B(0) = B(1) = 1.

Definition 3 ([30] Lemma 3.1). The correspondent g-AB fractional integral of order q € (0, 1] of
the left-sided g-ABC-FD of a function u is defined by

1— RL
ABIISu(0) = mou(0) + s 13Su(o).
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Lemma 1 ([29]). Let 0 < q < 1. If g-ABC fractional derivative exists, then we have

ABJTS ABCDIRy () = u(g) — u(a).
Lemma 2 ([15,18]). Let u(o) be a function defined on J and n < q < n+1, for some n € Ny, we

have
u()()

i!

[o].

(42 15%° D3, ) (@) = u(e) - 2

=0

Theorem 1 ([31]). Let K be a closed subspace of a Banach space X. If there is a contraction mapping
G : K — K, then G has a fixed point in K.

Theorem 2 ([32]). Assume that K is a closed, convex, bounded and nonempty subset of space X. If
there is two operators E', B2 such that E'u + 5%v € X, u,v € X, E! is completely continuous and
E? is contraction mapping, then there exists a solution z € K such that z = E'z + E2z.

Lemma 3 ([18] Example 3.3). Let q € (1,2] and w € C(J, X'), w(0) = 0. Then the solution of
the following linear problem
{ 4Dy, u(e) = w(o),

u(0) = c1,1'(0) = ¢y,
is given by

o) =1 eret gr s [“wlndn + gl—s [Ty

3. Equivalent Integral Equation

In this section, we obtain the equivalent integral equation of the problem (1).

Theorem 3. Letq € (1,2],6 € (0,1], f : ] x R?2 — R bea continuous function and @, : ] — R
be continuous functions. Then u € C(J, X') is a solution of the following g-ABC-problem

{(ABchg (o) Ju(e) = flo,u(e),R" I’Su(e)), 0 € [0,T],

51 )
(0) = 0,u(T) = fy &' () STLE—R(u(n))dy,

if and only if, u satisfies the following fractional integral equation

_ (8l —8(0) [ /T, (8(T) —g(n)’
u(e) = (g(m){/o g(ﬂ)wﬁ(”(ﬂ))dﬂ

(@) + £Og,un) R P5u(y))]d. ®

Proof. First, we assume that u is a function satisfies (2). Inserting the operator
both sides of the following equation

ABCD 8 u(g) = ®(0)u(e) + f(o,u(0), Xt I%u(g)).

ABIg;g on
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With the help of Lemma 3, we get
ule) = C1+Cz(g(e (0)
¢ RL 16,9

e /0 (@) + £, p) - 15 p) | ay
qg—1 ¢ / 77 q '

‘B(Q—l 0

(@) + £, u(), R Iﬁguw»}dn. @

By the first condition (#(0) = 0), we get c; = 0 and hence Equation (4) reduce to the
following equation

u(e) = c2(g(e) —g(0))

st [ [t + Fon, R 5t

a-1 ¢, (g(o)—g(m)*"
+%(q*1)/0 () T'(q)

[@C)uln) + FO7, ()R- 128 u ()| .

By the second condition <M(T) = OT g’(ﬂ)Wﬁ(u(ﬂ))mO , we obtain

(&(T) —¢(0))

s [ [t + o) s

-1

6—1
o = 1[ /OTg,(,?)<g<T>;(§§n>> K

q—1 (T, (g(T)—g(n))"
w1 b £

[ @()uln) + £, un) K- 1P8u(y)) ] dn .

Substitute cq, ¢ in (4), we get (3).
Conversely, assume that u satisfies integral Equation (3). Then, by applying the

operator ABCDgf on both sides of (3), we get

3 B 5-1
ACDISu(g) = ABCDSfM[/OTg’WW) LY

q;%q_qn /T (@ C)uln) + £O7,u(p),RE 128 () |y
q-

1T, (g(T) —gm)*!
5=y §0)

[@Cn)utn) + £, ) R PSuln))]dn
+ABCD3§<%?q_q1) OQ (@ C)uln) + FO7, ()R- 128 u () |y

qg—1 o, (s(0) —g(m)*"
Yoot b $O T

(@ ()uln) + F7, u) K- 128 u(n)) ] dn).
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It follows from the fact ABCDgf(g(Q) —¢(0)) =0, that

AeDSule) = MDY (e [ @Ot + £l )X 5 u)]ay
a—=1 e . (g(0) —g(n)""
w1 h {0

[@Cn)utn) + £(7,u(n) 5" 18 ()| )
— ABCDYE ABES 0 (o)u(e) + flou(e), M 1Su(e)|.
Thus, we get
(*PD3E — @(0) )ule) = f(o,u(e), " I%u(q)).

This means that u satisfies the fractional boundary value problem (2).
Next, to prove Atangana—Baleanu fractional integral conditions, by take ¢ = 0 in (3),
we get 1£(0) = 0. On the other hand, taking again ¢ = T in (3), we get

B 5-1
u() = [ o ST uy)yan.

Thus, the Atangana-Baleanu fractional integral conditions are satisfied. The proof is
completed. O

4. Existence and Uniqueness Results

We devote our intention in this part to prove the existence and uniqueness of solutions
for the g-ABC-fractional differential Equation (1). To our analysis, we present the following
necessary assumptions;

Hypothesis 1 (H1). Let i be bounded linear operator and there exists constant 3y > 0 such that
forany u, i € C(J, X'), we have

1) = h@@)|| < 3plu — -
Hypothesis 2 (H2). For a bounded linear operator h, there exist constants Wy > 0, Ay, > 0, such
that for any u € C(J, X'), we have

[a(u) | < Whllull + Ap.

Hypothesis 3 (H3). Let f be a continuous function and there exists constants £1, £y > 0 such
that for any u,1,v,0 € C(J, X'), we have

1£(e,u,0) = fo, &, 0)|| < Lallu —ul| + L2[lo — 7|,
Hypothesis 4 (H4). Let f be a continuous function and there exists Wr(0) € C(], X') such that

1f (e u, @) [| < We (o),

with supQE]‘Wf(Q)‘ =Wy

To simplify our analysis, we used the following notations

_ 4 _ 6
G— [(g% SO 4, (,Cq) by 08080 )1
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and
(a—=1) (g(T)—gm)* | (2—q)
Ba-1 Ta+tl) = BEa-1) ©

I_Ig,q - 2

Theorem 4. Assume that (H1)—(H3) hold. Then, the g-ABC-fractional differential Equation (1)
has a unique solution provided that G < 1.

Proof. We first convert the equivalent g-ABC-fractional differential Equation (1) to a fixed-
point problem. In view of Theorem 3, we define the operator Z : C(J, X') — C(], X') by

o) — D[ )

[@On)un) + £ O, 1), 8- 1P u () | di. ©)
Define a closed ball I, as

Iy ={ueC(J,X):[lul <o},
with radius ¢ > ﬂ—lg, where

(3(T) —g(0)°

9= TGt

.Aﬁ + Hg,qwf,

and wy = max,c/||f(0,0,0)|. Clearly, TT, is nonempty, bounded, convex and closed. Now,
in order to apply Theorem 1, we divided the proof into two steps as follows.

Step (1): We will show that &IT, C IT,. Since ®(p) is bounded function, then, there
exists constant number K¢ > 0, such that |[®(0)| < K¢ for each ¢ € J. By (H3), we obtain

Ifle (@) Zu(@) < [flou(@. X IP$u(e) — £(2,0,0)| + I £(e,0,0)]
4|l +QZHRL15r8uH +wp.

IN



Symmetry 2022, 14, 207 8of 17

Now, for all u € Iy, ¢ € ], we have

B _ 5-1
2 < gﬁ%gﬁ%t{ymﬁﬂnram) ()

+%an/{@<mw )+ | £t ) R 125t |y

a—-1 (T, (g(T)—g(n)""
) )/ & (1)

( I'(a)
(10l + || £, )R- 1280 p)) | ]
+f3?q q 1) /Q“ (DI + [ )5 2250 an

q— ¢, (gle) =gl
+%(q 1)/g(;7) T(q)

(10Dl + | £ G, 1), RE 1280 p)) |

<@>g<»<<> 5(0))°
< o(T) = 5(0)) TG11) (Whe + Ap)
2 i (/Cq;(p+£1(p+£2 T()5+gl(;))] go—l—wf)
11 & <?><K¢¢+&¢+£;a§g;§?>¢+w01
)
) <K¢¢+£1(p+£2 T()Hgl(;))] q>+wf>
q—l(g — ()" (8(T) — 8(0))°

_|_

K £ Ly .

We used fact that g is an increasing function, it follows that ((g <(T)> 8((0)))) <1l foro < T.

Consequently,
— g B 5
[EBu] < Wwﬁ-f—ng,q <K¢+21+22W>]§0
T) —5(0)°
CLEFCI
< Go+Gi <o @)

Thus Ell, C Ilp.
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Step (2): We will show that = is a contraction mapping. Let u, i € Iy and ¢ € J. Then,
we estimate

|20 — E|
-~ 51
< [ o SISOt - nGan) e
2—qg

B(q—1)

+|[£(0, @), 1°8u(0)) — f(o,i(0), Kt 1*i2(0)) |
— _ q-1
st [ SOy gy - )

2

—q 0 R
S J, 1€t —ae)

+|[£(0,u@). - 1°8u(0)) — f(o,i(0), Rt 1*12(0)) |

+

q—1

a-1 re . (&(e)—gn) o
Yt fp 80 S TS0t - )|

+ st ule) M P5u()) — flo(0). 1Psi(e)) | an

From (H3), we obtain

| FOn, )R- 28 up)) = £, ) R 152 () |

< £illuy) — 2| + 2| F1Su(y) K- Psagy) |
- )
< i)+ 2E D=8 - a)
B S
< <£1+22W>||u—ﬁ||. @®)
Hence
| Eu — it = sup|Zu(o) — E(o)|
o€]
B ) . 0
< [W3h+ng,q</c¢+sl+szw)]Hu—m
< Glu—l.

Due to G < 1, we conclude that & is a contraction operator. Hence, Theorem 1, implies that
& has a unique fixed point. O

Theorem 5. Assume that (H1)-(H4) hold. If Q =T + Y < 1, where

; _ GD-g0),

rs+1) "

8(T) - g(O)P)I

y = %IC—I—S-FE
2 \ PTG )
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and
(3(T) - g(0))°

rn 1
rery ntHeeke) <1,

(I1g,q is given by (5)), then the g-ABC-fractional differential Equation (1) has at least one solution.

Proof. We consider the operator & defined in Theorem 4 and will divide it into two
operators Z; and &, such that

where

and

g—=1 o, (g(e) —g(n)
+7q_1)/0 g'(n)
®(7)uly) + £n,u07), 5" 1°$u(y)) | dy.
Define a closed ball I, as
I, = {uc C(J,X): |lul| <r},

with

T)—g(0))° X
s (g(rgaff))) Ap + g, Wi

- T)—¢(0))° '
- (g(rgafl())) Wﬁ"'ng,q’C@

Clearly, I, is nonempty, bounded, convex and closed. In order to apply Theorem 2, we
will divide the proof into three steps as follows
Step 1: We shall show that Equ + 5, € IT,. For all u, if € I1,, we have

N )
Il < SRS v+ )

(@a—1) ((T)—g(n)" .
TBq-1) T@+1) (Kar+ 1))

ng_—qi) (Kor+wj), ©)

+
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and

— (2_ q) %
@l < 2= (kor+ ;)

g—1 (g(T)—g(n)* .
*Ba=T Taal) (ICq>r+Wf). (10)

Thus, by (9) and (10), we obtain

[Equ+Ept]| < [[(Evw) || + [|(Bou) |

IN

rg g() D+ Hg,q/cq,] r

+MA,5 + g g W}

IN
<

This implies that Equ + Ep1 € IT,.
Step 2: &, is a contraction map. Let u, i € I, and ¢ € J. Then, we estimate

|Equ — Eqi]|

_ . o—1
e [ [ o STZED i) — )l

ey [ 1@t - o
+| £ (0, u(0). K" 1°8u0)) — f(o,i(0). Kt 1*Sit(e)) |

B . -1
st [ oSS oty - |

(
+| £ (0, u@). - 1*8u(0)) — flo,i(0), %t 1'Sii(e)) | dn)-

IN

We used fact that g is an increasing function, it follows that ﬁ <1,foro <T.
Consequently,

1(E1u)(0) — (Enatt)|| < Qlju —u]].

Due to Q < 1, we conclude that the operator &; is a contraction map.

Step 3: Z; is completely continuous. From the continuity of f and by the Lebesgue
dominated convergence theorem, we conclude that &, is continuous too. In addition,
by (10), E, is uniformly bounded on IT,. Next, we will show that Z, (11, ) is equicontinuous.
For this purpose, let u € I1,,0 < 91 < g2 < T. Then, we obtain

[(Eau) (02) — (Eou)(01)||
‘% I [<D<’7>u('1) () R 1S u()) | d

gy [ [t + £ utn) A Psuer)]a]
q—1 / —g(m)™ " = (gle1) —g(n)"!
‘B(q T(q)

[|d>(17)\||u -+ Hf 7, u(n), I‘s'gu(n))H]dn

o o S SO iy 4 0. 55
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< s [ [@lnntn + £r, ) 5 5t

gy [ [t + s ) R Bsut) |y

q—1 (g(02) —(0)7 —(g(e1) — £(0))" .
Bq_1) : T(q+1) : (Kar+wj)
— 0Oas o — 01-

+

According to the above steps with Arzela—Ascoli theorem, we understand that (Z,I1,) is
relatively compact. Consequently, &, is completely continuous. Thus, by Theorem 2, we
infer that g-ABC-fractional differential Equation (1) has at least one solutionon J. O

5. Stability Results

Ulam’s question about the stability of group homomorphisms in 1940 [33] inspired the
problem of functional equation stability. Hyers [34] presented a positive interpretation of the
Ulam question within Banach spaces the next year, which was the first important advance
and step toward more solutions in this topic. Many studies on various generalisations of
the Ulam problem and Hyers theory have been published since then. Rassias [35] was
the first to extend Hyers idea of mappings across Banach spaces in 1978. Rassias result
drew the attention of many mathematicians all over the world, who began looking into
the difficulties of functional equation stability. For more information about the stability of
solutions, we refer the readers to the papers [36,37].

This part is dedicated to studying different kinds of stability for (1), namely Ulam-
Hyers, generalized Ulam-Hyers, Ulam-Hyers-Rassias and generalized Ulam-Hyers-Rassias
stability. Before that, for ¢ > 0, we define a continuous function ayp : | —R™T such that satisfy
the following inequalities

‘(ABCDq;g _ @(Q))ﬁ(g) — f(o, (o) Rt Id,gﬁ(g))‘ <e 0€], (11)

and

|(AE°DE — @ (o) ) i(0) = fla, (o) " °%ii(0)) | < exg(o)- (12)

Definition 4. The g-ABC-fractional differential Equation (1) is Ulam-Hyers stable if there exists a
positive number C¢ > 0 such that, for each e > 0 and for each i € C(], X') satisfies the inequal-
ity (11), there exist a unique solution u € C(J, X) of g-ABC-fractional differential Equation (1)
such that

| —ul] < Cre.
Also, the g-ABC-fractional differential Equation (1) is generalized Ulam-Hyers stable if there exists
@5 : (0,00] — (0, 0] with ¢¢(0) = 0 such that

1= ul] < gge.

Remark 1. If there exists a function P € C(], X), then it € C(], X) is a solution of (11) if and
only if

(i) |P(o)| <eforallo €],

(ii) APCDI%0(g) = P(e)it(e) + f(e, ()" I°8ii(e)) +P(0), ¢ € J.

Proof. See [5]. O
Lemma 4. If u € C(],X) is a function that satisfies the inequality (11), then u satisfies the

following inequality
[ = Full < ellg,q,
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where
- R g
_%ﬁq—_ql) /OT[cp( JuaC) + £p, 1), 5 180 (p)) |
Y e e LR Iég”("))}d"]
+‘B%q_—ql) /OQ (@ ()uln) + F (1, u(),RE PSu(y)) | dy
+%?q_11)/0@ ,(n)(g(e)r(i()ﬂ))ql (@) ul) + £ O, (), 5E 128 u(y)) | dy.

Proof. In view of Remark 1, we have

(ABCDAS — @(g))u(o) = f(a, u(e). X ’Su(g)) +P(a),
7(0) = u(0) =0, (13)
u(T) = a(T) = fof BEE g () (u () ).

Then, by Theorem 3, the solution of problem (13) is given by

_ _ (glo) —g(0)) —q [T
ule) = Fu (1) (0 >>{ <q—1>/ Pn)dr
1
%qqil /T g(T O 7’(17)1117]
_ q—1
%( )/ ndn + & )/Ogg’(ﬂ)(g(g) r(é;()”)) P (i)dy.

Due to the fact (gé )) (( )))) <leo< T), we obtain

2-q 7 q—1 (T, (g(T)—g(n)"
lu—"Yul| < m/o |'P(77)|d77+m/0 < () o) P(y)dy
2-q [* a=1 ro . (g(0) —g(m)*"
Fa fo P+ iy [ o) B E P ay
< ellgyg.
O

Theorem 6. Assume that (H1)—(H4) hold. Under the Lemma 4, the following equation
4D (o) = ®(0)u(e) + f(o,u(0), " I°%u(e)), ¢ € [0,T], (14)

is Ulam-Hyers stable as well as generalized Ulam-Hyers stable provided that G < 1.

Proof. Let il be satisfied (11), let u € C(], X') be a unique solution to the following problem

(*PDY8 — @(0))u(e) = f(a,u(e),* I2u(0)), 0 € [0,T]
u(0) =u(0) =0

u(T) = a(T) = i EOZ o1 () () iy,
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Then, by Theorem 3, we get
u(e) = ¥u.

It follows from Theorem 4 and Lemma 4, that

|u—u| = suplu(e) —¥a| <suplu(e) —¥ul +sup|¥u — ¥z
0€] o€] o€]
< ellgq + Gllu — .
Thus
|l — ] < Cre,
where

ngq
1—
Now, by choosing ¢f(e) = Cye such that ¢¢(0) = 0, then the g-ABC problem (14) has
generalized Ulam-Hyers stability. O

sz > 0.

Q

To prove the Ulam-Hyers-Rassias stability, we need the following hypothesis;

Hypothesis 5 (H5). Let ay € C(], X') be an increasing function. Then, there exists R > 0 such
that for any o € |, we have
P18 ag(0) < Rag(o)- (15)

Definition 5. Let it € C(]J, X') be a function satisfies (12) and u € C(J, X') be a solution of
9-ABC-fractional differential Equation (1). If there exists 0 < N € R and non-decreasing function
wg(0) such that

|u—1] < Neag(o), 0€], >0,

then, the g-ABC-fractional differential Equation (14) is Ulam-Hyers-Rassias stable with respect to
ap(0)-

Remark 2. A function it € C(J, X) satisfies (12) if and only if there exists a function z € C(], X)
such that

(i) |z(0)] < ewp(0), > €],
(i) ABCDI8H(0) = P(0)it(0) + f(0,1(e),RE 1°81i(0)) +2(0), ¢ € J.

Lemma 5. Ifu € C(]J, X) is a solution to inequality (11), then u satisfies the following inequality
lu—"¥ul <eRay(o)-
Proof. Indeed, by Remark 2 and Theorem 3, one can easily prove that
[[u—¥ull < eRay(o).
O

Theorem 7. Suppose that (H1)-(H5) hold. If G < 1, then g-ABC-fractional differential Equa-
tion (14) is Ulam-Hyers-Rassias as well as generalized Ulam-Hyers-Rassias stable.

Proof. Let il be satisfied (12), let u € C(], X') be a unique solution to the following problem

(*PDY — @(g))u(e) = f(o,u(e), Zu(0)), ¢ € [0, T],
u(0) = (0) =0,

u(T) = a(T) = i EOZ o1y iy,
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Then, by Theorem 3, we get
u(e) = ¥u.

It follows from Theorem 4 and Lemma 5 that

Ju—all = suplu(o) — ¥a| < suplu(o) — ¥u| + sup|¥, — ¥y
o€] 0€] o€]
< sRa¢( )+ Gllu— .
Thus
|u — ]| < Neag(o),
where R

Hence, the g-ABC-fractional differential Equation (14) is Ulam-Hyers-Rassias stable as
well as generalized Ulam-Hyers-Rassias stable. [

6. An Application

Taking q =7, ¢(0) =e¢, With the choice of operator ®(g) = Then, we have the

following problem

100e0 100e0- 1"

9 00 RL 9,
ABCy77° 1 1 |u(e) 8 u(o)|
( DG~ 100eel)“<@) ot (v + Towel ) e+l e € 01) .
g-1

— (Y lezeh)? (W)
u(O)—foe EN dy.

Here, we have

_ 1 u(@] , X1°8Ju(e)|
o0, 20) = s (it * T o) o
and
e—el)7 1y
10

In addition, we have

~—

(u()) = 2.

Letu,u € C(],X). Then, for all ¢ € |, we obtain

VQmwﬂuﬂ%w»—ﬂem@ﬁHMm@ﬂ
< [lue) (o)l + [FE1°su(q) —R 1*s7(o)

P

\ﬂ@ﬂ@fﬁMM@ﬂS5JW@H+F”WM@H

In addition, it is easy to see that |®(0)| < 1

_50

and

g
=
—~
=
—~
o
~
=
IN
al =
S
)
=]
Q.

- u(e) —u(e)
mww»—mwwnslﬁgaﬁi
Therefore, the hypotheses (H1)-(H4) hold with Ko = 1&, 3n = Wi = 55, Ay = 0,
£1 = £ = g5. According to the given data with some simple calculations, we find that
Hg,q = 1.36. It follows that G = 0.19. Thus, all conditions in Theorem 4 are satisfied. Hence,
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References

the g-ABC-fractional differential Equation (16) has a unique solution. Moreover, for every
e = max{ey, &2} > 0and each 7 € C(J, X) satisfies

ABEDIRI(g) — @(0)it(0) — f(o,(0), " I81(0))| < e, 0 € (0,1),
there exists a solution u € C(J, X') of the g-ABC-fractional differential Equation (16) with
i(e) —u(e)| < Cye,
11
where Cy = 5 = 1.68 > 0.

7. Conclusions Remarks

The theory of fractional operators in the context of the Atangana—Baleanu operator
has recently piqued researchers’ interest, motivating them to look into and improve several
qualitative properties of solutions to FDEs using such operators. To do this, we investigated
adequate conditions for the existence and uniqueness of solutions for the evolution equation
in the context of a novel nonsingular FD in ABC type fractional derivative with respect to
another function.

Our approach was based on the reduction of the proposed problem into the fractional
integral equation and using some standard fixed point theorems due to Banach-type and
Krasnoselskii-type. Furthermore, through mathematical analysis techniques, we analyzed
the stability results in Ulam-Hyers sense. An example was provided to justify the main
results. In fact, our outcomes generalize those in [26,28]. The supposed problem with given
integro-derivative boundary conditions can describe some mathematical models of real
and physical processes in which some parameters are frequently acclimated to appropriate
circumstances. So, the value of these parameters can change the impacts of fractional
integrals and derivatives. The main results are illustrated with a numerical example.
Further, our current problem was a general extension of the previous standard cases of
FDEs by assigning different values for all existing orders and parameters or defining the
g function in the aforesaid problem. In future works, we will extend this work with a
delay function.
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